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Abstract

Wedescribea new approachfor creating concise high-level gener-
ative models from rangeimagesor other approximate representa-
tions of real objects. Using data from avariety of acquisition tech-
niquesand a user-de� nedclassof models, our methodproducesa
compactobjectrepresentation thatis intuitiveandeasyto edit. The
algorithm has two inter-related phases: recognition, whichchooses
anappropriatemodelwithin auser-speci� ed hierarchy, andparam-
eter estimation, which adjusts themodelto best� t thedata. Since
theapproach is model-based, it is relatively insensitiveto noiseand
missing data. We describe practical heuristics for automatically
making tradeoffsbetweensimplicity andaccuracy to selectthebest
modelin agiven hierarchy. Wealso describeageneralandef� cient
technique for optimizing amodel by re� ning its constituent curves.
We demonstrate our approachfor model recovery using both real
andsynthetic data andseveral generative modelhierarchies.

CR Categor ies: I.3.5 [Computer Graphics]: Ob-
ject Modeling—Curve, surface,solid, and object representations,
Objecthierarchies,Splines;I.4.8 [ImageProcessingandComputer
Vision]: SceneAnalysis—Object Recognition, Surface Fitting

Keywords: GenerativeModels, RangeImages,CurvesandSur-
faces,ProceduralModeling

1 Introduction

It has recently becomefeasible to acquire reasonably accurate
point-cloudsor range data from 3D objects [5, 26]. For graph-
ics applications, thesepoint-clouds are usually transformed into
polygonalmeshes[5, 12], or spline patches[14]. However, these
approachesoften provideanunintuitive representation thatis dif� -
cult to manipulate oncegenerated. In addition, a largeamountof
data is required since the meshesusually contain thousandsof tri-
angles. For modeling many man-madeobjects, generative models
proposedby Snyder [21, 22] provide an attractive alternative. A
generative model is a generalization of a sweptsurfacein which
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Figure 1: Generative modelsrecovered fromactual range data. Objects
werescannedindividually, modeledusingour algorithm, thencomposedin
this scenewith arti�cial color and shading. A smooth compactrepresen-
tation wasgenerated for each objectfroma few simplemodelhierarchies,
despite noisy andincompletedata. See�gur e 7 for a comparison of range
dataandrecoveredmodels.

the generating curve can be continuously transformed by one or
morearbitrary curves. For instance,a banana-like shapeis speci-
� ed parametrically by translating across-section whilescaling and
rotating it. The cross-section, scaling function, and rotation are
all described by curves. Themodeled object is analytically repre-
sentedby a tree of operators that providesa logical description of
its structure. Designerscaneasily construct, examine, andmodify
suchamodel.

Wedescribeamethodfor inverting thisprocessto recover gen-
erative models from rangedata or other approximate representa-
tionsof objectgeometry. This methodrequires theuserto specify
auniverseof possibleobjectsby providingahierarchy of shapeop-
erators de� ning a classof generative models. Givena user-de� ned
hierarchy, suchas the onesshown at the bottom of � gure 2 and
in �g ure 8, the system automatically selects a parametric model
within this hierarchy, and adjusts its parameters to best match data
acquired from an actual object. Several models recovered in this
way areshown in � gure1.

Our approachfor modelconstruction hasanumberof bene�ts:

Simplicity : Range data may be obtained by several methods,
including theshadowapproachof Bouguetand Perona[2], that re-
quiresonly a lamp,pencil andcheckerboardapartfrom thecamera.

Robustness: By exploiting redundanciesin the data,accurate
models can often be recovered from incomplete and noisy data.
Ourmodel-basedapproachis thusmuchlesssensitiveto noisethan
meshcreation. Many of our examplesuseonly onenoisy andin-
complete rangeimage,whilecreation of apolygonmeshgenerally
requiresmany accurate andproperly alignedrangeimages.
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Figure2: Overview of generative modelcreation. Thealgorithm takesrangedatain theform of a point-cloudanda generativemodelhierarchy asinput. An
appropriate modelis thenchosen,andparameters areoptimizedto outputanaccurate andconcise generativemodelthat cansubsequentlybeedited.

Compactness: Generative models provide a concise represen-
tation;weneedonly storeanalgebraic modeldescription,andcon-
trol points of the model's parametric curves. This representation
canbeorders of magnitudesmaller thana trianglemesh.

Int uit iveness: Since the model is expressedin terms of para-
metric curvescorresponding to logical featuresof the object, it is
easyto understand,manipulate,andedit.

Related Work

Many methodshave beenexplored,especially in computer vision,
for recovering object shapefor speci� c primitives such as gener-
alized cylinders [1, 15], superquadrics [16, 23] and blendedde-
formablemodels [7]. TerzopoulosandMetaxas[24] haveproposed
a computational physics framework for shaperecovery in which
globally deformedsuperquadrics modelcoarse shapeandlocalde-
formationsadd� nedetail. Superquadrics have also beenusedfor
model-based segmentation [9, 11], and for recognition of “geons”
using relationshipsbetweensuperquadric parameters [19, 27]. De-
Carlo andMetaxas[8] introducedshapeevolution with blending to
recover and combine superquadrics and supertoroids into auni� ed
model. Debevec et a. [6] consideredarchitecturalscenesanddevel-
opedasystemfor recoveringpolyhedral models from photographs.

Ourapproachissomewhatmoregeneral thanthesepreviousal-
gorithms in that it is based on a general user-speci�e d generative
hierarchy rather than a particular parametric model. This allows
automatic construction of more complex andvaried shapes,with-
out segmentation, thanis possiblewith current computer visional-
gorithms. Further, many standard primitives usedin computer vi-
sion can be recovered using our method sincegenerative models
are a superset of traditionalshaperepresentationssuchasglobally
deformed superquadrics, straight homogeneousgeneralizedcylin-
ders, and blendeddeformable models, all of which have beenre-
covered using our system. Our method is alsoautomatic, with no
user intervention required. However, model-speci� c algorithms,
especially thosethatallow user-intervention, mayout-perform our
algorithm on the shapes to which they apply by exploiting model-
speci� c information. For instance,by considering only polyhedral
models, andhaving theusermanually specify theedgesof interest,
Debevec et al. [6] are able to work with only photographs,while
we require rangedata.

This paper deals primarily with shapes represented by a sin-
gle generative model. At present, we do not addlocal detail [24],
nor addressautomatic model-basedsegmentation [8, 9, 11] or im-
ageinterpretation [3]. However, our results suggestthat generative
models may be useful for thesetasksin lieu of superquadrics or
generalizedcones.

In contrastto someobjectrecognitionmethods[19, 27],which
estimatespeci� c modelparametersto classify anobjectasamem-
ber of some class, our method � rst determines which degreesof
freedomin the model hierarchy are mostsuitable for the acquired
data, and thenre� nestheassociatedparameters.

Recentwork on simplifying polygonal meshessharesone of
our objectives—providing a more compactrepresentation. For ex-
ample, Hoppeet al. describe techniquesto optimize meshes[13],
while Eck and Hoppe[10] andKrishnamurthy andLevoy [14] � t
splinesurfacesto densemeshes.However, mesh-basedmethodsdo
not yield compacthigh-level models.

The restof this paperis organizedasfollows: Section 2 gives
anoverview of our algorithm and describesour framework for re-
covering the appropriate model within a user-speci�e d hierarchy.
In section 3, we discussour methodsfor optimization. Section 4
brie�y outlines the various models used in our tests. In section 5,
we discussour results andsection 6 presents our conclusionsand
directionsfor futurework.

2 Algorithm Framework

In this section, we give a high-level overview of the entire algo-
rithm, pictured in � gure 2, and describe our method for automati-
cally choosing theappropriategenerativemodelfrom withinauser-
de�n ed class. This is essentially a recognition task as it requires
themeasureddata to beclassi� ed as oneof the models in the user-
speci�e d hierarchy. The recognition process is based on a simple
tradeoff betweenaccuracy andsimplicity. For ef� ciency, a greedy
algorithm is employed that starts with the simplest model in the
input hierarchy, and then considers more complex models at the
next level in the hierarchy. The system selects the modelprovid-
ing thegreatestbene�t, andrepeats theprocessin agreedyfashion,
moving throughthe hierarchy from simple to more complex mod-
els. The processstops when noneof the more complex models
signi� cantly improves theaccuracy, or themostcomplex model is
reached.Althoughthe � rstmodelthatis � t to thedata is trivial, the
algorithm thenbootstraps itself by using information obtained in



�ttin g previous models, improving at eachstage until an accurate
and suitably complex model is recovered. For illustrativepurposes,
wewill often referto thespeci� c hierarchyshown at thebottom of
� gure 2 andon the left of � gure 8, which is inspiredby the spoon
modelcreatedby Snyder[21,p. 83].

The model hierarchy hasseveral levels. For our classof mod-
els, the root nodeof the hierarchy is level zero, which consists of
a “half-cylinder” with two global parameters controlling width and
depth. This object essentially de� nesa bounding volume for the
data. Deeper levels consist of re�ni ng oneor more of the param-
eters by representing themas curves insteadof global values. In
general, onecurve is addedat eachlevel so thenumberof curves
correspondsto thelevel. For example, theedgeto the“depth” node
in � gures2 and 8 correspondsto re�ni ng the depth parameter by
representing it as a curve. The hierarchy canalsobethoughtof as
a tree; going from parent to child correspondsto adding a single
curve. For instance, the root is the parent, while the model with
re� neddepth is thechild. The tree representation implies an order
in which curves are added. The curve providing the mostbene�t
is added� rst, anda child nodeinheritsinitial parameterestimates
from optimizedresults for theparent node.

Input to theSystem: Part of specifying themodelhierarchy is
to supply functionsthat perform the following tasks.

� Initia l Guessfor Root Model: Starting valuesmustbesup-
plied for the parameters of the root model, which typically
consists of a simple primitive object. The initial values for
both the intrinsic parameters and the extrinsic parameters
(translation, rotation, and scale) of the root model may be
very crude,sincethey merely provideastartingpoint for sub-
sequentre� nementand optimization. Parameter estimates
for more complex models are obtained automatically from
thoseof theparent modelin thetree.

� Model Evaluation: A function must be supplied to evalu-
ateany modelin theinputhierarchyat givenuv-parameters.
Ef�c ient routinescan beautomatically generated from an al-
gebraic modeldescription.

� Curve Constraints: The model hierarchy may optionally
contain additional constraints on the curves in the � nal
model, such as � xing their values at speci� c points, or
penalty terms to ensure, for instance,that a particular curve
remainspositive everywhere.

This information is encapsulated as user-supplied functions along
with thecodethatde� nesthemodelhierarchy. Thus,thealgorithm
mayproceedwithoutany manualuserintervention.

A summary of our algorithm is shown in � gure 3. Below, we
discusseachstep in detail. The readermay wish to refer to the
results in � gure 8 andtheleft of � gure 9 for examples of applying
thealgorithm.

Step1. Acquir eRangeData: Wehaveusedanumberof dif-
ferent methodsto acquirerangedatafor ourexperiments, including
two structured light techniques—a methodwhich usesa sequence
of alternating dark and lightpatternsprojectedonto theobject[25],
andthehighly portable methoddescribedby Bouguetand Perona,
in which shapeis inferred from theshadow of arod sweptover the
object[2]. Wehavealsousedamechanical probeanda laserrange
scanner. Thisvariety of sourcesdemonstratesthat our algorithm is
amenableto awideassortmentof dataacquisitionmethods.

Overview of theAlgorithm

Set current model
to child with minimal
total cost.

Acquire range data and
supply a model hierarchy.

1. 

Set current model to root node
of hierarchy, optimize parameters,
and calculate error.

2. 

For each child of current model,
optimize parameters, calculate
error, and compute total cost
accounting for model complexity.

3. 

Is the total cost of any
child less than that of
the current model?

4. 

Further refine the curves and
impose all curve constraints.

5. 

Add smoothness constraints
and optimize.

6. 

Yes

No

Figure 3: Overview of the algorithm with the greedyalgorithm used for
recognition highlighted.

Step2. Fit to root model:

� Initia lize: Let � denoteour current model—initially theroot
nodeof thehierarchy. Theroot node's intrinsic andextrinsic
parameters are initialized using auser-speci�e d function.

� Optimize: An error-of-�t function � is computed basedon
the spatial deviation between the data and the model as de-
� ned in equation 4. Optimization is usedto adjust the root
nodeto minimize the error-of-� t. Details are given in the
next section.

� Cost: After minimization, � isusedto computethedeviation
D which represents the RMS distance betweenmodel and
data as de�n ed in equation 5. The total cost C is initialized
to this deviation.

Step 3. Fit children to Data: For eachchild of the current
model� , denotedby 
 i (� ), we calculate the deviation D (
 i ) after
optimization. For instance, if � = r oot, the children are 
 1 =
shape;
 2 = depth; 
 3 = bend. We thencalculate acost function
for eachchild:

C(
 i ) = D (
 i ) + 4 (
 i ); (1)

where4 is a penalty for model complexity. We usea very sim-
ple but effective heuristic to assessthe complexity of a model:
4 (N ) = NQ whereN is the level in the hierarchy of a speci�c
modeland Q is aconstant that allows theuser to control the trade-
off betweensimplicity andaccuracy.

In progressing from thecurrent model� to a child 
 , we add a
single curve. Theentire processis explainedin detail with results
in subsection 3.3 on curve re� nement. Thestepsare:



� Initia lize: Initial parameter estimates for 
 areset to param-
eter values of its parent� . The new curve to be addedis
initialized to a constant inherited from � , and control points
areaddedat theends.

� Optimize: A � rst optimization step yields a coarse curve
estimate. In all optimization steps,all modelparametersare
simultaneously varied to minimize the objective function in
equation 4.

� Re�ne : A few interiorcontrol pointsareautomatically added
basedon theheuristic de� nedin equation 16.

� Optimize: Optimization is repeated with theadditional con-
trol points added, which improves the quality of the new
model.

� Cost: We compute the deviation D using equation 5 as in
step2, anduseequation 1 to compute thetotal costof 
 .

Step4. Reset� : Thepreviousstagecalculated thecostfunction
for all the children of � . If thechild with lowest cost C(
 i (� )) has
a lower costthan � , we make it the new best � t (� = 
 i ) and go
backto step3. Otherwise,exit to step5.

For ef� ciency, we usea greedy algorithm to choosethe best
model. Weconsider only thedescendants of thecurrent model� to
choosethenext model. Conversely, a nodeis consideredonly if it
is linked to thebestguess� at somepoint. Thus,curves are added
in orderof importance,with theonereducing theobjectivefunction
the most added� rst. This approachworks bestwhena particular
curve isclearly more important thanotherchoices,or whencurves
may be re� ned in any orderwith similar results. In caseswhere
two curves producesimilar results early on, but onebranchlater
proves to be clearly superior, a more exhaustive search algorithm
with backtracking would achieve better results.

Steps 2-4 constitute the Recognition Phase of the algorithm
wherean appropriatemodelischosenby identifyingapath through
the model hierarchy asshown in � gure 8. The goal is to quickly
choosetheappropriatemodelin thehierarchyi.e: to identify which
curvesanddeformationsare required to model thedata. Sincethis
processmerely choosesasuitablemodel, it isappropriate to repre-
sentthecurves at a coarselevel of detail. However, sincewe wish
to eventually recover an accurate � nal model, we furtherre� nethe
“recognized” model � in thenext step.

Step5. Re�ne curvesfurt her and add curveconstraints:

� Re�ne : Usingtheheuristic in equation 16,control pointsare
automatically addedwhere necessary. More control points
are addedthan in the re�ne phaseof step 3 above, as this
allows the curve to be represented at a �n er resolution; the
numberof control points usedis givenby equation 19.

� Curve Constraints: We thenadduser-speci� ed constraints
to thecurvessuchas� xingthevaluesat theend-points. Typ-
ically, theseconstraints improve the visual accuracy of the
�n al model, but have little impact on theoverall shape.

� Optimize: Optimization isused to get a re� ned model.

Step 6. Smoothness: Finally, we add a term given by equa-
tion 21 to theobjective function,which enforcessmoothnessof the
curves, and repeat the optimization process. This reduces kinks in
themodelthatresultfrom over-� tting noisyinput data.

3 Optimization

In this section, we describe our optimization techniques for �ttin g
amodelto measureddata. First, wede� neanobjective function to
assessthe deviation betweendata andmodel, anddescribe a pro-
cedure for ef� ciently computing thegradient of this function. We
thendescribemethodsfor re� ning local featuresof themodel.

3.1 Err or of Fit

To de� neapracticalmeasureof � t betweenamodeland thecorre-
sponding data, we begin with the notion of suchameasure for two
arbitrarysurfaces.For any point x 2 R3 andsubsetS � R3, let

� (x ; S) = inf
y 2 S

jj x � y jj ; (2)

wherejj � j j is the Euclidean2-norm, which is thedistancefrom x
to the surface S. If S1 andS2 aretwo integrable surfacesin R3,
wede� neasymmetric measure of closenessby

� (S1; S2) =

Z

S2

� 2(x ; S1) dx +

Z

S1

� 2(x ; S2) dx ; (3)

which is zero if and only if S1 = S2 . This function imposesan
equalpenalty for either surfacedeviating from theother, or for ei-
ther surfacecovering too little of theother. If S0

1 andS0
2 arediscrete

point sets with unit weight, this becomes

� (S0
1; S0

2) =
X

x 2 S 0
2

� 2(x ; S0
1) +

X

x 2 S 0
1

� 2(x ; S0
2): (4)

Moreover, if S0
1 � S1 andS0

2 � S2 aresets of discrete samples
from the respective surfaces,then � (S0

1; S0
2) can be usedto ap-

proximate � (S1; S2). To determine how well a generative model
matches an actual object, we employ two point sets in exactly this
manner, asequation 3 is typically impossible to evaluate exactly 1 .
Onepoint setisobtainedfrom directmeasurement, suchasarange
image,andtheotherby sampling theparameter spaceof a model.
By optimizing with respect to this objective function, we in effect
minimizetheRMS deviation of thetwo surfaces:

D (S0
1 ; S0

2) =

r
� (S0

1; S0
2)

jS0
1 j + jS0

2 j
; (5)

wherejSj denotesthenumberof elements in thesetS.

3.2 Computing theGradient

Since a generative model is typically a nonlinear function of its
constituent curves,weuseageneral optimization technique to esti-
mate themodel' s shape parameters. For simplicity and ease of im-
plementation,weuseaconjugategradient method[18] tominimize
thefunctional� (S0

d ; S0
m ) with respectto themodelparameters.Let

S0
d denote the� xeddata, andS0

m themodelsamples,whichdepend
on intrinsic shape parameters as well as extrinsic parameters con-
trolling translation, scale, and pose. Speci�c ally,

S0
m = S0

m (c0 ; c1 ; : : : ; ck ; t ; q);

wherec0 ; c1 ; : : : ck aremodelparameters,suchasglobaldeforma-
tionsandthey-components of curve control points, t 2 R3 is the

1 Simple analytic formulae for � are seldom known, and numericalevaluation,
thoughprecise, is typically too slow for theinnerloopof anoptimizationalgorithm.



global translation,andq is a quaternion encoding globalscale and
rotation. Thus,optimization isguidedby gradients of the form

r � =

�
@�
@c0

;
@�
@c1

; : : : ;
@�
@ck

;
@�
@t

;
@�
@q

�
: (6)

To compute this gradient, � rstobserve that

@�
@cj

(S0
d ; S0

m ) =

jS 0
m jX

i =1

@�
@x i

@x i

@cj
; (7)

where x 1 ; x 2; : : : are elements of S0
m . Because@�=@x i and

@x i =@cj arerow andcolumn vectors of dimension three,respec-
tively, thesummation is over innerproducts. We next expressthe
partial derivativesof � in equation 7 in terms of the nearestneigh-
bor function � d : S0

m ! S0
d , where � d (x ) is the element of S0

d
nearestto x 2 S0

m . Thefunction � m : S0
d ! S0

m is de� nedanalo-
gously. Then,equation 4 becomes

� (S0
d ; S0

m ) =
X

x 2 S 0
m

jj x � � d (x ) jj 2 +
X

y 2 S 0
d

jj y � � m (y ) jj 2 : (8)

Sincethe nearestneighbor functionsare piecewiseconstant, their
derivatives arezeroalmosteverywhere.Hence

1
2

@�
@x

= [ x � � d (x )]T +
X

y 2 � � 1
m ( x )

[x � y ]T ; (9)

for all x 2 S0
m , where the inverserelation � � 1

m (x ) denotesthe set
of points in S0

d whosenearestneighbor in S0
m is x . The nearest-

neighborcorrespondencesareef� ciently computedusing akd-tree
updated at eachmajor iteration of theconjugate-gradientsolver.

Supposenow that c is a control point of a curve � . Then, to
compute@x=@c, wemustaccountfor thecompositionof nonlinear
transformationsthat maybeapplied to thecurveas part of thecur-
rent model. For example, supposethat thepoint x is obtainedby
evaluating themodelat theparameter valuesu andv. Then

x(u; v) = F (u; v; �( u; c1 ; : : : ; cq)) ; (10)

where,F (u; v; �) : R ! R3 is the parametric mapping de� nedby
previous levels in the model hierarchy and applied to curve � ; we
assume� to bea function of theparameter u aswell asthecontrol
points c1 ; : : : ; cq . It follows that

@x(u; v)
@c

=
@x(u; v)
@�( u)

@�( u)
@c

; (11)

where@x=@�( u) is the3� 1 Jacobianmatrix of F at theparameter
values u andv. Thepartial derivative on the right of equation 11
is easily evaluated, given that � is simply a spline curve. The par-
tial @x=@�( u) canbeevaluated symbolically by differentiating the
current model. We have foundthat numerical approximation by a
� nite differenceis equally effective, andmay be simpler to com-
pute. Thus,wecanalsouse

@x(u; v)
@�( u)

�
F (u; v; �( u) + h) � F (u; v; �( u) � h)

2h
; (12)

whereh is a suitably small step. When c is a global parameter,
controlling a bending deformation for example, @x=@c is obtained
directly from the algebraic model speci� cation using either sym-
bolic or numeric differentiation, andthesecondfactor on the right
of equation 11 isno longernecessary.

The extrinsic parameters t andq mapcanonical modelcoordi-
nates, in which the computations are initially performed, into the
world-spacecoordinates of themeasureddata, in which the gradi-
entr � is computed. Moreprecisely,

x = t + M (q)x 0; (13)

where the point x 0 is in canonical coordinates, andM is a scale
androtation matrix parametrizedby q. All partials of x arealso
transformed by

@x
@�( u)

= M (q)
@x 0

@�( u)
: (14)

Finally, to compute@�=@t and@�=@q in equation 6, wesubstitute
partialsof x with respect to t andq inplaceof @x=@c in equation 7,
where

@x
@t

= I and
@x
@q

=
dM
dq

x 0: (15)

HereI is the 3 � 3 identity matrix, and the derivative of eachele-
ment in thematrix M with respect to q is itself aquaternion. Equa-
tion 7 becomes a summation over row vectors or quaternions after
the respective substitutions.

procedureComputeGradient
Usenew point correspondences.

1 P  ;
2 for all x 2 S0

m andy 2 S0
d do

3 add (x ; � d (x )) to P
4 add (� m (y ); y ) to P
5 endfor

Compute E , extrinsic & global partials.
6 g  0; E  0
7 for all (x ; y ) 2 P do
8 (u; v)  parametersof x
9 w  2(x � y )T Eq. 9
10 p  w [@x=@c0 ] Eq. 7
11 g  g + [ p 0 w w _Mx 0 ] Eq. 7, 15
12 Eu  Eu + w [@x=@�( u)] Eq. 16
13 endfor

Fill in partials wrt control points.
14 for all u samplesdo
15 for eachcj affecting �( u) do
16 gj  gj + Eu [@�( u)=@cj ] Eq. 17
17 endfor
18 endfor
19 return g

Figure 4: Computingthegradientg of theobjectivefunction� . We as-
sumea singlecurve� with control pointsc1 , c2 , . . . ,ck , parametrized with
respectto u. Theparameterc0 is assumedto bea global shapeparameter.
Themodel is sampledat discrete parametervaluesin u andv.

Ef�ciency : From equations6, 7 and 9, it appears that the gra-
dient computation requires O(nk) time per curve, wheren is the
numberof sample points, andk is the numberof shapeparame-
ters controlling a curve. By exploiting sparsity, we can reduce the
time to essentially O(n) sinceeachsample point of the model is
affectedby only asmall numberof shapeparameters. In particular,
whenc1 ; c2 ; : : : arecontrol points, their effects are very localized,
soeach@�( u)=@c in equation 11 isnonzero only for asmall num-
berof shapeparameters c.
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Figure5: Theprocess of curvere�nement.Left: Depthcurveof spoonmodelas control pointsareaddedin recognition phase. Thestraight bluedottedline
is theglobal valueat rootnode, andtheblue dottedcurveis theinitial coarseversion. Thereddashedcurveresults after addingfour control pointsshownby
circles, which greatly improvestheapproximation.For comparison, the�nal curve is shownby a black solid curve. Mi ddle: Further re�nementof thedepth
curve. Constraints force thecurve to be0 at theend-pointsandadditional control pointsincrease theaccuracy of thecurve, but also introduceundesirable
kinks. These are essentially eliminatedin thesmoothedversion shownwith a solid line on theleft. Right: The blue dash-dotcurve indicatestheinitial error
heuristic before anyinterior control pointsareaddedandtheredsolid line indicatestheerror after re�nementandoptimization. Theoptimizedversion hasa
much lower and�atter error according to theheuristic.

Thepseudo-codein � gure4 summarizesthegradientcomputa-
tion. Here, g denotesthe gradient, which is a row vector, w is a
contribution to therow vector @�=@x, asde� nedin equation 9, and

Eu =
@�

@�( u)
=

X

v

@�
@x(u; v)

@x(u; v)
@�( u)

(16)

is a scalar associated with the parameter value u. Thesummation
in equation 16 isover thediscretesamples of v. Finally, wehave

@�
@cj

=
X

u

Eu
@�( u)

@cj
; (17)

wherethe summation is over discrete samples of the u parame-
ter. The computation is broken down in this way for ef� ciency.
Note that the � rst element of the gradient vector g is apartial with
respectto global parameter c0, while the next k elements of the
gradient are partials with respectto curve control points. The con-
struct[p 0 w w _Mx 0] in line 11 of thepseudocodedenotesthe
concatenation of the elements into a single row vector, wherethe
zerovector 0 hask entries,and _M isthederivativeof thescaleand
rotation matrix with respect to thequaternion q.

In this algorithm, we recompute thepoint correspondencesus-
ing akd-tree2 . We thenloopthroughall thepoint pairs computing
the contributionsto Eu , the partial with respect to the global pa-
rameterc0, and thepartials with respect to theextrinsic parameters
t andq. Rather than explicitly computing theset � � 1

m (x ), asshown
in equation 9, we simply accumulate the contribution of eachdata
point in asinglepassthroughthepoint set.

Discussion: The objective function � described above is fairly
crude as it dependson the distribution of sample points, and the
nearest neighbor function may fail to make the most meaningful
correspondences.Further, we do not interpolate betweensample
points for greateraccuracy, nordoweuseconnectivity information
available in themodel. While physically-basedheuristics such as
momentum and inertia can improve the situation somewhat [24],
our simple objective function suf� cesto guide the traversal of the
modelhierarchy for theexamplesdescribedin thispaper.

2 Actually, this isdoneearlierasa result of evaluatingtheobjective function.

3.3 CurveRe�nement

Eachcurve is adaptively re� nedduring optimization. Re� nement
in thiscontext differsfrom previouscurve-�ttin gapproaches in sev-
eralways. First, generative models arecomposedof spline curves
with local control, whereas optimization techniques typically used
in computer vision entail global shapeparameters. Secondly, the
curvesof a generative modeldescribe characteristics of a 3-D sur-
facerather than approximating sets of 2-D points [17]. Our ap-
proachto curve re� nementmostclosely resemblesthe techniques
for optimizing trajectories used in animation [4, 20].

When acurve is added during therecognition phasein step 3 of
�g ure3, it is initialized to aconstant with aglobal parameter inher-
ited from theparentnodein themodelhierarchy. Multiple control
points areaddedat theendsto construct avalid splinecurve. After
the � rst optimization pass,four or � ve additional interior control
pointsareaddedandoptimization isrepeated.See� gure5. During
recognition, a coarse approximation of the curve suf� ces,as it is
usedonly to chooseasuitablemodel in thehierarchy.

Ourapproachtocurvere� nementistoaddcontrol pointsgradu-
ally, andonly whereneeded.WeuseEu , asde� nedin equation 16,
asan error term for a curve � , and insert new control-points that
equidistribute the error; that is, we select the points so segments
betweenthemhaveequalnet error.

Sincer � = 0 at aminimum, @�=@c = 0 for all c. Asthenum-
ber of control-points increases,Eu approaches@�=@c for some
control point c, and is therefore 0 whenthe curves are represented
exactly. A large jEu j indicatesthat the approximating curve needs
re� nement. We can also usea variational argument. Since � at
a minimum should be 0 to � rst order for variations in the curve
� , jEu j is equivalent to the Euler-Lagrange[20, 28] error, which
should be 0 whenthe curve is represented precisely. The error �
by itself doesnot necessarily indicate where curvesneedre� ning,
asthe model may be fundamentally incapable of representing the
data; this isespecially sofor simpler models in thehierarchy.

Producing the Final Curves: In step 5 of the algorithm
shown in � gure3, we re� nethecurves further andadd constraints.
First, wecompute thetotal error normalizedby thesizeof thedata
setseparately for eachcurve:

E =

P
u jEu j

jS0
d [ S0

m j
(18)



Basedon this total error, wecalculate thenumberof control-points
wewishto addto eachcurveusing theheuristic

Nc =
E
�

; (19)

which addsonecontrol point for each� of error. We have found
that avalueof � = 1 0� 3 is suitable for objects of unit dimensions.
Thecontrol pointsareagain addedtoequidistributetheerror. Then,
user-speci� ed constraints such as curve endconditionsare added.
Refer to themiddleof � gure5 for an example. Theobjective func-
tion isminimizedagain to yield ahigh-accuracy solution satisfying
theconstraints.

In the � nal stage,step 6 in � gure 3, weensure thatnoisein the
data doesnot leadto extraneouskinksin the model. We do this by
introducing apenalty basedon theintegratedcurvature � given by

� =

Z

u

j� (u)j du; (20)

where� (u) is thecurvatureof � at theparameter value u. Weesti-
mate� using numericalquadratureandapproximate thederivatives
of � with respectto thecurvecontrol pointsusing� nitedifferences.
These values are summed over all curves in the model. The objec-
tive function is then augmented with an extra term

�̂ = � + a� ; (21)

wherea is a positive weight chosenso that the smoothnessterm
andtheoriginal objective function are of approximately the same
magnitude.Thus,

a = K
� 0

� 0
; (22)

wherethesubscript 0 denotesthevalueafter step 5 in thealgorithm
framework, but before optimizing with respect to the augmented
objective function. Here, K is a constant that controls the relative
importanceof thetwo terms,which was � xed at 10 in our tests.

4 ModelHierar chiesUsed

This section brie� y reviews the model hierarchies used in our ex-
periments. Thehierarchy for thespoonispatternedafter themodel
given by Snyder[21,p. 83]. Thegenerative modeling equation is

spoon (u; v) =

2

4
sx (v)

ar cx (sy (v); dy (v); u)

by (v) + ar cy (sy (v); dy (v); u)

3

5 ;

wheres is the width or shape curve, d is the depth curve, andb
is the bend, parametrized sosx = dx = bx . ar c(a; b;u) de� nes
a parametric arc passing through(� a; 0), (0; b), and (a; 0) in the
xy -pane.Theaboveequation isobtainedat thedeepestlevel of the
hierarchy, regardlessof the path, sinceall the operators commute.
In the root model, s andd areglobal parametersand b is 0. As
morecomplex models arereached,theseconstants are replacedby
curves.Curves areconstrainedfor this modelso thats andd are0
at theend-points,wheres isalsoperpendicular to thex-axis;since
themodel issymmetric aboutthe x-axis, this last constraint avoids
introducing akink. To complete therepresentation,wealsorequire
a thickness.Sincethe thicknessis typically small and dif� cult to
discern from rangedata, we usea constant value derived from the
projection of theacquired data in theyz-plane.

For a ladle-like shape,thearcsare translated by thebendonly
after � rst rotating themaboutthey-axisby an angleequalto thatof
the bendcurve from thehorizontal. This forcesthe arcs to remain
perpendicular to thebendcurve. A shapesuitable for acup handle
isobtainedby making thecircularcross-section ar c rectangular. 3

We also useda rotating generalized cylinder—the “banana”
model de� ned by Snyder [21, p. 69]—to representmany differ-
ent objects. This model rotatesa cross-section while scaling and
translating it, andgeneralizescommonprimitives in computer vi-
sionknown aspro� leproductsor simplehomogeneousgeneralized
cylinders. Theparametric equation is

banana (u; v) = yr ot (R(v))

2

4
S(v) Cx (u)

S(v) Cy (u)

Z(v)

3

5

whereyr ot (� ) is a rotation of � aboutthe y-axis, R is the para-
metric rotation angle, S thescale,andC the2D cross-section. The
root model is a right circular cylinderwith unit radius and no ro-
tation. The curves R, S, and C are addedat more complex levels
in thehierarchy. Thisclassof modelscanalsobeusedto represent
surfacesof revolution,suchasthebowl example that is shown.

As the previous model hierarchy demonstrates, our approach
subsumessomecommonprimitives usedin computer vision such
assimplehomogeneousgeneralizedcylinders. Wehavealso recov-
eredglobally deformedsuperquadrics with our approach.

Figure 6: Fitting of a blendedmodel [7] to syntheticrandomlyperturbed
samplesof a sphere/torus blend with variablecross-section. Thisexample
showshow blendedmodels�t directly into our framework, with the blend
curve beingtreatedlike anyothergenerativecurve. It also showsthat non-
spherical andvariabletopology canbehandled.Themodeleliminatesmost
of thenoise in thedatawithout introducingsigni�cant errors. Theleftmost
image is the initial model, which is simply a sphere. To the right are two
views of theroughinput dataandthesmooth�nal model.

DeCarlo and Metaxas [7] presenta method for using blended
deformablemodels. Modelsof variabletopologycanbecreatedus-
ing their method. Their ideas� t directly into our framework since
theblendcurveis justanothercurve in thegenerativemodel. Since
our objective function doesnot directly consider topology at all,
no effort is neededto incorporate variable topology. We note that
DeCarlo and Metaxas require certain constraints on the blending
function to obtain aconsistent model, which arenaturally incorpo-
rated into thecurveconstraintsphaseof ouralgorithm. Thegeneral
formula for ablendedmodel[7] is

ble nd(u; v) = � (u)b1(u; v) + ( 1 � �( u))b2(u; v);
3 Theactualhandleisnotexactly rectangular, leadingto theoverly squaredresults.

Thedata is also too sparseto reliably estimate thecross-section from scratch.



where� is the blending curve thatcanbetreatedjust asany other
curve in the generative model. Here b1 and b2 are simply con-
stituentsof thegenerativemodel, which can beany shapeat all, in-
cluding asa special case,the superquadrics and supertoroidsused
in [7]. Figure 6 shows an example of recovering blendedmodels
with our approach.

Al thoughthispaperdealsprimarily withshapesthatcanberep-
resented by a single generative model, we have carried out some
experiments on simple articulated objects. The watering-can in
� gure 1 was modeled by � rst manually segmenting it into body,
handleand spout,and then� tting a rotatinggeneralizedcylinder
to eachpart. Minor imperfections areprimarily due to errorsin
segmentation. We may also de� ne a single composite generative
modelby combiningexisting parts, eachcontrolled by separateex-
trinsic and intrinsic parameters. The cup in �g ure 1 is an example.
If theextrinsic transformationsof theindividualpartsareleft free—
andnot constrainedto ensure correct connectivity—the usermay
needto makesomeminoradjustmentsat theendto ensuretheparts
connect properly. While theuser-supplied initial guessfunction can
still be crude, it needs to bemore accuratefor an articulatedobject
sincea data point canotherwise be incorrectly associatedwith the
wrongmodelpart.

5 Results

Parameters: For our tests, the complexity constant Q de� ned
below equation 1 was set to a deviation of :01 after scaling the
models to have a major axis rangefrom � 1 to +1 . Thus,Q cor-
respondsto a percentage error of approximately :5%. The results
demonstrate that the algorithm is not very sensitive to the precise
valueof Q. Wereport thepercentageerror usinga64� 64 tessella-
tion of themodel. For illustrativepurposes only, both range images
andthemodelweremeshedto create the � nal imagesfor display
andcolorsarearti� cial. Snyder[21] describesalternatemethodsto
imagegenerative models withoutmeshcreation, but at thecostof
lossof interactivity.

Data: Therangedatausedin ourexperimentswasobtainedfrom
a variety of sources.Of theobjects in � gure7, thespoonandbowl
data are single rangeimagesobtainedusing structured light [25],
while 6 cylindrical scansare alignedfor the cup data. The ladle
is a single rangeimageobtainedusing the methodof Bouguetand
Perona[2]. Data for the bananaandcandle-holder were obtained
using a mechanical probe,and the watering-candata is a cylindri-
cal scanobtainedfrom a laserrange-scanner. For thedataobtained
from theprobe,connectivity information wasnot available, so the
meshesfor the� gureswere obtainedusing the approachof Hoppe
et al. [12]. Our algorithm operated directly on the rangedata, and
the results demonstrate the bene�t of recovering a model as op-
posedto amesh,especially in casesof noisyandincomplete data.

Recognition Trees: Figure 8 shows recognition trees for two
objects—aspoonacquired usingstructuredlight, andsynthetic data
for a banana-like object. Data on errors are given in � gure 9. The
root models are trivial, and the user-supplied initial guess func-
tions neednot specify accurateinitial estimates;nonethelessthe
algorithm is able to bootstrap itself to producean accurate � nal
model. Paths that are not ultimately selected can sometimes pro-
duce strange and interesting results as a curve is trying to adjust
to match data that it is incapable of matching. This effect will be
especially notedin the treefor thebanana.

Accuracy and Robustness: A visual comparison indicates
that the methodproducesa goodmatch to thedata, even whenthe

data is noisy and/or incomplete. As a con� rmation of theaccuracy
of the method, on the synthetic data of the bananashown in � g-
ure 8, the techniqueproducesresults accurate to within :4%. As
shown in theleft of � gure 10, evenif the inputhierarchy is unable
to adequately representthe object, the algorithm doesthe bestit
can,producing a simple modelthatconveys someof the dominant
aspects of theshapes.

Finally, wedemonstrate therobustnessof the techniqueby run-
ning it onasparsesampling of thespoondata; after removing 90%
of the spoondata, a visually appealing reasonably accurate model
is still obtained as shown in �g ure9.

Compactness: Our models typically hadfewer thana hundred
parameters, primarily curve control points. This is at least two or-
ders of magnitudesmaller thanthecorresponding meshes.

Editing : An exampleof editing a recoveredspoonmodelintoa
ladle-like shapeis shown on the right of � gure 10, demonstrating
how easily new models canbeconstructed by simple and intuitive
curve editing from shapes already recovered.

Computation Time: The entire algorithm took between 20
and 30 minutes on a 150 MHz SGI MIPS R4400, depending on
model complexity and the size of the data set. Each iteration of
the conjugate gradient took 1-2 seconds,with eachoptimization
passtakingabout50iterations.Theprocesswasentirely automatic;
no manualintervention wasrequired. The total numberof points
(rangedataandtessellated model) was typically about15000.

6 Conclusionsand FutureWork

We have presented a new method for creating concise generative
models from incomplete rangedata, given a user-supplied model
hierarchy. Advantagesof ourapproacharesimplicity, robustnessto
noise, and creation of an intuitivecompact model. Weextend tradi-
tionalcomputervisionalgorithmsfor recovery of speci� c shapesin
that curvesof a user-supplied generative model are estimated; the
usercansupply a modelof their choiceandimmediately obtain an
automatic recovery algorithm.

Our work currently hasmany limitations.The� ts obtainedare
not perfect, especially whenthe model inadequately describesthe
real object. Even for the synthetic banana-like data usedin � g-
ure 8, there is someresidualerror. Our methodalsodoesnot pre-
serve local detail, andthere may be artifacts from under- or over-
smoothing, suchasthe squaring nearthe endsof the spoonmodel.
Further, the algorithm requires the userto specify an appropriate
modelhierarchy, and currently doesnot allow different hierarchies
to be combined. If the wrong hierarchy is input, a simple model
that mimics the original to the extent possible will be output as
shown on theleft of � gure 10,but thoseresults maynot always be
useful. Also, while the models shown are complex compared to
single parametric models previously usedin computer vision, they
are still fairly simple for graphics as we do not provide automatic
segmentation for recovery of complex articulatedobjects.

Solving theabove problemsde� nessomeimportant directions
for future work. Improvements could also be madein using more
complex objective functions and minimization algorithms, more
� exible tradeoffs betweenaccuracy and simplicity, and moreex-
haustivenon-greedymethodsfor traversing theinputhierarchy. Fi-
nally, themodelhierarchy usedcould be learnedfrom examples or
createdautomatically from amodeldatabase.

While many challenges remain, we believe that algorithms for
recoveringhigh-level modelsarean important direction of research
for both computer vision andcomputer graphics.



Figure7: Data(above) andmodels(below) for theobjectsin thesceneof � gure1. Themodelsarerobust to noiseandincompletedata,andare asmoothcompactrepresentation.
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