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Abstract

Particle �lters (PFs) are powerful sampling-
basedinference/learningalgorithmsfor dynamic
Bayesiannetworks (DBNs). They allow us to
treat, in a principledway, any type of probabil-
ity distribution,nonlinearityandnon-stationarity.
They have appearedin several �elds undersuch
names as “condensation”, “sequential Monte
Carlo” and “survival of the �ttest”. In this pa-
per, we show how we can exploit the structure
of the DBN to increasethe ef�ciency of parti-
cle �ltering, using a techniqueknown as Rao-
Blackwellisation.Essentially, this samplessome
of the variables,and marginalizesout the rest
exactly, using the Kalman �lter , HMM �lter ,
junction tree algorithm, or any other �nite di-
mensionaloptimal �lter . We show that Rao-
Blackwellised particle �lters (RBPFs) lead to
moreaccurateestimatesthanstandardPFs. We
demonstrateRBPFson two problems,namely
non-stationaryonline regressionwith radial ba-
sis functionnetworksandrobot localizationand
mapbuilding. Wealsodiscussotherpotentialap-
plicationareasandprovidereferencesto some�-
nitedimensionaloptimal�lters.

1 INTRODUCTION

Stateestimation(onlineinference)in state-spacemodelsis
widely usedin avarietyof computerscienceandengineer-
ingapplications.However, thetwomostfamousalgorithms
for this problem,theKalman�lter andtheHMM �lter , are
only applicableto linear-Gaussianmodelsandmodelswith
�nite statespaces,respectively. Evenwhenthestatespace
is �nite, it canbe so large that the HMM or junction tree
algorithmsbecometoo computationallyexpensive. This is
typically thecasefor largediscretedynamicBayesiannet-
works (DBNs) (DeanandKanazawa 1989): inferencere-
quiresateachtimespaceandtimethatis exponentialin the

numberof hiddennodes.

To handletheseproblems,sequentialMonte Carlo meth-
ods, also known as particle �lters (PFs), have beenin-
troduced(Handschinand Mayne 1969, Akashi and Ku-
mamoto1977). In the mid 1990s,several PF algorithms
were proposedindependentlyunderthe namesof Monte
Carlo �lters (Kitagawa 1996),sequentialimportancesam-
pling (SIS)with resampling(SIR)(Doucet1998),bootstrap
�lters (Gordon,Salmondand Smith 1993), condensation
trackers(IsardandBlake 1996),dynamicmixture models
(West1993),survival of the �ttest (Kanazawa, Koller and
Russell1995),etc.Oneof themajorinnovationsduringthe
1990swasthe inclusionof a resamplingstepto avoid de-
generacy problemsinherentto theearlieralgorithms(Gor-
donet al. 1993). In the latenineties,severalstatisticalim-
provementsfor PFswere proposed,and someimportant
theoreticalpropertieswereestablished.In addition,these
algorithmswereappliedandtestedin many domains:see
(Doucet,deFreitasandGordon2000)for anup-to-datesur-
vey of the�eld.

One of the major drawbacksof PF is that sampling in
high-dimensionalspacescanbeinef�cient. In somecases,
however, the model has “tractable substructure”,which
can be analytically marginalizedout, conditionalon cer-
tain othernodesbeingimputed,c.f., cutsetconditioningin
static Bayesnets(Pearl1988). The analyticalmarginal-
izationcanbe carriedout usingstandardalgorithms,such
asthe Kalman�lter , the HMM �lter , the junction treeal-
gorithmfor generalDBNs (Cowell, Dawid, Lauritzenand
Spiegelhalter1999),or, any other�nite-dimensionalopti-
mal �lters. The advantageof this strategy is that it can
drasticallyreducethesizeof thespaceoverwhichweneed
to sample.

Marginalizing out someof the variablesis an exampleof
the techniquecalled Rao-Blackwellisation, becauseit is
relatedto the Rao-Blackwell formula: see(Casellaand
Robert1996)for a generaldiscussion.Rao-Blackwellised
particle �lters (RBPF)have beenappliedin speci�c con-
texts such as mixtures of Gaussians(Akashi and Ku-
mamoto1977,Doucet1998,Doucet,Godsill andAndrieu



2000), �x ed parameterestimation(Kong, Liu and Wong
1994),HMMs (Doucet1998,Doucet,Godsill andAndrieu
2000)and Dirichlet processmodels(MacEachern,Clyde
andLiu 1999).In thispaper, wedevelopthegeneraltheory
of RBPFs,andapplyit to severalnovel typesof DBNs. We
omit the proofsof the theoremsfor lack of space:please
referto thetechnicalreport(Doucet,GordonandKrishna-
murthy1999).

2 PROBLEM FORMULA TION

Let us consider the following general state space
model/DBN with hiddenvariables ��� and observed vari-
ables ��� . We assumethat ��� is a Markov processof ini-
tial distribution ���	��
�� andtransitionequation�
������� ��������� .
The observations �
��� ���

�

������������������� ��� � are assumed
to be conditionally independentgiven the process�!� of
marginal distribution �
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�

� �
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If oneattemptsto solve this problemanalytically, oneob-
tainsintegralsthatarenot tractable.One,therefore,hasto
resorttosomeformof numericalapproximationscheme.In
this paper, we focuson sampling-basedmethods.Advan-
tagesanddisadvantagesof otherapproachesarediscussed
at lengthin (deFreitas1999).

The above descriptionassumesthat thereis no structure
within the hidden variables. But supposewe can di-
vide the hiddenvariables ��� into two groups, .�� and /�� ,
suchthat ���	����� �������%�0+1���"/���� .������#� �#��/��������2����.���� .�������� and,
conditionalon .�
%� � , the conditionalposteriordistribution

�$��/�
�� �%�3���#� ��� .�
�� �4� is analytically tractable.� Thenwe can
easily marginalize out /


%� � from the posterior, and only
needto focus on estimating�$�2.
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� , which lies in a

spaceof reduceddimension.Formally, we aremakinguse
of thefollowing decompositionof theposterior, which fol-
lows from thechainrule

�$��.�
�� �5� /�
%� ��������� � �,+-�$�%/�
%� �%�3���#� ����.�
�� �4���$��.6
%� �%�3���#� � �

The marginal posteriordistribution �$��.

%� �

� �
�#� �

� satis�es
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The problemof how to automaticallyidentify which vari-
ablesshouldbesampled,andwhich canbehandledanalytically,
is onewearecurrentlyworkingon. Weanticipatethatalgorithms
similar to cutsetconditioning(Becker, Bar-Yehudaand Geiger
1999)mightprove useful.

thealternativerecursion
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If eq.(1) doesnotadmitaclosed-formexpression,theneq.
(2) doesnot admitoneeitherandsampling-basedmethods
are also required. Sincethe dimensionof �$�".�
%� ��� ���#� �3� is
smallerthantheoneof �$�%. 
%� � ��/ 
�� � �3� �#� � � , weshouldexpect
to obtainbetterresults.

In the following section,we review the importancesam-
pling (IS) method,whichis thecoreof PF, andquantifythe
improvementsone can expect by marginalizing out / 
%� � �

i.e. usingtheso-calledRao-Blackwellisedestimate.Sub-
sequently, in Section4, we describea generalRBPFalgo-
rithm anddetail theimplementationissues.

3 IMPORTANCE SAMPLING AND
RAO-BLACKWELLISA TION

If we were able to sample H i.i.d. random sam-

ples(particles), IKJ�.!LNM)O
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This estimateis unbiasedand, from the strong law of
large numbers(SLLN), s�Y��
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where ”•‹—– denotesconvergencein distribution. Typi-
cally, it is impossibleto sampleef�ciently from the “tar-
get” posteriordistribution �S�%.
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Sowe focusonalternativemethods.



One way to estimate �$��. 
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In practice,we will try to selectthe importancedistribu-
tion ascloseaspossibleto thetargetdistribution in agiven
sense.For H �nite,
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Intuitively, to reacha givenprecision,
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is provenin thefollowing propositions.
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so that, accordinglyto the intuition, it will be worth gen-
erally performingRao-Blackwellisationwhenthe average
conditionalvarianceof thevariable/�
%� � is high.

4 RAO-BLACKWELLISED PARTICLE
FILTERS

Given H particles(samples)
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GenericRBPF
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3. MCMC step
� Apply a Markov transition kernel with invariant

distribution given by 8 92;
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= >
A to obtain 92;
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4.1 IMPLEMENT ATION ISSUES

4.1.1 Sequentialimportance sampling

If we restrictourselvesto importancefunctionsof thefol-
lowing form

� �%.�
%� ���3���#� �4�,+ � �".�
��

�

0

1

\

�

� ��.

1

�3���#�

1

� .��#�

1

����� (3)

we can obtain recursive formulasto evaluate �w�". 
%� � � +

�w��. 
%� ����� � � � andthus
�

� �#� � . The“incrementalweight” � �

is givenby

� �32

�$�%� � �3� �#� ����� � . 
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� � denotesthe normalizedversion of � � , i.e.
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. Hencewe canperform importance
samplingonline.

Choiceof theImportanceDistribution

Therearein�nitely many possiblechoicesfor � �%.

%� �

���
�#� �

� ,
theonly conditionbeingthatits supportsmustincludethat
of �$�%.


%� �
�4�

��� �
� . Thesimplestchoiceis to justsamplefrom

theprior, �$�%.
�

�3.
�����

� , in whichcasetheimportanceweight
is equalto the likelihood, �$�%�

�
�3�

�#� �����
��.


%� �
� . This is the

mostwidelyuseddistribution,sinceit is simpletocompute,
but it can be inef�cient, sinceit ignoresthe most recent
evidence,��� . Intuitively, many of our samplesmayendup
in a region of thespacethathaslow likelihood,andhence
receive low weight;theseparticlesareeffectively wasted.

We can show that the “optimal” proposaldistribution, in
the senseof minimizing the varianceof the importance
weights,takesthemostrecentevidenceinto account:

Proposition3 The distribution that minimizesthe vari-
ance of the importanceweightsconditional upon .


�� �����

and ���#� � is

�$�%.
�

�3.

%� �����
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� +

�$�%�����4����� ����� � .�
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andtheassociatedimportanceweight �
� is
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��.
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Unfortunately, computingtheoptimalimportancesampling
distribution is often too expensive. Several deterministic
approximationsto theoptimal distribution have beenpro-
posed,seefor example(deFreitas1999,Doucet1998).

Degeneracyof SIS

Thefollowing propositionshowsthat,for importancefunc-
tionsof the form (3), thevarianceof �w��. 
%� �4� canonly in-
crease(stochastically)over time. Theproof of this propo-
sition is anextensionof a Kong-Liu-Wongtheorem(Kong



etal. 1994,p. 285)to thecaseof animportancefunctionof
theform (3).

Proposition4 The unconditionalvariance(i.e. with the
observations�
��� � being interpretedas randomvariables)
of theimportanceweights�-�	. 
�� �4� increasesover time.

In practice,thedegeneracy causedby thevarianceincrease
can be observed by monitoring the importanceweights.
Typically, what we observe is that, after a few iterations,
oneof thenormalizedimportanceweightstendsto 1, while
theremainingweightstendto zero.

4.1.2 Selectionstep

To avoid thedegeneracy of thesequentialimportancesam-
pling simulation method, a selection(resampling)stage
maybeusedto eliminatesampleswith low importancera-
tios andmultiply sampleswith high importanceratios. A
selectionschemeassociatesto eachparticle . LNMNO


�� �

a num-
ber of offsprings,say H

M��

�

, suchthat
o

Y

MN\

�

H

M

+ H .
Several selectionschemeshave beenproposedin the lit-
erature. Theseschemessatisfy &

•

H

M

“
+ H

�

�
LNM)O

�

, but
their performancevaries in terms of the varianceof the
particles,var

•

H

M

“
. Recenttheoreticalresultsin (Crisan,

Del Moral and Lyons 1999) indicate that the restriction
&

•

H

M

“S+1H

�

�|LGMNO

�

is unnecessaryto obtainconvergencere-
sults (Doucet et al. 1999). Examplesof theseselection
schemesincludemultinomialsampling(Doucet1998,Gor-
don et al. 1993,Pitt andShephard1999),residualresam-
pling (Kitagawa 1996,Liu andChen1998)andstrati�ed
sampling(Kitagawa 1996).Their computationalcomplex-
ity is � �	H � .

4.1.3 MCMC step

After the selectionschemeat time ˜ , we obtain H par-
ticles distributed marginally approximatelyaccordingto

����.

�� �

� �
�#� �

� . As discussedearlier, thediscretenatureof the
approximationcan lead to a skewed importanceweights
distribution. That is, many particleshave no offspring
( H

M

+

’

), whereasothershave a large numberof off-
spring, the extremecasebeing H

M

+ H for a particular
value

T

. In this case,thereis a severereductionin the di-
versity of the samples. A strategy for improving the re-
sultsinvolvesintroducingMCMC stepsof invariantdistri-
bution ����.�
%� �%� ����� � � oneachparticle(Andrieu,deFreitasand
Doucet1999b,Gilks andBerzuini1998,MacEachernetal.
1999). Thebasicideais that,by applyinga Markov tran-
sition kernel,the total variationof the currentdistribution
with respectto theinvariantdistributioncanonly decrease.
Note,however, thatwe do not requirethis kernelto beer-
godic.

4.2 CONVERGENCE RESULTS

Let



������� be the spaceof bounded,Borel measurable
functionson ��� . We denote�
	�� �
�����

�������

� 	0��� ��� . Thefol-

lowing theoremis a straightforwardconsequenceof Theo-
rem 1 in (CrisanandDoucet2000)which is an extension
of previousresultsin (Crisanetal. 1999).

Theorem5 If the importance weights �K� are upper
boundedand if oneusesoneof the selectionschemesde-
scribedpreviously, then,for all ˜

0

’

, there exists ��� inde-

pendentof H such that for any 	 �

�
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wheretheexpectationis takenw.r.t. to therandomnessin-
troducedby thePFalgorithm.This resultsshows that,un-
dervery loseassumptions,convergenceof thisgeneralpar-
ticle �ltering methodis ensuredandthat the convergence
rateof themethodis independentof thedimensionof the
state-space.However, �

� usually increasesexponentially
with time. If additionalassumptionson the dynamicsys-
tem understudy are made(e.g. discretestatespaces),it
is possibleto getuniform convergenceresults( �

�
+.� for

any ˜ ) for the �ltering distribution �$��/
�

�3�
�#� �

� . We do not
pursuethis here.

5 EXAMPLES

We now illustratethe theoryby brie�y describingtwo ap-
plicationswehaveworkedon.

5.1 ON-LINE REGRESSIONAND MODEL
SELECTION WITH NEURAL NETWORKS

Considera function approximationschemeconsistingof
a mixture of / radial basisfunctions(RBFs)anda linear
regressionterm. The numberof basisfunctions, /!� , their
centers,0

�

, the coef�cients (weightsof the RBF centers
plusregressionterms),1

� , andthevarianceof theGaussian
noiseon theoutput, }

�

�

, canall vary with time,sowe treat
themaslatentrandomvariables:seeFigure1. For details,
see(Andrieu,deFreitasandDoucet1999a).

In (Andrieu et al. 1999a),we show that it is possibleto
simulate 0

�

, /
� and 2

� with a particle �lter and to com-
putethe coef�cients 1

� analyticallyusingKalman�lters.
This is possiblebecausethe outputof the neuralnetwork
is linearin 1 � , andhencethesystemis a conditionallylin-
earGaussianstate-spacemodel(CLGSSM),that is it is a
linearGaussianstate-spacemodelconditionaluponthelo-
cationof thebasesandthehyper-parameters.This leadsto
an ef�cient RBPFthat canbe combinedwith a reversible
jumpMCMC algorithm(Green1995)to selectthenumber
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Figure 1: DBN representationof the RBF model. The
hyper-parametershavebeenomittedfor clarity.
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Figure 2: The top plot shows the one-step-aheadoutput
predictions[—] and the true outputs[ ����� ] for the RBF
model. The middle and bottom plots show the true val-
uesand estimatesof the model order and noisevariance
respectively.

of basisfunctionsonline.For example,wegeneratedsome
datafrom a mixture of 2 RBFs for ˜ + U����������

�

’�’

, and
thenfrom asingleRBFfor ˜ +

�

’

U�������� ��U

’�’�’

; themethod
wasableto trackthischange,asshown in Figure2. Further
experimentson realdatasetsaredescribedin (Andrieuet
al. 1999a).

5.2 ROBOT LOCALIZA TION AND MAP
BUILDING

Consider a robot that can move on a discrete, two-
dimensionalgrid. Supposethe goal is to learna map of
theenvironment,which, for simplicity, we canthink of as
a matrix which storesthe color of eachgrid cell, which
canbeeitherblackor white. Thedif�culty is thatthecolor

L1 L2 L3

Y2 Y3Y1

M1(1) M2(1) M3(1)

M2(2)M1(2) M3(2)

Figure3: A FactorialHMM with 3 hiddenchains. � � �

T

�

representsthe color of grid cell
T

at time ˜ , � � represents
therobot's location,and �t� thecurrentobservation.

sensorsarenotperfect(they mayaccidentally�ip bits),nor
arethemotors(therobotmayfail to movein thedesireddi-
rectionwith someprobabilityduee.g.,to wheelslippage).
Consequently, it is easyfor therobotto getlost. And when
therobotis lost, it doesnotknow whatpartof thematrix to
update.Sowe arefacedwith a chicken-and-eggsituation:
the robot needsto know whereit is to learnthe map,but
needsto know themapto �gure outwhereit is.

The problem of concurrentlocalization and map learn-
ing for mobile robotshasbeenwidely studied. In (Mur-
phy 2000), we adopta Bayesianapproach,in which we
maintaina belief stateover both the locationof the robot,

�,�

�

�

U����������#H�� � , andthecolorof eachgrid cell, �-�5�

T

�

�

�

U�������� ��H
	 � ,
T

+ U�����������H
� , where H

� is the number
of cells, and H
	 is the numberof colors. The DBN we
areusing is shown in Figure3. The statespacehassize

�

��H

Y
�

	

� . Note that we caneasilyhandlechangingenvi-
ronments,sincethe mapis representedasa randomvari-
able,unlike themorecommonapproach,which treatsthe
mapasa �x edparameter.

Theobservationmodelis �t� + 	P���ˆ�5��� �3��� , where 	P���j� is
a function that �ips its binary argumentwith some�x ed
probability. In otherwords,therobotgetsto seethecolor
of the cell it is currently at, corruptedby noise: � � is a
noisy multiplexer with � � actingasa “gate” node. Note
that this conditionalindependenceis not obviousfrom the
graphstructurein Figure3(a),which suggeststhat all the
nodesin eachsliceshouldbecorrelatedby virtueof sharing
acommonobservedchild, asin a factorialHMM (Ghahra-
maniandJordan1997). Theextra independenceinforma-
tion is encodedin �

� 's distribution, c.f., (Boutilier, Fried-
man,GoldszmidtandKoller 1996).

Thebasicideaof thealgorithmis to sample�
�#� � with aPF,

andmarginalizeout the �Š���

T

� nodesexactly, whichcanbe
doneef�ciently since they are conditionally independent
given � ��� � :

�
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Someresultson a simpleone-dimensionalgrid world are
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Figure4: Estimatedpositionastherobotmovesfrom cell
1 to 8 andback. The robot “gets stuck” in cell 4 for two
stepsin arow ontheoutgoingleg of thejourney (hencethe
doublediagonal),but the robot doesnot realizethis until
it reachesthe endof the “corridor” at step9, whereit is
ableto relocalise.(a) Exact inference.(b) RBPFwith 50
particles.(c) Fully-factorisedBK.

shown in Figure 4. We comparedexact Bayesianinfer-
encewith theRBPFmethod,andwith the fully-f actorised
versionof the Boyen-Koller (BK) algorithm (Boyen and
Koller 1998),which representsthebelief stateasaproduct
of marginals:
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We seethat the RBPFresultsarevery similar to the ex-
act results,even with only 50 particles,but that BK gets
confusedbecauseit ignorescorrelationsbetweenthe map
cells. We have obtainedgoodresultslearninga U

’��

U

’

map(so the statespacehassize
�

���

�4
#


� ) usingonly 100
particles(theobservationmodelin the2D caseis that the
robotobservesthecolorsof all thecellsin a �

�

� neighbor-
hoodcenteredon its currentlocation).For a moredetailed
discussionof theseresults,pleasesee(Murphy2000).

5.3 CONCLUSIONS AND EXTENSIONS

RBPFshave beenapplied to many problems,mostly in
theframework of conditionallylinearGaussianstate-space
modelsandconditionally�nite state-spaceHMMs. Thatis,
they have beenappliedto modelsthat,conditionallyupon
a setof variables(imputedby the PF algorithm),admit a
closed-form�ltering distribution (Kalman�lter in thecon-
tinuouscaseandHMM �lter in thediscretecase).Onecan
alsomakeuseof thespecialstructureof thedynamicmodel
understudyto performthecalculationsef�ciently usingthe
junction tree algorithm. For example, if one had evolv-
ing trees,onecouldsampletheroot nodeswith thePFand
computetheleavesusingthejunctiontreealgorithm.This
wouldresultin asubstantialcomputationalgainasoneonly
hasto samplethe root nodesandapply the juction treeto
lowerdimensionalsub-networks.

Although the previoulsy mentionedmodelsare the most

famousones,thereexist numerousotherdynamicsystems
admitting �nite dimensional�lters. That is, the �ltering
distribution canbe estimatedin closed-format any time ˜

usinga �x ednumberof suf�cient statistics.Theseinclude

� Dynamic models for counting observations (Smith
andMiller 1986).

� Dynamicmodelswith a time-varyingunknow covari-
ancematrix for thedynamicnoise(WestandHarrison
1996,Uhlig 1997).

� Classesof the exponentialfamily statespacemodels
(Vidoni 1999).

This list is by nomeansexhaustive. It, however, showsthat
RBPFsapply to very wide classof dynamicmodels.Con-
sequently, they have a big role to play in computervision
(wheremixturesof Gaussiansarisecommonly),robotics,
speechanddynamicfactoranalysis.
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