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Abstract

Pencilandpaperareperhapshemosteffective problem-
solving tools ever invented. Why is this so, and what
doesthis portendfor computerassistedproblem solv-
ing? In this paperwe investigatewhy the computerhas
not mademoresigni cant inroadsinto mary aspectof
problemsolving, evenin domainsostensiblyconcerned
with purely formal methods.We obsene that for mary
problem-solvingactivities computersare currentlymore
constrainingthan enabling,particularly during problem
formulation.We identify someof the obstacleshatmust
be overcomein making the computera more attractve
mediumfor problemsolving, and explore someof the
toolsthatwill likely play apartin bringingthisabout.

Keywords: arti cial intelligence autonomousssistants,
belief revision, human-computeinteraction, numerical
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1 Intr oduction

The Oxford AmericanDictionary de nes seendipityas
“the making of pleasantdiscoseriesby accident. The
historyof sciencas lled with examplesof serendipitous
discoveries, from the invention of nylon to the discor-
ery of pulsars[23]. As onemedicalresearcherecently
put it, makingimportantdiscoveriesis more a gameof
poolthanbilliards: “Y ouscorepointsregardles®f which
pocket the ball goesinto.” He citesthe fact that nearly
every genelinkedto breasttancemwasdiscoveredby re-
searcherseekingsomethingyuiteunrelated17].

While all discoveries, by their very nature, involve
someelementof surprise,they cannotbe entirely acci-
dental.In fact,theword serendipityasoriginally coined
by HoraceWalpole,carriedthe connotatiorof fortuitous
accidentoupledwith thesagacityto recognizats signif-
icance. Of course,sagacityneednt be entirely ex post
facto. Serendipitoudiscoveries often occur once the
searcthasbeenpainstakinglynarrovedto afew promis-
ing avenues. Indeed,ary rationalapproachto problem
solving leaves aslittle to chanceas possible,in accord

with thefamousdictumof Louis Pasteur:“In the eld of
obsenation,chancegavorsonly thepreparednind”’ Dis-
coveriesthatareto somedegreeforeseenandresultfrom
goal-directedwinnowing of the alternatves, are some-
times referredto as “pseudo-serendipitoug23]. The
role of chances frequentlydownplayedin suchdiscor-
eries,if not entirely discounted. Neverthelesswithout
an elementof chance,'discovery” is nothingmorethan
veri cation; without sagacityit is merehappenstance.

The focus of this paperis the prospectof computer
assisteddiscovery, which necessarilyentails both ele-
mentsof serendipity: intelligencein searchand recog-
nition, and the possibility of fortuitous accidents. Our
emphasishall be on machineghat assisthumaninves-
tigatorsratherthanthosethat seekdiscoveriesindepen-
dently; although,aswe shallsee autonomyis a vital at-
tribute of sucha machine.While researctin arti cial in-
telligencehasdemonstratethe feasibility of purely au-
tonomousdiscovery by machineg18, 34, 20, the po-
tential for computerassistedliscosery appeardo befar
greateiin thenearterm.

In additionto consideringonly this moremodestaim,
we shallfurtherlimit the scopeof thediscussiono a do-
mainin which the computerhasalreadyprovento be a
valuableparterin exploration: namely mathematicsin-
deed,remarkableprogresshasbeenmadein areassuch
ascomputeralgebrag21, 33], mechanicatheoremprov-
ing [8], andcomputeraidedconstructiorandveri cation
of proofs[26, 31].

Despitetheir impressie repertoire existing tools for
computeraidedmathematicsire simply notamenableo
thehaphazargrocessy which humansnake serendipi-
tousdiscoveries nordothey accommodattheill-de ned
methodsby which we formulate problems. Unfortu-
nately the latter oftenrequiresthe preponderancef the
labor As Barwiseand Etchemendyput it, “In problem
solving, well begunreally is half done”[5]. In the re-
mainderof the paper we examinetheseshortcomingsn
greatedetailandsuggestvenuesy whichthecomputer



maybecomeamoreattractvevehiclefor human-oriented
problemsolving.

2 The Natureof the Challenge

Sincethe 1950' researcherdave ervisionedthe com-
puterasa meansof solving all mannerof problemsthat
are beyond humanabilities. In the early daysof arti -
cialintelligence Ashbyconjecturedhatimportantsocio-
economigroblemscouldberesohedby humanintellect
thatwascomputationallyenhanced4]. Theideabehind
Ashby's “intelligence ampli er” was to extend human
problemsolvingin two very generalways:

1. Productionof possiblesolutions
2. Selectiorof solutionsthatwork

Today computergperformboth functionsin a variety of
applicationsfrom gameplaying to arti cial life. How-
ever, nothinglik e thegeneral-purposiatelligenceampli-
er hascometo pass. Therearetwo fundamentalea-
sons: 1) enormousobstaclesarisein problemformula-
tion, which oftenrequiresgreatingenuity and?2) there-
sultingsearchis frequentlyintractable We rst examine
problemformulation, which hasimportantimplications
for human-computéanteraction.

A cursorylook attheway peoplesolve problemsgven
in the relatively restricteddomain of mathematicsye-
vealsan array of techniqueghat incorporatediagrams,
prose,and symbolswith varying degreesof complete-
nessand correctnes$s, 25. As a concretellustration,
Figure 1 shaws a typical pagefrom one of the authors
notebooksThe pagecontaindragmentsof mathematics
mingledwith annotationsand sketchesthat explain the
meaningof symbolsandevoke connectionsvith appro-
priatemathematicamachinery;jn this case Stokes' the-
orem. Problemsolving often begins by recordingsuch
meanderingé notebookor on napkins. The natureof
thesescribbleshighlightsthe gulf betweenhumansand
machinesgven in the realm of symbolic mathematics.
The contentof Figurel is the very antithesisof a syn-
tacticallywell-de ned languagesuitablefor mechanized
processing.

Thevastmajority of userinterfacegodaycannotinter-
pretdiagrammatidnput. Furthermoremalformed,am-
biguousor contradictoryinformationfrom auseris han-
dled only super cially. Lackingary notion of tentatve
“scratchwork,” the typical interfacerejectsinput thatis
not completeandcorrectwith respecto the currentstate
of theprogram.At besttheuseris promptedo try again.
This is oneof the mary waysin which human-computer
interactiondiffersdramaticallyfrom human-humamter-
action. Sharedbackgroundknowledge,default assump-
tions,andanability to toleratea certainamountof ambi-
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Figurel: A pageof scribbledideasconsistingf sketches,
fragmentsof mathematicsand annotationsfrom one of
theauthor'snumepusdustynotebooks.

guity — in hopesthatit will berecti ed later— area few

of thefactorghatmake communicatiormmongpeoplefar

simpler Moreover, when confrontedwith contradictory
information,humansexhibit at leasta limited capacityto

re-examineandrevise previousassumptionsandthereby
avoid obviouslyinconsistenbeliefs. Theseattributesare
not yet exhibited by computersn their interactionwith

humans.Consequentlycomputeraideddesigntools are
frequentlymoreconstraininghanenablingastheuseris

forcedto proceedn afashionthatsuitsthesystem.

Thereappeato beonly two waysto improvethesitua-
tion: 1) impartgreaterisciplinein humanproblemsolv-
ing, or 2) imbue machineswith a greatertolerancefor
the haphazargrocesseby which humangendto solve
problems.Of theseonly the latter strateyy offers much
hope of long-termsuccess.While naturehasendaved
uswith remarkableabilitiesto think andto plan, our in-
natereasonings frequentlyatoddswith soundogic[13].
While the humanbrainis superblyadaptedor complec
socialinteractionsandcopingwith ahostileervironment,
its heuristicsare lesstrustworthy in other contects. In
particular we arefarmoreadeptat quickintuitive assess-
ments,particularlyin social contexts, than comple in-
ferencesn formallogic [6]. Furthermoremyriaduncon-



sciousprocessegleneratansightsand shift our aware-
nesscontrituting to the apparentandomnessf human
problemsolving. It is clearly unrealisticto expectthisto
change.

On the otherhand,the taskof makingmachinesanore
human-like in their behaior is animmenseundertaking,
asevidencedby the scantprogresdoward this goal dur-
ing the pastthirty years. Fortunately a machineneednt
passthe Turing testin orderto meaningfullysupporthu-
mancreatvity. We shallaguethat one stepin theright
direction is to apply hon-monotonicreasoningas well
as its counterpart,belief revision [12, 16], to human-
computeinteractionmakingcomputersnoreresilientto
thetypesof errorshumansmalke. In essencethe dialog
betweerhumanand computershouldbe embeddedn a
moreaccommodatindogic; onein which the beliefs of
bothagentsaretreatedastentative andthereforesubject
to revision in the light of new information. This allows
for liberal useof defaultassumptionsyhichin turn help
to smoothover ambiguitiesthat arise,especiallyduring
problemformulation.

A secondsteptoward moreeffective machine-assisted
problemsolvingis to incorporatediagrammatidnterac-
tion [2, 5]. Although mechanicakecognitionof hand-
dravn gures is a tremendouslychallengingproblem,
there are numerousdomainsin which the highly con-
strainedsyntaxof the diagramsvastly simpli es thetask
of recognition:examplesncludestatediagramdor nite
automatandpictorial representationsf sets.

Onceaproblemis formulated how cana computeras-
sistin thediscovery of a solution?CertainlyAshby's no-
tion of a machinethat produceslausiblesolutionsand
thenhelpsto sift throughthemis not far from the mark.
However, productiorof possiblesolutionscannothedone
blindly, nor can the searchbe exhaustve. While one
could generateandomstringsof symbolsin searchof a
proofor refutationof someconjecturesuchanapproach
would be highly unlikely to turn up mary new discover-
ies. To illustrateseveral plausibletechniqueswe outline
ahypotheticabroof scenario.

3 Anatomy of a Proof

We now considera simple mathematicaproblemfrom
linearalgebraandsuggeshow a computemight assist
in its solution. Althoughtheproblemis elementaryit will
neverthelesssene to illustrate somebasic points. The
problemis asfollows: Givena monic polynomialof de-
green,

+a, X" Tex" ()
constructa matrixwhoseeigervaluesaretherootsof this
polynomial. In otherwords, nd ann  n matrix M,

Pn(X) = ap+ ayx +

whosecharacteristic polynomialis p, up to a constant
factor:

det(Mn 1) = kpn(); ¥

wherek is anon-zeraconstantThatsucha matrix exists
canbe seenmmediatelysincethe diagonalmatrix

2 3
1
2
. @3)
n
clearly satis es Equation(2), where 1;:::; , arethe

(possiblycomple) rootsof p,. However, the morein-
terestingquestionis whethersucha matrix canbe con-
structedwithout rst nding therootsof p, . If thiscould

ing a nite numberof arithmetic operations,it would
demonstratéhatthe eigervalueproblemsubsumegoly-
nomialroot nding, andconsequentlyannotbe solved
algebraicallyin general30].

This problem has a well-known solution, which is
known as the companion matrix of the polynomial
pn [14]. For the purposeof illustration, we shall feign
ignoranceof this resultand setoff to discover our own
solution,documentinggomeof thewrongturnsandblind
alleys.

As aroutinestartingpoint,we obsenethattheproblem
hasatrivial solutionwhenn = 1. Thematrix[ ag] has
thecharacteristipolynomial ag ,whichis 1times

the monic polynomialp;( ) = ap + . Sofarsogood.
Next, we might considetthe matrix

a b

c d ’
with the characteristipolynomial 2 (a+ d) bc

We obsene that any 2nd-dgreemonic polynomialcan
be obtainedwith ajudiciouschoiceof a, b, ¢, andd. The
dif culty, of coursejs thattherearemary suchchoices,
andit is not obviouswhich choice,if ary, will generalize
ton > 2. Unfortunately the problemalreadybeginsto
getabit messywith n = 3. Wheredo we go from here?

It's time to try induction. Supposewe can construct
thematrix M, from ary givenp, ; canwe thenconstruct
Mp+1 fromp,.1 ? Thereseento bemary possiblewvays
to proceed. Shouldwe representhe (n + 1)'st degree
monic polynomialas

Prsr(X) = pa(x) + X" (4)

for someconstant , oras

Prs1(X) =+ Xpn(X) )



for a differentchoiceof ? Shouldwe createthe larger
matrixMpn+1 by modifyingthe matrix M, in someway;,
or simply by padding,

(6)

andif so,how dowe Il in thenew entries™Here'swhere
we coulduseabit of luck. If wewereto guesghecorrect
structure,it would likely be a straightforvard matterto
proveit by induction(andtherebycover ourtracks).

For the sale of brevity, let us supposethat we have
(correctly)choserto pursueequationg5) and(6). In re-
ality, of course severalunsuccessfudttemptanighthave
beemtmadebeforediscoveringthiscombination Express-
ingMp41 as

uT

—_ n

Mn+1 = v M” ;
n n

(7)

where ,, 2 IRandu;v 2 IR", weareleft with thetaskof

determininghow ,, un, andv, shouldbe constructed.

Clearly theremustbe someconnectiorto eachnew co-
ef cient addedo the polynomial,sowe try

n = n( )
Uy = Un( );
Va = V()

where is the constanappearingn Equation(5). Now,
whenn = 1, wehaveM1 = [ ap], fromwhichit follows
that

1 = 0
uvi = (8)
whereu; andv; are scalarscorrespondingo the off-
diagonalentriesof the2 2 matrix. If we surmisethat

n = O for all n, we arethen left with several other
choicesin generalizingo arbitraryn > 2. How should
be “factored”into a productof two numbersasre-
quiredby Equation(8), andhow shouldthescalarsi; and
vi1 begeneralizedo vectorsu, andv, whenn > 1? Fur
thermore do thesestratgiesdependon n? We could at-
tempttheanswetthesequestionghrougha deepemnaly-
sisof theproblem,or we couldsimply guessperhapsis-
ing pastexperiencewith similar problems estheticcon-
siderationspr evenblind luck. In ary caseaguessan
be discardedmmediatelyif it failsonasimpleexample,
andultimatelyprovensymbolicallyif indeedit is correct.

Listedbelon aresomeof the obviousguesseshatone
mighttry for “factoring”arealnumber:

1(x) = (Lix);
2(x) = (X 1);
= (x5 1)

3(x)

Hereeachtype of guesshasbeenencodedasa function
from IR to IR?, althoughonewould typically notemploy
this degreeof formality in searchindgor a solution.
Oncewe have choseramethod ; to producethetwo
factors,they mustbe mappedto two vectorsof the ap-
propriatesize,andin sucha way thatthey reduceto the
identitymappingwhenn = 1. Herearesomeof themore
obviouspossibilitiesfor suchamapping:

1(x) (X 0;:::;0);
2 (X)
3 ()

I I
~~
x o
xX
)
x
zZ

whereall of thevectorsontheright arein IR". By select-
ing theright functions,andcomposinghemin theright
way (with the aid of the projectionfunction ;, which
selectghei'th coordinateof ann-tuple),two correctso-
lutionsemepge. Speci cally, setting

un( ) = 2C 120 )
() = 1( 220 ))
andthenrecursvely applyingthe constructiondepicted

in Equation(7) down to the basecaseM ;, we generate
the matrix

2 3
0O 0 ::: O ag
1 ap
My, = 1 a ;
1 an 1

which is preciselythe form of the companionmatrix
givenby GolubandVanLoan[14]. Similarly, thecombi-
nation

(110 )
2( 2 1C )

generateshe transposef the above matrix, which has
the samecharacteristipolynomial. Two furthervariants
arisewhenthematrix M, appearsastheupperleft block
in Equation(6).

un( ) =
V() =



3.1 Opportunities for MechanizedAssistance

Theproblemdescribedibore couldobviously beworked
out entirely on paper with no mechanicalassistance
whatsoger. On the otherhand,the constructionmight
also have beendiscovered purely mechanically Since
ary problemof mathematicss concevably solvable by
either means,the questionof interesthereis whether
thereexists a middle groundin which thereis a synegy
betweerhumanandmachine If so,how shouldthework
bepartitioned andhow shouldinformationbeexchanged
betweerthetwo?

The problemof the companionmatrix suggestser-
eralwaysin which this synegy mayberealized.First, it
suggestshe utility of automaticallytestingthe feasibil-
ity of guesse®n simpletestcasesgeithersymbolically
or numerically This type of testingcan easily be the
mostonerousaspecbf solvingaproblem yetit isinvalu-
ablefor quickly ruling outapproachethatareobviously
wrong.In theauthorsprototypesystemfor example the
(re)discavery of the companionmatrix was partially au-
tomatedusingsymboliccomputatiorof thecharacteristic
polynomialsfollowedby numericakvaluationfor testing
all compositionsof the guesseslescribedearlier After
constructingan arbitraryp, andthe correspondingna-
trix My, for somen > 2, theratio

Pn (X)

det(M, xlI)

9)
was evaluatedat n distinct pointsand checled for con-
stang. In this way polynomialsthat differed by more
than a constantfactor were quickly detected,using a
small numberof evaluationson average. This testis
a valuableprecursorto pure symbolic manipulationof
polynomialswhichis typically muchmorecostly

Anotherareain which a machinecanassistis in the
selectionof the heuristicsas embodiedby the functions

1; 2;::rand 7 9;::: introducedabore. While there
is no guarantedhat a simpletrick usedin one context
will be helpful in anotherit is not uncommonrfor solu-
tion techniquego extendbeyondtheir intendeddomain.
Coupledwith a capability for quickly testingplausible
guessesnspeci ¢ probleminstancesautomatiapplica-
tion of alargecollectionof heuristicdhecomes valuable
tool for discovery.

Naturally whena heuristicsearchsuchasthe onede-
scribedabove doesnot succeedit may indicatethatthe
constructionris impossible pr simply thattheappropriate
stratgy hasnotyetbeenfound. Whenall existingheuris-
tics have beenexhaustedthe machinecanstill assistby
discerningpatternsof failure (via still other heuristics)
andby indicatingopportunitiesfor new heuristicsto the
user

Figure?2: lllustration depictinga key stepin the proof of
the Hahn-Banab theoem. Repoducedwith kind per
missionof C. M. Strauss.

4 The Role of Diagrams

Diagramsplay mary rolesin problemsolving. In form
they rangefrom indecipherableoodlesto completerep-
resentationsvith preciselyde ned semantics.lt is sug-
gestedherethat thereis a vast and interestingmiddle
groundoccupiediy diagramghatprovide hintsandsene
assignpostdor formal structure.

An amusing anecdotethat nicely illustrates one
extreme in the spectrumis related in a paper by
C. M. Strausq28]. Thereinis the story of a professor
who, uponreachinganimpasseén the proof of the Hahn-
Banachtheoremduring a lecture, drew the illustration
shavn in Figure2, andimmediatelysawv the correctway
to proceed While onemay speculatehattheillustration
somehw evokedthe conceptof “separatior, clearlythe
diagramplayednoformalrole in the proofandcorveyed
essentiallyno information;the semanticcontentwasen-
tirely in themind of the professor

At the other end of the spectrumare diagramswith
completesemanticssuchasthosethatareisomorphicto
mathematicatonstructs. For instance the diagramsin
Figure 3 denotesetsA, B, andC, andseveralrelations
thathold amongthem. The Venndiagramon the left de-
pictsthepropertiesA\ C B and(B A) 6 ;. The
Eulerdiagramon theright depictstherelationsB A
andB \ C = ;. Bothtypesof diagramhave a precise
syntaxandmeaning[15]. As anotherexample,consider
Figure4, whichdepictsa Turingmachinghatincrements
a binary-encodediumber This statediagramis isomor
phic to the formal de nition of the machine,andis thus
completeand unambiguous.Finite statemachinesand
push-devn automataadmit similar diagrammatiaepre-
sentations.Suchdiagramsare far easierto comprehend
thantheir set-theoreticounterpartsyet sacri ce nothing
in termsof semantics.

Diagramscan also carry meaningwithout beingfully
isomorphicto the conceptsthat they depict. Suchdia-
gramscanbeusedto clarify or suggesstepsn arigorous
proof, asis mostevidentin the caseof geometry How-
ever, eventopologicalconceptanbe corveyedthrough
diagrammatiaepresentationsLet us considera simple



(a) (b)

Figure3: Diagramswith well-de nedformal semantics:
(a) Venndiagrams,and (b) Euler diagrams.

theoremfrom real analysisthat restsuponpurely metric
andtopologicalnotionsandexplore a hypotheticaproof
procedurghatis guidedby highly abstractiagrams.

Suppos¢hatwe wishto provethefollowing statement:
a setS is relativelycompactf it is totally bounded By
a relatively compactsetwe meana setin which every
in nite sequenceontainsa Cauchysub-sequenceBy a
total boundedsetwe meana setthat can be “covered”
by a nite numberof open -balls (essentiallydisks of
radius ) forary > 0. Bothconceptaremeaningfulin
ary metrictopology andtechnicallyinvolve nogeometry
atall.

To prove the assertionwe must somehav use total
boundednesto extracta Cauchysequencdrom an ar
bitrary in nite sequencein S. This can be accom-
plishedwith aniterative procesghathasa simplevisual
metaphorFigure5 shavsasequencef illustrationsrem-
iniscentof whatonemightdraw in attemptingto explain
or discorerthenecessargonnection.

In the gure, S depictsatotally boundedut otherwise
arbitraryset,andSy is anin nite sequencén S; thesec-
ond illustration shawvs a nite collectionof -balls that
cover Sy. Theballsaredepictedascircles,althoughthe
actualshapesareirrelevant. SinceSy, asa set,is also
totally boundedby virtue of beingin S, we canchoose
suchacoverthatis nite. Thekey insightis thatthein -
nite sequencé&, mustthenhit atleastoneof the -balls
“in nitely often; whichis a commonidiom of analysis.
In theillustration,each -ball containingin nitely mary
elementof Sy is emphasizedWe denoteby S; thesub-
sequencef Sy containedin one suchball, and“zoom
in”; it becomegvidentthatthis processanberepeated
inde nitely, sinceeachsub-sequencestainsthe essential
propertiesof the original sequence.Finally, by choos-
ing a single point from eachof Si;S;; S3;:::, we pro-
ducethe desiredCauchysub-sequencef Sy, asthe tail
of thissequencés containedwithin ever shrinkingneigh-
borhoods.

Thisexampleillustratesthe potentialfor diagrammatic
representations exploring topologicalconcepts. The

Figure4: A simpleTuring madine completelydescribed
in termsof its statediagram.

role of the diagramis to sene asa guidefor the math-
ematics,not as a substitutefor it. Oncethe underlying
principlesarediscovered,a rigoroussymbolicproof can
be constructed.
Suchidiomaticillustrationslendthemselesto random
constructiorby computer Theserepresentationsanbe
usedto accesandapplyrelevantconceptssuchas nite
covering sets. To help the useravoid incorrectassump-
tions, the “arbitrary” examplesthataregeneratesghould
includereminderof valid specialcasessuchasasingle
point appearingn nitely mary timesin a sequenceor
multiple ballsin a cover beinghit in nitely often. Dia-
gramsof this naturecanenhancecomputerassistedlis-
coveryby associatingonceptsvith appropriatémagery
andproviding visual cuesfor salientproperties.

5 Implications for Human-Computer Interaction

To someextentit is possibleto mimic mathematicatea-
soningon a computer[7]. Whena humanparticipates
in thesolutionprocesshowever, mary speciakconsidera-
tionsinvolving theinterfacearisethathave nocounterpart
in purely mechanicaprocessesWe now identify some
of theseconsiderationsand discusshow they in uence
human-computenteraction.

In principleonecanperformany manneiof experiment
using corventionalcomputeralgebrasystemsand theo-
rem provers,andtherebysynthesizgroofsor make dis-
coveries. In practice however, experimentatioris ham-
peredby representationthat are somevhat dif cult to
specifyandto manipulate. While a conjecturemay be
succinctly expressedwith a diagramor concisemathe-
maticalnotation,transcribingit into the languageof the
systemandconstructingr verifying basictestcasesan
betedious.To theextentthattheseobstaclesrelessened,
andpromisingavenuegnademoreperspicuousthelik e-
lihoodof nding usefulconnectionsncreasesthatis, we
encourageerendipity
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Figure5: Stepsin a topolagy proof guidedby diagramsthat servean informal role. (a) Repesentatiorof anin nite
sequencé, within a totally boundedsetS. (b) Repesentatiorof a nite coveringof Sg by -balls. Balls that meet
Sp in nitely oftenare emphasizedc) Closeupof thesubseS; within theselected-ball. (d) An -coveringof S;, but

with a smaller . Theprocessanberepeatednde nitely.

We shallconsidersomeof thedif culties encountered
with hand-writtemotation bothbecaus@eninputcanbe
very expressie, andbecausét illustratesa wide variety
of errorsandambiguitiesthat mustbe dealtwith. Pen-
basedcomputerinterfaceswere rst developedasatool
for geometricconstructionand manipulation[29], and
shortly thereafterfound applicationin symbolic mathe-
matics[3]. The processingof hand-dravn mathemati-
cal notationcontinuego bea challengingresearctprob-
lem[19, 27] asit requireshothcharacterecognitionand
two-dimensionaparsing. Part of its appealis thatit of-
fersthe opportunityto combinesymbolic,diagrammatic,
andgesturainformation[9, 24].

Figure6 shavs a hand-writterequationthatpresents
numberof challengedor a hypotheticapen-basedhath-
ematicssystem. First, sincethe symbols“2a” are not
very legible, they aremistalenly recognizedasthe sym-
bol “u,” whichin turn makesthe ellipsisambiguousOn
the secondine, the upperlimit of the productdoesnot
agreewith the factor cos(Za) on the line above; it is
likely thateitherthek or thek 1 is notwhatwasin-
tended Thesymbols‘sin2¢a” areinitially interpretecas
“sin(2k)a,” but“sin(2¢a)” wasintended Finally, the de-
nominatoris initially interpretecas” 2 sind” ratherthan
“2ksina” Correctlyinterpretingthis expressioris chal-
lengingfor humansaandmachineslike.

Fortunately problemsof this naturecan often berec-
ti ed if the decisionsmadeduring interpretationarere-
examined and possibly revised when additional infor-
mationbecomeswvailableor wheninconsistenciearise.
For example,the ambiguityof the ellipsisindicatesthat
somethingis awry, so recognitionand stroke grouping
canbe re-examinedto identify ary “nearby” interpreta-
tions that might disambiguatét. The low recognition
con denceof the “u” pointsto it asthe likely culprit,
andre-groupingthe strokesrevealsthe correctinterpre-

tation; this processdependn a schemesimilar to that
describedy Smithiesetal. [27].

The misrecognitiorof the“a” asa“d” andthe group-
ing of “2¥a” aremoreinterestingasthe equationmight
actually be correctasit stands. However, two factors
invite otherinterpretationgo be considered. First, the
equality of the last two expressionswould be directly
testableif not for the free variabled, and second,*a”
is the next-most-likely interpretationof the symbol“d.”
Numericalveri cation of theidentity

(10)

thenprovidesconcretesvidencethatthis is indeedwhat
was intended. The correspondingchangesare adopted
until other evidencepromptsthe systemto revisit these
decisiong/etagain.

As an examplethatillustratesthe useof highetrlevel
contet in resolvingcon icting information,considerthe
hand-writtenequationshovn in Figure7. Appearingon
theright handsideis a diagrammatigepresentatioof a
matrix, which we shalldenoteby U. Severaldefault as-
sumptioncanbeimmediatelymadeaboutthis equation,
including

1. M is anarbitrarymatrix.
2. Q is anon-singulamatrix.
3. U is uppertriangular

As a consequencef theseassumptionsit alsofollows
thatall thematricesaresquareln isolation,thesedefault
assumptionsire consistent.However, now supposehat
theproblemto besolvedis to construcQ from M sothat
the equalityholds. By default, it is assumedhat sucha
constructioris to bedirect or closed-formandthisleads



Figure 6: A hand-writtenequationwith several errors
andambiguities.

to a contradiction. Speci cally, the assumptiongaken
togetherimply the existenceof a closed-formsolutionto
the generaleigervalue problem; the companionmatrix
wasinstrumentain proving this impossible. Thus,it is
necessaryo retract(or wealken) someprior belief about
thesymbols.For example

1. M hassomespecialform.
2. Q is computedteratively, notdirectly.
3. U is upperHessenbay, notuppertriangular

Any of thesechoiceswould remedythe problem, yet
thereis no purelylogical meansgo chooseamongthem.
Herewe rely upontherelative likelihoodsof the default
assumptionso breakthetie. Most suspecis the struc-
ture of thematrix U, asit hasbeeninferredfrom a crude
diagram. Thus,we retractthe assumptiorandreplaceit

with the next-most-likely interpretationwhich is that of

anupperHessenbaymatrix;thatis, amatrixthatis upper
triangularexceptfor entriesalongthe sub-diagonalThis
choiceis further supportecby the fact that the two rep-
resentationganbe easily confused.We leave asidethe
dif cult problemof how this new interpretations com-
municatedo or veri ed by the user;a continuumof be-
haviors may be appropriatedependingn the needsand
preference®f the user We insteadfocuson tools that
can assistin identifying and resolvingambiguitiesand
contradictionsuchasthese.

6 Non-monotonicReasoning

Whena contradictiorarisesthe beliefsetmaintainedoy

the mathematicsystemmustbe repairedor it becomes
useless.Consequentlyas new informationis acquired,
it may resultin previous assumptiondeingrejectedor

modi ed. Thereasoningembodiedby sucha systemis

thusreferredio asnon-monotonicRecentwork in belief

revision provides someinsight into the non-monotonic
natureof cooperatingagentq12]; in factbelief revision

is essentiallya formalizationof non-monotoniaeason-
ing in which rationality axiomsconstrainhow an agent
respondgo con icting information.

Figure 7: A hand-printedsimilarity transformationin
which the structue of one matrix is speci ed diagram-
matically.

6.1 Belief Revision
First, let usassumehatthe “beliefs” of anagentareen-
codedasa collectionof logical formulas,or sentences
which areformedusingbasiclogical connectves,propo-
sitionalvariablesandperhapgjuanti ers. Let B denotea
collectionof beliefsde ned by some nite baseof propo-
sitional formulas(essentiallyaxiomg, andall sentences
thatlogically follow from theseformulasaccordingto a
speci ed setof inferencerules. Thatis, we assumehat
B is closedunderlogicalinferencepr entailmentfor ex-
ample,if x 2 Bandx ! y 2 B, theny 2 B, by modus
ponens.

A belief set can be expandedby addinga sentence
to the base,andimplicitly including all new inferences.
Thus,simpleexpansionis de ned by

B+x = fyjB[ fxg" yg;

wherethe sentencex may or may not be consistentvith
the beliefsalreadyin B. If : x 2 B, thenB + x con-
tainsall possiblesentencessinceit entailsa contradic-
tion. Consequentlythis methodof accumulatingnfor-
mationis uselessvhencon icting factsarise.

To accommodatepotential contradictions,we must
adopttheuseof arevisionopetator, denotedy + , which
ensureghatthe revisedbelief setB + x remainsconsis-
tentprovidedthat B wasconsistento begin with, andx
is notitself acontradiction12].

Revision operatorshave several fundamentalproper
ties. First, they are not uniquely determinedby logical
considerationslone;thatis, for any given belief setB
andsentence, theremaybe numeroudogically consis-
tentwaysto retractinformationfrom B sothatx canbe
safelyadded. Secondundermild assumptiongevision
is completelydeterminedy contraction; thatis, by the
stratgyy for remaring informationfrom a belief set. This
secondactfollows from the Levi identity,

B+x= B :X +X; (12)
where denoteghecontractioroperator Equation(11)
holds under the rationality axioms proposedby Al-
chourbn, GardenforsandMakinson[1], which state for
examplethatx 2 B+ x B+ x, andthatB+ x = B+ X
whenx is consistenwith B. Furthermoretheseaxioms



requiretherevisionoperatoito besensitve only to mean-
ing and not syntax. Thus,whenx andy are logically
equialent,it mustfollow thatB+ x = B+ y.

By imposingtheserationality axioms,the possiblein-
terpretationf contractionandrevision are constrained
but not entirely determinedthus,aswe saw in the pre-
vious examples,we requiresomeextra-logicalinforma-
tion to decide which revision is most justied. One
suchsourceof additionalinformation is epistemicen-
trendiment[11], which is a partial orderingon the be-
liefs that indicatesour degreeof commitmentto them,
or our con dencein them. Alchourronet al. [1] have
shaovn how to characterizéhe possiblerevisionsthatsat-
isfy the rationality axioms,which preciselydemarcates
therole of extra-logicalheuristicssuchasentrenchment
andcon dencemeasuresThisis a promisingtheoretical
foundationfor constructingagentsthat canreasonnon-
monotonicallyandhencecopewith somedegreeof am-
biguity.

7 AutonomousAssistants

We now summarizesome of the lessonsembodiedin
theexampleddiscussedandtranslateheminto desirable
propertiesof a mathematicahssistant. First, and most
fundamentallythe userof sucha systemshouldnot be
forcedinto arigidly formal development.Requiringthat
eachstepbe thoroughlyspeci edis overly constraining
andis antitheticato theway peopletendto work. People
arequite accustomedo carryingon in thefaceof uncer
tainty, soit is desirablejf not expectedthatanassistant
will havethischaracteristi@also. Theuseof hand-written
informationand diagramsare consistenwith this man-
date althoughnot afundamentatequirement.

An immediateconsequencef this freedomis thatthe
assistaninustbe capableof applyingtentatve defaultas-
sumptionsaboutthe meaningof symbolsaswell asthe
objectivesof the user The tentatvenesof the assump-
tionsleadsto non-monotoniceasoningnthepartof the
assistantwhich canbe characterizeth termsof its strat-
egy for beliefrevision.

Sincecontradictionsmight be revealedonly after sig-
ni cant computation, either through logical inference
(i.e.theorenproving) or numericakexperimentschanges
in the assistans beliefs may occur at seeminglyran-
domtimes. It is thereforereasonabléo requirethatthe
human-computedialog never be suspendegendingthe
outcomethesecomputationsthusthey mustberelegated
toindependenthreadof execution.Sinceneitherthehu-
mannortheassistanheedever becompletelystalleddue
toinformationrequiredfrom the other, theiractiitiesare
largely decoupledThe picturethatemegesis thatof an
autonomousssistant

Multi-threadedexecutioncanalso be usefulin carry-
ing out numericalexperimentsand symbolic computa-
tionssimultaneouslysinceeitherpathmayturnup useful
information,or fail to do soevenaftersigni cant compu-
tation[32]. In additionto theuseof concurreng [10], de-
faultassumptionsjon-monotoniceasoningandheuris-
ticsthatencapsulatprevioustricksandplausiblereason-
ing [22], therearemary otherwaysin which the useful-
nessof an autonomousssistantnay be enhanced.For
example,it would be usefulto devise waysin which to
inform the userof pendingcomputationgandcurrentbe-
liefs of the assistant.This will likely requirethe assis-
tant to periodically inject unsolicitedinformation, and
may thereforebene t from assistantshatcanmimic ad-
ditional humanattributes, such as “politeness”or “as-
sertveness.
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