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Abstract

We show how to usea variationalapproximation
to the logistic function to performapproximate
inferencein Bayesiannetworkscontainingdis-
cretenodeswith continuousparents.Essentially,
we convert the logistic function to a Gaussian,
which facilitatesexact inference,andthenitera-
tivelyadjustthevariationalparameterstoimprove
thequalityof theapproximation.Wedemonstrate
experimentallythat this approximationis much
fasterthansampling,but comparablein accuracy.
We also introducea simple new techniquefor
handlingevidence,whichallowsusto handlear-
bitrarydistributionsonobservednodes,aswell as
achieving a signi®cantspeedupin networkswith
discretevariablesof largecardinality.

1 Intr oduction

Many probabilisticmodelsnaturallycontaindiscreteand
continuousvariables. (Suchmodelsaresometimescalled
ªhybridº.) Unfortunately, exact inferenceis only possible
whenall the continuousvariablesareGaussianandhave
no discretechildren. If we wantto allow discretechildren
of continuousparents(e.g., to model thresholdphenom-
ena),thestandardapproachis to discretizeall thevariables
[FG96, KK97] or resorttosampling[GRS96]. Theproblem
with discretizationis that, to get goodaccuracy, we must
quantize®nely, which makesinferenceslow; this problem
is especiallyaccutein high-dimensionalstatespaces.The
problemwith samplingis similar: to get goodaccuracy,
we musttakemany samples,which is slow. In this paper,
weintroduceavariationalapproximationtohandlethecase
of discretechildrenof continuousparents,which is faster
andmore accurate,sinceall the distributions that canbe
handledexactly arehandledexactly. We alsointroducea
new approachto dealingwith evidence,whichallowsusto
handlearbitrarydistributionsonobservednodes.

We presentour resultsin thecontext of thejunctiontree
algorithm,which is widely consideredto be the mostef-
®cientandmostgeneralinferencealgorithmfor graphical
models[SAS94]. In particular, it allows us to compute
the marginals on all

�

families Ð a prerequisitefor ef-
®cientparameterand structurelearningÐ in two passes

over thegraph,whereasother, query-driven(goal-directed)
algorithms,suchas bucket-elimination[Dec98] and SPI
[CF91, CF95], would take

�

passes.In addition,thejunc-
tion treealgorithmallows us to handlegraphswith undi-
rectedcycles,unlikesomepreviouswork onnetworkswith
continuousvariables[DM95, AA96] which wasrestricted
to polytrees.

Thestructureof thepaperis asfollows. We startby de-
scribingsomepopularconditionalprobabilitydistributions
(CPDs)for nodesin hybridnetworks.In Section3,wegive
a brief overview of thejunctiontreealgorithm,andin Sec-
tions4 through5, we review aspectsof it thatarespeci®c
to hybrid networks. In Section6, we explain our varia-
tional approximation,in Section7 we introduceour new
approachto handlingevidence,in Section8 wediscussthe
computationalcomplexity of inferencein hybrid BNs,and
in Section9,wepresentsomeexperimentalresultsto assess
thequalityof ourapproximation.

2 CPDsfor hybrid networks

For any directedgraphicalmodel,we mustde®nethecon-
ditional distribution of eachnodegiven its parents: see
Table1 for someexamples.

For discretenodeswith discreteparents,thesimplestrep-
resentationis a table(calleda ConditionalProbabilityTa-
ble, or CPT),which de®nesPr��������� 	���

�

def
����� � . (A

noteonnomenclature:wewill use	 to representadiscrete
parent,� to representadiscretechild, � to representacon-
tinuousparent,and � to representa continuouschild.) If
therearemultipleparents,	 1 ���������

	�� , wecanusea multi-
dimensionaltable,althoughthis requiresspecifying��� 2�

�

parameters(assumingfor simplicity thateachdiscretenode
is binary). Thereareother representationswhich require
fewer parameters(e.g., noisy-OR,neuralnetworks),and
henceareeasierto learn,but wedon't discussthemhere.

Now let us considerthe caseof continuousnodeswith
continuousparents. (Without loss of generality, we can
assumethe child hasonly onecontinuousparent,sinceif
it hasmore thanone, we canaggregatethem into a sin-
gle vector-valuednode.) The simplestsuchexampleis a
Gaussianwhosemeanis a linear function of its parent's
value:
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Child/Parent Discrete Continuous
Discrete Tabular, noisy-OR,decisiontree Probit,logistic,softmax
Continuous ConditionalGaussian LinearGaussian

Table1: Somepopularconditionalprobabilitydistributions. If a nodehasbothdiscreteandcontinuousparents,we can
createa mixturedistribution.
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Networksin which all the variableshave this kind of

linear Gaussiandistribution were®rststudiedin [SK89].
If the continuouschild (also)hasdiscreteparents,we can
specifyaGaussianfor eachvalueof thediscreteparents;this
is calleda ConditionalGaussian(CG) distribution. Note
thata CGdistributioncanbeusedto approximatearbitrary
continuousdistributions.

Finally, weconsiderthecaseof discretenodeswith con-
tinuousparents.Therearetwo popularmodelsfor thecon-
ditionaldistributionof adiscretebinaryvariable����� 0

�

1 �

givenacontinuous(vector-valued)parent� , calledlogistic
andprobit,whicharede®nedasfollows:
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is thesigmoidfunction,andF ��%#�'�

�

�+*�,"% � ,
*.-

�

� 0
�

1� , is thecdf of thestandardNormal. Thelogit
andprobitdistributionsarevery similar(seeFigure2), and
differ only in the tails; essentially, the cumulative normal
diesoff as /

�'0

2
, whereasthesigmoiddiesoff moreslowly

as /

�'0

.
Althoughprobithasaniceinterpretationasanoisythresh-

old unit ( ��� 1 if f !213* ), the logistic distribution has
severaladvantages:

4 It canbe well-motivatedfrom a statisticalviewpoint
[Jor95].

4 There is an ef®cientmethodfor ®tting its parame-
ters, called the Iterative ReweightedLeast Squares
(IRLS) algorithm[MN83, JJ94b](a form of Newton-
Raphson).

4 Thereis a goodapproximationmethodfor converting
it to potentialform (seeSection6).

4 It generalizesto multi-valueddiscretevariablesasfol-
lows:
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Thisiscalledthesoftmax(multinomiallogit) function.
Note that softmaxfor binary variablesis equivalent
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Figure1: Thecropnetwork. Circlesrepresentcontinuous
(scalar)nodes,squaresrepresentdiscrete(binary) nodes.
Thisexampleis from [BKRK97].
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In thesoftmaxfunction, "
� is thenormalvectorto the � ' th

decisionboundary, and  � is its offset.Themagnitudeof "��

determinesthe steepnessof the curve: a large magnitude
correspondsto a hardthreshold(steepcurve), anda small
magnitudecorrespondsto a soft threshold. In the limit
as � " ���
FHG , the sigmoidapproachesa stepfunction; in
the limit as � " � �IF 0, the sigmoidapproachesa uniform
distribution.

It turnsout that linear Gaussiansandsoftmaxareboth
specialcasesof GeneralizedLinearModels(GLIMs): see
[MN83] or [JJ94b] for details.AlthoughwecanuseGLIMs
asCPDsfor observed nodes(seeSection7), in generalit
is dif®cultto usethemfor hiddennodes,at leastif restrict
ourselvesto exact inference.

2.1 Example

As a simpleexampleof someof thedistributionswe have
described,considerthenetworkin Figure1. In this model,
the price (P) of a certaincrop, say wheat,is assumedto
decreaselinearlywith theamountof crop(C) producedthat
year, ontheassumptionthataglut reducesprices.But if the
governmentarti®ciallysubsidisesprices( J � 1), theprice
will beraisedby a®xedamount.In addition,theconsumer
is likely to buy ( K � 1) if thepricedropsbelow 5units(see
Figure2). This modelwill beusedfor theexperimentsin
Section9 with theparametervaluesshown below.

Node Distribution Params.
S CPT � � 0

�

3
C Gaussian ) � 5

�

S � 1
P CG ) 0 � 10, ) 1 � 20,

, 0 L 1 �M� 1, S0 L 1 � 1
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Figure2: Left: Theexpectedpricedecreaseslinearlywith thecropyield,
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J � 0� � 10 �
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, andis shiftedupby a
constantif thepriceis arti®ciallysupported,

��� �

�

�

�

J � 1� � 20 �
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. Right: Theprobabilitysomeonewill buy thecrop
decreasesasthepricerisesabove thethresholdof 5. Weplot �'�+" % *  � andF � " %�*� � , where% is theprice, ""��� 1 and

 � 5.

3 The junction tr eealgorithm

In thissection,wegiveabrief overview of thejunctiontree
algorithm(seee.g. [HD94] for details),beforediscussing
theaspectsof it whicharespeci®cto hybridnetworks.This
summaryis meantto providea roadmapfor therestof the
paper.

In the junction treealgorithm,we ®rstperformthe fol-
lowing graph-theoreticstepsin order.

4 Moralize the original graph � , i.e., connecttogether
all parentswho sharea commonchild, andthendrop
the directionalityof the arcs. This will result in an
undirectedgraph,��� .

4 Choosean eliminationordering 
 , e.g.,accordingto
theheuristicsdiscussedin [Kja90].

4 Let all nodesbeinitially unmarked.For eachnodein
order 
 , mark it andjoin all its unmarkedneighbors.
Thiswill resultin a triangulatedgraph,�	� .

4 Find themaximalcliquesin �
� ; call them 
 .

4 Build anundirectedweightedgraph��� whosenodes
are the cliques 
 and wherethe weight of the edge
from clique � to clique 
 is

�
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�

� � . Let �

beamaximalspanningtreeof ��� [JJ94a].
4 Add a separatornode J to eachedge ���

�


 � of � such
that J �

�

��


�

� .
4 Pickanarbitrarynodein � asroot.

In Section5, we discussthechangesthatneedto bemade
to theabove stepsin thecaseof hybridnetworks.

After building the junction treeªshellº, we peformthe
followingnumericalstepsin order. Thesestepsinvolvethe
potentialsassociatedwith eachclique andseparator;how
to representandoperateon suchpotentialsis discussedin
Section4.

4 For eachcliqueandseparatorin � , initialize its poten-
tial to theidentityelement.

4 Foreachnode� in � ,®ndaclique
�

in � thatcontains
� andits parents,convert � 'sCPDto apotential(see
Section6), andmultiply it onto

�

'spotential.

4 Optionally, wecannow performaglobalpropogation,
to convert thepotentialsinto joint form; thesecanthen
besavedfor laterreuse,sothatwecanavoid repeating
this initialization step. (In the approachto evidence
thatwe discussin Section7, it is not possibleto do a
propogationbeforetheevidencehasarrived.)

4 For eachnode � for which we have evidence,®nda
clique

�

thatcontains� , andmultiply in theevidence
(seeSection7).

4 For eachclique � in postorder(i.e., childrenbefore
parents),make , absorbfrom � , where , is � 's
parentin � . (This is called the ªcollect evidenceº
phase.) , absorbsfrom � via separatorJ by per-
formingthefollowing operations:

± ��� �+J'� �

5������

�'��� � .

± �

�

� ,&� ���'� ,&��� ���

�

�+J'��� �'� J'� � .

where � is a potential,the ! superscriptdenotesthe
new or updatedpotential,

5

representsthemarginal-
izationoperator, � themultiplicationoperator, and �

the division operator. (We saythat � sendsa ªmes-
sageºto , .)

4 For eachclique � in preorder(i.e., parentsbefore
children),make , absorbfrom � , for eachchild ,

of � . (This is calledtheªdistributeevidenceºphase.)

4 Hybrid clique potentials

Whenall thevariablesin a cliquearediscrete,we canrep-
resentits potentialusinga table(multidimensionalarray);
whenall the variablesareGaussian,we canrepresentthe
potentialasa quadraticform; andwhensomeof the vari-
ablesarediscrete,andsomeareGaussian,we can usea
table of quadraticforms. We now explain the quadratic
form representation;see[LW89,Lau92,Ole93, Lau96]for
details.

A Gaussiancliquepotentialcaneitherberepresentedin
familiar momentform
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or themoreconvenientcanonicalform
�
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We canconvert from canonicalto momentform (provided
�

is full rank)asfollows:

S �
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) � S
�

log � �
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2 log �
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log � 2
 � *

1
2 )I�

�

)

We canalwaysconvert from momentto canonicalform.
A CG potentialis just a list of suchGaussianpotentials,

onefor eachvalueof thediscretevariables.Note that,by
using a logarithmic representationof the constantfactor,
weareassumingthe � ���(� is never non-zero.To getaround
this, we needto additionally storean indicator variable,

�

�(��� , which is 1 if f this discretevaluehaspositivesupport.
(Oneadvantageof the logarithmicrepresentationis that it
is unlikely to under¯ow evenif wehave a lot of evidence.)

Wenow de®nehow topeformthefundamentaloperations
of extension,multiplication/division, andmarginalization
onCGpotentials.

Extensionis theoperationof ensuringthattwo potentials
arede®nedonthesamesetof variables.For thecontinuous
variables,we mustmakesurethe sizeof eachvectorand
matrix is thesame,by inserting0s wherenecessary.1 For
the discretevariables,we mustmakesureboth potentials
have the samenumberof tableentries,duplicatingwhere
necessary.

We cannow de®nemultiplicationof two CG potentials,
� 1 � ,&� and � 2 � � � , asfollows.

4 Convertbothpotentialstocanonicalform,if necessary.
4 Extendthemto thesamedomain,if necessary.
4 Computethefollowing for eachdiscreteentry:

�

�

1 �
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1 ��� 1 � ���
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2 �
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2 ��� 2 � � �
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1 *
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1 *

�

2 ��� 1 *

� 2 �

Divisionis similar, exceptweuse � insteadof * .
Marginalizationis harder. Let us ®rstconsiderthe case

of pureGaussianpotentials.Supposewe wantto compute
�'��% 2 � �

�

0

1
�'�(% 1 �

% 2 � . We®rstconvert � tocanonicalform
(if necessary)2, and then partition it into the components
beingkeptandthecomponentsbeingmarginalizedover:
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� 11 � 12

� 21 � 22 �

Thenew canonicalcharacteristicsareasfollows:

Ã�

�

�

*

1
2 ��� log � 2
 � � log �

� 11 � *

�

�1 �

�

1
11

�

1

Ã�
�

�

2 �

� 21 �

�

1
11

�

1

Ã
�

�

� 22 �

� 21 �

�

1
11 � 12

Now let us turn to the CG case. We ®rstmarginalize
over the continuousvariables,andthenthe discreteones.

1Weassumethereis acanonicalorderingfor theentrieswithin
eachvector/matrix/table.

2It is mucheasierto marginalizein momentform (justextract
the relevant componentsof � and S; however, it is not always
possibleto convert to momentform.

However, this doesnot necessarilyreducethe size(num-
ber of table entries)of the CG potential. For example,
considerthe potential �'�(%

�

!

�

�
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 � where % and ! arecon-
tinuousscalarvariables,and � and 
 are discretebinary
variables;hence� is a mixture of four (two dimensional)
Gaussians.If we marginalizeover ! and 
 , theresultwill
be �'�(%

�

��� �
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 � which is still a mixtureof
four (onedimensional)Gaussians:marginalizationhasnot
madethepotentialany smaller(in termsof thenumberof
discretecomponents).Now supposewe multiply this po-
tentialby 	��(%

��
 �

�

���

� , where



is a scalarand
�

is a binary
variableÐ theresultwill now beamixtureof 8(twodimen-
sional)Gaussians,insteadof just4, sincefor eachvalueof

� and
�

, � containstwo Gaussians.Hence,aswepropagate
messages,the potentialsbecomemixtureswith moreand
morecomponents.

Toavoid theexponentialblow-upin thesizeof thepoten-
tials,we adoptthestandardapproximationof ªcollapsingº
a mixtureof Gaussiansto a singleGaussian,usingthefol-
lowing formulas(this is calledªweakmarginalizationº):
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where � � 
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 ��
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 � . (In our example,we
collapsea mixtureof 2 Gaussiansto a singleGaussianfor
eachvalueof � .) This is thebestCGapproximation(in the
senseof minimizing KL divergence)to the true marginal
(seee.g.,[Lau96,p. 162]for aproof). In particular, it gives
thecorrect®rstandsecondordermoments,i.e.,

� �

%'� � � and
Var

�

% � � � will bethesamefor theweakmarginalandthetrue
marginal.

Notethat if theparametersof theGaussianareindepen-
dentof the discretevariablebeingmarginalizedover (i.e.,

) ���

�



� � ) ���(� and S �(�

�


 �+� S �(��� ) Ð for example, be-
causethe discretevariableis not a parentor child of the
Gaussianvariablesbut just happensto ªli veº in the same
clique Ð thenthis processis exact, andis calledªstrong
marginalizationº.

5 Junction tr eeswith strongroots
Thenon-closureof CG-potentialsundermarginalizationof
discretevariablesmeansthat we have to be careful how
we constructthe junction tree. In particular, we needto
beableto convert to momentform beforewe performany
discretemarginalizations.Therelevanttheoryis discussed
in [Lau92];here,we just summarizethemainresults.

We de®nea strongroot asany node � (in the junction
tree)which satis®esthe following property: for any pair

�

�

, of neighborson thetreewith , closerto � than � ,
wehave

����� ,&��� G � � �	
 ,&��� D
whereGareall the continuousvariablesandD areall the
discretevariables. In other words,when a separatorbe-



tweentwoneighboringcliquesis notpurelydiscrete,all the
variablesin thecliquefurthestawayfromtherootwhichare
notin theseparatorarecontinuous.If agraphis triangulated
anddoesnot have any pathsbetweentwo discretevertices
passingthroughonly continuousvertices(i.e.,apathof the
form

�

�

�

�

�

), thenthereis alwaysat leastonestrong
root[Lei89]; suchgraphsarecalleddecomposable,marked
graphs(markedjust meanstherearetwo typesof nodes).

For example,considerFigure1. Moralizationaddsan
arc betweenJ and

�

; the resultinggraphis thenalready
triangulated,andhascliquesJ

�

�

and
�

K , sothejunction
treeis J

�

�

�

�

�

�

K . Notethatthishasaforbiddenpath
from J to K , andhencethereis no strongroot. However,
if weaddanextra arcbetweenJ and K afterthemoraliza-
tion step,to eliminatetheforbiddenpath,thejunctiontree
becomesJ

�

�

� J

�

� J

�

K . Here,J

�

K is astrongroot,
since ��� , �M� J

�

�

�

�

� � � J

�

�

�

K9� �N�

�

� � G.
A suf®cientconditionto ensurethereis astrongroot is to

eliminateall thecontinuousnodesbeforethediscreteones
whentriangulating.(For example,if weusetheelimination
order 
 � �

�

�

�

�

J

�

K ), we get the strong junction tree
above.) In general,addingextra links to remove forbidden
pathswill increasethesizeof thecliques,aswesaw above.

Thereasonweneedajunctiontreewith astrongroot is to
ensurethatwhenwe sendmessagesup to theroot (during
the collect evidencephase),all the marginalizationswill
be strong,so that when we subsequentlysendmessages
backfrom the root (during the distributeevidencephase),
neighboringpotentialswill beconsistent.

Thereasonthe®rstpassresultsin strongmarginalsiseasy
to see:for any pair �

�

, of neighborson thetreewith ,

closerto thestrongrootthan � , whenwecompute�

�

� J'� �

5

�����

�'��� � , weareonlyperformingintegrations,sincethe
only variablesin � which are not in , arecontinuous.
Whenwehaveto marginalizeoutadiscretevariable,say � ,
wecanalwaysintegrateoutany variableswhichdependon
it, say � , ®rst(i.e., we cancompute

5
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0
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0
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�(� ), andhenceavoid theneedto collapsethe
mixtureof Gaussians.

Thereasonthesecondpassresultsin consistentpotentials
is alsoeasyto see. Supposethat , absorbedfrom � on
the®rstpass,so �'�+J'���

5
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�'��� � . On thebackwards
pass,wecompute�
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(Note that we arejusti®edin pulling the ratio outsidethe
sumonlybecausethemarginalizationover � �#, isstrong.)

6 Converting CPDsto potentials

For discretenodeswith discreteparents,wecanconvertany
CPDinto a CPT(i.e., we cancomputePr����� � � 	�� 
 � ,
even if the distribution is speci®edimplicitly), andhence
canconvert it to atabularpotential.Of course,suchatrans-
formationmight losesomelocalconditionalindependence
information,which might have beenexploited to speedup

inference.For somekindsof CPDs,suchasnoisycausal
independence[RD98] therearewaysto exposethe local
structuregraphically, which makesit easierto exploit in
thejunctiontreeframework, but wedon't discussthisissue
here.

We can convert a Gaussiandistribution to a canonical
potentialasfollows.
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Hencewesetthecanonicalcharacteristicsto
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Thisgeneralizestheresultin [Lau92] to thecaseof vector-
valuednodes.In thescalarcase,S

�

1
� 1
=� , , ��" , and

�+� 1, sotheabove becomes
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Fromthis, we seethat
�

is rank 1; hencewe may not be
ableto representtheinitial potentialonacliquein moment
form (althoughafter we have propagatedevidence,each
potentialrepresentsa joint probabilitydensity, which can
alwaysbeconvertedto momentform).

ForaconditionalGaussiandistribution,wegeta �

�

�

�

���

�

triple of theabove form for eachvalueof thediscretepar-
ents.

Finally, we canconvert the logistic functionto a canon-
ical Gaussianpotentialby usingthe following variational
lowerbound[JJ96](seeAppendixA for thederivation,and
[JGJS98]for ageneralintroductionto variationalmethods)

Pr�(�"��� � ��� % �'���'�+" � % *6 �
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where�&� � 2� � 1���+"

�

% *� � , � ��� � � �

1
2 � �'��� ����
 2� , and

����� 0
�

1 � . Noticethatthis is quadraticin % , andhencewe
canrepresentit asa canonicalpotential:
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We call this representationVG, for VariationalGaussian.
If the discretenode also has discreteparents,we get a
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Figure3: Thevariationalapproximationgetspoorerasthelogistic functionbecomessteeper(moredeterministic).On the
left weplot Pr�(�"� 1 � % � for theexact(solid)andapproximate(dotted)logistic function,using  ���� 2 and "-� 1 (top)or

"-� 4 (bottom),andtheoptimal � value.On theright, weplot Pr���"� 1 � %#� Pr��%#� , wherePr��%#�'�
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�

� pairfor eachdiscreteparentvalue,andtheresulting
potentialwill bea mixtureof VGs(MVG).

Althoughaquadraticfunctionis apoorapproximationto
asigmoid,thejoint probability

�

���

�

� � (where� is Gaus-
sianand � is logistic) is well-approximatedby a Gaussian
(seeFigure3).

We canincreasethe quality of the approximationby it-
eratively adjustingthe variationalparameter� . As in EM
[NH98], we canset � to the valuethat maximizesthe ex-
pectedcomplete-datalog-likelihood. This resultsin the
following update(seeAppendixB for thederivation):

�

2
�

� �

�+" � % *  �

2
� ��" � � S * ) )I��� " * 2 " � ) *2 

2

wheretheposteriordistributionon � is � -

�

� )

�

S� . The
boundis tight when � � � 2� � 1���+"

�

% *  � .
Theupdateequationdoesnotspecifywhetherto takethe

positive or negative squareroot. However, this ambiguity
turnsoutnot to matter, sincePr����� � ; � � is symmetricin � .

Choosinga good initial estimateof � is important(see
Section9). Theprocedurewe useis asfollows. We walk
down thegraphandcomputethemeanandvarianceof each
node(if it is continuous),or its mostprobablevalue(if it
is discrete),basedonly on the evidenceandassignments
above it. Then,whenwegetto alogisticnode,wecanlook
up ) andS of its parents,andplug theminto theequation
above for � .

For example,considerthecropnetworkandsupposeonly
K is observed. We set J � 0 (sincethe J nodeis more
likely to beoff thanon),

���

�

� � 5, and
��� �

� �

��� �

� J �

0� � 10 � 5 � 5, i.e., we use the mixture component
correspondingto themostprobablevalueof J . Thisturned
out to bebetterthancollapsingthemixtureof Gaussiansat

�

, usingthedistributionover J for theweights.
Wecanalsoderivetheupperbound

�

� � � %#� , exp �

�

� �

�

2 �

�

� � , where � is anothervariational parameterand
�

2 ��� �

def
� � � log � �&� 1 � � � log � 1 � � � is the binaryen-

tropy function. We usethe lower boundbecause(1) it is
tighter (sinceit is a second-orderapproximation),and(2)
for learning,we want to maximizea lower boundon the
likelihood[NH98]. However, theupperboundcanbeused
in conjunctionwith the lower boundto ®lterout runsof

MCMC which result in marginals which fall outsidethe
bounds,asin [JJ97].

Notethatwe canexploit thequadraticapproximationto
®ttheparametersof thelogisticnode," and  , usinglinear
regression,insteadof theslower IRLS procedure,asnoted
in [Tip98].

Findingagoodvariationalapproximationfor thesoftmax
distribution is a problemwe arecurrentlyworking on. In
this paper, we only considerthe logistic distribution (i.e.,
binarynodes).However, wecanalwaysuse

�

binarynodes
to encode(in a distributedfashion)the value of a single
node � with 2

�

possiblevalues;all thebits have thesame
parentas � (seee.g.,[Tip98]).

7 A newapproachto handling evidence
Theªtraditionalºapproachtohandlingevidencein thejunc-
tion treeframework is as follows (seee.g., [HD94]). Let
usstartby consideringthecasewhereall thepotentialsare
discrete.Firstwe createa junctiontreewith thepotentials
initialized to 1s, thenwe multiply on all theCPDs. When
evidencearrives,e.g.,we observe that 	 � � , we ®ndany
cliquethatcontains	 andmultiply it by a potentialof the
form � 0

������� �

1
���������

0� , wherethe1 is in the � ' th position.3
This setsto 0 any entriesincompatiblewith the evidence.
Finally, we do a propogationto restoreglobalconsistency.
Now eachcliquepotentialcontainsthejoint probabilityof
its variablesandtheevidence/ , e.g., �'�(	�� �

�

� � 
 � �

Pr��	 � �

�

� � 


�

/�� . This canbenormalizedto obtainthe
likelihood of the evidence,Pr� /�� �

5

�

L

�

�'���

�



� , andthe
posterior, Pr��	 �&�

�

� �-
 � /�� ���'���

�



� 
 Pr� /�� .
Whenwe have Gaussianpotentials,we initialize to 0s,

andfollow asimilarprocedure,exceptnow wemustmulti-
ply everypotential(includingseparators)thatcontainsthe
nodesfor whichwehaveevidence,sincethedimensionality
of thevectorsandmatriceswill be reduced.For example,
supposeweobserve � �"! ; then �'���

�

� � becomes

�

�

�(% � � exp
�

�

*

�

%

�

!

�

�

�

���

���

�

3This is sometimescalledªhardºevidence.ªSoftº or ªvirtualº
evidencewouldconsistof adistributionover � 's possiblevalues.
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This generalizesthe equationin [Lau92] to the caseof
vector-valuednodes.

Thereareseveralproblemswith thetraditionalapproach:
4 For discretevariableswith many possiblevalues(e.g.,

HMMs with largecodebooks),wemaycreatehugeini-
tial cliquepotentials,only to subsequentlysetmostof
theentriesto zero.Thetechniqueof evidenceshrink-
age [HD94] and zero compression[JA90] can help
reducethe inef®ciency of manipulatingsuchsparse
potentials,but it wouldbebetternot to createthemin
the®rstplace.

4 Weneedto have a wayof convertingtheCPDof each
nodeinto potential form. This makesit impossible
to usemany kinds of distributions. Also, we might
wantto createa conditionalmodelPr��� � � � , andnot
associateany parameterswith � sinceit is alwaysan
observed input (as in linear regression). This is not
possiblewith thetraditionalapproach.

4 Thereis an annoyingasymmetryin the handlingof
observationson discreteand continuousnodes. For
the former, we only needto modify one potential,
but for the latter, we mustmodify all potentialsthat
containtheobservednodes.In addition,it is dif®cult
to do the book-keepingwhenwe changethe sizeof
eachGaussianpotential.

There is a very simple solution to all theseproblems:
createthe initial clique potentialsafter the evidencehas
arrived! Thenthepotentialsonly have to bede®nedon the
hiddennodes:theobservednodesjustcontributeaconstant
factorto thevalueof cliquepotential,anddon't takeupany
space.

For example,considera softmaxnodewith a parent�

whosevalueis observed to be %

�

. We canconvert this to
a CPT and thenceinto a discretepotentialby computing
Pr��� �&� � � � %

�

� � softmax��%

�

�

��� for each� . Similarly,
consideran HMM with Gaussianoutput. We cancreate
the evidence-speci®cobservation matricesby computing
Pr���

�

� !

�

�

� 	 �&�(� �

�

��!

�

� ; ) �

�

S��� for eachhiddenstate�

andeachtimestep
�

. This is thesensein whichwecanuse
arbitraryconditionaldensitiesonobservednodes.

Thetypeof potentialthatwe needto usein thejunction
treeis determinedby thetypeof hiddennodesthatareleft.
If all thehiddennodesin a cliquearediscrete(D), we can
representits potentialwith a table;if they areall Gaussian
(G), we can use a Gaussian;otherwise,we must use a
Mixtureof Gaussians(MG). If thereis onepotentialof type
D andanotherof typeG,all thepotentialswill beconverted
to typeMG for compatibility(i.e.,sothey canabsorbfrom
oneanother).Similarly, if oneis of typeMG andanotheris
of typeD or G, thelatterwill beconvertedto MG. (Thatis,
all thecliquesareªraisedºto their leastcommonancestor
in thetypehierarchy, whichhasMG above bothD andG.)

The disadvantageof the new approachto handlingevi-
denceis thatit is not incremental,i.e.,whennew evidence

arrives,we cannotjust updatea smallpart of the junction
tree,but insteadmustcombinethe new andold evidence,
andrerunthe whole inferencealgorithm. In addition,the
new approachcannothandleretractionof evidenceor soft
evidence. On the otherhand,it is simpleto combinethe
new techniquewith theold, sothattheªcoreº ®ndingscan
behandledin the new way, andnodesfor which we have
soft evidence,or which we might wantto just temporarily
instantiate,canbehandledin the old way (assumingtheir
CPDis of theright form).

8 Computational complexity of inference

It is possibleto marginalizeandmultiply/divideaGaussian
potentialin ���+�

3
� time,where� is thesizeof thepotential

(i.e., thenumberof scalarvariablesin theclique),whereas
theseoperationson a discretepotentialtaketime linear in
the numberof entriesin the table, which is exponential
in the numberof discretevariablesin the clique. Hence
largecliquesonly imposeahighcomputationalcostif they
containmany discrete variables. This is the reasonwhy
peoplehavebeenableto exactlysolvelargelinearGaussian
models,suchasKalman®lters,withouthaving to resortto
the kinds of approximationsthat areusedin the discrete
Bayesnetcommunity.

By using the new approachto handling evidence,we
only needto worry aboutcliquesthatcontainmany hidden
discretevariables.Moreprecisely, if wepartitionthenodes
intoahiddenandobservedset,�&�

���

� , or intoadiscrete
andcontinuousset, � �

���

�

, thenthecostof inference
in ahybridnetworkis

�
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�
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where 
 is the setof cliques, � %'� is the numberof values
node % can take on (if it is discrete)or its length (if it
is a continuous-valuedvector). (See[MA98] for a more
detaileddiscussionof the complexity of the junction tree
algorithmfor discretenetworks.)

9 Experimental results

To seehow accuratethe variationalapproximationis, we
comparedthe junction treealgorithm(as implementedin
BNT4) to GibbsSampling(asimplementedin BUGS5) on
the networkshown in Figure1. We generated20 random
examplesfromthejoint distributionencodedbythenetwork
(usingthe exact settingof � ), andcomputedthe posterior
distributionsover the hiddenvariables,for eachpossible
patternof evidence,usingthejunctiontreeor BUGS.

For BUGS,we useda ªburn-inº of 2000iterations,and
thensampledfor 10,000iterations. (Similar resultswere
achievedusinga burn-in of just 1000plus1000iterations,
andalsousing1000samplesfrom likelihood weighting.)
For thejunctiontree,weupdatedthevariationalparameters

4Bayes Net Toolbox. See
www.cs.be rk ele y. edu/ murphyk/Ba ye s/ bnt .h tml .

5Bayesian inference Using Gibbs Sampling. See
www.mrc-b su .ca m.ac. uk /b ugs / .



until the relative changein log-likelihood droppedbelow
0

�

001;when J wasobserved,so
�

hada unimodaldistri-
bution, this took 2±3iterations;when J washidden,so

�

hada bimodaldistribution, this took7±9iterations.BUGS
(implementedin compiledModula2) took 17and12 min-
utesof realtime,for the10,000and1000casesrespectively,
andthe junction tree(implementedin interpretedMatlab)
took2.5minutes.(Timesarefor aSunUltra Sparc2.)

Theresultsareshownin Table2. D� J'� is �

�

�

�

J � �

�

�

�

J ���

averagedover 20 trials,andsimilarly for D�

�

� , D�

�

� , and
D�+K � , where

�

� and
�

� aretheexpectedvaluescomputed
usingthe junction treeandBUGSrespectively. (Standard
deviation is in brackets.)A dashmeansthe variablewas
observed,soinferencewasnotnecessary. (Notethat,since

J is a binary randomvariable,
���

J�� � Pr�+J � 1� and
similarly for K .)

When
�

is observed,we canperforminferenceexactly,
andsothenon-zerovaluesof D aredueto ®nitesampling
effects in BUGS.When

�

is hidden,we needto usethe
variationalapproximation,andso the non-zerovaluesof
D arepartly dueto errorsincurredby this approximation,
andpartlydueto ®nitesamplingeffects;however, thelatter
sourceof error canalwaysbe driven to 0 by taking more
samples.

The resultsindicate that the variationalapproximation
doeswell exceptin caseswhereboth J and K arehidden
(rows14and16). Thisis because,in thiscase,theposterior
on

�

is bimodal: therewill be a peaknear
�

� 5 and
one near

�

� 15, correspondingto J � 0 and J � 1
respectively. Furthermore,since K is not observed, it is
hardtell which oneis morelikely (apartfrom theprior, of
course).Note thatobserving

�

is not particularlyhelpful,
sinceit isd-separatedfrom J ,andin any caserarelydeviates
from its mean(sinceCov

�

�

� � 1). When
�

is bimodal,it
is dif®cultto chooseagoodinitial estimateof � , whichcan
causethealgorithmtoconvergetoapoorlocalmaximum(of
thelower-boundonthelog-likelihood). Whenweªcheatedº
by startingthe variationalalgorithm off with the correct
valueof � (i.e., � � � 2� � 1���+"

�

% *  � , usingthetruevalues
of

�

� % and � � � ), we found,not surprisingly, thatthe
variationalmethoddid very well.6

10 Futur ework

Wearecurrentlyworkingonwaysto improvethequalityof
theapproximationin thecasethat thedistributionover the
parentsof the logistic nodeis multimodal. We alsowant
to extendthe variationalapproximationto softmaxnodes.
In thefuture,weintendto applythesetechniquesto hybrid
DynamicBayesianNetworks,whichcanbethoughtof asan
extensionto thetraditionalSwitchingKalmanFilter model
[BSL93].

6In fact,it did betterthanany exactmethodcould,sinceby us-
ing theoptimal

�

, weªleakedºinformationaboutthetruevaluesof
�

and � . Forexample,in case16,whentherearenoobservations,
theposteriorsareequalto thepriors(i.e., �����
	�� 0 
 3, ������	�� 5,

���

�

	�� 0 
 7 � 10 � 5��� 0 
 3 � 20 � 5��� 8, ���

�

	�� 0 
 35),andyet
thecheatingmethodcomputeddifferentestimatesof thesequan-
titiesfor eachexample,andtheseestimateswerecloserto thetrue
valuesthantheexactpriors.

A Derivation of the quadratic lower bound
to the logistic function

In this section,wederiveaquadraticlowerboundon thesigmoid
function �

��������� 1 �����! "�#�

1

For details,see[Jaa97].
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upperbound,which is tight when
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1 � Pr�Q�U� 1 S IV�*�����

�

�H�N�QWMXY�Z�\[0�H� , wegetthe®nalresult.

B Derivation of update formula for the
variational parameter

To ®ndthe optimalvalueof
�

, we iteratively maximizea lower
boundon the expectedcomplete-datalog-likelihood, as in EM
[NH98]. The only term which dependson

�

is ��� log
�

�Q�]�

^

S IV�U� ;
�

�_	 , wheretheexpectationis w.r.t. all theobserveddata
andthe

�

from thepreviousiteration.Differentiating,weget
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S C P B D�Q��� D�Q�N� D�

�

� D�

�

�

1 o o o o - - - -
2 h o o o 0.0000(0.0000) - - -
3 o h o o - 0.0033(0.0002) - -
4 h h o o 0.0000(0.0000) 0.0034(0.0003) - -
5 o o h o - - 0.0152(0.0101) -
6 h o h o 0.0000(0.0000) - 0.0063(0.0037) -
7 o h h o - 0.0110(0.0062) 0.0176(0.0137) -
8 h h h o 0.0000(0.0000) 0.0352(0.0145) 0.0424(0.0218) -
9 o o o h - - - 0.0018(0.0021)
10 h o o h 0.0000(0.0000) - - 0.0026(0.0030)
11 o h o h - 0.0022(0.0003) - 0.0019(0.0017)
12 h h o h 0.0000(0.0000) 0.0006(0.0003) - 0.0023(0.0022)
13 o o h h - - 0.2286(0.1455) 0.2800(0.1862)
14 h o h h 0.2957(0.0000) - 2.8897(0.3186) 0.3745(0.1788)
15 o h h h - 0.2756(0.1530) 0.5506(0.3033) 0.3812(0.2258)
16 h h h h 0.3015(0.0000) 0.3337(0.0000) 2.3247(0.0000) 0.3480(0.0000)

Table2: Experimentalresultsfor thecropnetworkusingthe junctiontree. Cols. 1±4: 'o' meansa variableis observed,
'h' meansit is hidden. Cols. 5±8. D�+J'� is �

�

�

�

J��I�

��� �

J ��� averagedover 20 trials, andsimilarly for D�

�

� , D�

�

� , and
D�+K � , where

�

� and
� �

aretheexpectedvaluescomputedusingthejtreeandsuper-exactmethodrespectively. (Standard
deviation in brackets.)A dashmeansthevariablewasobserved,soinferencewasnot necessary. Seetext for details.
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S , the maximumis
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where � and
�

aretakenw.r.t. all thedataandtheprevious
�

.
Note that this derivation is slightly moregeneralthanthe one

in [JJ96], sincewe allow � to behidden;however, thenetresult
turnsout to bethesame.
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