Chapter 3

Recursive Functions

In this chapter we examine the concept of “primitive recursive” functions, which are definable from
a small set of trivial functions and simple operators. We shall also see how to extend this class of
functions to obtain all Turing computable functions, which, according to the Church-Turing thesis,
coincide with the effectively computable functions. All of the functions that we discuss here are
“number-theoretic”; that is, each function returns a natural number and takes zero or more argu-
ments that are each natural numbers. It is also possible to alter all of the definitions below to operate
on arbitrary strings; however, the corresponding definitions are significantly more cumbersome, and
they illustrate nothing more than the simple number-theoretic functions. Moreover, it is possible to
encode anything at all as natural numbers. For example, one could concatenate eight-bit codes for
ASCII characters and interpret the resulting bit string as a natural number.

For more extensive discussions of recursive function theory see Machtey and Young [19], Krishna-
murthy [16], Hennie [10], and Kleene [13]. Unfortunately, there is no universally accepted notation
for the basic functions and operators of recursive function theory, so the notation differs widely
among all of these works. Moreover, the conventions used in these notes (e.g. ZERO, SUCC, PROJY,
comP, and PREC) is completely non-standard, and differs from that found in all of the references
cited above.

3.1 Primitive Recursive Functions

Definition 2 (Basic Functions and Operators) The number-theoretic primitive recursive func-
tions are functions from N x --- x N to N that are constructed from three types of basic functions:

def

1. zero: defined by ZERO(z) = 0

£

2. successor: defined by succ(z) = z+ 1

3. projection: defined by PROJ}(z1,...,25) = i
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and two basic operators for constructing new functions:

1. composition: constructs a new k-ary function, denoted by comp( f*, g¥, gk, ..., g¥), where
f™ is an n-ary function and g¥,..., g¥ are k-ary functions.

2. primitive recursion: constructs a new (n + 1)-ary function, denoted by PREC( f", g"*2),
where f™ is an n-ary function and ¢g"*? is an (n + 2)-ary function.

Here all arguments to the basic functions are natural numbers, and the superscripts on the functions
f and g denote their “arities”; that is, the number of arguments they take. The exact definitions of
COMP and PREC are given below. Note that the projection “function” is actually an infinite family
of functions, where n € N and 1 < k < n. The function PROJ] is defined as a special case, since the
definition above breaks down when there are no arguments to return. Thus we define PROJ) to be
the null-ary function (i.e. a function with zero arguments) that always returns 0, which is essentially
the constant 0.

Definition 3 (COMP) The composition operator constructs a new k-ary function h from an n-ary
function f and k-ary functions g1, ga,...,gn. Specifically, cOMP(f, g1, ..., gn) returns a new k-ary
function, h, defined by

h(zy,...,xp) = flor(xr, . sxi)y oy gn(T1, .o 2) ).

Note that each argument of f is computed by a function of all k arguments. The g functions needn’t
be all distinct; in practice, they are often simple projections.

Definition 4 (PREC) The primitive recursion operator constructs a new (n + 1)-ary function h
from an m-ary function and an (n + 2)-ary function. Specifically, if f is a function of n arguments
and ¢ is a function n+ 2 arguments, then PREC(f, g) returns another function, h, of n+ 1 arguments
defined by

R0, 21,...,2n) = f(z1,...,20)
h(m+1,z1,...,2,) =  g(m, h(m,z1,...,2,), T1,...,2,)
Notice that PREC produces a function h that is only recursive with respect to its first argument.
In words, the function f provides the base case for h, when its first argument is zero; for all other
values of the first argument A is allowed to depend on the predecessor of the first argument, the
value it would return with a decremented first argument, and the rest of the arguments verbatim.
This latter dependence is specified by the function g. Although it may seem unnecessarily restrictive
to allow recursion only in the first argument, we shall see that the definitions are sufficiently general
to construct almost any total number-theoretic function we wish.

Definition 5 (Primitive Recursive Functions) The class of all functions that can be defined
using finitely many applications of the basic operators, starting with the basic functions, is called
the class of primitive recursive functions. This class of functions has three important properties:

1. All primitive recursive functions are total.
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2. All primitive recursive functions are effectively computable.

3. Most common total functions are primitive recursive.

The first two properties are fairly obvious: each function is total and trivially computable, and both
of the operators result in total functions if their arguments are total. Moreover, the effects of the
operators are also trivially computable. The third property is neither precisely stated nor obviously
true. We will simply demonstrate how to construct a number of common number-theoretic functions
using the three basic functions and two basic operators; it should then become intuitively clear that
the process could be continued to yield a vast number of other more complicated functions. In
fact, it will take some effort to demonstrate the existence of total functions that are not primitive
recursive.

3.2 Examples of Primitive Recursive Functions

In this section we demonstrate that a number of elementary number-theoretic functions are indeed
primitive recursive. For each function, we first give its mathematical definition, then show some
intermediate steps toward expressing it in terms of basic functions and operators, and finally we give
its formal definition as a primitive recursive function. Once we have demonstrated that a function is
primitive recursive, it is permissible to use it in constructing additional primitive recursive functions.
For example, we use the ADD function in defining the MULT function.

The functions that we arrive at are in general grossly inefficient; for example, adding two natural
numbers z and y is accomplished by adding 1 to x a total of y times. The situation is even worse
for multiplication, and still worse for exponentiation. However, the objective is to understand what
is ultimately computable using these functions without regard to efficiency. In other words, our
immediate goal is to study computability, not complexity.

3.2.1 Predecessor

The “predecessor” function, denoted PRED, is almost the inverse of the successor function; the only
exception is zero, whose predecessor is defined to be zero. Thus,

z—1 whenxz >0
PRED(z) = 0 when £ =0

The predecessor function is easily defined in terms of primitive recursion. To see this, we start by
observing the two cases

PRED(0) = 0
PRED(m+1) = m,

which completely define the function. We then express each of these cases as a function of the
appropriate arity; since PRED is a unary function, we need functions f and g which are null-ary and
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binary, respectively. In particular, we require f and g such that

PRED(0) = f()
PRED(m +1) = g(m,PRED(m)),

according to the definition of primitive recursion. In this case, both functions correspond to simple
projections; f = PROJY, and g = PROJ?. Thus, we have

PRED = PREC(PROJ), PROJ?).

Note that there are no natural number arguments (e.g. =, y, m, etc.) appearing in this final
expression. Rather, the function PRED is expressed entirely in terms of the basic functions, operators,
and parentheses. While symbols representing natural numbers are useful in working out how to
construct the given function, they never appear in the final function definition. This is consistent
with the usual convention that an isolated function symbol, f, denotes the function itself, whereas
f(z) denotes the function evaluated at z.

3.2.2 Addition
We can similarly define addition using a binary function. Mathematically, we wish to define the
function ADD so that
ADD(z,y) = x + y.
Again, we first observe that the two cases

ApD(0,y) = y
ADD(m 4+ 1,y) = ADD(m,y)+ 1,

completely define the ADD function. Note that the second case uses a “recursive” reference to itself
with the first argument decremented, which is something we get for free from primitive recursion.
Since the successor function can increment by one, we can easily find primitive recursive functions
f and g, which are unary and ternary, respectively, such that

ApD(0,y) = f(y)
ADD(’ITL+ 1,y) = g(vaDD(mvy)ay)'

In particular, f = PROJ} and g = comMP(succ, PROJ3). That is, the function g simply applies the
successor function to its second argument; the other two arguments are ignored. We conclude that

ADD = PREC(PROJI, COMP(SUCC, PROJ3)).

3.2.3 Multiplication

The definition of multiplication is very similar to addition. We define the function MULT so that

MULT(Z,y) = T * y.
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Observing that

MuLT(0,y) = 0
MULT(m + 1,y) = MULT(m,y) + v,

we now define a unary function, f, and a ternary function, g, such that

muLr(0,y) = f(y)
MULT(m + 1,y) = g(m,MULT(m,y),y).

It follows that f = ZERO and g = COMP(ADD, PROJ3, PROJ3). Finally, we have

MULT = PREC(ZERO, COMP(ADD, PROJ3, PROJ})).

3.2.4 Factorial

To define the factorial function FACT(z) = x!, observe that

FACT(0) = 1
FACT(m +1) = (m+1)*FACT(m).

we now define a null-ary function, f, and a binary function, g, such that

FAcT(0) = f()

FACT(m +1) = g(m,FACT(m)).

The function f is trivial to construct by composing the successor function and a projection, via
COMP(SUCC, PROJ]). Unfortunately, the g function requires m + 1, not m which is passed to it. This
requires an additional composition with the successor function. Thus, g must compute the product
of comMP(succ, PROJ?) and PROJ3. We conclude that

FACT = PREC(COMP(SUCC, PROJ]), COMP(MULT, COMP(SUCC, PROJ?), PROJ3)).

3.2.5 Proper Subtraction
Since subtraction is not properly defined from N x N to N, we introduce a restricted form of sub-
traction called proper subtraction:

r—y whenz >y
PSUB(z,y) = { 0 when x < y.

To define PSUB we really wish to apply recursion to the second argument, not the first. In particular,
we wish to use the facts that

PSUB(z,0) = uz,
PSUB(z,y + 1) = PRED(PSUB(z,y)),
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where the recursive call decrements the second argument rather than the first. This is the first
example in which the definition of primitive recursion appears to be limiting. However, we can
easily swap the arguments by composing the function with projection operators. In this way we can
apply recursion to any argument we choose, simply by moving it to the first position. Applying this
trick to PSUB, we have

PSUB = COMP(PREC(PROJI, COMP(PRED, PROJ3)), PROJ2, PROJ?).

3.2.6 Other Examples

Here we list a few more examples of primitive recursive functions with “hints” as to how they are
defined. That is, rather than completely formal constructions we employ several obvious conventions.
For example, the COMP operator is eliminated by simply substituting one function into another. It
should be clear how to convert these descriptions into their formal equivalents.

ABSDIFF(z,y) = ADD(PSUB(z,¥),PSUB(y,x))
ZERO?(x) = PREC(SUCC(PROJY), ZERO(PROJ?))
EQUAL?(xz,y) = ZERO?(ABSDIFF(z,y))
NOT(z) = PREC(PROJY,SUCC(ZERO(PROJ?)))
BRANCH(p,z,y) = PREC(PROJ3, PROJ])

Here we have used the convention of ending predicate names with “?”; in this context a predicate
is a function that returns 1 or 0, indicating “true” or “false”. The function ABSDIFF returns the
absolute difference of it arguments, |z — y|. The BRANCH function returns the second argument if
the first is true (non-zero), and the third otherwise. Note that ZERO?, NOT, and BRANCH all use
primitive recursion in a trivial way. That is, they simply use of the fact that primitive recursion
distinguishes between the first argument being zero or non-zero, and ignore the recursion altogether.

3.3 Total Functions that are Not Primitive Recursive

Thus far we have managed to show that many simple number-theoretic functions are primitive
recursive. By proceeding in a similar way we can construct a vast collection of functions that
subsumes nearly every total function that one might encounter in practice. However, by a counting
argument it is clear that there must exist total number-theoretic functions that are not primitive
recursive. This follows from the fact that there are only countably many primitive recursive functions,
whereas there are uncountably many functions from N to N. Yet this still leaves open the question
as to whether there are any effectively computable total number-theoretic functions that are not
primitive recursive. The answer is yes, although it is somewhat challenging to construct an example.

The first example of a total function that is effectively computable but not primitive recursive
is Ackermann’s function. Clearly, Ackermann’s function is effectively computable, since it is an
easy matter to write a program that computes it. However, demonstrating that it is not primitive
recursive is rather tricky. The result hinges on the fact that primitive recursive functions exhibit
growth rates that are limited by the number of applications of cOMP and PREC that were used to
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define them. It can be shown that Ackermann’s function exceeds this rate of growth for any finite
number of basic operators; thus it cannot be primitive recursive. See Hennie [10, pages 231-234] for
the details of this proof.

Another way to construct such a function is through diagonalization. First, observe that it is possible
to effectively enumerate all unary primitive recursive functions; that is, we can compute a sequence
of primitive recursive functions fy, f1, f2,... such that every conceivable unary primitive recursive
function can be found in the list; moreover, given any n, there is an effective procedure for finding
fn- Given such an enumeration, we can then construct the function

9(x) = fo(z) + L.

Then g is total and effectively computable, yet not primitive recursive. The fact that it is not primi-
tive recursive follows from diagonalization; that is, by construction g disagrees with each member of
the enumeration f1, fo,... for at least one value of z. Clearly then, g # f; for any i € N. It follows
that g is not primitive recursive, since it is not in the list of all primitive recursive functions.

3.4 Bounded Minimization

It is often convenient to use a third type of operator, known as bounded minimization, in constructing
primitive recursive functions.

Definition 6 (BMIN) The bounded minimization operator constructs a new n-ary function from
an n-ary function and an (n + 1)-ary function. Specifically, if f is a function of n arguments and ¢
is a function n + 1 arguments, then BMIN(f, g) returns another function, h, of n arguments defined
by

f(a;la**'7$n)

h(Ilaaxn): 151:18 [g(yvgjhazn)#O]

If g(y,x1,...,xy,) is zero for all 0 < y < f(x1,...,2,), then h returns the value f(x1,...,2,) + 1.
In words, the function h returns the smallest value of y (up to and including the computed upper
limit) such that g(y,z1,...,z,) is nonzero.

When the bounded minimization operator BMIN is applied to functions f and g that are both
primitive recursive, the result is another primitive recursive function. That is, the resulting function
could have been defined using only the basic functions and operators. This follows from the fact
that if

" = BMIN(f”,gTH_l),

then the function h could equally well be defined as

f(z1,..,xn) y
hz1, ... zn) = Z HZERO?(g(z,zl,...,xn)) ,
y=0 z=0

which is easily verified to be primitive recursive whenever both f and g are. Thus, the bounded
minimization operator is inessential; it does not permit us to define any function that we would not
otherwise be able to define.
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3.5 Unbounded Minimization

A slight variation of bounded minimization, known as unbounded minimization, results in a new
type of operator that cannot always be reduced to the basic functions and operators.

Definition 7 (UMIN) The unbounded minimization operator constructs a new n-ary function from
an (n+ 1)-ary function. Specifically, if g is a function of n+ 1 arguments, then then UMIN(g) returns
another function, h, of n arguments defined by

o0
h(@, ... on) = min[g(y, o1, 2n) # 0]
In words, the function h returns the smallest value of y such that g(y,z1,...,2,) is nonzero. If g

is zero for all y € N, then this function diverges; that is, it is undefined. Consequently, unbounded
minimization can create functions that are non-total, even if the function it is applied to is total.
The set of primitive recursive functions is therefore not closed under the UMIN operator.

The important thing to understand about unbounded minimization is that it permits us to define
non-total functions; that is, functions that are undefined, or divergent, at some values in the domain.
A trivial example of a non-total function that can be defined using unbounded minimization is

UMIN(ZERO),

which is a null-ary function that diverges. Clearly, this particular function is completely useless.
However, having the ability to create non-total function (i.e. functions that diverge on some inputs)
is crucial. This is a necessary (and in this case sufficient) step toward expanding the class of definable
functions to include anything that can be computed by a Turing machine, for example, as we shall
see later. By the Church-Turing thesis, this expanded class includes everything that is effectively
computable. The introduction of unbounded minimization has a more profound effect than simply
allowing us to define non-total functions; even some total functions, such as Ackermann’s function,
also require the use of unbounded minimization.

3.6 Partial Recursive Functions

The introduction of unbounded minimization leads to a new and very important class of functions,
which we call the partial recursive functions.

Definition 8 (Partial Recursive Functions) The class of all functions that can be defined using
finitely many applications of the basic operators plus unbounded minimization, starting with the
basic functions, is called the class of partial recursive functions. This class of functions has three
important properties:

1. Some partial recursive functions are non-total (i.e. they diverge on some input).
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2. All partial recursive functions are effectively computable.

3. All known effectively computable functions are partial recursive.

According to the Church-Turing thesis, the set of effectively computable functions is precisely the
set of partial recursive functions. In fact, partial recursive functions are just one of many different
abstractions that, according to the Church-Turing thesis, exactly capture the notion of effective
computability.

Finally, we define one more important class of functions. We define the class of recursive functions
to be those partial recursive functions that happen to be total. Thus

recursive functions = total functions N partial recursive functions

An example of a function that is “recursive”, but not “primitive recursive” is Ackermann’s function.
Although Ackermann’s function requires unbounded minimization to define it, it is nevertheless a
total function. We will explore this class of functions further when we study Turing’s notion of
computability.

Ackermann showed that his function was recursive, but not primitive recursive, thus proving a
conjecture of Hilbert [1]. (See On Hilberts Construction of the Real Numbers).

3.7 Exercises
1. Define the remainder function REM by

9

T —y|lx when y > 0
REM(, y) = { y(g & when z =0

where | - | is the floor function, which returns the largest integer less than or equal to its argu-
ment. Show that REM is primitive recursive by construction; that is, define it in terms of other
more basic primitive recursive functions and operators (excluding bounded minimization). Use
the fact that

0 if y = REM(z,y) + 1

REM(z + 1,y) = { REM(z,y) +1 otherwise

to define the primitive recursion.
2. Define the quotent function QUO by

vo(z,y) = 0 when y =0
@ Y= |z/y|] wheny >0

Show that QUO is primitive recursive by direct construction, but do not use bounded mini-
mization. Rather, use the facts that

qQuo(z,0) = 0

Quo(0,y) = 0

QuO(z,y) +1 when y = REM(z,y) + 1

Quo(z +1,y) = {QUo(g;,y) otherwise
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3. Show that QUO is primitive recursive by construction using bounded minimization. In partic-

ular, use the fact that
x
Quo(z, y) = min(y(k +1) > )

when y > 0. Call this function BMIN-QUO to distinguish it from the one defined in the previous
problem.

. Using diagonalization, we can demonstrate the existence of an effectively computable total

function from N to N that is not primitive recursive. We use the fact that it is possible to
effectively enumerate all primitive recursive functions; that is, we can compute a sequence
of primitive recursive functions f1, f2, f3,... such that every conceivable primitive recursive
function can be found in the list; moreover, given any n, there is an effective procedure for
finding f,. Given such an enumeration, we can then construct the function

g9(x) = fa(x) + 1,

which is clearly not primitive recursive, since g necessarily differs from f,, for all n. Now
consider what happens when we include unbounded minimization to produce the class of partial
recursive functions. The partial recursive functions can once again be effectively enumerated,
and the resulting g function defined above is still effectively computable. Can we therefore
conclude that there are effectively computable partial functions that are not partial recursive?
Explain.

5. Let f and g be primitive recursive n-ary and (n + 1)-ary functions, respectively.

(a) Show that

k
hi(kyxy,. .. o) = Zg(y,gcl7 cey X))
y=0
is primitive recursive.
(b) Show that
F(@1ensn)
ho(z1,.. ., x2p) = Z 9y, 1, .., xp)

y=0

is primitive recursive. (Hint: use the function hs.)
(¢) Show that the function

f(:bl,...,:rn) Y

hxy,...,zn) = Z ZERO?(g(z, %1, ..., &) )
y=0 z=0

is primitive recursive, using the functions h; and hs above. The zZERO? function was
also shown to be primitive recursive. Explain why it follows that the class of primitive
recursive functions is closed under bounded minimization.

6. Define a unary (i.e. single argument) partial recursive function called EVN that returns 1 when

its argument is even, and diverges when its argument is odd.

7. Show that Ackermann’s function is partial recursive by construction. That is, construct a

partial recursive function that computes Ackermann’s function.



