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Abstract

We shav how to usea variationalapproximation
to the logistic function to performapproximate
inferencein Bayesiannetworkscontainingdis-
cretenodeswith continuougparents Essentially
we convert the logistic function to a Gaussian,
which facilitatesexactinference ,andthenitera-
tivelyadjusthevariationalparameter®improve
thequality of theapproximation.Wedemonstrate
experimentallythat this approximationis much
fasterthansampling but comparablén accurag.
We also introducea simple new techniquefor
handlingevidence which allows usto handlear
bitrarydistributionsonobserednodesaswell as
achieving a signi®canspeedupn networkswith
discretevariablesof large cardinality

1 Intr oduction

Mary probabilisticmodelsnaturally containdiscreteand
continuousvariables. (Suchmodelsare sometimegalled
ahybrid®.) Unfortunately exactinferenceis only possible
whenall the continuousvariablesare Gaussiarand have
no discretechildren. If we wantto allow discretechildren
of continuousparents(e.g., to model thresholdphenom-
ena),thestandardpproachs to discretizeall thevariables
[FG96 KK97] orresortosamplindGRS96. Theproblem
with discretizations that, to getgoodaccurag, we must
guantize®nely which makesinferenceslow; this problem
is especiallyaccutein high-dimensionastatespaces.The
problemwith samplingis similar: to get good accurag,
we musttakemary sampleswhichis slow. In this paper
weintroduceavariationalapproximatiorto handlethecase
of discretechildrenof continuousparentswhich is faster
and more accurate sinceall the distributions that can be
handledexactly arehandledexactly. We alsointroducea
new approactio dealingwith evidence which allows usto
handlearbitrarydistributionson obsened nodes.

We presenbur resultsin the context of thejunctiontree
algorithm,which is widely consideredo be the mostef-
®cientandmostgeneralinferencealgorithmfor graphical
models[SAS94. In particular it allows us to compute
the maginalson all  familiesb a prerequisitefor ef-
®cientparametemand structurelearning® in two passes

overthegraph wherea®ther query-driven(goal-directed)
algorithms, such as bucket-elimination[Dec98] and SPI
[CF9], CF99, wouldtake passeslin addition,thejunc-
tion tree algorithmallows us to handlegraphswith undi-
rectedcycles,unlike somepreviouswork on networkswith
continuousvariablegDM95, AA96] which wasrestricted
to polytrees.

The structureof the paperis asfollows. We startby de-
scribingsomepopularconditionalprobabilitydistributions
(CPDs)for nodesn hybrid networks.In Section3, we give
abrief overview of the junctiontreealgorithm,andin Sec-
tions4 through5, we review aspect®f it thatarespeci®c
to hybrid networks. In Section6, we explain our varia-
tional approximation,jin Section7 we introduceour nen
approacho handlingevidencejn Section8 we discusghe
computationatompleity of inferencein hybrid BNs,and
in Section9, wepresensomeexperimentalesultdo assess
thequality of our approximation.

2 CPDsfor hybrid networks

For ary directedgraphicalmodel,we mustde®nehe con-
ditional distribution of eachnode given its parents: see
Tablel for someexamples.

For discretenodesawith discreteparentsthesimplestrep-
resentatioris a table(calleda ConditionalProbability Ta-

ble, or CPT),which de®ne®r det (A
noteonnomenclaturewewill use torepresenadiscrete
parent, torepresenadiscretechild, torepresenacon-
tinuousparent,and  to represent continuouschild.) If
therearemultiple parents, 3 , We canusea multi-
dimensionatable,althoughthis requiresspecifying 2
parametergassumindor simplicity thateachdiscretenode
is binary). Thereare otherrepresentationwhich require
fewer parameterge.g., noisy-OR, neural networks),and
henceareeasietto learn,but we don't discusgshemhere.

Now let us considerthe caseof continuousnodeswith
continuousparents. (Without loss of generality we can
assumehe child hasonly one continuousparent,sinceif
it hasmore than one, we canaggrgatetheminto a sin-
gle vectorvaluednode.) The simplestsuchexampleis a
Gaussiarwhosemeanis a linear function of its parents
value:
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Child/Parent| Discrete

Continuous

Discrete
Continuous

Tahular, noisy-OR,decisiontree  Probit,logistic, softmax
ConditionalGaussian

Linear Gaussian

Table1: Somepopularconditionalprobability distributions. If a nodehasboth discreteandcontinuousparentswe can

createa mixturedistribution.

where istheweightor regressiommatrix,
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Networksin which all the variableshave this kind of
linear Gaussiardistribution were ®rststudiedin [SK89].
If the continuouschild (also)hasdiscreteparentswe can
specifyaGaussiaffor eachvalueof thediscretgparentsthis
is calleda ConditionalGaussian(CG) distribution. Note
thata CG distribution canbe usedto approximaterbitrary
continuoudistributions.

Finally, we considetthe caseof discretenodeswith con-
tinuousparents.Therearetwo popularmodelsfor thecon-
ditionaldistributionof adiscreteébinaryvariable 01
givenacontinuougvectorvalued)parent , calledlogistic
andprobit, which arede®nedsfollows:

def

logit lo
g g 1
probit  *'F 1 F
where % pr 1 ' ’
W is the sigmoidfunction,andF ,

0 1, is thecdf of thestandardNormal. Thelogit
andprobitdistributionsarevery similar (seeFigure2), and
differ only in the tails; essentiallythe cumulative normal
diesoffas whereaghe sigmoiddiesoff moreslowly
as .

Althoughprobithasaniceinterpretatiorasanoisythresh-
old unit ( 1 iff ), the logistic distribution has
se/eraladwantages:

It canbe well-motivatedfrom a statisticalviewpoint
[Jor9g.

Thereis an ef®cientmethodfor ®ttingits parame-
ters, called the Iteratve Reweighted Least Squares
(IRLS) algorithm[MN83, JJ94b](a form of Newton-

Raphson).

Thereis agoodapproximatiormethodfor converting
it to potentialform (seeSection6).

It generalize$o multi-valueddiscretevariablesasfol-
lows:

&p
e&p

Pr

Thisis calledthesoftmax(multinomiallogit) function.
Note that softmaxfor binary variablesis equialent

Figurel: Thecropnetwork. Circlesrepresentontinuous
(scalar)nodes,squaregepresentdiscrete(binary) nodes.

Thisexampleis from [BKRK97].
to thelogistic functionwhen 1 o and
1 o,sincePr 1 R
o O .1
1
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Inthesoftmaxfunction, isthenormalvectortothe 'th

decisiorboundaryand isits offset. Themagnitudeof
determineghe steepnessf the cune: alarge magnitude
correspondso a hardthreshold(steepcurwe), anda small
magnitudecorrespondgo a soft threshold. In the limit
as , the sigmoidapproaches stepfunction; in
thelimit as 0, the sigmoid approaches uniform
distribution.

It turnsout that linear Gaussiansnd softmaxare both
specialcaseof Generalized_inearModels(GLIMS): see
[MN83] or[JJ94h for details.Althoughwe canuseGLIMs
asCPDsfor obsered nodes(seeSection?), in generalit
is dif®cultto usethemfor hiddennodes at leastif restrict
oursehesto exactinference.

2.1 Example

As a simpleexampleof someof the distributionswe have
describedg¢onsiderthenetworkin Figurel. In this model,
the price (P) of a certaincrop, say wheat,is assumedo
decreasénearlywith theamountf crop(C) producedhat
year ontheassumptiothataglutreducegprices.Butif the
governmentarti®ciallysubsidiseprices( 1), theprice
will beraisedby a®edamount.In addition,theconsumer
islikely to buy ( 1)if thepricedropsbelow 5 units(see
Figure?2). This modelwill be usedfor the experimentsn
Section9 with the parametewaluesshovn below.

Node Distribution Params.
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price vs availability

Prob. buy vs price (w=-1, b=5)
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Figure2: Left: Theexpectedpricedecreaseknearly with thecropyield, 0 10 , andis shiftedupby a
constanif thepriceis arti®ciallysupported, 1 20 . Right: The probabilitysomeonewill buy thecrop

decreaseasthepricerisesabore thethresholdof 5. We plot

5.

3 Thejunction treealgorithm

In this sectionwe give a brief overview of thejunctiontree
algorithm(seee.g. [HD94] for details),beforediscussing
theaspect®f it whicharespeci®¢o hybrid networks.This
summaryis meantto provide aroadmapfor therestof the
paper

In the junction tree algorithm, we ®rstperformthe fol-
lowing graph-theoretistepsn order

Moralize the original graph , i.e., connecttogether
all parentsvho sharea commonchild, andthendrop
the directionality of the arcs. This will resultin an
undirectedgraph,

Choosean eliminationordering , e.g.,accordingto
theheuristicdiscussedh [Kja9qQ].

Let all nodesbeinitially unmarked.For eachnodein
order , markit andjoin all its unmarkedheighbors.
Thiswill resultin atriangulatedgraph,

Findthemaximalcliqguesin  ; callthem .

Build anundirectedveightedgraph ~ whosenodes
arethe cligues andwherethe weight of the edge

from clique toclique is . Let
be amaximalspanningreeof [JJ94a].

Add aseparatonode to eachedge of such
that

Pickanarbitrarynodein  asroot.

In Section5, we discusghe changeghatneedto be made
to theabore stepsn the caseof hybrid networks.

After building the junction tree2shell®, we peformthe
following numericalstepsn ordet Thesestepsnvolvethe
potentialsassociatedvith eachclique and separatorhow
to represenaindoperateon suchpotentialss discussedn
Sectiord.

For eachcliqueandseparatoin
tial to theidentity element.

Foreacmode in ,®ndaclique in thatcontains
andits parentscorvert ‘s CPDto apotential(see
Section6), andmultiply it onto 'spotential.

, initialize its poten-

andF , Where istheprice, land

Optionally, we cannow performaglobalpropogation,
to corvertthepotentialdnto joint form; thesecanthen
besavedfor laterreuse sothatwe canavoid repeating
this initialization step. (In the approachto evidence
thatwe discusdn Section?, it is not possibleto do a
propogatiorbeforethe evidencehasarrived.)

For eachnode for which we have evidence ®nda
cligue thatcontains , andmultiply in theevidence
(seeSection?).

For eachclique
parents)make

in postorder(i.e., children before
absorbfrom , where is 's

parentin (This is called the 2collect evidence®
phase.) absorbdrom via separator by per
forming thefollowing operations:

+

+
where is a potential,the superscripdenoteghe
new or updatedootential, representthemamginal-
izationoperatoy the multiplicationoperatorand
the division operator (We saythat sendsa@mes-
sage%o )

For eachclique in preorder(i.e., parentsbefore
children),make absorbfrom , for eachchild
of . (Thisis calledthe2distributeevidence®phase.)

4 Hybrid clique potentials

Whenall the variablesin a clique arediscretewe canrep-
resentits potentialusinga table (multidimensionahrray);
whenall the variablesare Gaussianwe canrepresenthe
potentialasa quadraticform; andwhensomeof the vari-
ablesare discrete,and someare Gaussianwe canusea
table of quadraticforms. We now explain the quadratic
form representatiorsee[LW89, Lau92,01e93 Lau96]for
details.

A Gaussiarclique potentialcaneitherbe representeéh
familiar momentform

; S exp 3 st



or themorecorvenientcanonicaform

. 1
; exp 5
We canconvert from canonicalto momentform (provided

is full rank)asfollows:
S 1
S
log Zlog 5 log 2 :
We canalwaysconvert from momentto canonicaform.

A CG potentialis just alist of suchGaussiarmpotentials,
onefor eachvalueof the discretevariables. Note that, by
using a logarithmic representatiomf the constantfactor,
we areassuminghe is never non-zero.To getaround
this, we needto additionally store an indicator variable,

, whichis 1 iff this discretevaluehaspositive support.
(Oneadwantageof the logarithmicrepresentatiois thatit
is unlikely to under ow evenif we have alot of evidence.)

Wenow de®nédnow to peformthefundamentabperations
of extension, multiplication/division, and maginalization
on CG potentials.

Extensions theoperatiorof ensuringhattwo potentials
arede®neanthesamesetof variables.For thecontinuous
variables,we mustmakesurethe size of eachvectorand
matrix is the same by inserting0s wherenecessary For
the discretevariables,we mustmakesureboth potentials
have the samenumberof table entries,duplicatingwhere
necessary

We cannow de®nanultiplicationof two CG potentials,

1 and , , asfollows.

Corvertbothpotentalsto canonicaform,if necessary
Extendthemto thesamedomain,if necessary
Computethefollowing for eachdiscreteentry:

1 1 1 2 2 2 1 2 1 2 1 2

Divisionis similar, exceptwe use insteadof
Marginalizationis harder Let us®rstconsiderthe case
of pureGaussiarpotentials.Supposeave wantto compute
2 1 2 . We®@irstcorvert tocanonicaform

1

(if necessary) andthen partitionit into the components
beingkeptandthecomponentdeingmamginalizedover:

1 11 12
2 21 22

Thenew canonicakharacteristicareasfollows:
1

x 1

A 5 log?2 log 11 1 11 1
A 1

A 2 21 11 1

A 1

A 22 21 11 12

Now let us turn to the CG case. We ®rstmaginalize
over the continuousvariables,and thenthe discreteones.

Wwe assumehereis a canonicabrderingfor theentrieswithin
eachvector/matrix/table.

2It is mucheasietto maginalizein momentform (just extract
the relevant componentof andS; however, it is not always
possibleto convertto momentform.

However, this doesnot necessarilyeducethe size (num-
ber of table entries)of the CG potential. For example,
considerthe potential where and arecon-
tinuous scalarvariables,and and are discretebinary
variables;hence is a mixture of four (two dimensional)
Gaussianslf we maginalizeover and , theresultwill

be whichis still a mixture of

four (onedimensional)Gaussiansmaginalizationhasnot
madethe potentialary smaller(in termsof the numberof
discretecomponents).Now supposeve multiply this po-
tentialby ,Where isascalarand isabinary
variableb theresultwill now beamixtureof 8 (twodimen-
sional)Gaussiandnsteadof just4, sincefor eachvalueof
and , containgwo GaussiansHenceaswe propagate
messageghe potentialsbecomemixtureswith more and
morecomponents.

To avoid theexponentiablow-upin thesizeof thepoten-
tials, we adoptthe standarcapproximatiorof 2collapsing®
amixture of Gaussian$o a singleGaussianysingthefol-
lowing formulas(thisis called®weak maginalization®):

where . (In our example,we
collapsea mixture of 2 Gaussianso a single Gaussiarfor
eachvalueof .) Thisis thebestCG approximatior(in the
senseof minimizing KL divergence)to the true maginal
(seee.g.,[Lau96,p. 162]for aproof). In particular it gives
thecorrect®rstandsecondrdermomentsi.e., and
Var  will bethesamefor theweakmaiginalandthetrue
mauginal.
Notethatif the parametersf the Gaussiarareindepen-
dentof the discretevariablebeingmanginalizedover (i.e.,
and S S )b for example, be-
causethe discretevariableis not a parentor child of the
Gaussiarvariablesbut just happengo 2live® in the same
cligue b thenthis procesds exact, andis called@strong
mauginalization®.

5 Junction treeswith strongroots

Thenon-closuref CG-potentialsindermaginalizationof
discretevariablesmeansthat we have to be careful how
we constructthe junction tree. In particular we needto
be ableto corvertto momentform beforewe performary
discretemanginalizations.Therelevanttheoryis discussed
in [Lau92]; here,we just summarizehe mainresults.

We de®nea strongroot asary node (in the junction
tree) which satis®eshe following property: for ary pair

of neighboronthetreewith  closerto than ,
we have
G D

whereG areall the continuousvariablesandD areall the
discretevariables. In otherwords, when a separatobe-



tweentwo neighboringcliquesis notpurelydiscreteall the
variablesn thecliquefurthestawayfrom therootwhichare
notin theseparatoarecontinuous!f agraphistriangulated
anddoesnot have ary pathsbetweentwo discretevertices
passinghroughonly continuousrertices(i.e., apathof the
form ), thenthereis alwaysat leastonestrong
root[Lei89]; suchgraphsarecalleddecomposablenarked
graphgmarkedust meangherearetwo typesof nodes).

For example, considerFigure 1. Moralizationaddsan
arcbetween and ; theresultinggraphis thenalready
triangulatedandhascliques and , sothejunction
treeis . Notethatthishasaforbiddenpath
from to , andhencethereis nostrongroot. However,
if weaddanextraarcbetween and afterthemoraliza-
tion step,to eliminatethe forbiddenpath,thejunctiontree
becomes . Here, is astrongroot,
since G

A suf®cientonditionto ensurdhereis astrongrootis to
eliminateall the continuousmodesbeforethe discreteones
whentriangulating.(For example,if weusetheelimination
order ), we get the strongjunction tree
abore.) In generaladdingextra links to remove forbidden
pathswill increasehesizeof thecliques,aswe sav abore.

Thereasorwe needajunctiontreewith astrongrootisto
ensurehatwhenwe sendmessagesp to theroot (during
the collect evidencephase),all the mawginalizationswill
be strong, so that when we subsequenthsendmessages
backfrom the root (during the distribute evidencephase),
neighboringpotentialswill beconsistent.

Thereasorthe®rsipasgesultsn strongmaginalsis easy
to see:for ary pair of neighborson thetreewith
closertothestrongrootthan , whenwe compute

, weareonly performingintegrations sincethe

only variablesin ~ which arenot in are continuous.
Whenwe have to maginalizeoutadiscretevariable say ,
we canalwaysintegrateout ary variablesvhichdependn
it, say , ®rst(i.e.,we cancompute instead
of ), andhenceavoid theneedto collapsethe
mixture of Gaussians.

Thereasorthesecondasgesultsn consistenpotentials
is alsoeasyto see. Supposdhat  absorbedrom on
the®rstpassso . Onthebackwards

passwe compute , SO

(Note that we arejusti®edin pulling the ratio outsidethe
sumonly becaus¢ghemauginalizationover isstrong.)

6 Converting CPDsto potentials

For discretenodeswith discreteparentsyve canconvertary
CPDinto a CPT (i.e., we cancomputePr

evenif the d|str|but|on is speci®edmplicitly), and hence
cancorvertit to atabularpotential. Of course suchatrans-
formationmightlosesomelocal conditionalindependence
information,which might have beenexploited to speedup

inference. For somekinds of CPDs,suchasnoisy causal
independenc¢RD98] thereare waysto exposethe local
structuregraphically which makesit easierto exploit in
thejunctiontreeframevork, butwe don't discusghisissue
here.

We can corvert a Gaussiardistribution to a canonical
potentialasfollows.

Sep 13

exp 3 Sll
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=

S 1
st 2

Hencewe setthe canonicaktharacteristicso

1 st log S
Sl
Sl
s1 s1
s1 s1

This generalizesheresultin [Lau92]to the caseof vector
valuednodes.In thescalarcaseS * 1 , and
1, sotheabore becomes

>z flog2 2

Fromthis, we seethat is rank 1; hencewe may not be
ableto representheinitial potentialonacliquein moment
form (althoughafter we have propagatedvidence,each
potentialrepresents joint probability density which can
alwaysbe corvertedto momentform).

ForaconditionalGaussiawistribution,wegeta
triple of theabave form for eachvalueof thediscretepar
ents.

Finally, we canconvert thelogistic functionto a canon-
ical Gaussiarpotentialby usingthe following variational
lowerbound[JJ96](seeAppendixA for thederiation,and
[JGJS98For ageneralntroductionto variationalmethods)

Pr
exp 2 2 2
where 2 1 : 2 ,and
01. N0t|cethatth|5|squadratlan , andhencewe
canrepresenit asa canonicapotential:
log 12 1 1 2 2
12 1 2
2

We call this representatio’/ G, for VariationalGaussian.
If the discretenode also has discreteparents,we get a



exact and approx prior (w=1)

-5 o 5

exact and approx prior (w=4)

-5 o 5

exact and approx posterior (w=1)

-5 o 5

exact and approx posterior (W=4)

-5 o 5

Figure3: Thevariationalapproximatiorgetspoorerasthelogistic functionbecomesteepefmoredeterministic).Onthe

left we plot Pr 1

pairfor eachdiscretegparenwalue,andtheresulting
potentialwill bea mixtureof VGs(MVG).

Althougha quadratidunctionis a poorapproximatioro
asigmoid,thejoint probability (where isGaus-
sianand islogistic) is well-approximatedy a Gaussian
(seeFigure3).

We canincreasehe quality of the approximatiorby it-
eratvely adjustingthe variationalparameter . Asin EM
[NH98], we canset to the valuethat maximizesthe ex-
pectedcomplete-datdog-likelihood. This resultsin the
following update(seeAppendixB for thederivation):

2 2 S 2 2

wheretheposteriodistributionon  is S .The
boundis tight when 2 1 .

Theupdateequatiordoesnot specifywhetherto takethe
positive or negative squareroot. However, this ambiguity
turnsout notto matter sincePr ;  Issymmetridn

Choosinga goodinitial estimateof is important(see
Section9). The procedurave useis asfollows. We walk
down thegraphandcomputehemeanandvarianceof each
node(if it is continuous)pr its mostprobablevalue (if it
is discrete),basedonly on the evidenceand assignments
aboveit. Then,whenwe getto alogisticnode we canlook
up andS of its parentsandplug theminto the equation
above for

For example considethecropnetworkandsupposenly

is obsered. We set 0 (sincethe nodeis more
likely to beoff thanon), 5,and
0 10 5 5, i.e., we usethe mixture component

correspondingo themostprobablevalueof . Thisturned
outto bebetterthancollapsingthe mixture of Gaussianat
, usingthedistributionover for theweights.
We canalsoderivetheupperbound exp
2 , Where is anothervariational parameterand

def . .

2 log 1 log 1 is the binary en-
tropy function. We usethe lower boundbecauségl) it is
tighter (sinceit is a second-ordeapproximation)and (2)
for learning,we wantto maximizea lower boundon the
likelihood[NH98]. However, theupperboundcanbeused

in conjunctionwith the lower boundto ®lter out runs of

for theexact(solid) andapproximatgdotted)logistic function,using
4 (bottom),andtheoptimal value.Ontheright, we plot Pr 1 Pr

2and 1 (top)or

, wherePr 01

MCMC which resultin mamginals which fall outsidethe
boundsasin [1J97].

Notethatwe canexploit the quadraticapproximatiorto
®ttheparametersf thelogisticnode, and , usinglinear
regressionjnsteadof the slower IRLS procedureasnoted
in [Tip9g.

Findingagoodvariationalapproximatiorfor thesoftmax
distribution is a problemwe are currentlyworking on. In
this paper we only considerthe logistic distribution (i.e.,
binarynodes).However, we canalwaysuse binarynodes
to encode(in a distributedfashion)the value of a single
node with 2 possiblevalues;all the bits have the same
parentas (seee.g.,[Tip9g).

7 A newapproachto handling evidence

The?traditional®approactio handlingevidencen thejunc-
tion treeframeavork is asfollows (seee.g.,[HD94]). Let
usstartby consideringhe casewhereall the potentialsare
discrete.Firstwe createa junctiontreewith the potentials
initialized to 1s, thenwe multiply on all the CPDs. When
evidencearrives,e.g.,we obsenre that , we ®ndary
cliguethatcontains andmultiply it by a potentialof the
form O 1 0 , wherethe 1 is in the 'th position?
This setsto 0 ary entriesincompatiblewith the evidence.
Finally, we do a propogatiorto restoreglobal consisteng
Now eachclique potentialcontainghe joint probability of
its variablesandthe evidence , e.g.,

Pr . Thiscanbenormalizedo obtainthe
likelihood of the evidence,Pr , andthe
posterior Pr Pr .

Whenwe have Gaussiarpotentials,we initialize to 0s,
andfollow a similar procedureexceptnow we mustmulti-
ply every potential(including separatorsjhat containghe
nodedor whichwehave evidence sincethedimensionality
of the vectorsandmatriceswill bereduced.For example,
supposeve obsere ; then becomes

&p

Thisis sometimegalled®hard® evidence.2Soft° or avirtual®
evidencewould consistof a distributionover ‘s possiblevalues.
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This generalizeghe equationin [Lau9] to the caseof
vectorvaluednodes.
Therearesereralproblemswith thetraditionalapproach:

For discretevariableswith mary possiblevalues(e.g.,
HMMs with largecodebooks e maycreatehugeini-
tial cliquepotentialspnly to subsequentlgetmostof
theentriesto zero. Thetechniqueof evidenceshrink-
age[HD94] and zero compressiorfJA90] can help
reducethe inef®cieng of manipulatingsuchsparse
potentialsput it would be betternot to createthemin
the®rstplace.

We needto have away of convertingthe CPD of each
nodeinto potentialform. This makesit impossible
to usemary kinds of distributions. Also, we might
wantto createa conditionalmodelPr , andnot
associatary parametersvith  sinceit is alwaysan
obsenred input (asin linear regression). This is not
possiblewith thetraditionalapproach.

Thereis an annoyingasymmetryin the handlingof
obserationson discreteand continuousnodes. For
the former, we only needto modify one potential,
but for the latter, we mustmodify all potentialsthat
containthe obsered nodes.In addition,it is dif®cult
to do the book-keepingvhenwe changethe size of
eachGaussiarpotential.

Thereis a very simple solutionto all theseproblems:
createthe initial clique potentialsafter the evidencehas
arrived! Thenthe potentialsonly have to bede®nean the
hiddennodes:theobserednodegustcontributeaconstant
factorto thevalueof cliquepotential anddon't takeup ary
space.

For example,considera softmaxnodewith a parent
whosevalueis obseredto be . We cancorvert this to
a CPT andthenceinto a discretepotentialby computing
Pr softmax for each . Similarly,
consideran HMM with Gaussiaroutput. We can create
the evidence-speci®obseration matricesby computing
Pr ;S for eachhiddenstate
andeachtime step . Thisis thesensan whichwe canuse
arbitraryconditionaldensitieson obsened nodes.

Thetype of potentialthatwe needto usein thejunction
treeis determinedy thetypeof hiddennodeghatareleft.
If all the hiddennodesin a cliquearediscrete(D), we can
represenits potentialwith atable;if they areall Gaussian
(G), we can use a Gaussian;otherwise,we must use a
Mixture of GaussianéMG). If thereis onepotentialof type
D andanotheof typeG, all thepotentialswill becorverted
to typeMG for compatibility (i.e., sothey canabsorbfrom
oneanother).Similarly, if oneis of typeMG andanotheiis
of typeD or G, thelatterwill becorvertedto MG. (Thatis,
all the cliguesare@raised®to their leastcommonancestor
in thetype hierarchywhich hasMG above bothD andG.)

The disadwantageof the new approacho handlingevi-
dencseis thatit is notincrementalj.e.,whennew evidence

arrives,we cannotjust updatea small part of the junction
tree, but insteadmustcombinethe nev andold evidence,
andrerunthe whole inferencealgorithm. In addition,the
new approactcannothandleretractionof evidenceor soft
evidence. On the otherhand,it is simpleto combinethe
new techniquewith theold, sothatthe@core® ®ndingcan
be handledin the new way, andnodesfor which we have
soft evidence,or which we might wantto just temporarily
instantiatecanbe handledin the old way (assumingheir
CPDis of theright form).

8 Computational complexity of inference

It is possibleo mawginalizeandmultiply/dividea Gaussian
potentialin 3 time,where isthesizeof thepotential
(i.e.,thenumberof scalarvariablesn theclique),whereas
theseoperationn a discretepotentialtaketime linearin
the numberof entriesin the table, which is exponential
in the numberof discretevariablesin the clique. Hence
large cliquesonly imposea high computationatostif they
containmary discrete variables. This is the reasonwhy
peoplehave beerableto exactly solvelargelinearGaussian
models suchasKalman®lterswithout having to resortto
the kinds of approximationghat are usedin the discrete
Bayesnetcommunity

By using the new approachto handling evidence, we
only needto worry aboutcliquesthatcontainmary hidden
discretevariables.More preciselyif we partitionthenodes
into ahiddenandobseredset, ,orintoadiscrete
andcontinuousset, , thenthe costof inference
in ahybrid networkis

where is the setof cliques, is the numberof values
node cantakeon (if it is discrete)or its length (if it
is a continuous-aluedvector). (See[MA98] for a more
detaileddiscussiorof the complity of the junctiontree
algorithmfor discretenetworks.)

9 Experimental results

To seehow accuratehe variationalapproximations, we
comparedhe junction tree algorithm (asimplementedn
BNT#) to GibbsSampling(asimplementedn BUGS’) on
the networkshawvn in Figurel. We generated®0 random
examplesromthejoint distributionencodedby thenetwak
(usingthe exact settingof ), andcomputedthe posterior
distributions over the hiddenvariables,for eachpossible
patternof evidenceusingthejunctiontreeor BUGS.

For BUGS, we useda 2burn-in® of 2000iterations,and
then sampledfor 10,000iterations. (Similar resultswere
achieved usinga burn-in of just 1000plus 1000iterations,
and alsousing 1000 samplesrom likelihood weighting.)
For thejunctiontree, we updatedhevariationalparameters

‘Bayes Net Toolbox. See
www.cs.be rk ele y. edu/ murphyk/Ba yes/ bnt .h tml .

SBayesian inference Using Gibbs Sampling. See
www.mrc-b su.ca m.ac. uk/b ugs/.



until the relative changein log-likelihood droppedbelon
0 001;when wasobsered,so hadaunimodaldistri-
bution, this took 2+3iterations;when washidden,so
hada bimodaldistribution, this took 7+9iterations.BUGS
(implementedn compiledModula?2) took 17 and12 min-
utesof realtime, for the10,000and1000casesespectiely,
andthe junctiontree (implementedn interpretedMatlab)
took 2.5minutes.(Timesarefor aSunUltra Sparc2.)
Theresultsareshavnin Table2. D is
averagedover 20 trials, andsimilarlyforD ,D , and
D ,where and aretheexpectedvaluescomputed
usingthejunctiontreeandBUGS respectiely. (Standard
deviation is in brackets.) A dashmeansthe variablewas
obsenred,soinferencewvasnot necessary(Notethat,since

is a binary randomvariable, Pr 1 and
similarly for .)
When is obsered, we canperforminferenceexactly,

andsothe non-zerovaluesof D aredueto ®nitesampling
effectsin BUGS.When is hidden,we needto usethe
variationalapproximation,and so the non-zerovaluesof

D arepartly dueto errorsincurredby this approximation,
andpartly dueto ®nitesamplingeffects;however, thelatter
sourceof error canalwaysbe drivento 0 by taking more
samples.

The resultsindicate that the variational approximation
doeswell exceptin casesvhereboth and arehidden
(rows14and16). Thisis becausein thiscasetheposterior
on is bimodal: therewill be a peaknear 5 and
one near 15, correspondingo 0 and 1
respectrely. Furthermoresince is not obsered, it is
hardtell which oneis morelikely (apartfrom the prior, of
course).Notethatobserving is not particularlyhelpful,
sinceit isd-separateftom ,andin ary casearelydeviates
from its mean(sinceCov 1). When is bimodal,it
is dif®cultto chooseagoodinitial estimateof , whichcan
causehealgorithmto convergeto apoorlocalmaximum(of
thelowerboundonthelog-likelihood. Whenwe2cheated®
by startingthe variationalalgorithm off with the correct
valueof (i.e., 2 1 , usingthetruevalues
of and ), we found, not surprisingly thatthe
variationalmethoddid very well.®

10 Futurework

We arecurrentlyworkingonwaysto improve thequality of

the approximatiorin the casethatthe distribution over the
parentsof the logistic nodeis multimodal. We alsowant
to extendthe variationalapproximatiorto softmaxnodes.
In thefuture,we intendto applythesetechniqueso hybrid

DynamicBayesiarNetworks whichcanbethoughtof asan

extensionto thetraditionalSwitchingKalmanFilter model
[BSL93.

8In fact, it did betterthanary exactmethodcould,sinceby us-
ingtheoptimal , we@leakedCinformationaboutthetruevaluesof
and . Forexample,n casel6,whentherearenoobsenations,
theposteriorsaareequalto thepriors(i.e., 03, 5,
0710 5 0320 5 8, 0 35),andyet
the cheatingmethodcomputedifferentestimate®f thesequan-
titiesfor eachexample andtheseestimatesverecloserto thetrue
valuesthanthe exactpriors.

A Derivation of the quadratic lower bound
to the logistic function

In this sectionwe derive a quadratidower boundon the sigmoid
function

1 1
For details,see[Jaa9T.
Consider®rst
1 2 2 2 2 log 2 2
def 2 A
where A log 2 2 is symmetric,and a concare

functionof 2.

Now, for ary concave function , it is easyto seethat

def A A

whereA — ,i.e., ary tangentline to thefunctionis an
upperbound whichis tight when

Llet 2 ® A andlet 2 bethe variational parameter
indicatingthelocationof thetangentsothat

A 2 A 2 2 2 A
where

A - 2

Usingthe substitution 2 we®nd

NI
N

A il
7 tanh 2

Now,
log log 1 2 A
sowe getthefollowing lower boundon thelogistic function:

log 2 A
2 A 2 2 2A

2 2 og 2 2

where A
1 Pr 1

. UsingthefactthatPr 0
, we getthe®nalresult.

B Derivation of update formula for the
variational parameter

To ®ndthe optimal value of , we iteratvely maximizea lower
boundon the expectedcomplete-datdog-likelihood, asin EM
[NH98]. The only term which dependon is  log

i, wheretheexpectatioris w.r.t. all theobseneddata
andthe from thepreviousiteration. Differentiatingwe get



D

0.0033(0.0002)
0.0034(0.0003)

0.0110(0.0062)
0.0352(0.0145)

0.0022(0.0003)
0.0006(0.0003)

0.2756(0.1530)

S C P B|D D

1 O 0O o0 o0 |- -
2 h o o o | 0.0000(0.0000)

3 o h o o]-

4 h h o o | 0.0000(0.0000)

5 o o h o]-

6 h o h o | 0.0000(0.0000)

7 o h h o]-

8 h h h o | 0.0000(0.0000)

9 o o o hj-

10 h o o h | 0.0000(0.0000)

11 o h o h |-

12 h h o h | 0.0000(0.0000)

13 o o h h |-

14 h o h h | 0.2957(0.0000)

15 o h h h |-

16 h h h h | 0.3015(0.0000)

0.3337(0.0000)

0.0152(0.0101)
0.0063(0.0037)
0.0176(0.0137)
0.0424(0.0218)

0.2286(0.1455)
2.8897(0.3186)
0.5506(0.3033)
2.3247(0.0000)

0.0018(0.0021)
0.0026(0.0030)
0.0019(0.0017)
0.0023(0.0022)
0.2800(0.1862)
0.3745(0.1788)
0.3812(0.2258)
0.3480(0.0000)

Table2: Experimentatesultsfor the crop networkusingthe junctiontree. Cols. 1+4 '0' meansavariableis obsered,

'h' meangt is hidden. Cols. 58 D is
D ,where and

averagedover 20 trials, andsimilarly for D
arethe expectedvaluescomputedisingthe jtreeandsuperexact methodrespectiely. (Standard

,D ,and

deviationin brackets.)A dashmeanghevariablewasobsenred,soinferencevasnot necessarySeetext for details.

Since is monotonicallyincreasingin =, the maximumis [FG96]

obtainedat
2 2 2

2 2
0 1 [GRS96]
1 172 z
tr 2 2
S 2 2 [HD94]
where and aretakenw.r.t. all thedataandthe previous .
Note that this derivation is slightly moregeneralthanthe one

in [JJ94, sincewe allow  to behidden;however, thenetresult  [JA90]

turnsoutto bethesame.
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