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Abstract

In this paperwe identify sourcesof error in global illumination al-
gorithmsandderive boundsfor eachdistinctcategory. Errorsarise
from threesources:inaccuraciesin theboundarydata,discretiza-
tion, andcomputation.Boundarydataconsistof surfacegeometry,
reflectancefunctions,andemissionfunctions,all of which maybe
perturbedby errors in measurementor simulation,or by simpli-
ficationsmadefor computationalefficiency. Discretizationerror
is introducedby replacingthe continuousradiative transferequa-
tion with a finite-dimensionallinear system,usuallyby meansof
boundaryelementsandacorrespondingprojectionmethod.Finally,
computationalerrorsperturbthe finite-dimensionallinear system
throughimpreciseform factors,inner products,visibility, etc., as
well asby halting iterative solversafter a finite numberof steps.
Usingtheerror taxonomyintroducedin thepaperwe examineex-
isting global illumination algorithmsandsuggestnew avenuesof
research.

CR Categories and Subject Descriptors: I.3.7[ComputerGraph-
ics]: Three-DimensionalGraphicsandRealism.

Additional Key Words and Phrases: boundaryelements,dis-
cretization,errorbounds,globalillumination,linearoperators,pro-
jectionmethods,radiosity, reflectancefunctions.

1 Introduction

Therole of global illumination algorithmsis to simulatethe inter-
actionof light with large-scalegeometryfor thepurposeof image
synthesis.Thegreatestchallengesin thisendeavor havebeenthose
of accuracy andefficiency. While issuesof efficiency have been
addressedfrequentlyin computergraphics,error analysishasre-
ceivedcomparatively little attention.Indeed,thesubjectis difficult
to evenapproachfor severalreasons.First, thereis no universally
accepteddefinitionof accuracy for global illumination. Although
accuracy connotesa quantitative comparisonwith someideal, the
ideal may be eitherempirical or theoretical,and the comparison
mayassumearangeof formsfrom purelymathematicalto percep-
tual. A secondobstaclehasbeenalackof mathematicalformalisms�
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for global error analysis. Thusfar, analysishasbeenconfinedto
specificsub-problems,andno systematictreatmentof the subject
hasbeenpresented.

In this paperweattemptto establisha framework for erroranal-
ysis within a well-definedclassof global illumination problems.
Specifically, weaddresstheproblemof approximatingsolutionsto
a form of therenderingequation[18] given imprecisedatafor ge-
ometry, reflectancefunctions,andemissionfunctions. We further
assumethattheapproximationis to beassessedquantitatively by its
distancefrom the theoreticalsolution. By employingradiometric
quantitiesandphysically-motivatedmeasuresof errorwetemporar-
ily sidestepthedifficult issuesof displayandperception.Moreover,
in thepresentworkweexcludeparticipatingmedia,transparentsur-
faces,andprobabilisticsolutionmethods.Theproblemdomainthat
weaddresscanbesummarizedasfollows:� Radiometricquantities(radiance,reflectivities,emission)� A linearmodelof radiative transfer� Direct radiativeexchangeamongopaquesurfaces� Deterministicboundaryelementformulations

Giventheserestrictions,we derive errorboundsin termsof poten-
tially known quantities,suchas boundson emission,reflectivity,
and measurementerror. To obtain theseerror bounds,we draw
uponthegeneraltheoryof integralequations[2] aswell asthemore
abstracttheoryof operatorequations[1, 21].

While theanalysisis carriedout in anabstractsetting,we shall
notlosesightof practicalconsiderations.For instance,in simulating
agivenphysicalenvironment,perhapsundervariedlighting condi-
tions,how accuratelymustthe reflectancefunctionsbemeasured?
Or, whensimulatingradianttransferamongdiffusesurfaces,how
importantis it to usehigher-orderelements?Canweexpecthigher
accuracybyusinganalyticarea-to-areainsteadof point-to-areaform
factors?Finally, how accuratemustvisibility computationsbefor
globalillumination?While wedonotprovidedefinitiveanswersto
thesequestions,theanalysispresentedhereintroducesaformalism
andastartingpoint for determiningquantitative answers.

2 Radiative Transfer

Global illumination involves the processesof light emission,re-
flection,redistribution, shadowingand,ultimately, absorptionin an
environment. Thesearephysicalprocessesgovernedby theequa-
tions of radiative transfer. In general,radiative transferequations
apply at both microscopicand macroscopicscalesandare based
primarily on thefirst andsecondlaws of thermodynamics.These
laws respectively affirm thatthermalenergy is conservedandflows
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Figure1: Thelocal coordinatesof abidirectionalreflectancefunction.The
incidentvector �
� andthereflectedvector � are in world coordinates.The
anglesdefinea local coordinatesystem.

irreversiblyfrom regionsof highpotential(temperature)to regions
of low potential[30]. The two laws alsoyield certainreciprocity
conditionssuchasthoseexhibitedby reflectionfunctionsandform
factors.

In the presentpaper, we usea geometricalopticsformalismto
describeradiative transferprocessesat thelargescale;interference
and diffraction are ignoredat this scale. We restrict physicalor
waveopticseffectstothelevelof scatteringandemissionat surfaces,
wheretheradiativewavelengthmaybecomparablein sizetosurface
features. Further, monochromaticradiation is assumed,and we
neglectenergy transferbetweenwavelengthbands(for instance,by
absorptionandre-emissionatsurfaces).Giventheforgoingphysical
assumptions,we specify in this sectionthe continuousgoverning
equationfor globalillumination.

Let � denotethe collectionof all surfacesin an environment,
which we assumeto form anenclosurefor simplicity. Let � be a
spaceof real-valuedfunctionsdefinedon ����� 2; thatis, over all
surfacepointsandangulardirectionsin theunit sphere� 2. Given
thesurfaceemissionfunctiong ��� , whichspecifiestheorigin and
directionaldistribution of emittedlight, we wish to determinethe
surfaceradiancefunctionf ��� thatsatisfies

f (x, � ) = g(x, � ) +

���
i

k(x; � ��� � ) f (x � , � � ) cos� � d� � , (1)

where� i is thehemisphereof incomingdirections,k isadirectional
reflectivity, � � is theangleof theincidentbeamcontainedin thesolid
angled � � , andx � is a point on a distantsurfacedeterminedby x
and � � . SeeFigure 1. Equation(1) is expressedin radiometric
variablesbut otherwiseembodiesthe samephysicalprinciplesas
therenderingequationintroducedby Kajiya [18]. Theradiometric
formulationis essentialfor thepresenterroranalysis.

The function k appearingin equation(1) is the bidirectional
reflectancedistribution function at eachsurfacepoint phrasedin
termsof directionvectors:

k(x; � � � � ) � � x( � � , ! � , � , ! ) (2)

where( � � , ! � ) and ( � , ! ) are the polar anglesof the incidentand
reflecteddirectionsrespectively. The function k hastwo crucial
propertiesthatfollow from thethermodynamicprinciplesof energy
conservationandreciprocity. By conservationwehave that� �

o

k(x; � ��� � ) cos� d�#" 1, (3)

where � � �$� i and � o is the outgoinghemisphere.Equation(3)
statesthattheenergy reflectedfrom asurfacecannotexceedthatof
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Figure2: Theactionsof G and K at a single point x. TheoperatorG
converts(a) distantsurfaceradiancedirectedtoward x into (b) local field
radiance,where(c) it is againmappedinto surfaceradianceby K.

theincidentbeam.Reciprocitystatesthat

k(x; � ��� � ) = k(x; � � � � ) (4)

for all � � �$� i and �&�'� o. Thesefactsplay a major role in the
following analysis.

Note that the implicit function x� in equation(1) is the means
of constructingthe distribution of energy impinging on a surface
from the distribution of energy leaving distantsurfaces;that is, it
constructslocal field radiancefrom distantsurfaceradiance. The
connectionaffordedby x � (x, � � ) correspondsto the intuitive oper-
ation of tracing a ray from x in the direction ()� � . This simple
couplingis a consequenceof steady-stateradiancebeinginvariant
alongraysin freespace;in thepresenceof participatingmediathe
couplingis replacedby theequationof transferalongtheray [6].

Thebalanceequationfor directradiative exchangebetweensur-
faceswas perhapsfirst presentedin the form of equation(1) by
Polyak [31]; in currentradiative heattransferliteraturethis form
is usedwhenparticipatingmediaareignored[27]. Note thatform
factorsdo not appeardirectly in the integral form of the balance
equation,but resultfrom thecos� � d� � termfor certainapproxima-
tions.

2.1 Linear Operators

Integral equationssuchasequation(1) belongto themoregeneral
classof operator equations. Operatorequationstend to be more
concisethan their integral counterpartswhile capturingalgebraic
propertiesessentialfor error analysis. Operatorequationswere
first appliedto global illumination by Kajiya [18] althoughtheir
connectionwith integral equationsof a similar naturehas been
profitablyexploredfor nearlyacentury[4].

Equation(1) can be expressedas an operatorequationin nu-
merousways. We shall constructthe centraloperatorfrom two
simplerones,eachbasedon standardradiometricconcepts. The
representationgiven herehastwo novel features: first, it cleanly
separatesnotionsof geometryandreflectioninto distinctlinearop-
erators,andsecondly, it employsanintegraloperatorwith acosine-
weightedmeasure.Both of thesefeaturessimplify thesubsequent
erroranalysis.

WefirstdefinethelocalreflectionoperatorK, anintegraloperator
accountingfor thescatteringof incidentradiantenergy at surfaces.
This operatoris most easilydefinedby showing its action on an
arbitraryfield radiancefunctionh:

(Kh)(x, � ) � � �
i

k(x; � �*� � ) h(x, � � ) d+ ( � � ). (5)

The K operatormapsthe field radiancefunction h to the surface
radiancefunctionafteronereflection(Figures2b-c).Theoperation
is local in that the transformationoccursat eachsurfacepoint in



isolation.In equation(5) wehaveadoptedthenotationof Lebesgue
integration, [32] tointroduceameasure+ thatincorporatesthecosine
weighting. The essentialrelationshipwith the differential solid
angled� � usedin equation(1) is

d + ( � � ) � cos� � d� � . (6)

The new notationhidesthe ubiquitouscosinesand,more impor-
tantly, emphasizesthatthecosineisanartifactof surfaceintegration.
Thisobservationallows thekernelk to inherit thereciprocityprop-
erty of reflectancefunctionsandsimplifiessomeof the following
analysis.

Next, we definethefield radianceoperator G, a linearoperator
that expressesthe incidentfield radianceat eachpoint in termsof
thesurfaceradianceof thesurroundingenvironment(Figures2a-b).
Showing theactionof G onasurfaceradiancefunctionh, wehave

(Gh)(x, � ) � h(x� (x, � ), � ). (7)

The G operatorexpressesnon-localpoint-to-pointvisibility oper-
ationsasa mappingon the spaceof radiancefunctions. Defining
G in this way allows us to factorout the implicit functionx � (x, � )
from the integral in equation(1). It is easilyverified that KG is
equivalentto theoriginal integral andthatbothK andG arelinear.
Therefore,wecanwrite equation(1) as

f = g + KG f , (8)

which is a linearoperatorequationof thesecondkind.
Tohighlightthelinearrelationshipbetweensurfaceradianceand

surfaceemission,equation(8) canbewrittenmorecompactlyas

M f = g, (9)

wherethelinearoperatorM is definedby

M � I ( KG, (10)

and I is the identity operator. We also note that K and G are
self-adjointin anaturalsense,sotheadjointof M canbewritten

M
�

= I ( GK, (11)

which is usefulin importance-drivenglobalillumination.
A globalilluminationproblemis essentiallya3-tuple( � , M, g)

of surfaces,linearoperator, andemissionfunction. In thefollowing
sectionsweexplorenumericalmethodsfor solvingequation(9)and
investigatesourcesof error.

3 Boundary Elements and Projection Methods

By far the most commonmethodsfor solving global illumina-
tion problemsare thoseemployingsurfacediscretizations,which
areessentiallyboundaryelementmethods[26]. In moreabstract
terms,boundaryelementmethodsarethemselvesprojectionmeth-
odswhoserole is to recastinfinite-dimensionalproblemsin finite
dimensions.In this sectionwe posetheproblemof numericalap-
proximationfor global illumination in termsof projections. This
level of abstractionwill allow usto clearly identify andcategorize
all sourcesof errorwhile avoidingimplementationdetails.

The ideabehindboundaryelementmethodsis to constructan
approximatesolution from a known finite-dimensionalsubspace� n - � , wherethe parametern typically denotesthe dimension
of thesubspace.For global illumination thespace� n mayconsist
of n boundaryelementsover which the radiancefunction is con-
stant.Alternatively, it mayconsistof fewerboundaryelements,but
with internaldegreesof freedom,suchastensorproductpolynomi-
als [41], sphericalharmonics[35], or wavelets[12]. In any case,

eachelementof thefunctionspace� n is a linearcombinationof a
finite numberof basisfunctions,u1, . . . , un. Thatis,� n = span. u1, . . . ,un / . (12)

Given a setof basisfunctions,we seekan approximationfn from
the space� n that is “close” to f in somesense.By virtue of the
finite-dimensionalspace,finding fn is equivalentto determiningn
unknowncoefficients 0 1, . . . , 0 n suchthat

fn =
n1

j=1

0 juj. (13)

Therearemany possiblemethodsfor selectingsuchanapproxima-
tion from � n, eachmotivatedby aspecificnotionof closenessand
thecomputationalrequirementsof finding theapproximation.

A universalfeatureof discreteboundaryelementapproachesis
that they operateusinga finite amountof “information” gathered
from theprobleminstance.For projectionmethodsthis is donein
thefollowing way. We selectfn ��� n by imposinga finite number
of conditionson theresidualerror, which is definedby

rn � M fn ( g. (14)

Specifically, weattemptto find fn suchthatrn simultaneouslysatis-
fiesn linearconstraints.Sincewewishtomaketheresidual“small”,
weset ! i(rn) = 0, (15)

for i = 1,2,. . .n, wherethe ! i : � � IR arelinearfunctionals.The
functionalsandbasisfunctionstogetherdefineaprojectionoperator,
asweshow in section6.2.

Any collectionof n linearly independentfunctionalsdefinesan
approximationfn by “pinning down” the residualerror with suf-
ficiently many constraintsto uniquelydeterminethe coefficients.
However, thechoiceof functionalshasimplicationsfor thequality
of theapproximationaswell asthecomputationrequiredto obtain
it. Combiningequations(13), (14),and(15)wehave! i 2 M

n1
j=1

0 juj ( g3 = 0, (16)

for i = 1,2, . . . , n, whichis asystemof n equationsfor theunknown
coefficients 0 1, . . . , 0 n. Exploiting the linearity of ! i andM, we
canexpresstheaboveequationsin matrix form:45 ! 1Mu1 67686 ! 1Mun

...
.. .

...! nMu1 67686 ! nMun 9: 45 0 1

...0 n 9: =

45 ! 1g
...! ng 9: . (17)

As shown below, mostglobal illumination algorithmsdescribedin
recentliteraturearespecialcasesof theformulationin equation(17).
Specificprojection-basedalgorithmsarecharacterizedby the fol-
lowing choices:

1. Choiceof basisfunctionsu1, . . . , un

2. Choiceof linearfunctionals! 1, . . . , ! n

3. Algorithmsfor evaluating! iMuj for i, j = 1,2,. . . , n

4. Algorithmsfor solvingthediscretelinearsystem



Thesechoicesdonotnecessarilycoincidewith thesequentialsteps
of analgorithm.Frequentlyinformationobtainedduringevaluation
of thelinearfunctionalsor duringthesolutionof thediscretelinear
systemis usedto alter the choiceof basisfunctions. The essence
of adaptive meshinglies in this form of feedback. Regardlessof
the order in which the stepsare carried out, the approximation
generatedultimatelyrestsuponspecificchoicesin eachof theabove
categories. Consequently, we candetermineconservative bounds
ontheaccuracy of thefinal solutionby studyingtheimpactof these
choicesindependently.

4 A Taxonomy of Errors

In the previous sectionwe characterizedthe fundamentalfeatures
thatdistinguishprojection-basedglobalilluminationalgorithms.In
this sectionwe introducea higher-level organizationmotivatedby
distinct categoriesof error; this subsumesthe previous ideasand
addsthe notion of impreciseprobleminstances. Assumingthat
accuracy is measuredby comparingwith theexactsolutionto equa-
tion (1),all sourcesof errorincurredby projectionmethodsfall into
oneof threecategories:� Perturbed Boundary Data:

Both the operator M and the sourceterm g maybe inexact
due to measurementerrors and/or simplificationsmadefor
efficiency.� Discretization Error:

The finite-dimensionalspace � n may not include the exact
solution. In addition, satisfyingthe constraints ! 1, . . . , ! n

maynotselectthebestpossibleapproximationfrom � n.� Computational Errors:

Thematrixelements! iMuj maynotbecomputedexactly, thus
perturbingthe discretelinear system.Finally, theperturbed
linear systemmaynotbesolvedexactly.

It is importantto notethattheabovecategoriesaremutuallyexclu-
sive andaccountfor all typesof errorsincurredin solving equa-
tion (1) with a projectionmethod.Theconceptualerror taxonomy
is shownschematicallyin Figure3. In theremainderof thissection
we illustrateeachof thesecategoriesof error with examplesfrom
existingalgorithms.

4.1 Perturbed Boundary Data

Theidealizedproblemsthatwe solve in practicearerarelyasreal-
istic aswe would like. As a rule, we settlefor solving “near by”
problemsfor severalreasons.First, thedatausedasinputmayonly
be approximate.For instance,reflectanceandemissionfunctions
obtainedthroughsimulation[40] or empirically throughmeasure-
ment of actualmaterialsor light sources[36, 39] are inherently
contaminatedby error.

A secondreasonthatboundarydatamaybeperturbedis thatuse
of theexactdatamaybeprohibitively expensiveor evenimpossible.
Thus, a surfacemay be treatedasa smoothLambertianreflector
for the purposeof simulation,althoughthe actualgeometryand
materialexhibits directionaldiffusescattering. Regardlessof the
sourceof thediscrepancy, thenear-by problemcanbeviewedasa
perturbationof theoriginalproblem.

4.2 Discretization Error

To maketheproblemof globalillumination amenableto computer
solution,wemustrecasttheproblemin termsof finite-dimensional
quantitiesand finite processes.This transition is referredto as
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Figure3: (a)Theconceptualstagesfor computinganapproximatesolution.
(b) The function corresponding to eachstageis an approximationof the
previousstage. (c) Approximationsspecificto eachstageintroducenew
errors.

discretization. In general,the discretefinite-dimensionalprob-
lemcannotentirelycapturethebehavior of theinfinite-dimensional
problem,andthe discrepancy is calleddiscretizationerror. This
typeof error is particularlydifficult to analyzeasit inherentlyin-
volves infinite-dimensionalspacesandtheir relationshipto finite-
dimensionalsubspaces.Consequently, most global illumination
algorithmsrely uponheuristicsratherthanerrorboundsto perform
discretizationtaskssuchasadaptivemeshing.

We now look at how two aspectsof discretizationhave been
treatedin variousalgorithms:1) thechoiceof basisfunctions,which
determinesthefinite-dimensionalspacecontainingtheapproxima-
tion,and2)projection,thefiniteprocessbywhichtheapproximation
is selectedfrom thisspace.

4.2.1 Basis Functions

For many global illumination algorithms,the basisfunctionsare
completelydeterminedby thegeometryof theboundaryelements.
This is trueof any piecewise-constant approximation,suchasthose
employedby Goral et al. [10], Cohenet al.[8], and Hanrahanet
al. [13]. Oftenasmoothingstepisappliedto piecewise-constantap-
proximationsfor displaypurposes,althoughthisdoesnotnecessar-
ily improve theaccuracy of theapproximation.Whennon-constant
elementsareemployed,suchastensorproductpolynomials[41, 37]
or wavelets[12], thedegreesof freedomof theelementsaddto the
dimensionof theapproximatingsubspace.

For non-diffuseenvironmentsthefinite-dimensionalspacemust
alsoaccountfor thedirectionaldependenceof surfaceradiancefunc-
tions;severalavenueshavebeenexploredfor doingthis. Immel et
al. [17] usedsubdividedcubescenteredatafinite numberof surface
pointsto simultaneouslydiscretizedirectionsandpositions.Sillion
etal. [35] useda truncatedseriesof sphericalharmonicsto capture
directionaldependenceandaquadrilateralmeshof surfaceelements
for thespatialdependence.As a third contrastingapproach,Aup-
perleetal. [3] usedpiecewise-constantfunctionsdefinedoverpairs
of patchesto accountfor bothdirectionalandspatialvariations.

The accuracy of the approximationis limited by the spaceof
basisfunctions;in general,theexactsolutioncannotbeformedby
afinite linearcombinationof polynomialsor otherbasisfunctions.
The error can be reducedeither by expandingthe subspace� n,
or by selectingbasisfunctionsthat fit the solutionmore closely.
Discontinuitymeshing[14, 24] is anexampleof thelatterstrategy.



4.2.2 Projections

Givenasetof basisfunctions,thenext conceptualstepistoconstruct
a reasonableapproximationfrom it. We now demonstratehow the
majorprojectionmethodsfollow from specificchoicesof thelinear
functionals! 1, . . . , ! n describedin section3. Thefirst techniqueis
collocation[22], which follows by defining ! i to beanevaluation
functionalat the i th collocationpoint; that is! ih � h(xi), (18)

wherex1, . . . , xn aredistinct points in the domainof the radiance
functionschosenso that det[ui(xj )] E= 0. The ij th elementof the
resultinglinearsystemhastheform

uj(xi) ( (KGuj)(xi ). (19)

Collocationhasbeenwidely usedin globalilluminationbecauseof
therelative simplicity of theabove expression.In thecaseof con-
stantbasisfunctionsover planarboundaryelements,the resulting
matrix hasa unit diagonalwith point-to-areaform factorsoff the
diagonal,which is a widely usedradiosityformulation[8]. In gen-
eral,methodsbasedonafinite numberof point-to-areainteractions
arecollocationmethods.

A secondtechniqueis the Galerkin method, which follows by
defining ! i to be an inner product functional with the i th basis
function;that is ! ih �&F ui G hH , (20)

wheretheinnerproduct F 67G�6 H denotestheintegralof theproductof
two functions. The ij th elementof the resultinglinear systemhas
theform F ui G uj HI(#F ui G KGuj H . (21)

TheGalerkinmethodwasfirst employedin global illumination by
Goral et al. [10] using a uniform meshand constantbasisfunc-
tions. Theuseof higher-orderbasisfunctionswasinvestigatedby
Heckbert[14] andlaterby Zatz[41] andTroutmanandMax [37].
For diffuseenvironmentswith constantelements,thesecondinner
productin equation(21) reducesto anarea-to-areaform factor.

Thereareotherpossibilitiesfor thelinearfunctionals! 1, . . . , ! n.
For instance,theinnerproductsin equation(20) maybetakenwith
respectto adifferentsetof basisfunctions.If weset! ih �&F Mui G hH , (22)

weobtainthe leastsquaresmethod.With theabovefunctional,the
solutionto thelinearsystemin equation(17)hasaresidualerrorthat
is orthogonalto the space� n, which minimizesthe residualerror
in a very naturalsense.However, thematrix elementsfor theleast
squaresmethodincludetermsof the form F KGui G KGuj H , which
are formidableto evaluateeven with trivial basisfunctions[15].
Consequently, to our knowledge,therearecurrentlyno globalillu-
minationalgorithmsbasedontheleastsquaresmethod.

4.3 Computational Errors

Given a particularmethodof discretization,errormaybe incurred
in constructingthediscrete(finite-dimensional)linearsystem,and
onceformulated,we may fail to solve even the discreteproblem
exactly. Thesefactsillustrateathirddistinctclassof errors.Because
they arisefrom the practical limits of computationalprocedures,
thisclassis calledcomputationalerrors[23]. Computationalerrors
perturbthediscreteproblem,andthenprecludeexactsolutionof the
perturbedproblem.Wenow look atexamplesof eachof these.

4.3.1 Perturbation of the Linear System

Themostcomputationallyexpensive operationof global illumina-
tion is theevaluationof thematrix elementsin equation(17); this
is true even of algorithmsthat do not storean explicit matrix [7].
Furthermore,only in veryspecialcasescanthematrixelementsbe
formedexactly, as they entail visibility calculationscoupledwith
multiple integration. Consequently, thecomputedmatrix is nearly
alwaysperturbedby computationalerrors.

A commonexampleof anerrorin thiscategoryis impreciseform
factors. The algorithm introducedby Cohenand Greenberg [8]
for diffuseenvironmentscomputedform factorsat discretesurface
points by meansof a hemicube,which introduceda numberof
errorsspecificto thisapproach[5]. Errorsarealsointroducedwhen
form factorsareapproximatedthroughray tracing[38] or by using
simplergeometries[13]. Theseerrorscan be mitigatedto some
extentby theuseof analyticform factors[5, 34], yet thereremain
many casesfor whichno analyticexpressionis known,particularly
in thepresenceof occluders.

For non-constantbasisfunctionsthe form factor computations
are replacedby more generalinner products,which requiredif-
ferent approximations. For instance,the matrix elementsin the
Galerkinapproachof Zatz [41] requiredfour-fold integrals,which
wereapproximatedusingGaussianquadrature.Non-diffuseenvi-
ronmentsposeasimilardifficulty in thatthematrixelementsentail
integrationwith reflectancefunctions[35].

Anotherform of matrix perturbationarisesfrom simplifications
madefor the sakeof efficiency. For example,small entriesmay
be set to zero[25], or the entirematrix may be approximatedby
onewith amoreefficientstructure,suchasablockmatrix [13] or a
waveletdecomposition[12].

4.3.2 Inexact Solution of the Linear System

Oncethe discretelinear systemis formed,we mustsolve for the
coefficients 0 1, . . . , 0 n. This hasbeendonein a numberof ways,
including Gaussianelimination[10], Gauss-Seidel[8], Southwell
relaxation(shooting)[7, 11], andJacobiiteration[13]. In any such
method,therewill besomeerrorintroducedin thesolutionprocess:
directsolverslike Gaussianeliminationareproneto roundoff error,
whereasinterative solverslike Gauss-Seidelmusthalt afterafinite
numberof iterations.

In approacheswherethematrixisconstructedin advance,suchas
“full matrix” radiosity[8] or hierarchicalradiosity[13], theiterative
solutioncanbe carriedout to essentiallyfull convergence. Other
approaches,suchasprogressive radiosity[7], constructmatrix el-
ementson the fly andthendiscardthem. The costof computing
theseelementsgenerallyprecludescompleteconvergence,making
thissourceof errorsignificant.

5 Quantifying Error

Thusfar thediscussionhasfocusedon thesourcesof errorwithout
attemptingto quantifythem. In this sectionwe introducethetools
thatwill beusedto derive errorboundsin subsequentsections.

To quantifyerror, we requiresomenotionof “size” for theele-
mentsof thefunctionspace� aswell asanotionof the“distance”
betweenits members.An abstractionthatembodiesthesenotions
is a real-valuednorm definedon � , denotedby JKJ ; the ordered
pair ( � , JKJ ) is thencalleda normedlinear space. Thesubjectof
normedlinear spacesis extremely rich, and we shall only touch
uponit here. For a morecompletediscussionseetheclassictexts
by Rudin[32] or Kantorovich [19].



5.1 Function Norms

Infinitely many norms can be definedon the spaceof radiance
functions,eachconveying a differentnotionof size,distance,and
convergence.Sinceequation(8) imposesonly certainintegrability
conditionson radiancefunctions,it is naturalto applytheLp-norm
definedbyJ f J p �ML �ONP�OQ

2
G f (x, � ) G p d+ ( � ) d R (x)S 1/p

, (23)

where R denotesareameasure,andp is a realnumberin therange
[1, T ]. Threeof thesenormsareof particularinterest:theL1-norm
and L U -norm have immediatephysicalinterpretations,while the
L2-normpossessesalgebraicpropertiesthatmakeit appropriatein
someinstances;for instance,when the algebraicstructureof an
innerproductspaceis required.

In thelimiting caseof p = T , theLp-normreducestoJ f J U � sup
x V N supW V Q 2

G f (x, � ) G , (24)

wheresupdenotestheleastupperbound.As themaximumradiance
attainedat any surfacepoint and in any direction, J f J U hasthe
dimensionsof radiance[watts/m2sr]. In contrast, J f J 1 measures
thetotal powerof theradiancefunctionf , andconsequently hasthe
dimensionsof power [watts].

To measurethe distancebetweentwo radiancefunctionsf and
f � in � , we usethenon-negativequantity J f ( f � J . Similarly, we
definethedistancebetweena functionandasubspaceY - � by

dist(f , Y) � inf
f XYV Y ZZ f ( f � ZZ , (25)

whereinf denotesthegreatestlower bound.Whenthesubscripton
thenormisomitted,it is impliedthatthedefinitionor relationholds
for any choiceof norm.

5.2 Operator Norms

To investigatetheeffectsof perturbingtheoperatorsthemselves,we
mustalsoendow the linear spaceof operatorson � with a norm.
Thestandardoperator norm is definedbyJ A J)� sup .[J Ah J : J h J\" 1 / , (26)

wherethenormappearingtwice on the right is theoneassociated
with � ; theoperatornormissaidtobeinducedbythegivenfunction
norm. Althoughthetheoryof linearoperatorscloselyparallelsthat
of matrices,thereare importantdifferences;for instance,matrix
normsarenecessarilyfinite while operatornormsneednot be. We
thereforedistinguishtheclassof boundedoperatorsasthosewith
finite norm.

Equation(26) implies that J Ah JK"]J A JKJ h J for all h �$� .
Severalusefulconsequencesfollow immediatelyfrom this inequal-
ity. For instance,let fn ��� n betheapproximatesolutionto M f = g
discussedin section3. Then,wheneverM ^ 1 existsandis bounded,
it follows from equation(14) thatJ fn ( f J = ZZ fn ( M ^ 1g ZZ" ZZ M ^ 1 ZZ J M fn ( g J" ZZ M ^ 1 ZZ J rn J , (27)

which justifies the strategy of minimizing the residualerror rn in
orderto reducethe error J fn ( f J . AppendixA containsseveral
other inequalities,including Banach’s lemma, which will prove
usefulin deriving errorbounds.

5.3 Norms of Special Operators K, G, and M ^ 1

We now computeboundsfor theoperatorsK, G, andM ^ 1, which
will be essentialfor all subsequentbounds. From definitions(5),
(23), and(26), we can deducean explicit formula for J K J 1. A
straightforwardmanipulation[19, p. 109]showsthatJ K J 1 = sup

x V N supW XYV � i

� �
o

k(x; � ��� � ) d+ ( � ). (28)

This norm is the maximumreflectivity of any surfacein the envi-
ronmentwhich,by equation(3), is necessarilyboundedaboveby 1.
If wedisallow perfectreflectorsandignorethewaveopticseffectof
specularreflectionneargrazing,thenormhasa boundstrictly less
than1; that is, J K J 1 = m < 1. TheL U -normof K is verysimilar,
merelyexchangingtherolesof thetwo directions:J K J U = sup

x V N supW V � o

� �
i

k(x; � ��� � ) d+ ( � � ). (29)

By thereciprocityrelationin equation(4)wehave J K J 1 = J K J U ,
implyingthatreflectedradianceiseverywherediminishedbyatleast
thesamefactorof m. Theboundcanbeextendedto all Lp-norms
by theinequalityJ A J p " max _OJ A J 1, J A J U�` , (30)

whichholdsfor linearintegral operators[20, p. 144]. ThereforeJ K J p " m < 1 (31)

for all 1 " p "$T .
Similarly, we can bound the G operatorby invoking several

physicalprinciples.Becausewehaveassumednovolumeemission
or absorption,theenclosure� containsno sourcesor sinksin its
interior. By Gauss’stheorem,ananalogousstatementholdsfor the
boundaryof theenclosure;that is, thenetflux passingthrough �
is zero. Becausethe power enteringthe enclosuremustequalthe
power leaving it, we have J f J 1 = J Gf J 1. Theargumentextends
immediatelyto f p for any p, so J f J p = J Gf J p. By definitionof
theoperatornorm,it follows thatJ G J p = 1 (32)

for all 1 " p "aT . Note that the norm canbe lessthan1 if �
doesnot form anenclosure.

A third operatorthat we shall needto bound is M ^ 1, which
mapssurfaceemissionfunctionsto surfaceradiancefunctionsat
equilibrium. It follows from bounds(31) and(32) thatM ^ 1 exists
andcanbe expandedinto a Neumannseries[20, p. 30]. Taking
normsandsummingtheresultinggeometricseries,wehaveZZ M ^ 1 ZZ p " 1 + m+ m2 + . . . =

1
1 ( m

(33)

for all 1 " p "bT . This boundalso implies that the spaceof
boundedradiancefunctionswith respect toagivenLp-normisclosed
underglobal illumination; that is, if an emissionfunction g hasa
finite Lp-norm,sotoowill thesolutionf .

6 Error Bounds

With the resultsof the previoussectionwe canobtainboundsfor
eachcategory of error. Becausethe methodsemployedheretake
accountof very little informationaboutanenvironment,thebounds
tendto be quiteconservative. The organizationalstructureof this
sectionfollows thatof Figure3 andsection4.



6.1 Perturbed Boundary Data

We solve global illumination problemsusinginexactor noisydata
in hopesof obtaininga solutionthatis closeto thatof theoriginal
problem. But underwhat circumstancesis this a reasonableex-
pectation?To answerthis questionwe analyzethemappingfrom
probleminstances( � , M, g) to solutionsf . We shall assumethat
any input to a global illumination problemmay be contaminated
by error, anddeterminetheimpactof theseerrorson thesolution.
Weshallshow thattheproblemof globalilluminationis well-posed
exceptin certainextremeandnon-realizablecases;that is, “small”
perturbationsof theinputdataproduce“small” errorsin thesolution
in physicallymeaningfulproblems.

To boundthe effects of input dataperturbations,we examine
the quantity J f � ( f J , where f

�
is the solution to the exact or

unperturbedsystem,andf is thesolutionto aperturbedsystemc
M f =

c
g, (34)

whereperturbedentitiesaredenotedwith tildes.

6.1.1 Perturbed Reflectance and Emission Functions

Wefirst investigatetheeffectof perturbingthereflectanceandemis-
sion functions. The former is equivalent to perturbingthe local
reflectionoperatorK. Considera perturbedoperator

c
K anda per-

turbedemissionfunction
c
g suchthatZZ K ( cK ZZ "#d k (35)

and J g ( cg J\"$d g. (36)

Since J G J = 1, and G is not perturbed,it follows that inequal-
ity (35)alsoappliesto thecorrespondingperturbedM operator:ZZ cM ( M ZZ = ZZ KG ( cKG ZZ " ZZ K ( cK ZZ J G J\"ed k.
Intuitively, the above inequalityholdsbecausethe worst-casebe-
havior overall possiblefield radiancefunctionsis unaffectedby G,
whichmerelyredistributesradiance.

A boundon J f � ( f J in termsof boundson the perturbations
andotherquantitiesis derivedin AppendixB. TheresultisJ f � ( f Jf"]g d k

1 ( m (�d k hei J g J + d g
1 ( m j +

d g
1 ( m

, (37)

whichcontainstermsaccountingfor perturbationsin thereflectance
andemissionfunctionsindividually aswell asasecond-orderterm
involving d k d g. Notethat thereflectancetermrequiresd k < 1 ( m,
indicating that the problembecomeslessstableasthe maximum
reflectivity approaches1. For highly reflective environments,the
resultsmaybearbitrarily badif the input dataarenot correspond-
ingly accurate. With perfect reflectionthe problemis ill-posed.
In general,the worst-caseabsoluteerror in f dependsupon the
maximumreflectivity of theenvironmentm, theperturbationof the
reflectionfunctionsd k, andtheerrorin theemissionfunction, d g.

6.1.2 Perturbed Surface Geometry

The effects of imprecisesurfacegeometryare more difficult to
analyzethanthosedueto imprecisereflectionor emission.While
thespaceof radiancefunctionshasa linearalgebraicstructurethat
underliesall of theanalysis,noanalogousstructureexistsontheset
of possiblesurfacegeometries.Theanalysismustthereforeproceed
alongdifferentlines.

An alternative approachis to studyimprecisesurfacegeometry
indirectly, by meansof theG operator. Thatis, wecanexpressthe
effectof surfaceperturbationsonthefieldradianceateachpointasa
perturbationof G. Givenaperturbedoperator

c
G, andaboundonits

distancefromtheexactG, thesameanalysisusedin AppendixB for
perturbedreflectancefunctionscanbe applied. Suchan approach
maybeusefulfor analyzingschemesin whichgeometry issimplified
to improve the efficiency of global ilumination [33]. However,
relatingchangesin geometryto boundson theperturbationof G is
anopenproblem.

6.2 Discretization Error

In this sectionwe studydiscretizationerrorsintroducedby projec-
tion methods.Clearly, thediscretizationerror J f ( fn J is bounded
frombelowby dist(f , � n), thedistanceto thebestapproximationat-
tainablewithin thespace� n. To obtainanupperbound,weexpress
equation(15)usinganexplicit projectionoperator:

Pnrn = 0, (38)

wherePn projectsonto the subspace� n. That is, Pn is a linear
operatorwith P2

n = Pn andPnh = h for all h ��� n. Suchaprojection
canbedefinedin termsof thebasisfunctionsu1, . . . ,un andthelinear
functionals! 1, . . . , ! n of section3. Theform of Pn is particularly
simplewhen ! i(uj) = k 1 if i = j

0 otherwise
(39)

which is commonlythe case. For instance,this holds whenever
thereisexactlyonecollocationpointwithin thesupportof eachbasis
function,or whenorthogonalpolynomialsareusedin a Galerkin-
basedapproach.Whenequation(39)holds,Pn is givenby

Pnh =
n1

i=1

! i(h)ui (40)

for any functionh ��� [9]. It is easyto seethattheaboveequation
definesaprojectiononto � n.

To producethedesiredbound,wewrite equation(38) as

PnM( f ( fn) = 0, (41)

thenisolatethequantity J f ( fn J after takingthenorm,asshown
in AppendixC. Theresultingboundson discretizationerrorare

dist(f , � n) "lJ f ( fn J)"mg dist(f , � n)
1 ( m (�d P hon 1 + J Pn Jqp , (42)

wheretheconstantd P is suchthatJ K ( PnK J\"#d P. (43)

Theboundsin equation(42) dependon both thesubspace� n and
the projection method. Note that if f is in the space � n, then
dist(f , � n) = 0, andthe upperboundimplies that fn = f . Thus,
all projectionmethodsfind theexactsolutionwhenit is achievable
with alinearcombinationof thegivenbasisfunctions.Ontheother
hand,whendist(f , � n) is large, thenthe lower boundimplies that
theapproximationwill bepoorevenwhenall otherstepsareexact.
Unfortunately, this distanceis difficult to estimatea priori , as it
dependsontheactualsolution.

Thedependenceonthetypeof projectionappearsin thefactorof
1 + J Pn J andin theconstantd P. For all projectionsbasedoninner
products, J Pn J = 1 when the basisfunctionsare orthogonal[2,
p. 64]. For other methods,suchascollocation,the norm of the
projectionmaybegreaterthanone[2, p. 56]. Themeaningof the
constantd P is moresubtle.Thenormin equation(43) is a measure
of how well the projectionPn capturesfeaturesof the reflected
radiance.



6.3 Computational Errors

The effects of computationalerrorscan be estimatedby treating
themasperturbationsof the discrete linear system. The analysis
thereforeparallelsthatof perturbedboundarydata,althoughcarried
out in afinite dimensionalspace.Weshalldenotethelinearsystem
in equation(17)by A 0 = b. In general,thematrixelementsaswell
asthevectorb will be inexactdueto errorsor simplifications.We
denotetheperturbedsystemandits solutionbyc

A
c0 =
c
b. (44)

Although theexactmatrix is unknown, it is frequentlypossibleto
boundtheerrorpresentin eachelement.For instance,this canbe
donefor approximateform factorsand block matrix approxima-
tions[13].

Givenelement-by-elementerrorbounds,theimpacton thefinal
solutioncanbe bounded.From theelementperturbationswe can
find d A and d b suchthatZZ A ( cA ZZ "ed A, (45)

and ZZ b ( cb ZZ "ed b, (46)

for somevectornorm and inducedmatrix norm. Also, sincethe
perturbedmatrixis known, thenormof its inversecanbeestimated:ZZ cA ^ 1 ZZ "sr . (47)

With the threeboundsdescribedabove, essentiallythesamesteps
usedin AppendixB yield theboundJO0t( c0�J\" i d A r 2

1 (sd A ruj n ZZ cb ZZ + d b p + rvd b. (48)

Computingvaluesfor d A andd b thatarereasonablytight isalmost
alwaysdifficult, requiringerrorboundsfor eachstepin formingthe
matrix elements.Thereis no universalmethodby which this can
bedone;eachapproachto estimatingvisibility or computinginner
products,for example,requiresa specializedanalysis.In contrast,
the bound in equation(47) is more accessible,as it is purely a
problemof linearalgebra.

Giventhatequation(44) generallycannotbesolvedexactly, the
solution processis yet anothersourceof error. The result is an

approximationof
c0 , which we denoteby

c c0 . From equation(27),
this lastsourceof erroris boundedbyZZ c0t( c c0 ZZ "#r ZZ cA c c0t( cb ZZ . (49)

When
c
A and

c
b arestoredexplicitly, the above expressioncanbe

usedasthestoppingcriterionfor aniterative solver.
To relateerrors in the coefficients 0 1, . . . , 0 n to errors in the

resultingradiancefunction, considerthe mappingT : IRn � � n

where

Tx � n1
j=1

xj uj. (50)

As a finite-dimensionallinear operator, T is necessarilybounded;
its norm suppliesthe connectionbetweencoefficients in IRn and
functionsin � n. ObservethatZZ fn ( ccf ZZ = ZZ T 0w( T

c c0 ZZ" J T J ZZ 0t( c c0 ZZ" J T J\g ZZ 0o( c0 ZZ + ZZ c0t( c c0 ZZ h . (51)

Equation(51) relatesthe computationalerror presentin the final
solutionto inequalities(48)and(49). Thevalueof J T J will depend
on thebasisfunctionsu1, . . . , un andthechoiceof normsfor both
IRn and � n, whichneednotberelated.

7 The Combined Effect of Errors

In theprevioussectionswederivedinequalitiesto boundtheerrors
introducedinto thesolutionof aglobalilluminationproblem.Using
theseinequalitieswecannow boundthedistancebetweentheexact
solutionandthecomputedsolution. By the triangleinequalitywe
haveZZ f

� ( ccf ZZ " ZZ f
� ( f ZZ + ZZ f ( fn ZZ + ZZ fn ( ccf ZZ , (52)

which is the numericalanalogueof the chain of approximations
shown in Figure3. Thetermsontheright correspondto errorsaris-
ing from perturbedboundarydata,discretization,andcomputation;
sections6.1, 6.2, and6.3 provide boundsfor eachof theseerrors.
We notethat thefirst andthird termscanbereducedin magnitude
bydecreasingerrorsin theemissionandreflectancefunctionsandin
thecomputationalmethodsfor forming andsolvingthelinearsys-
tem. Thesecondterm,dueto discretizationerrorandaddressedby
equation(42), is moredifficult to compute,andis furtherexplored
below.

7.1 A Numerical Experiment

Usingasimpleconfiguration,wecomparedthediscretizationerrors
incurredby two projectionmethods:collocationandGalerkin.The
geometryconsistedof a squarediffuselight source,with unit side,
above and parallel to a rectangulardiffuse receiver 10 units on a
side. The receiver wasdiscretizedusingpiecewise-constantbasis
functionsover uniform quadrilateralelements.The reflectivity of
thelight sourcewassetto zero,sointerreflectionwasignored.For
this configurationthe projectionsandtheactualsolutioncould be
computedanalyticallyusingclosed-formexpressionsfor point-to-
areaandarea-to-areaform factors[16].

Figure 4 shows various errors with respectto three different
normsasthenumberof meshelementsincreases.Thebottomcurve
in eachplot is thedistancebetweentheclosestapproximationand
theanalyticsolution;by equation(42) this is a lower boundon the
the discretizationerror of any projectionmethod. For eachmesh
element,the closestapproximationfollows from the median,the
mean,andtheextremaof theanalyticsolutionfor theL1, L2, and
L U -norms,respectively. Also shown in theplotsarethedistances
from the analyticsolutionto the approximationsproducedby the
two projections.

Becausethe constantsm and d P in equation(42) arerelatedto
reflectivity, which did not enterinto this computation,the theoret-
ical upperboundon discretizationerror is the lower boundtimes
1 + J P J . The top curve in eachplot is twice the lower bound,
whichis thesmallestupperboundattainableby thepresentanalysis
since J P Jtx 1 for any projection. With oneexception,the top
curve sufficesasanupperboundfor thediscretizationerror. (The
singleexceptionresultsfrom a collocationprojectionwith a norm
significantlygreaterthan1.)

Thediscretizationerrorisoneof themoredifficult errorstoquan-
tify. Notethatthediscretizationerrorsof thetwo projectionsshown
in Figure4 generallyfall betweentheupperandlower curves,and
approachthelowerboundasthemeshrefinementis increased.The
two projectionmethodsareveryclose,andtheGalerkinprojection
exactlyachievesthelowerboundin theL2-norm.
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Figure4: Discretizationerrors in threedifferent normsfor collocationandGalerkinappliedto a simpleconfiguration: (a) L1-norm,(b) L2-norm,and (c)
L U -norm. Thelowercurvein eachplot is thedistanceto theoptimalapproximation,andtheuppercurveis twicethisdistance.

8 Conclusions and Future Work

We have introduceda new operatorequationdescribingdirect ra-
diative transferamongopaquesurfaces. The new formulation is
appropriatefor globalillumination,andhasseveraladvantagesover
therenderingequation.First, it is closerto theunderlyingphysical
principles,beingbasedon standardradiometricconcepts.Second,
it is well-suitedto theerroranalysispresentedin thispaper.

We have identifiedthreesourcesof error in global illumination
algorithms:inaccuraciesin theinputdata,discretization,andcom-
putationalerrors. Input errorsresult from noisein measurement
or simulation,or from simplifications. Discretizationerrorsresult
from restrictingthespaceof possibleapproximationsandfrom the
methodof selectingtheapproximation.Computationalerrorsform
a large classthat includesimpreciseform factorsandvisibility, as
well aserrorsintroducedby block matrix approximationsanditer-
ative matrixmethods.To producea reliablesolution,eachof these
sourcesof errormustbeaccountedfor. Usingstandardmethodsof
analysis,we have derived worst-caseboundsfor eachcategory of
errorbasedprimarilyonquantitiessuchasthemaximumdirectional
reflectivity of any surfacein theenvironment.

Thereremainsmuch work to do. Better waysof characteriz-
ing environmentsareneededto obtainmorerealisticerrorbounds;
constantssuchas maximumreflectivity are much too coarse. A
deficiency of thefunctionnormsemployedhereis thatthey do not
adequatelyhandlethe wave opticseffect of specularreflectionat
grazingangles. Othernormsshouldbe explored, including those
that are in somesenseperceptually-based.Also, reliablebounds
areneededfor a wide assortmentof standardcomputations,such
asform factorsbetweenpartiallyoccludedsurfacesandinnerprod-
uctsinvolving higher-orderelements.Finally, weneedto relatethe
normsusedhereandthetypesof tolerancesthatcanreasonablybe
obtainedthroughmeasurementandsimulation.
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Appendix A: Operator-Norm Inequalities

In additionto thepropertiescommonto all norms,operatornorms
alsosatisfy J AB J\"zJ A JKJ B J , (53)

which makesthemcompatiblewith themultiplicative structureof
operators[19]. Additional bounds,suchasthosepertainingto in-
verseoperators,canbededucedfromthebasicpropertiesof operator
norms. For instance,given a boundedoperatorA with an inverse,
any operatorB sufficiently closeto A is alsoinvertible,withJ B ^ 1 J\" J A ^ 1 J

1 ($J A ( B J{J A ^ 1 J . (54)

Thisinequality, knownasBanach’slemma[28,p. 32], holdswhen-
ever J A ( B J < 1/ J A ^ 1 J . A usefulcorollaryof Banach’slemma

is theinequalityJ A ^ 1 ( B ^ 1 J\" J A ( B J|J A ^ 1 J 2
1 ($J A ( B J|J A ^ 1 J , (55)

whichholdsunderthesameconditions[20, p. 31].

Appendix B: Error Bounds for Perturbed Re-
flectance and Emission Functions

To boundtheerror J f � ( f J dueto perturbationsin thereflection
andemissionfunctionsaccordingto the inequalities(35) and(36)
wewriteJ f � ( f J = ZZ M ^ 1g ( cM ^ 1

c
g ZZ" ZZ M ^ 1 ( cM ^ 1 ZZ J cg J + ZZ M ^ 1 ZZ J g ( cg J .Frominequalitiesinequality(55), (33) and(35),wehaveZZ M ^ 1 ( cM ^ 1 ZZ "mg d k

1 ( m (�d k h g 1
1 ( m h . (56)

Combiningtheaboveandnotingthat J cg J\"zJ g J + d g by inequal-
ity (36),wearrive at theboundJ f � ( f J\"]g d k

1 ( m (sd k h i J g J + d g
1 ( m j +

d g
1 ( m

. (57)

Appendix C: Bounding Discretization Error

Adding(I ( Pn)(f ( fn) tobothsidesof equation(41)andsimplifying,
usingthefact that(I ( Pn)fn = 0, wehave

[I ( PnKG] (f ( fn) = (I ( Pn)f . (58)

When the operatoron the left of equation(58) is invertible, we
obtaintheboundJ f ( fn J)" ZZ (I ( PnKG) ^ 1 ZZ J f ( Pnf J . (59)

A moremeaningfulboundis obtainedby simplifying both factors
ontherighthandside[29]. SinceI ( PnKG is anapproximationof
theoperatorM, let d P besuchthatJ M ( (I ( PnKG) Jf"$d P, (60)

whichsimplifiesto J K ( PnK J)"ed P. (61)

BecauseM is invertible, so is I ( PnKG when d P is sufficiently
small. Banach’slemmafrom AppendixA thenprovidestheboundZZ (I ( PnKG) ^ 1 ZZ " 1

1 ( m (sd P .

Thesecondnormon the right of inequality(59) canbe simplified
asfollows. Let h �t� n. ThenPnh = h, soJ f ( Pnf J = J (f ( h) + (h ( Pnf ) J" J f ( h J + J Pn(h ( f ) J" (1 + J Pn J ) J f ( h J .
Sinceh �}� n waschosenarbitrarily, the inequalityholds for the
leastupperboundover � n, givingJ f ( Pnf J\" (1 + J Pn J ) dist(f , � n).

Fromtheabove inequalitiesweobtaintheupperboundJ f ( fn J\"]g 1
1 ( m (sd P h n 1 + J Pn J p dist(f , � n). (62)


