ICS 261—Fall 2002
Data Structures
Suggested Homework 1—answer to #7

7. Part (b) is easier, so let’s do that first.

b)

In the notation of slide 2-20, assume we have 1-byte keys, and let k1 =< 0 > and
ko =< 1 >. Then note that regardless of the choice of m and a, hg(k1) is always 0.
Thus the hash functions do not meet the stronger condition.

This part was considerably harder. Here are two ways it could be done.

Note that Z?:Ol n; is always n; thus E [Zﬁgl nz} =n.

To compute E [ZZ 0 nj } we can relate it to the total number of collisions that take
place with chaining. Since n; is the number of keys going to bucket i, the number
of collisions in bucket i is 04+ 1+ 2+ -+ + (n; — 1) = (), so, letting ¢ be the
expectation of the total number of collisions, we have
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From slide 2-19 we know that the expected number of collisions involving any key
is (n — 1)/m. Adding this together for all of the n keys gives a sum of n(n —1)/m.

However, for any x and y, we have counted any collision between x and y twice in
this sum. Thus the expected total number of collisions is

n(n —1)

c= ——~. (2)
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Now note that since k? = Q(S) + k, we have

[Zn]—E[Z ( )+nl :2E[§<2¢) +E gni]:%Jrn. (3)

where we used (1) in the last step. Using (2), this implies
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Note that this analysis is very similar to the analysis on page 248 of our text (second
edition).

Here is another way to compute E [ZZ 0 ;i } Define

X~—{1 if key s goes to slot ¢
St — .
0 otherwise.
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Note that E[X;] is equal to the probability that key s goes to slot i, that
ni =Y o1 Xsi, and that

— <§ XSZ-> <é XM> = Zn: zn:Xsini-

s=1r=1
Hence

n n n n

[Z n ] =E [m >N XSZXTZ] = 721 Z > E XX, (4)
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We now compute the value of_E [XsiXri]. For any given s and i, let A be the event
that key s goes to slot 7, and A be the event that it does not. Note that A holds if
and only if X4 =1, so Pr{A} = E[X]. Then

E [XsiXm'] = Pr {A} E [Xsini | A] + Pr {Z} E [XsiXm' | Z} .
When A does not hold, X = 0 so X,; Xs = 0, so this simplifies to
E [Xsini} = Pr {A} E [Xsini | A] .

When A does hold, X5; = 1 and by the properties of universal hashing
Pr{X,;=1} = 1/m if r # s, and of course X,;Xg; = X,; when r = s. Thus
this simplifies to
v 1 J E[Xs] if s=r
B [XiXyi] = { E[Xgq]/m ifs#r. (5)

Substituting (5) into (4) gives
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