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ABSTRACT
Message Passing (MP) and Distributed Shared Memory
(DSM) are the two most common approaches to program-
ming on distributed memory systems. MP is difficult to
use, while DSM is not scalable. Performance scalabil-
ity and ease of programming can be achieved at the same
time by using “shared variable programming” and follow-
ing the principle of “computation locus following data,”
which is embodied in our Navigational Programming ap-
proach. The implementation of a real-world algorithm, par-
allel Cholesky factorization, presented in this paper sup-
ports our claim that Navigational Programming is better
suited for general purpose distributed programming than
either MP or DSM.
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1 Introduction

Two fundamental approaches to distributed programming,
message passing (MP), and distributed shared memory
(DSM) each has a drawback: MP is hard to use, and DSM
is not scalable. We have proposed a general-purpose dis-
tributed programming approach [1, 2, 3], based on the use
of a mobile agent system. We call this approach Naviga-
tional Programming [4]. Navigational Programming com-
bines the advantages of MP and DSM: (1) Navigational
Programming uses shared variable (SV) programming for
communication and synchronization as DSM does, and
hence the code is easy to develop and maintain (this is
referred to as “algorithmic integrity”); (2) Similar to MP,
Navigational Programming allows the programmers to take
full control of data distribution, and to make smart deci-
sions by binding small amount of data to the locus of com-
putation and having them follow the larger data pieces. As
a result, the programs are efficient and scalable. Naviga-
tional Programming balances convenience and flexibility,
thus combining the advantages of earlier approaches such
as MP and DSM.

Navigational Programming can be applied in dis-

tributed sequential computing (DSC) [1, 2]. Among
the benefits are improved performance on large prob-
lems (from eliminating disk thrashing), and increased pro-
grammability. The limitation of DSC is that those programs
are still sequential. To gain more from distributed comput-
ing, the next logical step is to develop programs that em-
ploy multiple concurrent agents working in parallel.

In this paper, we present a real-world algorithm: the
Cholesky factorization, and its parallel implementation us-
ing Navigational Programming. We compare the ease of
programming and efficiency of our approach with the other
implementations. We also present a performance compar-
ison between our approach and the MPI [5] implementa-
tion. The experimental evidence from this parallel example
supports our claim that Navigational Programming is better
suited for general purpose distributed programming [3].

The DSC we introduced takes advantage of “compu-
tation locus following data” [1, 2]. This advantage in terms
of efficient use of network bandwidth is kept in our par-
allel programs here by all individual mobile agents. Fur-
thermore, these mobile agents are organized around (large)
data pieces to perform one task in parallel.

The rest of the paper is organized as follows.
Section 2 presents parallel implementations of parallel
Cholesky factorization using DSM, MP, and Navigational
Programming approaches. Section 3 contains a detailed
comparison of the implementations, along with perfor-
mance data. The last section contains some final remarks.

2 Parallel Cholesky Factorization

Cholesky factorization is an algorithm for factorizing sym-
metric positive definite matrices. In this section, we briefly
describe this algorithm, and then present three implemen-
tations, using the DSM, Navigational Programming, and
MP approaches. The MP and DSM implementations of
Cholesky factorization are based on those in a classic text-
book on matrix computation [6].

A positive definite matrix A can be factored into the
product of two matrices A = GGT , where G is a lower
triangular matrix called the Cholesky triangle. This de-
composition can then be used to solve a linear system of
equations. The Cholesky factorization algorithm takes A
as its input and produces the matrix G. It works in place on



the matrix A; when it concludes, the entries on and below
the diagonal are the entries of G. For simplicity we will
assume here that A is a full n × n matrix.

Depending on the order used to update the matrix A,
there are two different sequential implementations, namely,
inner and outer product versions. Figure 1(a) contains
pseudocode for a parallel implementation of outer product
Cholesky factorization in shared memory or DSM, adapted
from the code given in Ref. [6].

In Figure 1(a), there are two types of computations
performed on the columns of the matrix A:

1. scaling: A column is scaled using its diagonal term.
This accounts for a very small fraction of the total
work: each column is scaled once, so the total cost
of all the scaling is O(n2). Hence there is little to
be gained by parallelizing this portion of the algo-
rithm. The columns that have been scaled are called
G columns. These columns will no longer be mod-
ified but will be used in later computation. Scaling
processes all columns sequentially from left to right,
i.e., a column is ready to be scaled only after all the
columns to its left have been scaled and therefore
turned into G columns, and after itself is updated us-
ing the information from all these G columns;

2. updating: A column is updated using the values in
all the G columns to its left. This is the expensive part
of the algorithm: the total work done in the updating
steps is Θ(n3). Hence this is the portion of the algo-
rithm that is parallelized.

The DSM implementation assumes that there are p
processors, each running the pseudocode shown in Fig-
ure 1(a). The scaling is performed at line (4), and the up-
dating is performed at line (15). It is assumed that com-
putations cannot be done directly to shared variables [6],
so lines (3), (5), (12), (14), and (16) are used to copy data
to and from the shared variable A. In some DSM’s, this
limitation does not exist, in which case these extra lines
could be removed from the pseudocode. We include these
lines to emphasize that the actions they represent take place
when the A matrix term involved resides in remote mem-
ory. This copying creates excessive data movement when
the matrix A is not distributed properly for the application.

In order to balance load, a round-robin data distri-
bution scheme for updating the columns is proposed in
Ref. [6]. This scheme is illustrated by the following simple
example. Suppose the number of columns in A is n = 11,
the number of processors is p = 3, and the ith column of
A is denoted by ai. In the most straightforward scheme,
contiguous allocation of columns, the updating of columns
would be assigned to processors as follows:

[a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11],
PE1 PE2 PE3

In the round-robin scheme, the assignment of columns to
processors is as follows:

[a1 a4 a7 a10 a2 a5 a8 a11 a3 a6 a9].
PE1 PE2 PE3

In the contiguous allocation strategy, processor 1
would be idle after columns 1 to 4 have been computed,
even though much work remains. In the round-robin strat-
egy, processor µ carries out the construction of G(:, µ :
p : n) where the column index starts from µ, ends at up
to n, with an increment of p. This strategy distributes ma-
trix A evenly to all participating processors, and ensures
that all of the processors are busy most of the time. The
pseudocode in Figure 1(a) reflects this round-robin strat-
egy. The index k loops over all the columns of A (line (1)).
The first processor (processor ID µ == 1) is responsi-
ble for scaling column k (lines (2)-(6)), after which all the
processors, including processor 1, will update the columns
they are responsible for and that are to the right of col-
umn k (line (8)). In particular, processor µ will update the
A columns (k + µ) : p : n (lines (13)-(17)). After all the
processors are done updating, processor 1 can start scaling
on the next column (k+1), and the computation continues.

Our Navigational program implemented in MESSEN-
GERS [7, 8], shown in Figure 1(b), consists of two types
of mobile agents: a single scaling agent, and multiple up-
dating agents. The single scaling agent carries the loop in-
dex k which loops through all columns of matrix A, which
is a shared node variable [8]. On the kth iteration, the
scaling agent scales column k (line (4)). The function
col(k)) maps the global column index k to a local col-
umn index; this function is needed because each processor
stores only a portion of the entire global matrix A. Af-
ter scaling the column, the scaling agent injects p updat-
ing agents (lines (7.1)-(8.1)), and then it hops to the pro-
cessor that owns the next column of A (line (9.1)). The
ID of this processor is found using a column-to-processor
map. The scaling agent then waits for the next round
of computation. Each of the p updating agents loads the
newly computed G column k (again the local column in-
dex is col(k)) into its agent variables (line (12)), and then
hops to the appropriate processor (line (12.1)). In paral-
lel, these p agents update the A columns for which they
are responsible on all p processors, using the G column
stored in agent variables [8] and the A entries stored in
shared node variables (line (15)). Two maps are used in
the Navigational Programming implementation (lines (4),
(9.1), (12), (12.1), and (15)) and they are application de-
pendent. In particular, here the column-to-processor map
is proc map(k) = (k − 1)%p + 1, and the global-to-local-
column-index map is col(k) = (k − µ)/p + 1, where k
is global column index, p is number of processors, and µ
is current processor ID. Because matrix columns are not
assigned to processors using a linear map, local memory
accessing cannot be done with shifted pointers [3], but the
maps we use here are simply by-products of a user defined
data distribution strategy.

Notice that scaling is performed sequentially by a sin-
gle agent, while updating is done in parallel by p concur-
rent agents. This is because scaling accounts for only a



(1) for (k = 1; k <= n; k + +) {
(2) if (µ == 1) {
(3) vloc(k : n) = A(k : n, k);

(4) vloc(k : n) / =
√

vloc(k);
(5) A(k : n, k) = vloc(k : n);
(6) }
(7) barrier;

(8) updating (µ, k, n);

(9) barrier;

(10) }
(11) updating (int µ, int k, int n) {
(12) vloc(k + 1 : n) = A(k + 1 : n, k);

(13) for (j = k + µ; j <= n; j+ = p) {
(14) wloc(j : n) = A(j : n, j);
(15) wloc(j : n) − = vloc(j)vloc(j : n);
(16) A(j : n, j) = wloc(j : n);
(17) }

(18) }

(a)

(1) for (k = 1; k <= n; k + +) {
(2)
(3)

(4) A(k : n, col(k)) / =
√

A(k, col(k));
(5)
(6)
(7)
(7.1) for (c = 1; c <= p; c + +) {
(8) inject(updating (c, k, n));
(8.1) }
(9)
(9.1) hop(proc map(k + 1));
(9.2) waitEvent(scaleEvt, k + 1);
(10) }
(11) updating (int c, int k, int n) {
(12) vloc(k + 1 : n) = A(k + 1 : n, col(k));
(12.1) hop(proc map(k + c));
(13) for (j = k + c; j <= n; j+ = p) {
(14)
(15) A(j : n, col(j))− = vloc(j)vloc(j : n);
(16)
(17) }
(17.1) signalEvent(scaleEvt, k + 1);
(18) }

(b)

Figure 1. Pseudocode for Parallel Cholesky Factorization using (a) Distributed Shared Memory (b) Navigational Programming.
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Figure 2. Interleaved Parallel and Sequential Steps

very small fraction of the entire computation, and there is
no need to make the extra effort to parallelize it. Figure 2
depicts how the two types of mobile agents coordinate to
achieve interleaved sequential and parallel computing.

In the pseudocode of Figure 1(b), there are two lines
of code that use signalEvent and waitEvent primitives
for synchronizing all agents that are local to a logical node

[8]. The semantics of these primitives is described in MES-
SENGERS manual [8]. After the scaling agent executes the
inject commands at line (8), it hops away immediately af-
ter all the injections are done, and then the injected agents
start executing (line (12)). Thus the scaler hops to the next
processor and continues its computation and communica-
tion without having to wait for the injected updating agents
to hop away. The waitEvent and signalEvent primi-
tives (lines (9.2) and (17.1), respectively) are used to pro-
tect the shared variable A from being updated in an incor-
rect order. A nice feature of Navigational Programming is
that since all data accesses to variables are local, the only
synchronization required is among agents on the same ma-
chine; in other words, no inter-machine synchronization is
required. The performance advantage resulting from only
requiring local synchronization can be seen in Figure 2: the
next round of scaling can start as soon as the previous lo-
cal updating is done, regardless of whether or not the re-
mote updatings are finished. In contrast, the global barriers
(lines (7) and (9) in Figure 1(a)) are less efficient. In a dis-
tributed environment with relatively high network latency,
the performance improvement from overlapping and local
synchronization can be significant.

The Navigational Programming pseudocode (Fig-
ure 1(b)) preserves algorithmic integrity with respect to
the DSM original (Figure 1(a)), and also with respect to



(1) k = 1; q = 1; col = µ : p : n; L = length(col);
(2) while (q <= L) {
(3) if (k == col(q)) {
(4) Aloc(k : n, q) / =

√
Aloc(k, q);

(5) if (k < n) {
(6) send(Aloc(k : n, q), right);
(7) }
(8) k = k + 1;
(9) for (i = q + 1; i <= L; i + +) {

(10) r = col(i);
(11) Aloc(r : n, i)− = Aloc(r, q) ∗ Aloc(r : n, q);
(12) }
(13) q = q + 1;
(14) }
(15) else {
(16) recv(gloc(k : n), left);
(17) α = proc which sent kth G col;
(18) β = index of right′s final col;
(19) if (right ! = α and k < β) {
(20) send(gloc(k : n), right);
(21) }
(22) for (i = q; i <= L; i + +) {
(23) r = col(i);
(24) Aloc(r : n, i) − = gloc(r) ∗ gloc(r : n);
(25) }
(26) k = k + 1;
(27) }
(28) }

Figure 3. Pseudocode for MP parallel Cholesky Factoriza-
tion.

the sequential original [6]. The synchronization events
(lines (9.2) and (17.1) in Figure 1(b)) do the same job as
the synchronization barriers do (lines (7) and (9) in Fig-
ure 1(a)). In addition to the event related lines, two hops
(lines (9.1) and (12.1)) and one load statement (line (12))
are inserted to tell the agents where to migrate and what
to carry for later sharing and computing. Two maps are
used to tell the code about how data is distributed. The cre-
ation of these maps does not represent extra work for the
programmer, since a data distribution strategy must also be
developed in the DSM implementation in order to achieve
reasonable load balancing. Notice that the for loop at
lines (7.1)-(8.1) in Figure 1(b) is not superfluous: the DSM
code is written in an SPMD style and is executed on all pro-
cessors, while the Navigational program represents a single
agent that orders the computational steps in its natural se-
quence, executes all the sequential portions of the compu-
tation on the appropriate processor, and orchestrates the ex-
ecution of the parallel portion of the computation by inject-
ing multiple agents that hop to the appropriate processors
and perform their work independently.

Pseudocode for an MP solution of Cholesky fac-
torization, adapted from the implementation presented in

Ref. [6], is presented in Figure 3. Each process executing
this code runs a while loop (line (2)), with loop index
q, over all local columns this processor owns. A global
column index k, which is the same as the loop index k in
Figures 1(a) and (b), is being computed by all processes
(lines (8) and (26)). The local column index q is mapped
to its corresponding global position in the matrix A, and is
then tested against the global index k (line (3)). If the test
result in line (3) is true, the process owns the column that
needs to be scaled. Therefore, it scales the column to get
a new G column (line (4)), and passes the new G column
to its right neighbor in the processor ring (line (6)), before
it uses the new G column to update the local A columns
(line (11)). If the test result in line (3) is false, this pro-
cess will receive the new G column from its left neigh-
bor (line (16)), forward it to its right neighbor if needed
(line (20)), and then update its local A columns (line (24)).

3 Comparison of the Solutions

In this section we compare our Navigational Programming
solution with the two classical solutions (MP and DSM).
We also compare the performance of our implementation
with an MPI implementation. All performance data is ob-
tained from SUN Ultra Sparc 1 model 170’s with 64MB
of main memory, 1GB of virtual memory, and 10Mbps of
Ethernet connection. These workstations have a shared
file system (NFS). The MPI system we use for perfor-
mance comparison is LAM 6.3.1/MPI 2 C++ from Univer-
sity of Notre Dame. The mobile agent system used is the
MESSENGERS system developed at University of Califor-
nia Irvine [8].

The MP pseudocode differs significantly from the
DSM or Navigational Programming pseudocode. In a dis-
tributed environment, computation is required to go across
machine boundaries, and this creates several problems,
which are listed in Table 1 together with their MP and Nav-
igational Programming solutions.

1. In Cholesky factorization, computation of all A
columns is put in a loop over the global index k. This
computation is required to happen across machine
boundaries as the columns that are being computed
become remote. However, normally processes can-
not be shifted across machines because their program
counters would become invalid. The MP solution to
this problem, is to break the global loop over k into
p smaller local loops over index q. With MP, parti-
tioning data means restructuring code. The code lines
are regrouped based on the locations where they will
be executed. In Figure 3, the two groups are the if
and else blocks. This code restructuring completely
changes the temporal order of the original code lines.
The Navigational Programming solution, however, is
based on a higher level of abstraction. That is, with a
mobile agent system, agent threads are able to “jump”
across machine boundaries at application level.



Requirements Problems MP Navigational
Solution Programming Solution

1. shift locus of computation execution cannot continue restructure code hop
2. shift locally scoped data data does not follow explicit transfer or recompute carry
3. treat data in global view index reset to 0 no attempt to solve global-local map

Table 1. Problems and Solutions

2. When the locus of computation shifts, some evolving
data that is scoped locally to the computation (e.g., k)
needs to follow. However, this does not happen au-
tomatically. The MP solution is to explicitly trans-
fer, or locally recompute this data. Lines (8) and
(26) in Figure 3 are for this recomputing. In Nav-
igational Programming, this type of locally scoped
data is identified and carried in agent variables (e.g.,
k is an agent variable). This data transfer in Nav-
igational Programming is implicit because to a mo-
bile agent, although the locally scoped data is carried
across machine boundaries, the communication is still
intra-thread.

3. In a “pure” algorithm developed without considering
the details of memory arrangements (shared memory,
DSM, or PRAM [9] algorithms can all be taken as
pure algorithms in this sense), all data is treated in
a global view, i.e., any data can be accessed from
anywhere in the algorithm pseudocode with the same
index. This may not be true anymore for the algo-
rithm’s implementation in a distributed memory en-
vironment. For example, the starting index of a dis-
tributed array is reset to 0 across machine boundaries.
In MP implementation, because the focus of the pro-
grammer is placed on local process executing on lo-
cal data, the global view of data is not preserved at
all. A good example is that lines (4), (6), (11), and
(24) in Figure 3 all use the local column indices (the
second index in A(·, ·)). In the situation where the
global correspondence of a local index is needed (e.g.,
line (3) in Figure 3), the local data view is mapped
to global. In Navigational Programming, we take the
opposite approach. Because shared variables stored
across distributed memories are “bridged” [3], or log-
ically linked and physically made available with mo-
bile agents, in the Navigational Programming imple-
mentation we can preserve the global data view. A
global-local data map, as a by-product of the applica-
tion specific data distribution strategy, is used to help
local data accessing with global indexing (e.g., the
map col(.) in Figure 1(b) serves as the mechanism).

By comparing the solutions of MP and Navigational
Programming, we can see why in the MP implementation
the code structure is completely altered from the original
pure algorithm. All the disadvantages in MP programming
are rooted in the fact that MP is at a low level at which

2 3 4 5 6 7 8 9
2

3

4

5

6

7

8

9
Speedup of Parallel Cholesky Factorization (5,000X5,000 matrix)

Number of Workstations

S
pe

ed
up

MPI       
MESSENGERS

Figure 4. Performance of Parallel Cholesky Factorization.

programmers handle non-trivial details in their handcrafted
code. In contrast, the Navigational Programming approach
leaves those details of implementation to a compiler which
is good at, e.g., restructuring code based on locations.

As far as performance is concerned, the Navigational
Programming implementation moves the same amount of
data as does the MP program; the communicated data is all
the G columns (loaded in line (12), and sent out by hop()
statement in line (12.1) in Figure 1(b)). The DSM imple-
mentation is likely to create excessive communication if
the shared data A is not distributed in the right way, which
is likely to happen since the DSM system does not have
the knowledge of the application, and the user of the sys-
tem does not control where memory is allocated. Further-
more, processor 1 would bring in all the A columns into
local memory for scaling, this is much more expensive, in
terms of network use, than the scaling agent hopping to the
columns being scaled carrying only small amount of data
such as the loop index k.

Figure 4 shows the speedup data obtained by the Nav-
igational program and MP programs. It is important to ob-
serve that the speedup of our implementation is almost the
same as that of the MP program, and their trends as the
number of machines increases are the same which indicates
same scalability.

Compared with DSM, two things are explicit in Nav-
igational Programming:



1. data distribution: The programmer must develop an
application-dependent strategy for data distribution,
and then construct, as by-products of the strategy, the
data-processor map, and data-global-local map. These
maps are then explicitly used in the code. In contrast,
none of these maps shows up explicitly in DSM code,
because the mapping is taken care of by the underly-
ing DSM system. However, this by no means says that
DSM programmers are home free. In fact, as shown
in our Cholesky example, for the purposes of, say load
balancing, a DSM programmer does need a data ac-
cessing strategy, from which constructing the maps is
only a small step further.

2. mobile agent migration: With Navigational Pro-
gramming, this is done explicitly using hop() state-
ments, together with explicit data load/unload to/from
agent variables. Variable sharing and communication
is accomplished by execution of these inserted hop()
and load statements. A DSM system provides all these
implicitly for DSM programs. However, this seem-
ing advantage can be the cause of poor performance
and scalability of DSM programs because a program-
mer can easily make a wrong decision to move larger
amount of data than needed. In this sense, Naviga-
tional Programming provides balanced convenience
and flexibility: the code is easy to develop from the
original algorithm, and the programmer has full con-
trol over exactly when and where data movement hap-
pens. Navigational Programming allows the program-
mer to bridge distributed memory at the application
level: by using the aforementioned two maps and the
hop() statement, the programmer can view any shared
variable allocated in distributed memory as if it were
in contiguously shared memory with no boundaries.

4 Final Remarks

In this paper, we have applied Navigational Programming
to a real-world parallel algorithm, Cholesky factorization.
Our Navigational Programming and MPI implementations
of the algorithm yield almost identical speedups. This pro-
vides evidence that from efficiency point of view, Naviga-
tional Programming is as suited for general purpose high
performance computing as MP is. One reason for this is
that because of the careful implementation of the underly-
ing mobile agent system [10], no code needs to be moved.
When the locus of computation migrates, only the program
state is moved across the network.

In contrast to MP implementation, the advantage of
algorithmic integrity is clearly shown in our Navigational
Programming implementation of parallel Cholesky factor-
ization. While the example in this paper is drawn from the
domain of numerical analysis, Navigational Programming
is a general approach to developing general purpose dis-
tributed programs.
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