CONDITIONAL INDEPENDENCE
AND GRAPHOIDS

Definition 1.1.2 (Conditional Independence)
Let V ={V1,V5,...} be a finite set of variables.
Let P(-) be a joint probability function over the
variables in V', and let X, Y, Z stand for any three
subsets of variables in V. The sets X and Y are
said to be conditionally independent given Z
it
P(z|y,z) = P(z|z) whenever P(y,z) > 0.
(1.26)
In words, learning the value of Y does not provide

additional information about X, once we know
Z.

Interpretation:
For any configuration x of the variables in the
set X and for any configurations y and z of the
variables in Y and Z satisfying P(Y = vy, Z =
z) > 0, we have

P(X =z|Y =y, Z=2)=P(X =z|Z = z).
(1.27)
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CONDITIONAL INDEPENDENCE
(Notation)

(XLY|Z)p iff P(x|ly,z) = P(x|z) (1.28)
for all values z, y, z such that P(y,z) > O.

Special case: Marginal independence

(X1LY|0) iff P(x|y) = P(x) whenever P(y) >0
(1.29)



THE GRAPHOID AXIOMS

1. Symmetry: (X1Y|Z)= (Y1X|Z).
ecomposition: (X1Y [Z)= (X1Y|Z).
eak union: (X1Y |2)= (X1Y|Z ).
ontraction: (X1Y|Z) (X1 |ZY)

= (X1UY |2).
. Intersection: (X1 |ZY) (X1Y|Z )
= (XULY |2).

( ntersection is valid in strictly positive
probability distributions.)

ntuitive interpretation: he irrelevant is irrele
vant to relevance

Ho e or 1 e tion1

rove that the graphoid properties are satisfied
if we interpret (X1LY|Z) to ean all paths fro
a subset X of nodes to a subset Y of nodes are
intercepted by a subset Z of nodes.



GRAPHICAL NOTATION AND
TERMINOLOG

raph:
1. set V of vertices (or nodes)

set of edges (or links)

ertices: ad acent, connected

dges: directed, undirected, bidirected

i re 1.1: (a) graph containing both di
rected and bidirected edges. (b) directed acyclic
graph ( ) with the sa e s eleton as (a).



Grap concept : S eleton, path (unbro en, non
intersecting route traced along the edges in
a graph, along or against the arrows), di
rected path. yclic and acyclic graphs, di
rected acyclic graph ( ).

in ip relation : parents, children, descendants,
ancestors, spouses (along the full arrows)

oot nodes: (no parents)
Sin nodes (no children)

Very has at least one root and at least
one sin .

Tree: connected in which every node
has at ost one parent.

C ain: a tree in which every node has at ost
one child.

Co plete rap : every pair of nodes is con
nected.



A ESIAN NET OR S

raphs in probabilistic reasoning

1. to provide convenient eans of e pressing
substantive assu ptions

. to facilitate econo ical representation of oint
probability functions and

. to facilitate e cient inferences fro obser
vations.



A ESIAN NET OR S

irected acyclic graphs e phasi ing ayesian
aspects

1. he sub ective nature of the input infor a
tion

. the reliance on ayes s conditioning as the
basis for updating infor ation

. the distinction between causal and evidential
odes of reasoning



DECOMPOSITION
A ESIAN NET OR S

iven a distribution P, on discrete variables,
X1,X9,...,X . eco pose P by the chain rule:

P(z1,...,z )= P(x |r1,...,2 1). (1. )

Suppose X is independent of all other predeces
sors, once we now the value of a select group
of predecessors called P . Si plification:

P : arkovian parents of X , relative to a
given ordering.



Definition 1.2.1 (Mar o ian Parent )

Let V ={X1,...,X } be an ordered set of vari
ables, and let P( ) be the joint probability distri
bution on these variables. set of variables P

is said to be Mar O ian parent of X ifP is
a minimal set of predecessors of X that renders
X independent of all its other predecessors. In
other words, P is any subset of {X1,...,X 1}
satisfying

and such that no proper subset of P satisfies
(1. 2).

Interpretation:

nowing the values of other preceding variables
Is redundant once we now the values of the
parent set P



CONSTR CTING A A ESIAN
NET OR

iven: P, and an ordering of the variables.

t the th stage, select any ini al set of X s
predecessors that screens off X fro its other
predecessors.

all this set P , and draw an arrow fro each
e berin P to X .

he result is a directed acyclic graph, called a

aye ian net or , in which an arrow fro X
to X assigns X as a Mar ovian parent of X ,
consistent with efinition 1. .1

he resulting networ is uni ue given the order
ing of the variables, whenever the distribution
P( ) is strictly positive.



AT PICAL A ESIAN NET OR

SEASON
SPRIN LER RAIN
ET
|
SLIPPER
I re1l.2
P(z1,....,0 )= P(x | ) (1.

P(z1)P(z2|z1)P(z |21)
P(z |z2,z )P(x |z )
(1.
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MAR O COMPATI ILIT

Definition 1.2.2 (Mar o Co pati ility)

If a probability function P admits the factori a
tion of (1. ) relative to , we say that
repre ent P, that and P are co pati le, or
that P is Mar o relati e to

O patibility i plies that can e plain the
generation of the data represented by P.
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THE SEPARATION CRITERION

Definition 1.2. ( Separation)
path is said to be eparated (or loc ed)
by a set of nodes Z if and only if

contains a chain — — orafork — —
such that the middle node is in Z, or

contains an inverted fork orcollider — —
such that the middle node is not in Z and
such that no descendant of is in Z.

set Z is said to separate X from Y if and
only if Z blocks every path from a node in X to
a node in'Y.



SEPARATION (EXAMPLE)

X 0—»!4 o= ‘o< oY X &—o Y
21 Zy Z3 Z)
(@ (b)
I re 1. : raphsillustrating separation. n

(a), X and Y are separated given Z» and
connected given Z7;. n (b), X and Y cannot be
separated by any set of nodes.



T eore 1.2.
(Pro a ili ticI plication o Separation)
If sets X and Y are separated by Z in a

, then X is independent of Y conditional on
Z in every distribution compatible with . on
versely, if X andY are not separated by Z in a

, then X andY are dependent conditional

on Z in at least one distribution compatible with

T eore 1.2.
or any three disjoint subsets of nodes (X,Y, Z)

in a and for all probability functions P,
we have:
(i) (X1Y|Zz) = (X1Y|Z)p whenever and

P are compatible, and

(ii) if (X1LY|Z)p holds in all distributions com
patible with , it follows that (X1.Y|Z) .



T eore 1.2.6
(Ordered Mar o




























































