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Abstract
Pencilandpaperareperhapsthemosteffectiveproblem-
solving tools ever invented. Why is this so, and what
doesthis portendfor computer-assistedproblem solv-
ing? In this paperwe investigatewhy the computerhas
not mademoresigni�cant inroadsinto many aspectsof
problemsolving, even in domainsostensiblyconcerned
with purely formal methods.We observe that for many
problem-solvingactivities computersarecurrentlymore
constrainingthanenabling,particularlyduring problem
formulation.We identify someof theobstaclesthatmust
be overcomein making the computera moreattractive
mediumfor problemsolving, and explore someof the
toolsthatwill likely playapartin bringingthisabout.
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1 Intr oduction

The Oxford AmericanDictionary de�nes serendipityas
“the making of pleasantdiscoveriesby accident.” The
historyof scienceis �lled with examplesof serendipitous
discoveries,from the invention of nylon to the discov-
ery of pulsars[23]. As onemedicalresearcherrecently
put it, makingimportantdiscoveriesis morea gameof
poolthanbilliards: “Youscorepointsregardlessof which
pocket the ball goesinto.” He citesthe fact that nearly
everygenelinkedto breastcancerwasdiscoveredby re-
searchersseekingsomethingquiteunrelated[17].

While all discoveries, by their very nature, involve
someelementof surprise,they cannotbe entirely acci-
dental.In fact,thewordserendipity, asoriginally coined
by HoraceWalpole,carriedtheconnotationof fortuitous
accidentcoupledwith thesagacityto recognizeits signif-
icance. Of course,sagacityneedn't be entirely ex post
facto. Serendipitousdiscoveriesoften occur once the
searchhasbeenpainstakinglynarrowedto a few promis-
ing avenues. Indeed,any rationalapproachto problem
solving leavesas little to chanceaspossible,in accord

with thefamousdictumof LouisPasteur:“In the�eld of
observation,chancefavorsonly thepreparedmind.” Dis-
coveriesthatareto somedegreeforeseen,andresultfrom
goal-directedwinnowing of the alternatives, are some-
times referredto as “pseudo-serendipitous”[23]. The
role of chanceis frequentlydownplayedin suchdiscov-
eries, if not entirely discounted. Nevertheless,without
an elementof chance,“discovery” is nothingmorethan
veri�cation; withoutsagacity, it is merehappenstance.

The focusof this paperis the prospectof computer-
assisteddiscovery, which necessarilyentails both ele-
mentsof serendipity: intelligencein searchand recog-
nition, and the possibility of fortuitousaccidents. Our
emphasisshall be on machinesthat assisthumaninves-
tigatorsratherthanthosethat seekdiscoveriesindepen-
dently;although,aswe shallsee,autonomyis a vital at-
tributeof sucha machine.While researchin arti�cial in-
telligencehasdemonstratedthe feasibility of purely au-
tonomousdiscovery by machines[18, 34, 20], the po-
tential for computer-assisteddiscovery appearsto be far
greaterin thenearterm.

In additionto consideringonly this moremodestaim,
we shallfurtherlimit thescopeof thediscussionto a do-
main in which the computerhasalreadyproven to be a
valuableparterin exploration:namely, mathematics.In-
deed,remarkableprogresshasbeenmadein areassuch
ascomputeralgebra[21, 33], mechanicaltheoremprov-
ing [8], andcomputer-aidedconstructionandveri�cation
of proofs[26, 31].

Despitetheir impressive repertoire,existing tools for
computer-aidedmathematicsaresimply not amenableto
thehaphazardprocessby whichhumansmakeserendipi-
tousdiscoveries,nordothey accommodatetheill-de�ned
methodsby which we formulate problems. Unfortu-
nately, the latteroftenrequiresthepreponderanceof the
labor. As BarwiseandEtchemendyput it, “In problem
solving, well begun really is half done” [5]. In the re-
mainderof thepaper, we examinetheseshortcomingsin
greaterdetailandsuggestavenuesby whichthecomputer



maybecomeamoreattractivevehiclefor human-oriented
problemsolving.

2 The Natureof the Challenge

Sincethe 1950's researchershave envisionedthe com-
puterasa meansof solvingall mannerof problemsthat
arebeyond humanabilities. In the early daysof arti�-
cial intelligence,Ashbyconjecturedthatimportantsocio-
economicproblemscouldberesolvedby humanintellect
thatwascomputationallyenhanced[4]. Theideabehind
Ashby's “intelligence ampli�er” was to extend human
problemsolvingin two verygeneralways:

1. Productionof possiblesolutions

2. Selectionof solutionsthatwork

Todaycomputersperformboth functionsin a varietyof
applicationsfrom gameplaying to arti�cial life. How-
ever, nothinglike thegeneral-purposeintelligenceampli-
�er hascometo pass. Thereare two fundamentalrea-
sons: 1) enormousobstaclesarisein problemformula-
tion, which oftenrequiresgreatingenuity, and2) there-
sultingsearchis frequentlyintractable.We �rst examine
problemformulation,which hasimportantimplications
for human-computerinteraction.

A cursorylook at thewaypeoplesolveproblems,even
in the relatively restricteddomainof mathematics,re-
vealsan array of techniquesthat incorporatediagrams,
prose,and symbolswith varying degreesof complete-
nessandcorrectness[5, 25]. As a concreteillustration,
Figure1 shows a typical pagefrom oneof the author's
notebooks.Thepagecontainsfragmentsof mathematics
mingledwith annotationsand sketchesthat explain the
meaningsof symbolsandevokeconnectionswith appro-
priatemathematicalmachinery;in this case,Stokes' the-
orem. Problemsolving often begins by recordingsuch
meanderingsin notebooksor on napkins.Thenatureof
thesescribbleshighlightsthe gulf betweenhumansand
machines,even in the realm of symbolic mathematics.
The contentof Figure1 is the very antithesisof a syn-
tacticallywell-de�ned languagesuitablefor mechanized
processing.

Thevastmajorityof userinterfacestodaycannotinter-
pret diagrammaticinput. Furthermore,malformed,am-
biguous,or contradictoryinformationfrom auseris han-
dled only super�cially. Lacking any notion of tentative
“scratchwork,” the typical interfacerejectsinput that is
notcompleteandcorrectwith respectto thecurrentstate
of theprogram.At best,theuseris promptedto try again.
This is oneof themany waysin which human-computer
interactiondiffersdramaticallyfromhuman-humaninter-
action. Sharedbackgroundknowledge,default assump-
tions,andanability to toleratea certainamountof ambi-

Figure1: Apageofscribbledideasconsistingof sketches,
fragmentsof mathematics,andannotations,fromoneof
theauthor'snumerousdustynotebooks.

guity – in hopesthat it will be recti�ed later– area few
of thefactorsthatmakecommunicationamongpeoplefar
simpler. Moreover, whenconfrontedwith contradictory
information,humansexhibit at leasta limited capacityto
re-examineandrevisepreviousassumptions,andthereby
avoid obviously inconsistentbeliefs.Theseattributesare
not yet exhibited by computersin their interactionwith
humans.Consequently, computer-aideddesigntoolsare
frequentlymoreconstrainingthanenabling,astheuseris
forcedto proceedin a fashionthatsuitsthesystem.

Thereappearto beonly two waysto improvethesitua-
tion: 1) impartgreaterdisciplinein humanproblemsolv-
ing, or 2) imbue machineswith a greatertolerancefor
thehaphazardprocessesby which humanstendto solve
problems.Of these,only the latter strategy offersmuch
hopeof long-termsuccess.While naturehasendowed
uswith remarkableabilitiesto think andto plan,our in-
natereasoningis frequentlyatoddswith soundlogic [13].
While the humanbrain is superblyadaptedfor complex
socialinteractionsandcopingwith ahostileenvironment,
its heuristicsare lesstrustworthy in other contexts. In
particular, wearefarmoreadeptatquickintuitiveassess-
ments,particularly in socialcontexts, thancomplex in-
ferencesin formal logic [6]. Furthermore,myriaduncon-



sciousprocessesgenerateinsightsand shift our aware-
ness,contributing to theapparentrandomnessof human
problemsolving. It is clearlyunrealisticto expectthis to
change.

On theotherhand,thetaskof makingmachinesmore
human-like in their behavior is animmenseundertaking,
asevidencedby thescantprogresstowardthis goaldur-
ing thepastthirty years.Fortunately, a machineneedn't
passtheTuring testin orderto meaningfullysupporthu-
mancreativity. We shall arguethatonestepin the right
direction is to apply non-monotonicreasoningas well
as its counterpart,belief revision [12, 16], to human-
computerinteraction,makingcomputersmoreresilientto
the typesof errorshumansmake. In essence,thedialog
betweenhumanandcomputershouldbe embeddedin a
moreaccommodatinglogic; onein which the beliefsof
bothagentsaretreatedastentative, andthereforesubject
to revision in the light of new information. This allows
for liberaluseof default assumptions,which in turnhelp
to smoothover ambiguitiesthat arise,especiallyduring
problemformulation.

A secondsteptowardmoreeffectivemachine-assisted
problemsolving is to incorporatediagrammaticinterac-
tion [2, 5]. Although mechanicalrecognitionof hand-
drawn �gures is a tremendouslychallengingproblem,
thereare numerousdomainsin which the highly con-
strainedsyntaxof thediagramsvastlysimpli�es thetask
of recognition:examplesincludestatediagramsfor �nite
automataandpictorial representationsof sets.

Onceaproblemis formulated,how canacomputeras-
sistin thediscoveryof asolution?CertainlyAshby'sno-
tion of a machinethat producesplausiblesolutionsand
thenhelpsto sift throughthemis not far from themark.
However, productionof possiblesolutionscannotbedone
blindly, nor can the searchbe exhaustive. While one
couldgeneraterandomstringsof symbolsin searchof a
proofor refutationof someconjecture,suchanapproach
would behighly unlikely to turn up many new discover-
ies. To illustrateseveralplausibletechniques,we outline
ahypotheticalproofscenario.

3 Anatomy of a Proof

We now considera simplemathematicalproblemfrom
linearalgebra,andsuggesthow a computermight assist
in itssolution.Althoughtheproblemiselementary, it will
neverthelessserve to illustrate somebasicpoints. The
problemis asfollows: Givena monicpolynomialof de-
green,

pn (x) = a0 + a1x + � � � + an � 1xn � 1 + xn ; (1)

constructamatrixwhoseeigenvaluesaretherootsof this
polynomial. In otherwords, �nd an n � n matrix M n

whosecharacteristicpolynomialis pn up to a constant
factor:

det (M n � � I ) = k pn (� ); (2)

wherek is anon-zeroconstant.Thatsuchamatrixexists
canbeseenimmediately, sincethediagonalmatrix

2

6
6
6
4

� 1

� 2
...

� n

3

7
7
7
5

(3)

clearly satis�es Equation(2), where� 1; : : : ; � n are the
(possiblycomplex) rootsof pn . However, the morein-
terestingquestionis whethersucha matrix canbe con-
structedwithout �rst �nding therootsof pn . If thiscould
be donedirectly from the coef�cients a0; : : : ; an � 1 us-
ing a �nite numberof arithmeticoperations,it would
demonstratethattheeigenvalueproblemsubsumespoly-
nomial root �nding, andconsequentlycannotbe solved
algebraicallyin general[30].

This problem has a well-known solution, which is
known as the companion matrix of the polynomial
pn [14]. For the purposeof illustration, we shall feign
ignoranceof this resultandsetoff to discover our own
solution,documentingsomeof thewrongturnsandblind
alleys.

Asaroutinestartingpoint,weobservethattheproblem
hasa trivial solutionwhenn = 1. Thematrix [� a0] has
thecharacteristicpolynomial� a0 � � , whichis � 1 times
themonicpolynomialp1(� ) = a0 + � . So far sogood.
Next, wemightconsiderthematrix

�
a b
c d

�
;

with the characteristicpolynomial� 2 � (a + d)� � bc.
We observe that any 2nd-degreemonic polynomialcan
beobtainedwith a judiciouschoiceof a, b, c, andd. The
dif�culty , of course,is that therearemany suchchoices,
andit is notobviouswhichchoice,if any, will generalize
to n > 2. Unfortunately, the problemalreadybegins to
getabit messywith n = 3. Wheredowego from here?

It' s time to try induction. Supposewe canconstruct
thematrixMn from any givenpn ; canwe thenconstruct
Mn +1 from pn +1 ? Thereseemto bemany possibleways
to proceed. Shouldwe representthe (n + 1)'st degree
monicpolynomialas

pn +1 (x) = � pn (x) + xn +1 (4)

for someconstant� , or as

pn +1 (x) = � + x pn (x) (5)



for a differentchoiceof � ? Shouldwe createthe larger
matrix Mn +1 by modifying thematrix M n in someway,
or simplyby padding,

Mn +1 =

2

6
6
6
4

� � � � � �
�
... Mn

�

3

7
7
7
5

; (6)

andif so,how dowe�ll in thenew entries?Here'swhere
wecoulduseabit of luck. If wewereto guessthecorrect
structure,it would likely be a straightforward matterto
proveit by induction(andtherebycoverour tracks).

For the sake of brevity, let us supposethat we have
(correctly)chosento pursueequations(5) and(6). In re-
ality, of course,severalunsuccessfulattemptsmighthave
beenmadebeforediscoveringthiscombination.Express-
ing M n +1 as

Mn +1 =
�

� n uT
n

vn Mn

�
; (7)

where� n 2 IR andu; v 2 IRn , weareleft with thetaskof
determininghow � n , un , andvn shouldbe constructed.
Clearly, theremustbesomeconnectionto eachnew co-
ef�cient addedto thepolynomial,sowe try

� n = � n (� );

un = un (� );

vn = vn (� );

where� is theconstantappearingin Equation(5). Now,
whenn = 1, wehaveM1 = [� a0], from whichit follows
that

� 1 = 0;

u1v1 = � �; (8)

whereu1 and v1 are scalarscorrespondingto the off-
diagonalentriesof the 2 � 2 matrix. If we surmisethat
� n = 0 for all n, we are then left with several other
choicesin generalizingto arbitraryn > 2. How should
� � be “f actored”into a productof two numbers,asre-
quiredbyEquation(8),andhow shouldthescalarsu1 and
v1 begeneralizedto vectorsun andvn whenn > 1? Fur-
thermore,do thesestrategiesdependon n? We couldat-
tempttheanswerthesequestionsthroughadeeperanaly-
sisof theproblem,or wecouldsimplyguess,perhapsus-
ing pastexperiencewith similar problems,estheticcon-
siderations,or evenblind luck. In any case,a guesscan
bediscardedimmediatelyif it fails ona simpleexample,
andultimatelyprovensymbolicallyif indeedit is correct.

Listedbelow aresomeof theobviousguessesthatone
might try for “f actoring”a realnumber:

� 1(x) = (1; x);

� 2(x) = (x; 1);

� 3(x) = (� x; � 1);
...

Hereeachtypeof guesshasbeenencodedasa function
from IR to IR2, althoughonewould typically notemploy
thisdegreeof formality in searchingfor a solution.

Oncewe have chosena method� i to producethetwo
factors,they mustbe mappedto two vectorsof the ap-
propriatesize,andin sucha way that they reduceto the
identitymappingwhenn = 1. Herearesomeof themore
obviouspossibilitiesfor suchamapping:

� n
1 (x) = (x; 0; : : : ; 0)T ;

� n
2 (x) = (0; : : : ; 0; x)T ;

� n
3 (x) = (x; x; : : : ; x)T ;

...

whereall of thevectorsontheright arein IRn . By select-
ing theright functions,andcomposingthemin theright
way (with the aid of the projectionfunction � i , which
selectsthei ' th coordinateof ann-tuple),two correctso-
lutionsemerge.Speci�cally, setting

un (� ) = � n
2 ( � 1� 2(� � ) );

vn (� ) = � n
1 ( � 2� 2(� � ) )

and thenrecursively applyingthe constructiondepicted
in Equation(7) down to the basecaseM 1, we generate
thematrix

Mn =

2

6
6
6
6
6
4

0 0 : : : 0 � a0

1 � a1

1 � a2
...

...
1 � an � 1

3

7
7
7
7
7
5

;

which is precisely the form of the companionmatrix
givenby GolubandVanLoan[14]. Similarly, thecombi-
nation

un (� ) = � n
1 ( � 1� 1(� � ) );

vn (� ) = � n
2 ( � 2� 1(� � ) );

generatesthe transposeof the above matrix, which has
thesamecharacteristicpolynomial.Two furthervariants
arisewhenthematrixMn appearsastheupper-left block
in Equation(6).



3.1 Opportunities for MechanizedAssistance
Theproblemdescribedabovecouldobviouslybeworked
out entirely on paper, with no mechanicalassistance
whatsoever. On the otherhand,the constructionmight
also have beendiscoveredpurely mechanically. Since
any problemof mathematicsis conceivably solvableby
either means,the questionof interesthere is whether
thereexistsa middlegroundin which thereis a synergy
betweenhumanandmachine.If so,how shouldthework
bepartitioned,andhow shouldinformationbeexchanged
betweenthetwo?

The problemof the companionmatrix suggestssev-
eralwaysin which thissynergy mayberealized.First, it
suggeststhe utility of automaticallytestingthe feasibil-
ity of guesseson simple test cases,eithersymbolically
or numerically. This type of testingcan easily be the
mostonerousaspectof solvingaproblem,yetit is invalu-
ablefor quickly ruling out approachesthatareobviously
wrong.In theauthor'sprototypesystem,for example,the
(re)discovery of thecompanionmatrix waspartially au-
tomatedusingsymboliccomputationof thecharacteristic
polynomialsfollowedby numericalevaluationfor testing
all compositionsof the guessesdescribedearlier. After
constructingan arbitrarypn andthe correspondingma-
trix Mn , for somen > 2, theratio

pn (x)
det (Mn � xI )

(9)

wasevaluatedat n distinct pointsandchecked for con-
stancy. In this way polynomialsthat differed by more
than a constantfactor were quickly detected,using a
small numberof evaluationson average. This test is
a valuableprecursorto pure symbolic manipulationof
polynomials,which is typically muchmorecostly.

Anotherareain which a machinecanassistis in the
selectionof the heuristicsasembodiedby the functions
� 1; � 2; : : : and� n

1 ; � n
2 ; : : : introducedabove.While there

is no guaranteethat a simple trick usedin one context
will be helpful in another, it is not uncommonfor solu-
tion techniquesto extendbeyondtheir intendeddomain.
Coupledwith a capability for quickly testingplausible
guessesonspeci�c probleminstances,automaticapplica-
tion of a largecollectionof heuristicsbecomesavaluable
tool for discovery.

Naturally, whena heuristicsearchsuchastheonede-
scribedabove doesnot succeed,it may indicatethat the
constructionis impossible,or simply thattheappropriate
strategy hasnotyetbeenfound.Whenall existingheuris-
tics have beenexhausted,themachinecanstill assistby
discerningpatternsof failure (via still other heuristics)
andby indicatingopportunitiesfor new heuristicsto the
user.

Figure2: Illustration depictinga key stepin theproof of
the Hahn-Banach theorem. Reproducedwith kind per-
missionof C. M. Strauss.

4 The Roleof Diagrams

Diagramsplay many rolesin problemsolving. In form
they rangefrom indecipherabledoodlesto completerep-
resentationswith preciselyde�ned semantics.It is sug-
gestedhere that there is a vast and interestingmiddle
groundoccupiedby diagramsthatprovidehintsandserve
assignpostsfor formalstructure.

An amusing anecdote that nicely illustrates one
extreme in the spectrum is related in a paper by
C. M. Strauss[28]. Thereinis the story of a professor
who,uponreachinganimpassein theproofof theHahn-
Banachtheoremduring a lecture,drew the illustration
shown in Figure2, andimmediatelysaw thecorrectway
to proceed.While onemayspeculatethattheillustration
somehow evokedtheconceptof “separation,” clearlythe
diagramplayednoformal role in theproofandconveyed
essentiallyno information;thesemanticcontentwasen-
tirely in themindof theprofessor.

At the other end of the spectrumare diagramswith
completesemantics,suchasthosethatareisomorphicto
mathematicalconstructs.For instance,the diagramsin
Figure3 denotesetsA, B , andC, andseveral relations
thathold amongthem.TheVenndiagramon theleft de-
picts thepropertiesA \ C � B and(B � A) 6= ; . The
Euler diagramon the right depictsthe relationsB � A
andB \ C = ; . Both typesof diagramhave a precise
syntaxandmeaning[15]. As anotherexample,consider
Figure4,whichdepictsaTuringmachinethatincrements
a binary-encodednumber. This statediagramis isomor-
phic to the formal de�nition of themachine,andis thus
completeand unambiguous.Finite statemachinesand
push-down automataadmit similar diagrammaticrepre-
sentations.Suchdiagramsarefar easierto comprehend
thantheirset-theoreticcounterparts,yetsacri�cenothing
in termsof semantics.

Diagramscanalsocarrymeaningwithout beingfully
isomorphicto the conceptsthat they depict. Suchdia-
gramscanbeusedto clarify or suggeststepsin arigorous
proof, asis mostevident in thecaseof geometry. How-
ever, eventopologicalconceptscanbeconveyedthrough
diagrammaticrepresentations.Let us considera simple
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Figure3: Diagramswith well-de�nedformal semantics:
(a) Venndiagrams,and(b) Eulerdiagrams.

theoremfrom realanalysisthat restsuponpurelymetric
andtopologicalnotionsandexplorea hypotheticalproof
procedurethatis guidedby highly abstractdiagrams.

Supposethatwewishto provethefollowingstatement:
a setS is relativelycompactif it is totally bounded. By
a relatively compactset we meana set in which every
in�nite sequencecontainsa Cauchysub-sequence.By a
total boundedset we meana set that canbe “covered”
by a �nite numberof open� -balls (essentiallydisksof
radius� ) for any � > 0. Bothconceptsaremeaningfulin
any metrictopology, andtechnicallyinvolvenogeometry
atall.

To prove the assertionwe must somehow use total
boundednessto extract a Cauchysequencefrom an ar-
bitrary in�nite sequencein S. This can be accom-
plishedwith aniterative processthathasa simplevisual
metaphor. Figure5showsasequenceof illustrationsrem-
iniscentof whatonemightdraw in attemptingto explain
or discover thenecessaryconnection.

In the�gure, S depictsa totally boundedbut otherwise
arbitraryset,andS0 is anin�nite sequencein S; thesec-
ond illustration shows a �nite collectionof � -balls that
cover S0. Theballsaredepictedascircles,althoughthe
actualshapesare irrelevant. SinceS0, as a set, is also
totally boundedby virtue of beingin S, we canchoose
suchacover thatis �nite. Thekey insightis thatthein�-
nite sequenceS0 mustthenhit at leastoneof the� -balls
“in�nitely often,” which is a commonidiom of analysis.
In the illustration,each� -ball containingin�nitely many
elementsof S0 is emphasized.We denoteby S1 thesub-
sequenceof S0 containedin one suchball, and “zoom
in”; it becomesevident that this processcanberepeated
inde�nitely, sinceeachsub-sequenceretainstheessential
propertiesof the original sequence.Finally, by choos-
ing a singlepoint from eachof S1; S2; S3; : : : , we pro-
ducethe desiredCauchysub-sequenceof S0, asthe tail
of thissequenceis containedwithin evershrinkingneigh-
borhoods.

Thisexampleillustratesthepotentialfor diagrammatic
representationsin exploring topologicalconcepts. The

q0

q1

q2 q5

q3 q4
#,#,R

#,#,L

0,0,R 1,1,R
#,#,R #,0,R

0,1,R

0,1,R

1,0,L

0,0,R

Figure4: A simpleTuring machine, completelydescribed
in termsof its statediagram.

role of the diagramis to serve asa guidefor the math-
ematics,not asa substitutefor it. Oncethe underlying
principlesarediscovered,a rigoroussymbolicproof can
beconstructed.

Suchidiomaticillustrationslendthemselvesto random
constructionby computer. Theserepresentationscanbe
usedto accessandapplyrelevantconcepts,suchas�nite
coveringsets. To help the useravoid incorrectassump-
tions,the“arbitrary” examplesthataregeneratedshould
includeremindersof valid specialcases,suchasa single
point appearingin�nitely many times in a sequence,or
multiple balls in a cover beinghit in�nitely often. Dia-
gramsof this naturecanenhancecomputer-assisteddis-
coveryby associatingconceptswith appropriateimagery,
andproviding visualcuesfor salientproperties.

5 Implications for Human-Computer Interaction

To someextentit is possibleto mimic mathematicalrea-
soningon a computer[7]. When a humanparticipates
in thesolutionprocess,however, many specialconsidera-
tionsinvolvingtheinterfacearisethathavenocounterpart
in purely mechanicalprocesses.We now identify some
of theseconsiderations,anddiscusshow they in�uence
human-computerinteraction.

In principleonecanperformany mannerof experiment
usingconventionalcomputeralgebrasystemsandtheo-
remprovers,andtherebysynthesizeproofsor make dis-
coveries. In practice,however, experimentationis ham-
peredby representationsthat are somewhat dif�cult to
specifyand to manipulate. While a conjecturemay be
succinctlyexpressedwith a diagramor concisemathe-
maticalnotation,transcribingit into the languageof the
systemandconstructingor verifying basictestcasescan
betedious.To theextentthattheseobstaclesarelessened,
andpromisingavenuesmademoreperspicuous,thelike-
lihoodof �nding usefulconnectionsincreases;thatis,we
encourageserendipity.
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(a) (b) (c) (d)

S

S S
S0

S1

Figure5: Stepsin a topology proof guidedby diagramsthat servean informal role. (a) Representationof an in�nite
sequenceS0 within a totally boundedsetS. (b) Representationof a �nite coveringof S0 by � -balls. Balls that meet
S0 in�nitely oftenareemphasized.(c) Closeupof thesubsetS1 within theselected� -ball. (d) An � -coveringof S1, but
with a smaller� . Theprocesscanberepeatedinde�nitely.

We shallconsidersomeof thedif�culties encountered
with hand-writtennotation,bothbecausepeninputcanbe
very expressive,andbecauseit illustratesa wide variety
of errorsandambiguitiesthat mustbe dealtwith. Pen-
basedcomputerinterfaceswere�rst developedasa tool
for geometricconstructionand manipulation[29], and
shortly thereafterfound applicationin symbolicmathe-
matics[3]. The processingof hand-drawn mathemati-
cal notationcontinuesto bea challengingresearchprob-
lem[19, 27] asit requiresbothcharacterrecognitionand
two-dimensionalparsing.Part of its appealis that it of-
ferstheopportunityto combinesymbolic,diagrammatic,
andgesturalinformation[9, 24].

Figure6 showsahand-writtenequationthatpresentsa
numberof challengesfor ahypotheticalpen-basedmath-
ematicssystem. First, sincethe symbols“2a” are not
very legible, they aremistakenly recognizedasthesym-
bol “u,” which in turn makestheellipsisambiguous.On
the secondline, the upperlimit of the productdoesnot
agreewith the factor cos(2k a) on the line above; it is
likely that eitherthe k or the k � 1 is not what wasin-
tended.Thesymbols“sin2k a” areinitially interpretedas
“sin(2k )a,” but “sin(2k a)” wasintended.Finally, thede-
nominatoris initially interpretedas“2k sind” ratherthan
“2k sina.” Correctlyinterpretingthis expressionis chal-
lengingfor humansandmachinesalike.

Fortunately, problemsof this naturecanoftenbe rec-
ti�ed if the decisionsmadeduring interpretationarere-
examinedand possibly revised when additional infor-
mationbecomesavailableor wheninconsistenciesarise.
For example,the ambiguityof the ellipsis indicatesthat
somethingis awry, so recognitionand stroke grouping
canbe re-examinedto identify any “nearby” interpreta-
tions that might disambiguateit. The low recognition
con�denceof the “u” points to it as the likely culprit,
andre-groupingthe strokesrevealsthe correctinterpre-

tation; this processdependson a schemesimilar to that
describedby Smithiesetal. [27].

Themisrecognitionof the“a” asa “d” andthegroup-
ing of “2k a” aremoreinteresting,astheequationmight
actually be correctas it stands. However, two factors
invite other interpretationsto be considered.First, the
equality of the last two expressionswould be directly
testableif not for the free variabled, and second,“a”
is the next-most-likely interpretationof the symbol“d.”
Numericalveri�cation of theidentity

k � 1Y

j =0

cos
�
2j a

�
=

sin
�
2k a

�

2k sina
(10)

thenprovidesconcreteevidencethat this is indeedwhat
was intended. The correspondingchangesare adopted
until otherevidencepromptsthe systemto revisit these
decisionsyetagain.

As an examplethat illustratesthe useof higher-level
context in resolvingcon�icting information,considerthe
hand-writtenequationshown in Figure7. Appearingon
theright handsideis a diagrammaticrepresentationof a
matrix, which we shalldenoteby U. Severaldefault as-
sumptionscanbeimmediatelymadeaboutthis equation,
including

1. M is anarbitrarymatrix.

2. Q is a non-singularmatrix.

3. U is upper-triangular.

As a consequenceof theseassumptions,it also follows
thatall thematricesaresquare.In isolation,thesedefault
assumptionsareconsistent.However, now supposethat
theproblemto besolvedis to constructQ from M sothat
theequalityholds. By default, it is assumedthat sucha
constructionis to bedirect, or closed-form, andthis leads



Figure 6: A hand-writtenequationwith several errors
andambiguities.

to a contradiction. Speci�cally, the assumptionstaken
togetherimply theexistenceof a closed-formsolutionto
the generaleigenvalueproblem; the companionmatrix
wasinstrumentalin proving this impossible.Thus,it is
necessaryto retract(or weaken)someprior belief about
thesymbols.For example

1. M hassomespecialform.

2. Q is computediteratively, notdirectly.

3. U is upperHessenberg, notuppertriangular.

Any of thesechoiceswould remedythe problem, yet
thereis no purely logical meansto chooseamongthem.
Herewe rely upontherelative likelihoodsof thedefault
assumptionsto breakthe tie. Most suspectis the struc-
tureof thematrix U, asit hasbeeninferredfrom a crude
diagram.Thus,we retracttheassumptionandreplaceit
with thenext-most-likely interpretation,which is thatof
anupperHessenbergmatrix;thatis,amatrixthatisupper
triangularexceptfor entriesalongthesub-diagonal.This
choiceis further supportedby the fact that the two rep-
resentationscanbe easilyconfused.We leave asidethe
dif�cult problemof how this new interpretationis com-
municatedto or veri�ed by theuser;a continuumof be-
haviors maybeappropriate,dependingon theneedsand
preferencesof the user. We insteadfocuson tools that
can assistin identifying and resolvingambiguitiesand
contradictionssuchasthese.

6 Non-monotonicReasoning

Whena contradictionarises,thebeliefsetmaintainedby
the mathematicssystemmustbe repairedor it becomes
useless.Consequently, asnew informationis acquired,
it may result in previous assumptionsbeingrejectedor
modi�ed. The reasoningembodiedby sucha systemis
thusreferredto asnon-monotonic. Recentwork in belief
revision provides someinsight into the non-monotonic
natureof cooperatingagents[12]; in factbelief revision
is essentiallya formalizationof non-monotonicreason-
ing in which rationality axiomsconstrainhow an agent
respondsto con�icting information.

Figure 7: A hand-printedsimilarity transformationin
which the structure of onematrix is speci�eddiagram-
matically.

6.1 Belief Revision
First, let usassumethat the“beliefs” of anagentareen-
codedasa collectionof logical formulas,or sentences,
whichareformedusingbasiclogicalconnectives,propo-
sitionalvariables,andperhapsquanti�ers.Let B denotea
collectionof beliefsde�nedby some�nite baseof propo-
sitional formulas(essentiallyaxioms), andall sentences
that logically follow from theseformulasaccordingto a
speci�ed setof inferencerules. That is, we assumethat
B is closedunderlogical inference,or entailment; for ex-
ample,if x 2 B andx ! y 2 B, theny 2 B, by modus
ponens.

A belief set can be expandedby addinga sentence
to the base,andimplicitly includingall new inferences.
Thus,simpleexpansionis de�ned by

B + x = f y j B [ f xg ` yg;

wherethesentencex mayor maynot beconsistentwith
the beliefsalreadyin B. If : x 2 B, thenB + x con-
tainsall possiblesentences,sinceit entailsa contradic-
tion. Consequently, this methodof accumulatinginfor-
mationis uselesswhencon�icting factsarise.

To accommodatepotential contradictions,we must
adopttheuseof arevisionoperator, denotedby

�
+ , which

ensuresthat the revisedbelief setB
�
+ x remainsconsis-

tentprovidedthatB wasconsistentto begin with, andx
is not itself a contradiction[12].

Revision operatorshave several fundamentalproper-
ties. First, they arenot uniquelydeterminedby logical
considerationsalone; that is, for any given belief setB
andsentencex, theremaybenumerouslogically consis-
tentwaysto retractinformationfrom B sothatx canbe
safelyadded. Second,undermild assumptionsrevision
is completelydeterminedby contraction; that is, by the
strategy for removing informationfrom a belief set.This
secondfactfollowsfrom theLevi identity,

B
�
+ x =

�
B �� : x

�
+ x; (11)

where �� denotesthecontractionoperator. Equation(11)
holds under the rationality axioms proposedby Al-
chourŕon,Gärdenfors,andMakinson[1], whichstate,for
example,thatx 2 B

�
+ x � B+ x, andthatB

�
+ x = B+ x

whenx is consistentwith B. Furthermore,theseaxioms



requiretherevisionoperatorto besensitiveonly to mean-
ing and not syntax. Thus, when x and y are logically
equivalent,it mustfollow thatB

�
+ x = B

�
+ y.

By imposingtheserationalityaxioms,thepossiblein-
terpretationsof contractionandrevision areconstrained
but not entirely determined;thus,aswe saw in the pre-
viousexamples,we requiresomeextra-logicalinforma-
tion to decidewhich revision is most justi�ed. One
such sourceof additional information is epistemicen-
trenchment[11], which is a partial orderingon the be-
liefs that indicatesour degreeof commitmentto them,
or our con�dencein them. Alchourronet al. [1] have
shown how to characterizethepossiblerevisionsthatsat-
isfy the rationality axioms,which preciselydemarcates
the role of extra-logicalheuristicssuchasentrenchment
andcon�dencemeasures.This is a promisingtheoretical
foundationfor constructingagentsthat canreasonnon-
monotonically, andhencecopewith somedegreeof am-
biguity.

7 AutonomousAssistants

We now summarizesomeof the lessonsembodiedin
theexamplesdiscussed,andtranslatetheminto desirable
propertiesof a mathematicalassistant.First, and most
fundamentally, the userof sucha systemshouldnot be
forcedinto a rigidly formal development.Requiringthat
eachstepbe thoroughlyspeci�ed is overly constraining
andis antitheticalto thewaypeopletendto work. People
arequiteaccustomedto carryingon in thefaceof uncer-
tainty, soit is desirable,if not expected,thatanassistant
will havethischaracteristicalso.Theuseof hand-written
informationanddiagramsareconsistentwith this man-
date,althoughnota fundamentalrequirement.

An immediateconsequenceof this freedomis that the
assistantmustbecapableof applyingtentativedefaultas-
sumptionsaboutthemeaningsof symbolsaswell asthe
objectivesof the user. The tentativenessof the assump-
tionsleadsto non-monotonicreasoningonthepartof the
assistant,whichcanbecharacterizedin termsof its strat-
egy for belief revision.

Sincecontradictionsmight be revealedonly aftersig-
ni�cant computation,either through logical inference
(i.e.theoremproving)or numericalexperiments,changes
in the assistant's beliefs may occur at seeminglyran-
dom times. It is thereforereasonableto requirethat the
human-computerdialognever besuspendedpendingthe
outcomethesecomputations;thusthey mustberelegated
to independentthreadsof execution.Sinceneitherthehu-
mannor theassistantneedeverbecompletelystalleddue
to informationrequiredfrom theother, theiractivitiesare
largelydecoupled.Thepicturethatemergesis thatof an
autonomousassistant.

Multi-threadedexecutioncanalsobe useful in carry-
ing out numericalexperimentsand symbolic computa-
tionssimultaneously, sinceeitherpathmayturnupuseful
information,or fail to dosoevenaftersigni�cant compu-
tation[32]. In additionto theuseof concurrency [10], de-
fault assumptions,non-monotonicreasoning,andheuris-
ticsthatencapsulateprevioustricksandplausiblereason-
ing [22], therearemany otherwaysin which theuseful-
nessof an autonomousassistantmay be enhanced.For
example,it would be usefulto devisewaysin which to
inform theuserof pendingcomputationsandcurrentbe-
liefs of the assistant.This will likely requirethe assis-
tant to periodically inject unsolicitedinformation, and
maythereforebene�t from assistantsthatcanmimic ad-
ditional humanattributes, such as “politeness”or “as-
sertiveness.”
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