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Figure 2.1: The 4-queens constraint network. The network has 
four variables, all with domains Di = {1, 2, 3, 4}.  (a) The labeled 
chess board. (b) The constraints between variables.
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Figure 2.2: Not all consistent instantiations are part of a solution: (a) A 
consistent instantiation that is not part of a solution. (b) The placement 
of the queens corresponding to the solution (2, 4, 1, 3). (c) The 
placement of the queens corresponding to the solution (3, 1, 4, 2).



4

Figure 2.3: Constraint graphs of (a) the crossword puzzle 
and (b) the 4-queens problem.
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Figure 2.4: The constraint graph and constraint relations of the
scheduling problem example.
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Figure 2.6: Constraint graphs of 3 instances of the Radio 
frequency assignment problem in CELAR’s benchmark
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Figure 2.7: Scene labeling constraint network
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Figure 2.8: The interaction graph of theory ϕϕϕϕ = {(¬C), (A v B v
C), (¬A v B v E), (¬B v C v D)}.
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Figure 2.9: A combinatorial circuit: M is a multiplier, A is an adder.
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Properties of binary constraint networks:
Figure 2.10: (a) A graph ℜℜℜℜ to be colored by two colors, (b) an equivalent 
representation ℜℜℜℜ’ having a newly inferred constraint between x1 and x3.

Equivalence and deduction with constraints (composition)
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� Can we represent the relations 
� x1,x2,x3 = (0,0,0)(0,1,1)(1,0,1)(1,1,0)
� X1,x2,x3,x4 = (1,0,0,0)(0,1,0,0) (0,0,1,0)(0,0,0,1)



12

��������	
�	 �����
�	

� Can we represent the relations 
� x1,x2,x3 = (0,0,0)(0,1,1)(1,0,1)(1,1,0)
� X1,x2,x3,x4 = (1,0,0,0)(0,1,0,0) (0,0,1,0)(0,0,0,1)

� Most relations cannot be represented by 
networks:

� Number of relations 2^(n^k)
� Number of networks: 2^((k^2)(n^2))
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� The projection network of a relation is obtained 
by projecting it onto each pair of its variables 
(yielding a binary network).

� Relation = {(1,1,2)(1,2,2)(1,2,1)}
• What is the projection network?

� What is the relationship between a relation and 
its projection network?

� {(1,1,2)(1,2,2)(2,1,3)(2,2,2)}, solve its 
projection network?
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� Theorem: Every relation is included in 
the set of solutions of its projection 
network.

� Theorem: The projection network is the 
tightest upper bound binary networks 
representation of the relation.
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Figure 2.11: The 4-queens constraint network: 
(a) The constraint graph. (b) The minimal binary constraints. 
(c) The minimal unary constraints (the domains).
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� The minimal network is perfectly explicit for 
binary and unary constraints:
• Every pair of values permitted by the minimal 

constraint is in a solution.

� Binary-decomposable networks:
• A network whose all projections are binary 

decomposable
• The minimal network repesenst fully binary-

decomposable networks.
• Ex: (x,y,x,t) = {(a,a,a,a)(a,b,b,b,)(b,b,a,c)} is binary 

representable but what about its projection on x,y,z?


