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Abstract

In this paperwe identify sourcef errorin globalillumination al-

gorithmsandderive boundsfor eachdistinctcategory. Errorsarise
from threesources:inaccuraciesn the boundarydata,discretiza-
tion, andcomputation.Boundarydataconsistof surfacegeometry
reflectancdunctions,andemissionfunctions,all of which maybe
perturbedby errorsin measurementr simulation, or by simpli-

ficationsmadefor computationalkefficiency. Discretizationerror
is introducedby replacingthe continuousradiative transferequa-
tion with a finite-dimensionalinear system,usuallyby meansof

boundarnelement@ndacorrespondingrojectionmethod.Finally,

computationakrrorsperturbthe finite-dimensionalinear system
throughimpreciseform factors,inner products,visibility, etc.,as
well asby halting iterative solvers after a finite numberof steps.
Usingthe errortaxonomyintroducedn the paperwe examineex-

isting global illumination algorithmsand suggesinew avenuesof

research.

CR Categoriesand Subject Descriptors: 1.3.7[ComputerGraph-
ics]: Three-DimensionabraphicsandRealism.

Additional Key Words and Phrases: boundaryelements,dis-
cretization errorboundsglobalillumination, linearoperatorspro-
jectionmethodsradiosity reflectancéunctions.

1 Introduction

Therole of globalillumination algorithmsis to simulatethe inter
actionof light with large-scalegeometryfor the purposeof image
synthesisThegreatesthallengesn thisende&or have beenthose
of accurag andefficiency. While issuesof efficiency have been
addressedrequentlyin computergraphics,error analysishasre-
ceivedcomparatiely little attention.Indeed thesubjectis difficult
to evenapproactor severalreasons First, thereis no universally
acceptediefinition of accurag for global illumination. Although
accurag connotesa quantitatve comparisorwith someideal, the
ideal may be eitherempirical or theoretical,and the comparison
may assumea rangeof formsfrom purely mathematicato percep-
tual. A secondbstacléhasbeenalack of mathematicalormalisms
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for global error analysis. Thusfar, analysishasbeenconfinedto
specificsub-problemsand no systematidreatmentof the subject
hasbeenpresented.

In this papenwe attemptto establisha framavork for erroranal-
ysis within a well-definedclassof global illumination problems.
Specifically we addressghe problemof approximatingsolutionsto
aform of therenderingequation[18] givenimprecisedatafor ge-
ometry reflectancdunctions,andemissionfunctions. We further
assumehattheapproximatioris to beassessequantitatvely by its
distancefrom the theoreticalsolution. By employingradiometric
quantitiesandphysically-motvatedmeasuresf errorwetemporas
ily sidestepghedifficult issuesf displayandperception Moreover,
in thepresentvork we excludeparticipatingmedia transparensur
facesandprobabilisticsolutionmethods.Theproblemdomainthat
we addresganbe summarizeasfollows:

¢ Radiometriqquantitieradiancereflectvities, emission)
¢ A linearmodelof radiative transfer

¢ Directradiative exchangeamongopaquesurfaces

e Deterministicboundaryelemenformulations

Giventheserestrictionswe derive errorboundsin termsof poten-
tially known quantities,suchas boundson emission,reflectvity,
and measuremengrror  To obtain theseerror bounds,we drav
uponthegeneratheoryof integralequationg2] aswell asthemore
abstractheoryof operatorequationgl, 21].

While the analysisis carriedout in anabstractsetting,we shall
notlosesightof practicalconsiderationskor instancein simulating
agivenphysicalervironment,perhapaindervariedlighting condi-
tions, how accuratelymustthe reflectancdunctionsbe measured?
Or, whensimulatingradianttransferamongdiffuse surfaceshow
importantis it to usehigherorderelementsTanwe expecthigher
accurag by usinganalyticarea-to-areensteadf point-to-aredorm
factors?Finally, how accuratenustvisibility computation$e for
globalillumination? While we do not provide definitive answergo
thesequestionstheanalysigpresentedhereintroducesaformalism
anda startingpoint for determiningquantitatve answers.

2 Radiative Transfer

Global illumination involves the processe®f light emission,re-
flection,redistritution, shadaving and,ultimately absorptiorin an
ervironment. Theseare physicalprocessegovernedby the equa-
tions of radiative transfer In general radiative transferequations
apply at both microscopicand macroscopicscalesand are based
primarily on the first and secondaws of thermodynamics.These
laws respectiely affirm thatthermalenegy is conseredandflows



Figurel: Thelocal coordinatesof a bidirectionalreflectancéunction. The
incidentvectorw’ andthereflectedvectorw are in world coordinates.The
anglesdefinea local coordinatesystem.

irreversibly from regionsof high potential(temperaturejo regions
of low potential[30]. Thetwo laws alsoyield certainreciprocity
conditionssuchasthoseexhibited by reflectionfunctionsandform
factors.

In the presentpaper we usea geometricabptics formalismto
describeradiative transferprocesseat the large scale;interference
and diffraction are ignored at this scale. We restrict physical or
waveopticseffectstothelevel of scatteringandemissioret surfacs,
wheretheradiative wavelengtimaybecomparablén sizeto surface
features. Further monochromatiaadiationis assumedand we
neglectenepgy transferbetweernwavelengthbandgfor instanceby
absorptiorandre-emissioratsurface). Giventheforgoingphysical
assumptionsye specifyin this sectionthe continuousgoverning
equatiorfor globalillumination.

Let M denotethe collectionof all surfacesn an ervironment,
which we assumeo form anenclosureor simplicity. Let X’ bea
spaceof real-\aluedfunctionsdefinedon M x S2: thatis, overall
surfacepointsandangulardirectionsin the unit sphereS?. Given
thesurfaceemissiorfunctiong € X', which specifiegheorigin and
directionaldistribution of emittedlight, we wish to determinethe
surfaceradiancefunctionf € X thatsatisfies

f(x, w) = g(x,w) +/ k(x;w' = w)f(X,w’) cost’ du’, (1)

Qi

where(Q; isthehemispheref incomingdirectionskis adirectional
reflectiity, 8’ istheangleof theincidentbeamcontainedn thesolid
angledw’, andx’ is a point on a distantsurfacedeterminedoy x
andw’. SeeFigurel. Equation(l) is expressedn radiometric
variablesbut otherwiseembodieghe samephysicalprinciplesas
therenderingequatiorintroducedby Kajiya [18]. Theradiometric
formulationis essentiafor the presenerroranalysis.

The function k appearingin equation(1) is the bidirectional
reflectancalistribution function at eachsurfacepoint phrasedin
termsof directionvectors:

k(x;w' = w) = px(8’,9',6,0) @

where(¢’,¢’) and (¢, ¢) are the polar anglesof the incidentand
reflecteddirectionsrespectiely. The function k hastwo crucial
propertieghatfollow from thethermodynamigrinciplesof enegy
consenrationandreciprocity By conserationwe have that

/ k(x;w' — w) cosfdw < 1, 3)
Q0

wherew’ € Qi and€), is the outgoinghemisphere.Equation(3)
stateghatthe enegy reflectedrom a surfacecannotexceedthatof
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Figure2: Theactionsof G andK at a single point x. The operator G
corverts(a) distantsurfaceradiancedirectedtoward x into (b) local field
radiance whee (c) it is againmappednto surfaceradianceby K.

theincidentbeam.Reciprocitystateghat
k(X w' = w) = k(X w = ') 4

for all ' € Qi andw € Q. Thesefactsplay a majorrole in the
following analysis.

Note that the implicit functionx’ in equation(1) is the means
of constructingthe distribution of enegy impinging on a surface
from the distribution of enegy leaving distantsurfacesthatis, it
constructdocal field radiancefrom distantsurfaceradiance The
connectionaffordedby x'(x, w’) correspondso the intuitive oper
ation of tracinga ray from x in the direction —w’. This simple
couplingis a consequece of steady-stateadiancebeinginvariant
alongraysin free spacejn the presencef participatingmediathe
couplingis replacedy the equationof transferalongtheray [6].

Thebalanceequatiorfor directradiative exchangebetweersur
faceswas perhapsfirst presentedn the form of equation(1) by
Polyak[31]; in currentradiative heattransferliteraturethis form
is usedwhenparticipatingmediaareignored[27]. Notethatform
factorsdo not appeardirectly in the integral form of the balance
equationput resultfrom thecosf’ dw’ termfor certainapproxima-
tions.

2.1 Linear Operators

Integral equationssuchasequation(1) belongto the moregeneral
classof operator equations Operatorequationgendto be more
concisethantheir integral counterpartsvhile capturingalgebraic
propertiesessentiafor error analysis. Operatorequationswere
first appliedto globalillumination by Kajiya [18] althoughtheir
connectionwith integral equationsof a similar nature has been
profitablyexploredfor nearlyacentury[4].

Equation(1) can be expressedas an operatorequationin nu-
merousways. We shall constructthe central operatorfrom two
simpler ones,eachbasedon standardradiometricconcepts. The
representatiogiven herehastwo novel features:first, it cleanly
separatenotionsof geometryandreflectioninto distinctlinearop-
eratorsandsecondlyit employsanintegral operatomwith acosine-
weightedmeasure Both of thesefeaturessimplify the subsequent
erroranalysis.

Wefirstdefinethelocalrefledion operator K, anintegraloperator
accountindor thescatteringof incidentradiantenegy at surfaces.
This operatoris most easily definedby shawing its action on an
arbitraryfield radiancdunctionh:

(Kh)(x,w) = / k(G w' = w)h(x, w') du(w’). (5)
Qj

The K operatormapsthe field radiancefunction h to the surface
radiancdunctionafteronereflection(Figures2b-c). Theoperation
is local in that the transformatioroccursat eachsurfacepoint in



isolation. In equation5) we have adoptedhenotationof Lebesgue
integration[32] tointroduceameasure: thatincorporateshecosine
weighting. The essentialrelationshipwith the differential solid
angledw’ usedin equation(1) is

du(w’) = cosf’ dw'. (6)

The new notationhidesthe ubiquitouscosinesand, more impor
tantly, emphasizethatthecosinds anartifactof surfacentegration.
This obsenationallows the kernelk to inheritthe reciprocityprop-
erty of reflectancdunctionsand simplifiessomeof the following
analysis.

Next, we definethefield radianceoperator G, alinear operator
that expresseshe incidentfield radianceat eachpointin termsof
thesurfaceradianceof thesurroundingervironment(Figures2a-b).
Shawing theactionof G onasurfaceradianceunctionh, we have

(Gh)(x, w) = h(X'(X, w), w). @)

The G operatorexpressesion-localpoint-to-pointvisibility oper
ationsasa mappingon the spaceof radiancefunctions. Defining
G in this way allows us to factor out the implicit functionx’(x, w)
from the integral in equation(1). It is easilyverified thatKG is
equivalentto theoriginal integral andthatbothK andG arelinear
Therefore we canwrite equation(1) as

f=g+KGf, 8)

whichis alinearoperatorequationof the secondkind.
To highlightthelinearrelationshipbetweersurfaceaadianceand
surfaceemissiongquation(8) canbewritten morecompactlyas

Mf =g, 9
wherethelinearoperatoM is definedby
M =1-KG, (10)

and| is the identity operator We also note that K and G are
self-adjointin a naturalsensesotheadjointof M canbewritten

M* =1 - GK, (11)

whichis usefulin importance-drienglobalillumination.

A globalillumination problemis essentiallya 3-tuple(M, M, g)
of surfaceslinearoperatorandemissiorfunction. In thefollowing
sectionsve explorenumericaimethoddgor solvingequation9) and
investigatesourcef error

3 Boundary Elements and Projection Methods

By far the most commonmethodsfor solving global illumina-
tion problemsare thoseemployingsurfacediscretizationswhich
are essentiallypboundaryelementmethodg26]. In more abstract
terms,boundaryelementmethodsarethemselesprojectionmeth-
odswhoserole is to recastinfinite-dimensionaproblemsin finite
dimensions.In this sectionwe posethe problemof numericalap-
proximationfor globalillumination in termsof projections. This
level of abstractiorwill allow usto clearly identify andcateyorize
all sourceof errorwhile avoidingimplementatiordetails.

The ideabehindboundaryelementmethodsis to constructan
approximatesolution from a known finite-dimensionalsubspace
Xn C X, wherethe parameten typically denoteghe dimension
of the subspaceFor globalillumination the spacet, may consist
of n boundaryelementsover which the radiancefunction is con-
stant.Alternatively, it mayconsistof fewerboundaryelementsbut
with internaldegreesof freedom suchastensomproductpolynomi-
als [41], sphericalharmonicq35], or wavelets[12]. In ary case,

eachelementof thefunctionspacel; is alinearcombinationof a
finite numberof basisfunctions,u, ..., uy. Thatis,

Xn =span{uy,...,un}. (12)

Given a setof basisfunctions,we seekan approximationf, from
the spacedX, thatis “close” to f in somesense.By virtue of the
finite-dimensionakpace finding f, is equivalentto determiningn
unknown coeficientsay, . .., an suchthat

n
fo=" agu. 13)
j=1

Therearemary possiblemethoddor selectingsuchanapproxima-
tion from &}, eachmotivatedby a specificnotionof closenessnd
thecomputationatequirementsf finding the approximation.

A universalfeatureof discreteboundaryelementapproachess
that they operateusinga finite amountof “information” gathered
from the probleminstance.For projectionmethodshis is donein
thefollowing way. We selectf, € A, by imposinga finite number
of conditionson theresidualerror, which is definedby

m=Mf,—g. (14)

Specifically we attemptto find f, suchthatr, simultaneouslpatis-
fiesn linearconstraints Sincewewishto maketheresidual'small”,
we set

¢i(rn) =0, (15)

fori =1,2,...n,wherethe¢; : ¥ — IR arelinearfunctionals.The
functionalsandbasidunctionstogethedefineaprojectionoperator
aswe shaw in section6.2.

Any collectionof n linearly independenfunctionalsdefinesan
approximationf, by “pinning down” the residualerror with suf-
ficiently mary constraintsto uniquely determinethe coeficients.
However, the choiceof functionalshasimplicationsfor the quality
of theapproximatioraswell asthecomputatiorrequiredto obtain
it. Combiningequationg13), (14),and(15)we have

¢i<M§:oﬂh—g)=O, (16)
=1

fori =1,2,...,n,whichis asystenof n equationgor theunknaovn
coeficientsay, ..., an. Exploiting the linearity of ¢; andM, we
canexpressthe above equationsn matrix form:

¢1Muy d1Mun a1 $19

7

¢nM U1 ¢nM Un Ol.n ¢ng

As shavn belov, mostglobalillumination algorithmsdescribedn
recentiteraturearespeciatase®f theformulationin equation(17).
Specificprojection-basealgorithmsare characterizedy the fol-
lowing choices:

1. Choiceof basisfunctionsug, ..., U,

2. Choiceof linearfunctionalses, ..., ®n

3. Algorithmsfor evaluatinggiMy; fori,j =1,2,...,n

4. Algorithmsfor solvingthediscretdinearsystem



Thesechoicesdo not necessarilgoincidewith the sequentiasteps
of analgorithm. Frequentlyinformationobtainedduringevaluation
of thelinearfunctionalsor duringthe solutionof the discretdinear
systemis usedto alterthe choiceof basisfunctions. The essence
of adaptve meshinglies in this form of feedback. Regardlessof
the order in which the stepsare carried out, the approximation
generatedltimatelyrestsuponspecificchoicesn eachof theabove
categories. Consequentlywe can determineconsenative bounds
ontheaccurag of thefinal solutionby studyingtheimpactof these
choicesndependently

4 A Taxonomy of Errors

In the previous sectionwe characterizedhe fundamentafeatures
thatdistinguishprojection-basedlobalilluminationalgorithms.In
this sectionwe introducea higherlevel organizationmotivatedby
distinct cateyoriesof error; this subsumeshe previous ideasand
addsthe notion of impreciseprobleminstances. Assumingthat
accurag is measurethy comparingwith theexactsolutionto equa-
tion (1), all source®f errorincurredby projectionmethoddall into
oneof threecatagories:

e Perturbed Boundary Data:

Both the operator M and the sourceterm g may be inexact
due to measuementerrors and/or simplificationsmadefor
efiiciency

e Discretization Error:

The finite-dimensionakpaceX, may not include the exact
solution. In addition, satisfyingthe const@ints ¢1, ..., ¢n
maynot selectthe bestpossibleapproximationfrom x’,.

e Computational Errors:

Thematrix elementg;Mu; maynotbecomputedxactly, thus
perturbingthe discretelinear system.Finally, the perturbed
linear systemmaynot be solvedexactly.

It is importantto notethatthe above catgoriesaremutually exclu-
sive and accountfor all typesof errorsincurredin solving equa-
tion (1) with a projectionmethod. The conceptuakrrortaxonomy
is shovn schematicallyn Figure3. In theremaindeof thissection
we illustrate eachof thesecategyoriesof error with examplesfrom
existing algorithms.

4.1 Perturbed Boundary Data

Theidealizedproblemsthatwe solve in practicearerarely asreal-
istic aswe would like. As a rule, we settlefor solving “near by”
problemdor severalreasonsFirst, thedatausedasinputmayonly
be approximate. For instance reflectanceand emissionfunctions
obtainedthroughsimulation[40] or empirically throughmeasure-
ment of actualmaterialsor light sourceg[36, 39] are inherently
contaminatedby error

A secondeasorthatboundarydatamaybe perturbeds thatuse
of theexactdatamaybeprohibitively expensveor evenimpossible.
Thus, a surfacemay be treatedas a smoothLambertianreflector
for the purposeof simulation, althoughthe actualgeometryand
materialexhibits directionaldiffuse scattering. Regardlessof the
sourceof the discrepanyg, the nearby problemcanbeviewedasa
perturbationof the original problem.

4.2 Discretization Error

To makethe problemof globalillumination amenableéo computer
solution,we mustrecasthe problemin termsof finite-dimensional
quantitiesand finite processes. This transitionis referredto as

Perturbed Boundary Data

Space of Radiance
Functions X

Exact balance |
equation

Perturbed balange
equation e

Discrete »
linear system

Emission/Reflectiol

Geometry

Discretization Error

Basis Functions

Projection

Computational Error

- Perturbations
Approximate
coefficients

Inexact Solution

(G (b) (©)

Figure3: (a) Theconceptuastagegor computinganapproximatesolution.
(b) The function correspondilg to eachstageis an approximationof the
previousstage. (c) Approximationsspecificto eachstageintroducenew
errors.

discretization In general,the discretefinite-dimensionalprob-
lem cannotentirely capturehebehavior of theinfinite-dimensional
problem,andthe discrepang is calleddiscretizationerror. This
type of erroris particularlydifficult to analyzeasit inherentlyin-
volvesinfinite-dimensionakpacesandtheir relationshipto finite-
dimensionalsubspaces. Consequentlymost global illumination
algorithmsrely uponheuristicsratherthanerrorboundgto perform
discretizatiortaskssuchasadaptve meshing.

We now look at how two aspectsof discretizationhave been
treatedn variousalgorithms:1) thechoiceof basifunctions which
determinegshefinite-dimensionaspacecontainingthe approxima-
tion,and2) projectionthefinite procesdbywhichtheapproximation
is selectedrom this space.

4.2.1 Basis Functions

For mary global illumination algorithms,the basisfunctionsare
completelydeterminedy the geometryof theboundaryelements.
Thisis trueof ary piecavise-constatapproximationsuchasthose
employedby Goral et al. [10], Cohenet al.[8], and Hanraharet
al.[13]. Oftenasmoothingstepis appliedto piecavise-constarap-
proximationdor displaypurposesalthoughthis doesnot necessar
ily improve theaccurag of theapproximation Whennon-constant
elementareemployedsuchastensomproductpolynomialg41, 37]
or wavelets[12], the degreesof freedomof the elementsaaddto the
dimensiorof theapproximatingsubspace

For non-difuseenvironmentghefinite-dimensionaspacemust
alsoaccounforthedirectionadependence of sufaceradancefunc-
tions; severalavenueshave beenexploredfor doingthis. Immel et
al.[17] usedsubdvidedcubescenteredtafinite numberof surface
pointsto simultaneouslyiscretizedirectionsandpositions.Sillion
etal. [35] usedatruncatedseriesof sphericaharmonicgo capture
directionaldependencandaquadrilateraineshof surfaceelements
for the spatialdependenceAs a third contrastingapproachAup-
perleetal. [3] usedpiecavise-constanfunctionsdefinedover pairs
of patchego accounffor bothdirectionalandspatialvariations.

The accurag of the approximationis limited by the spaceof
basisfunctions;in general the exactsolutioncannotbe formedby
afinite linearcombinationof polynomialsor otherbasisfunctions.
The error can be reducedeither by expandingthe subspacet;,
or by selectingbasisfunctionsthat fit the solution more closely
Discontinuitymeshing14, 24] is anexampleof thelatterstrateyy.



4.2.2 Projections

Givenasetof basifunctions thenext conceptuastepisto construct
areasonablapproximatiorfrom it. We now demonstratéow the

majorprojectionmethoddollow from specificchoicesof thelinear
functionalsgs, . .., ¢n describedn section3. Thefirst techniquds

collocation[22], which follows by defining¢; to be anevaluation
functionalatthei™ collocationpoint; thatis

¢ih = h(x), (18)

wherexy, ..., X, aredistinct pointsin the domainof the radiance
functionschosenso that defui(x)] # 0. Theij™ elementof the
resultinglinear systemhastheform

Ui(x) — (KGU)(x). (19)

Collocationhasbeenwidely usedin globalillumination becausef
therelative simplicity of the above expression.In the caseof con-
stantbasisfunctionsover planarboundaryelementsthe resulting
matrix hasa unit diagonalwith point-to-areaform factorsoff the
diagonal whichis awidely usedradiosityformulation[8]. In gen-
eral,methodsasedn afinite numberof point-to-areanteractions
arecollocationmethods.

A secondtechniqueis the Galerkin method which follows by
defining ¢; to be an inner productfunctional with the i"" basis
function;thatis

¢ih=(u| h, (20)

wheretheinnerproduct( - | -) denotegheintegral of the productof
two functions. The ij " elementof the resultinglinear systemhas
theform

(Ui u) — (ui [ KGu). (21)

The Galerkinmethodwasfirst employedn globalillumination by
Goral et al. [10] using a uniform meshand constantbasisfunc-
tions. The useof higherorderbasisfunctionswasinvestigatedy
Heckbert[14] andlaterby Zatz[41] and TroutmanandMax [37].
For diffuseenvironmentswith constanelementsthe secondnner
productin equation(21) reducego anarea-to-areéorm factor

Thereareotherpossibilitiesfor thelinearfunctionalsps, . . ., ¢n.
Forinstancetheinnerproductsn equation(20) maybetakenwith
respecto adifferentsetof basisfunctions.If we set

¢ihE<MUi|h>, (22)

we obtaintheleastsquaresmethod.With theabove functional,the
solutionto thelinearsystenin equation(17)hasaresiduakrrorthat
is orthogonailto the spacet;,, which minimizesthe residualerror
in avery naturalsense .However, the matrix elementdor theleast
squaresnethodincludetermsof the form (KGu; | KGu;), which
are formidableto evaluateeven with trivial basisfunctions[15].
Consequentlyto our knowledge therearecurrentlyno globalillu-
minationalgorithmsbasedntheleastsquaresnethod.

4.3 Computational Errors

Given a particularmethodof discretizationgerror may be incurred
in constructinghe discrete(finite-dimensionaljinear system and
onceformulated,we may fail to solve even the discreteproblem
exactly. Thesefactsillustrateathird distinctclassof errors.Because
they arisefrom the practicallimits of computationaprocedures,
thisclasss calledcomputationakrrors[23]. Computationaérrors
perturbthediscreteproblem andthenprecludesxactsolutionof the
perturbedproblem.We now look at examplesof eachof these.

4.3.1 Perturbation of the Linear System

The mostcomputationallyexpensve operationof globalillumina-
tion is the evaluationof the matrix elementsn equation(17); this
is true even of algorithmsthat do not storean explicit matrix [7].

Furthermorepnly in very specialcasesanthe matrix elementbe
formed exactly, asthey entail visibility calculationscoupledwith

multiple integration. Consequentlythe computedmatrix is nearly
alwaysperturbedy computationaérrors.

A commonexampleof anerrorin this categoryis imprecis€orm
factors. The algorithmintroducedby Cohenand Greenbey [8]
for diffuseervironmentscomputedorm factorsat discretesurface
points by meansof a hemicube,which introduceda numberof
errorsspecificto thisapproach5]. Errorsarealsointroducedvhen
form factorsareapproximatedhroughray tracing[38] or by using
simplergeometried13]. Theseerrorscan be mitigatedto some
extentby the useof analyticform factors[5, 34], yetthereremain
mary casedor which no analyticexpressionis known, particularly
in thepresencef occluders.

For non-constanbasisfunctionsthe form factor computations
are replacedby more generalinner products,which require dif-
ferentapproximations. For instance,the matrix elementsin the
Galerkinapproactof Zatz [41] requiredfour-fold integrals,which
wereapproximatedising Gaussiarguadrature.Non-diffuse envi-
ronmentgosea similar difficulty in thatthe matrix elementsentail
integrationwith reflectancdunctions[35].

Anotherform of matrix perturbatiorarisesfrom simplifications
madefor the sakeof efficiency. For example,small entriesmay
be setto zero[25], or the entire matrix may be approximatedy
onewith amoreefficient structure suchasablock matrix [13] or a
waveletdecompositior12].

4.3.2 Inexact Solution of the Linear System

Oncethe discretelinear systemis formed, we mustsolwe for the

coeficientsasy, ..., an. This hasbeendonein a numberof ways,
including Gaussiarelimination[10], Gauss-Seidd8], Southwell
relaxation(shooting)[7, 11], andJacobiiteration[13]. In any such
method therewill besomeerrorintroducedn thesolutionprocess:
directsolverslike Gaussiarliminationareproneto roundof error,

whereasnterative solverslike Gauss-Seidehusthalt afterafinite

numberof iterations.

In approachewherethematrixis constructedh advance suchas
“full matrix” radiosity[8] or hierarchicatadiosity[13], theiteratve
solutioncanbe carriedout to essentiallyfull corvergence. Other
approachessuchas progressie radiosity[7], constructmatrix el-
ementson the fly andthendiscardthem. The costof computing
theseelementgenerallyprecludescompletecornvergence making
this sourceof errorsignificant.

5 Quantifying Error

Thusfar thediscussiorhasfocusedon the source®f errorwithout
attemptingto quantifythem. In this sectionwe introducethe tools
thatwill beusedto derive errorboundsn subsequergections.

To quantify error, we requiresomenotion of “size” for the ele-
mentsof thefunctionspacet aswell asa notionof the“distance”
betweerits members.An abstractiorthatembodieghesenotions
is areal-\aluednormdefinedon X', denotedby || ||; the ordered
pair (X', || ||) is thencalleda normedlinear space The subjectof
normedlinear spacess extremelyrich, and we shall only touch
uponit here. For a morecompletediscussiorseethe classictexts
by Rudin[32] or Kantorovich [19].



5.1 Function Norms

Infinitely mary norms can be definedon the spaceof radiance
functions,eachcorveying a differentnotion of size,distanceand

corvemgence.Sinceequation(8) imposesonly certainintegrability

conditionson radianceunctions,it is naturalto applytheLP-norm

definedby

1p
I, = U /If(x,W)Ip du(w)de(®)| (23)
M JS2

wheres denotesareameasureandp is arealnumberin therange
[1, o0]. Threeof thesenormsareof particularinterest:theL'-norm
and L*°-norm have immediatephysicalinterpretationswhile the
L%-norm possessealgebraicpropertieghat makeit appropriaten
someinstances;for instance ,when the algebraicstructureof an
innerproductspacds required.

In thelimiting caseof p = oo, theLP-normreducego

fll. = sup sup [f(x,w)[, (24)
XEM weS?

wheresupdenotesheleastupperbound.As themaximunradiance
attainedat ary surfacepoint andin ary direction, || f || _ hasthe
dimensionsof radiancelwatts/nfsr]. In contrast,|| f ||, measures
thetotal powerof theradiancdunctionf, andconsequetty hasthe
dimensionof power [watts].

To measurehe distancebetweentwo radiancefunctionsf and
f'in X, we usethenon-ngative quantity|| f — ' ||. Similarly, we
definethedistancebetweera functionandasubspac& C X' by

dist(f,Y) = inf |[f |, (25)

whereinf denoteghegreatestower bound.Whenthe subscripion
thenormis omitted, it is impliedthatthedefinitionor relationholds
for ary choiceof norm.

5.2 Operator Norms

Toinvestigateheeffectsof perturbingheoperatorshemseles,we
mustalsoendav the linear spaceof operatorson X" with a norm.
Thestandardperator normis definedby

[[All = sup{[|Ah| = [[h][ <1}, (26)

wherethe norm appearingwice on theright is the oneassociated
with X’; theoperatonormis saidto beinducedby thegivenfunction
norm. Althoughthetheoryof linearoperatorsloselyparallelsthat
of matrices,there are importantdifferences;for instance,matrix
normsare necessarilyinite while operatomormsneednot be. We
thereforedistinguishthe classof boundedoperatorsasthosewith
finite norm.

Equation(26) impliesthat|| Ah|| < ||A ]| || h]|| forallh € X.
Severalusefulconsequenesfollow immediatelyfrom this inequal-
ity. Forinstanceletf, € X\, betheapproximateolutiontoM f =g
discussedh section3. Then,whenererM —* existsandis bounded,
it follows from equation(14) that

=t = [f-Mg]|
< M IMf—g]
< Ml 27)

which justifies the stratgy of minimizing the residualerrorry in
orderto reducethe error || f, — f ||. AppendixA containsseveral
other inequalities,including Banachs lemma, which will prove
usefulin derving errorbounds.

5.3 Norms of Special Operators K, G, and M~

We now computeboundsfor the operatorK, G, andM —1 which
will be essentiafor all subsequenbounds. From definitions(5),
(23), and (26), we can deducean explicit formula for || K |[,. A
straightforwardnanipulation[19, p. 109] shavsthat

IIK|l,= sup sup / k(X w' = w) du(w). (28)
Q0

XEM w!€Q;

This normis the maximumreflectiity of ary surfacein the ervi-

ronmentwhich, by equation(3), is necessarilypoundecabore by 1.

If wedisallov perfectreflectorsandignorethewave opticseffect of

speculareflectionneargrazing,the norm hasa boundstrictly less
than1; thatis, || K ||, = m< 1. TheL**-normof K is very similar,

merelyexchangingherolesof thetwo directions:

IK |l = sup sup / k(x;w' = w)du(w’). (29)
Q

XEM wEQg

By thereciprocityrelationin equation(4) wehave|| K ||, = || K || .,
implyingthatreflectedadiancés everywheraliminishecdby atleast
the samefactorof m. The boundcanbe extendedto all LP-norms
by theinequality

A, <max{l[AllL AL}, (30)
whichholdsfor linearintegral operatorg20, p. 144]. Therefore
Kl <m<1 31)

foralll < p < .

Similarly, we can boundthe G operatorby invoking several
physicalprinciples.Becausave have assumeaho volumeemission
or absorptionthe enclosureM containsno sourcesor sinksin its
interior By GaussStheoremananalogoustatemenholdsfor the
boundaryof the enclosurethatis, the netflux passinghroughM
is zero. Becausehe power enteringthe enclosuremustequalthe
powerleaving it, we have || f ||; = || Gf ||;. Theamgumentextends
immediatelyto f? for ary p, so||f ||, = [| Gf ||,. By definition of
theoperatomorm, it follows that

IGll,=1 (32)

forall 1 < p < . Notethatthe normcanbe lessthanl if M
doesnotform anenclosure.

A third operatorthat we shall needto boundis M —1 which
mapssurfaceemissionfunctionsto surfaceradiancefunctionsat
equilibrium. It follows from bounds(31) and(32) thatM ~* exists
andcan be expandedinto a Neumannseries[20, p. 30]. Taking
normsandsummingtheresultinggeometricserieswe have

1
M7 <l+m+nmi+... = —— 33
M=, < 1+m i-m (33)
forall 1 < p < oo. This boundalsoimplies that the spaceof
boundedadianefundionswith respettoagivenLP-normis closed
underglobalillumination; thatis, if anemissionfunctiong hasa
finite LP-norm, sotoo will thesolutionf.

6 Error Bounds

With the resultsof the previous sectionwe canobtainboundsfor

eachcateyory of error Becausehe methodsemployedheretake
accounbf very little informationaboutanenvironmentthebounds
tendto be quite consenative. The organizationakstructureof this

sectionfollows thatof Figure3 andsection4.



6.1 Perturbed Boundary Data

We solwe globalillumination problemsusinginexactor noisy data
in hopesof obtaininga solutionthatis closeto that of the original
problem. But underwhat circumstancess this a reasonablex-
pectation?To answerthis questionwe analyzethe mappingfrom
probleminstancegM, M, g) to solutionsf. We shallassumehat
ary input to a global illumination problemmay be contaminated
by error, anddeterminetheimpactof theseerrorson the solution.
We shallshow thatthe problemof globalilluminationis well-posed
exceptin certainextremeandnon-realizableasesthatis, “small”
perturbationsf theinputdataproduce'small” errorsin thesolution
in physicallymeaningfulproblems.

To boundthe effects of input data perturbationswe examine
the quantity || f* — f ||, wheref* is the solutionto the exact or
unperturbesystemandf is thesolutionto a perturbedsystem

Mf =7, (34)

whereperturbecentitiesaredenotedwith tildes.

6.1.1 Perturbed Reflectance and Emission Functions

Wefirstinvestigataheeffectof perturbinghereflectancendemis-
sion functions. The former is equivalentto perturbingthe local

reflectionoperatorK. Considera perturbedoperatonz anda per
turbedemissiorfunctiong suchthat

[k =R <o )
and

lg—9ll < bo. (36)
Since||G|| = 1, and G is not perturbedit follows that inequal-

ity (35) alsoappliesto the correspondingerturbedV operator:
[f-m]=]Kke-Re <[k -] 1G] <6

Intuitively, the above inequality holds becausehe worst-casebe-
havior over all possiblefield radiancdunctionsis unafectedby G,
which merelyredistributesradiance.

A boundon || f* —f || in termsof boundson the perturbations
andotherquantitiess derivedin AppendixB. Theresultis

* Ok llgll +dq dg
—f| <
It f”—(l—m—ék)< 1-m +1—m’ (37)

whichcontaingermsaccountindor perturbationsn thereflectance
andemissiorfunctionsindividually aswell asa second-ordeterm
involving dkdg. Notethatthereflectancgermrequiresix < 1 — m,
indicating that the problembecomedessstableasthe maximum
reflectvity approached. For highly reflectve environmentsthe
resultsmay be arbitrarily badif theinputdataarenot correspond-
ingly accurate. With perfectreflectionthe problemis ill-posed.
In general,the worst-caseabsoluteerror in f dependsupon the
maximumreflectvity of theenvironmentm, the perturbatiorof the
reflectionfunctionséx, andtheerrorin theemissiorfunction,dgy.

6.1.2 Perturbed Surface Geometry

The effects of imprecisesurfacegeometryare more difficult to

analyzethanthosedueto imprecisereflectionor emission. While

the spaceof radiancdunctionshasa linearalgebraicstructurethat
underliesall of theanalysisno analogoustructuresxistsontheset
of possiblesurfacegeometriesTheanalysignustthereforgproceed
alongdifferentlines.

An alternatve approaclhis to studyimprecisesurfacegeometry
indirectly, by meansof the G operator Thatis, we canexpresshe
effectof surfaceperturbationsnthefield radianceateachpointasa

perturbatiorof G. GivenaperturbedperatoiG, andaboundonits

distancdromtheexactG, thesameanalysisusedn AppendixB for

perturbedreflectancdunctionscanbe applied. Suchan approach
maybeusefulfor andyzing schemesn which geomery is simplified
to improve the efficiency of global ilumination [33]. However,

relatingchangesn geometryto boundson the perturbatiorof G is

anopenproblem.

6.2 Discretization Error

In this sectionwe studydiscretizatiorerrorsintroducedby projec-
tion methods Clearly, thediscretizatiorerror|| f — f, || is bounded
frombelowby dist(f, A}), thedistanceo thebestapproximatiorat-

tainablewithin thespacet,. To obtainanupperbound,we express
equation(15) usinganexplicit projectionoperator:

Pnrn =0, (38)

whereP;, projectsonto the subspacet,. Thatis, P, is a linear
operatomwith P2 = P, andP,h = hfor allh € X;,. Suchaprojection
canbedefinedin termsof thebasisfunctionsus, . . . , u, andthelinear
functionalsey, . . ., ¢n Of section3. The form of P, is particularly

simplewhen
1 ifi=j
oi(u) =

39
0 otherwise (39)

which is commonlythe case. For instance this holds whenever
thereis exactlyonecollocationpointwithin thesupporbf eachbasis
function, or whenorthogonalpolynomialsare usedin a Galerkin-
basedapproachWhenequation(39) holds,P; is givenby

Pah=> " i(hu (40)
i=1

for ary functionh € X' [9]. It is easyto seethattheabove equation
definesa projectiononto X’.
To producethe desiredbound,we write equation(38) as

P.M(f — f,) =0, (41)

thenisolatethe quantity|| f — f, || aftertakingthe norm,asshovn
in AppendixC. Theresultingboundson discretizatiorerrorare

dist(f, 1) < | ~ o]l < (T2 ) (14 Rl (42)

wherethe constante is suchthat
|| K = PuK || < dp. (43)

The boundsin equation(42) dependon both the subspacet, and
the projection method. Note thatif f is in the spacet;, then
dist(f, An) = 0, andthe upperboundimpliesthatf, = f. Thus,
all projectionmethoddind the exactsolutionwhenit is achievable
with alinearcombinatiorof thegivenbasisfunctions.Ontheother
hand,whendist(f, Xy) is large, thenthe lower boundimplies that
theapproximatiorwill be poorevenwhenall otherstepsareexact.
Unfortunately this distanceis difficult to estimatea priori, asit
depend®ntheactualsolution.

Thedependencenthetypeof projectionappearsn thefactorof
1+|| Pn |l andin theconstan®p. For all projectionshasecbninner
products,|| Pn|| = 1 whenthe basisfunctionsare orthogonal[2,
p. 64]. For othermethodssuchas collocation,the norm of the
projectionmaybe greaterthanone[2, p. 56]. Themeaningof the
constan®p is moresubtle. Thenormin equation(43) is ameasure
of how well the projectionP, capturesfeaturesof the reflected
radiance.



6.3 Computational Errors

The effects of computationakrrorscan be estimatedby treating
them as perturbationsf the discretelinear system. The analysis
thereforeparallelsthatof perturbedoundarydata althoughcarried
outin afinite dimensionakpace We shalldenotethelinearsystem
in equation(17) by Ac = b. In generalthematrixelementsaswell
asthevectorb will beinexactdueto errorsor simplifications.We
denotethe perturbedsystemandits solutionby

Aa=b. (44)

Although the exact matrix is unknawn, it is frequentlypossibleto
boundthe error presenin eachelement. For instancethis canbe
donefor approximateform factorsand block matrix approxima-
tions[13].

Given element-by-elemergrrorbounds theimpacton thefinal
solutioncanbe bounded. From the elementperturbationave can
find §a anddp suchthat

| A=A <éa (45)
and
[b=b <, (46)

for somevector norm andinducedmatrix norm. Also, sincethe
perturbednatrixis known, thenormof its inversecanbe estimated:

| &) <5 @)

With the threeboundsdescribedabove, essentiallithe samesteps
usedin AppendixB yield thebound

la—a]| < ( 3a8° )<H5H+5b)+55b. (48)

1— 648

Computingvaluedor §, andéy, thatarereasonablyightis almost
alwaysdifficult, requiringerrorbounddor eachstepin formingthe
matrix elements.Thereis no universalmethodby which this can
be done;eachapproacho estimatingvisibility or computinginner
products for example,requiresa specializedanalysis.In contrast,
the boundin equation(47) is more accessibleasit is purely a
problemof linearalgebra.

Giventhat equation(44) generallycannotbe solved exactly, the
solution processis yet anothersourceof error The resultis an

approximationof o/, which we denoteby . Fromequation(27),
thislastsourceof erroris boundedy

|a-a | <8 Aa-b]. (49)

WhenA andb are storedexplicitly, the above expressioncanbe
usedasthe stoppingcriterionfor aniterative solver.

To relateerrorsin the coeficients oy, ..., an to errorsin the
resultingradiancefunction, considerthe mappingT : IR" — X,
where

n
TX = Z X Uj. (50)
=1

As afinite-dimensionalinear operatoy T is necessariljpounded;
its norm suppliesthe connectionbetweencoeficientsin IR" and
functionsin X,,. Obsenethat

6= = [Ta-Ta|
< ITh]a-4|
< ATI(fe-a+]a-a]). @

Equation(51) relatesthe computationakrror presentin the final

solutionto inequalitieg48)and(49). Thevalueof || T || will depend
on the basisfunctionsus, ..., u, andthe choiceof normsfor both
IR" and X;,, which neednotberelated.

7 The Combined Effect of Errors

In the previoussectionsve derivedinequalitiesto boundtheerrors
introducednto thesolutionof aglobalilluminationproblem.Using
thesdnequalitiesve cannow boundthedistancebetweertheexact
solutionandthe computedsolution. By the triangleinequalitywe
have

e =Tl <lr =]+ t-t]+]6-T].

which is the numericalanalogueof the chain of approximations
shavnin Figure3. Thetermsontheright correspondo errorsaris-
ing from perturbedoundarydata,discretizationandcomputation;
sections5.1, 6.2, and 6.3 provide boundsfor eachof theseerrors.
We notethatthefirst andthird termscanbe reducedn magnitude
by decreasingrrorsin theemissiorandreflectancéunctionsandin
the computationamethodsfor forming andsolvingthelinearsys-
tem. The seconderm,dueto discretizatiorerrorandaddressedy
equation(42), is moredifficult to compute andis furtherexplored
below.

7.1 A Numerical Experiment

Usingasimpleconfigurationwe comparedhediscretizatiorerrors
incurredby two projectionmethods:collocationandGalerkin. The
geometryconsistedf a squaradiffuselight sourcewith unit side,
above and parallelto a rectanguladiffuse recever 10 unitson a
side. The recevver wasdiscretizedusing piecavise-constanbasis
functionsover uniform quadrilateraklements. The reflectvity of
thelight sourcewassetto zero,sointerreflectionvasignored. For
this configurationthe projectionsandthe actualsolutioncould be
computedanalyticallyusing closed-formexpressiongor point-to-
areaandarea-to-areform factors[16].

Figure 4 shows various errors with respectto three different
normsasthenumberof meshelementdncreasesThebottomcurve
in eachplot is the distancebetweerthe closestapproximatiorand
the analyticsolution;by equation(42) this is alower boundonthe
the discretizationerror of ary projectionmethod. For eachmesh
element,the closestapproximationfollows from the median,the
mean,andthe extremaof the analyticsolutionfor the LY L2, and
L°°-norms,respectiely. Also shavn in the plotsarethe distances
from the analytic solutionto the approximationgroducedby the
two projections.

Becausehe constantsn anddp in equation(42) arerelatedto
reflectivity, which did not enterinto this computationthe theoret-
ical upperboundon discretizationerror is the lower boundtimes
1+ P||. Thetop curwe in eachplot is twice the lower bound,
whichis thesmallesupperboundattainableby the presentinalysis
since|| P|| > 1 for ary projection. With one exception,the top
curve sufficesasan upperboundfor the discretizatiorerror (The
singleexceptionresultsfrom a collocationprojectionwith a norm
significantlygreaterthanl.)

Thediscretizatiorerroris oneof themoredifficult errorsto quan-
tify. Notethatthediscretizatiorerrorsof thetwo projectionsshovn
in Figure4 generallyfall betweerthe upperandlower curves,and
approachhelowerboundasthe meshrefinements increasedThe
two projectionmethodsarevery close,andthe Galerkinprojection
exactly achieresthelower boundin the L?-norm.
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Figure4: Discretizationerrorsin threedifferent normsfor collocationand Galerkin appliedto a simpleconfiguration (a) L-norm, (b) L?-norm, and (c)

L -norm. Thelower curvein eachplot is thedistanceto the optimalapproximation,andthe uppercurveis twice this distance.

8 Conclusions and Future Work

We have introduceda new operatorequationdescribingdirectra-
diative transferamongopaquesurfaces. The new formulationis
appropriatdor globalillumination,andhasseveraladvantagesver
therenderingequation.First, it is closerto theunderlyingphysical
principles,beingbasedn standardadiometricconcepts.Second,
it is well-suitedto the erroranalysispresentedh this paper

We have identifiedthreesourcesf errorin globalillumination
algorithms:inaccuracie#n theinputdata,discretizationandcom-
putationalerrors. Input errorsresultfrom noisein measurement
or simulation,or from simplifications. Discretizationerrorsresult
from restrictingthe spaceof possibleapproximationandfrom the
methodof selectinghe approximation.Computationaérrorsform
a large classthatincludesimpreciseform factorsandvisibility, as
well aserrorsintroducedby block matrix approximationgnditer-
ative matrix methods.To produceareliablesolution,eachof these
source®f errormustbeaccountedor. Usingstandardnethodsof
analysis,we have derived worst-caséoundsfor eachcateyory of
errorbasedgrimarily onquantitiessuchasthemaximumdirectional
reflectiity of ary surfacein theervironment.

Thereremainsmuch work to do. Betterwaysof characteriz-
ing ervironmentsareneededo obtainmorerealisticerror bounds;
constantssuchas maximumreflectvity are muchtoo coarse. A
deficieny of the functionnormsemployedhereis thatthey do not
adequatelyhandlethe wave optics effect of speculamreflectionat
grazingangles. Othernormsshouldbe explored, including those
that arein somesenseperceptually-basedAlso, reliable bounds
are neededor a wide assortmenbf standardcomputationssuch
asform factorsbetweerpartially occludedsurfacesandinnerprod-
uctsinvolving higherorderelementsFinally, we needto relatethe
normsusedhereandthe typesof toleranceghatcanreasonablype
obtainedhroughmeasuremerandsimulation.
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Appendix A: Operator-Norm Inequalities

In additionto the propertiescommonto all norms,operatomorms
alsosatisfy

[ABI <A IBI, (53)

which makesthemcompatiblewith the multiplicative structureof
operatord19]. Additional boundssuchasthosepertainingto in-
verseoperators¢canbededu@dfromthebasicpropertiesof operator
norms. For instancegiven a boundedperatorA with aninverse,
ary operatomB sufficiently closeto A is alsoinvertible,with

ATty
[A=B]TA ]

B~ < 54
181 < = (54)

Thisinequality known asBanachslemma[28, p. 32], holdswhen-
ever||A — B || < 1/|| A~t||. A usefulcorollaryof Banachslemma

is theinequality

|A-BJIIAT"]
—[IA=BJ[[|AY]|
which holdsunderthe sameconditions[20, p. 31].

A=t =B~ < ¢ (59)

Appendix B: Error Bounds for Perturbed Re-
flectance and Emission Functions

To boundtheerror || f* — f || dueto perturbationsn thereflection
andemissionfunctionsaccordingto the inequalities(35) and(36)
we write

I = £

Rt]
[ Vil (TR (N Ul E-R TR

IA

Frominequalitiesnequality(55), (33) and(35), we have

ju=-i | < (n=s) (5)- e

Combiningthe above andnotingthat|| g|| < || g|| + dg by inequal-
ity (36),we arrive atthebound

x Ok gl +dg dg
It _fHS(l—m—ék)( I-m ) I-m ®7)

Appendix C: Bounding Discretization Error

Adding(l —Py)(f —f,) to bothsidesof equation(41)andsimplifying,
usingthefactthat(l — Pn)f, = 0, we have

[l — PaKG] (f —fn) = (I — Po)f. (58)

When the operatoron the left of equation(58) is invertible, we
obtainthe bound

[f—fall < || (0 = PKG)™H|| || f —Puf || (59)

A moremeaningfulboundis obtainedby simplifying both factors
ontherighthandside[29]. Sincel — P,KG is anapproximatiorof
theoperatoM, let§p be suchthat

[M = (I = PiKG) || < dp, (60)
which simplifiesto
|| K = PuK || < dp. (61)

BecauseM is invertible, sois | — P,KG whenép is sufficiently
small. Banachslemmafrom AppendixA thenprovidesthebound
« 1
—1—m-— 5p ’

The secondnormon theright of inequality (59) canbe simplified
asfollows. Leth € X,. ThenP,h =h, so

I =Pl = I —W+(-Ph]
I = hll | Pot = )]
@+ Pal)If =l

Sinceh € X, waschosenarbitrarily, the inequality holds for the
leastupperboundover X, giving

[ f — Paf || < (1 +] Pnl])dist(f, Xn).

Fromtheabove inequalitiesve obtaintheupperbound
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) 1+ Pu) distf, x).  (62)



