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Graphical Models - Formal Definition

<latexit sha1_base64="WrCDycfgIuKZIYJQKnBk1eWI0u0=">AAACJnicdVDLSsNAFJ34tr6qLt0MFsGFhESSKoJQdONKFGwNNCXcTCc6dPJwZiKW0K9x46+4cVERceenOKkVVPTAwOGce7hzT5hxJpVlvRkTk1PTM7Nz85WFxaXllerqWkumuSC0SVKeCi8ESTlLaFMxxamXCQpxyOll2Dsu/ctbKiRLkwvVz2gnhquERYyA0lJQPfQVvdO5ogWCgU7JgwH2b3LoYj+MCm+AD7FfeIG9g71gdw ebplmyU19P+ZWgWrNM23Hrrost03Ud261r4uzvOfU6tk1rhBoa4yyoDv1uSvKYJopwkLJtW5nqFCAUI5wOKn4uaQakB1e0rWkCMZWdYnTmAG9ppYujVOiXKDxSvycKiKXsx6GejEFdy99eKf7ltXMV7XcKlmS5ogn5XBTlHKsUl53hLhOUKN7XBIhg+q+YXIMAonSzZQlfl+L/SWvXtF3TOndqjaNxHXNoA22ibWSjPdRAJ+gMNRFB9+gRDdGz8WA8GS/G6+fohDHOrKMfMN4/AIsaoz8=</latexit>

Variables: X = {X1,X2, ...,XN}

<latexit sha1_base64="WJSLh/u7e/8F3JZZB9LuFqSb+CI=">AAACaXicdVHbahsxENVueknctHVaEkr7ImIKfQiL1m6uUDAphL4UUqiTgLUss7LWFtFeImlDjVjSv+lrvyVv+YG85B9KZbumaUgHBGfOXM7MKCml0IaQK89fePDw0ePFpcaT5afPnjdXXhzpolKM91ghC3WSgOZS5LxnhJH8pFQcskTy4+T04yR+fM6VFkX+1YxLHmUwzEUqGBhHxc3vlk6b9NUwiSwJdrY7pNPZIEHn/dbuFn GgvRnuhu2aGv7N9bcHwEyh9F6N6dlZBQNMk9Qe1PgDpjaNLQVZjiAO6w3812s7LwiC29TnmroOtFHHzdZcFc9V8VwVhwGZWqu7fvHrp/mhDuPmJR0UrMp4bpgErfshKU1kQRnBJK8btNK8BHYKQ953MIeM68hOl6zxW8cMcFoo93KDp+ztCguZ1uMscZkZmJG+G5uQ98X6lUl3IivysjI8ZzOhtJLYFHhydjwQijMjxw4AU8LNitkIlDum+5yGO8J8U/x/cNQOws2AfAlb3X00s0X0Bq2jdyhE26iLPqFD1EMMXXvL3qq35t34K/4r//Us1ff+1LxE/5jf+g2O/7lS</latexit>

Factors: F = {f↵1 , f↵2 , ..., f↵M}

C
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Primal Graph:Factors:

A B F(A,B)

0 0 2
0 1 4
1 0 3
1 1 1

<latexit sha1_base64="bd+Dws/nH5cvl8y0KFUnzvGb26E="></latexit>

X = {A,B,C}

<latexit sha1_base64="9Yj8LJwc/HXheffg0fIkKXy7V6Q="></latexit>

F = {fAB(A,B), fBC(B,C)}

B C F(B,C)

0 0 3
0 1 1
1 0 0
1 1 1

example

<latexit sha1_base64="nyqMQDc07cVLYIPT3xc4WWXzxYQ="></latexit>

D = {DA = {0,1},DB = {0,1},DC = {0,1}}<latexit sha1_base64="qxVJNxqfXGckvl644K12uSOTN5o=">AAAB/3icdVDLSsNAFJ3UV62vquDGzWARXJSQ1KaPhVBU1GUF+4AmlMl00g6dPJiZCCVm4a+4caGIW3/DnX9j0lZQ0QMXDufcy7332AGjQmrah5JZWFxaXsmu5tbWNza38ts7beGHHJMW9pnPuzYShFGPtCSVjHQDTpBrM9Kxx2ep37klXFDfu5GTgFguGnrUoRjJROrn90zbiS5jeALNqFuE50V4Ac04188XNFXXy/V6FWpqSddrhpESo1KuHENd1aYogDma/fy7OfBx6BJPYoaE6OlaIK0IcUkxI3HODAUJEB6jIekl1EMuEVY0vT+Gh4kygI7Pk/IknKrfJyLkCjFx7aTTRXIkfnup+JfXC6VTsyLqBaEkHp4tckIGpQ/TMOCAcoIlmyQEYU6TWyEeIY6wTCJLQ/j6FP5P2iVVN1TtulxonM7jyIJ9cACOgA6qoAGuQBO0AAZ34AE8gWflXnlUXpTXWWtGmc/sgh9Q3j4B1QSUDg==</latexit>

G = {X,D,F}

<latexit sha1_base64="sfOq1jxijUiyitGdA4EF/tq85ws=">AAACMHicdVBbSxtBGJ3VXmx6MdrHvgwGoQ9l2ZGkiYIQNFCfRMHEQDYss5PZZMjs7DrzrRiWxZ/TJ0H8Ke1LhRbpa39EcXIptEUPDJw55zvMfCdMpTDgebfO0vKTp8+er7wovXz1+s1qeW29Y5JMM95miUx0N6SGS6F4GwRI3k01p3Eo+Wk43p/6p+dcG5GoE5ikvB/ToRKRYBSsFJQ/+cAvbC5vJTEVyuwU2D/L6AD7YZS3Cr yL/bwV5N2AFB/wjGxZ4rru4nZY+Dbhl4JyxXNJtVHf3saeWyWk1qhbUvvoVWtVTFxvhkpz4/L3NXzWR0H5iz9IWBZzBUxSY3rES6GfUw2CSV6U/MzwlLIxHfKepYrG3PTz2cIF3rTKAEeJtkcBnql/J3IaGzOJQzsZUxiZ/72p+JDXyyBq9HOh0gy4YvOHokxiSPC0PTwQmjOQE0so08L+FbMR1ZSB7Xhawp9N8eOks+WSmusdk0pzD82xgt6hDfQeEVRHTXSAjlAbMXSFvqLv6Idz43xz7pyf89ElZ5F5i/6B8+seZjGrrA==</latexit>

Domains: D = {DX1 ,DX2 , ...,DXN}



Deep Bucket Elimination - IJCAI 2021 

Graphical Models - Global Function

A B F(A,B)

0 0 2
0 1 4
1 0 3
1 1 1

C

B A 

<latexit sha1_base64="bd+Dws/nH5cvl8y0KFUnzvGb26E="></latexit>

X = {A,B,C}

<latexit sha1_base64="9Yj8LJwc/HXheffg0fIkKXy7V6Q="></latexit>

F = {fAB(A,B), fBC(B,C)}

B C F(B,C)

0 0 3
0 1 1
1 0 0
1 1 1

Primal Graph:Factors:

<latexit sha1_base64="nyqMQDc07cVLYIPT3xc4WWXzxYQ="></latexit>

D = {DA = {0,1},DB = {0,1},DC = {0,1}}

A combination operator  defines a global function⊗
<latexit sha1_base64="ZK7BTFQWDGyU8Fc6LiYOtj10suA="></latexit>

p(A,B,C) / fAB(A,B)⇥ fBC(B,C)

here  = multiplication⊗

A B C P(A,B,C)
0 0 0 6
0 1 0 0
1 0 0 9
1 1 0 0
0 0 1 2
0 1 1 4
1 0 1 3
1 1 1 1
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The Partition Function

Z = ∑
x

∏
α

fα(xα)

Usage in computing marginals:

P(Xi) =
1
Z ∑

X/Xi

∏
α

fα(Xα)

Computing is #P-complete [Cooper, 1990]
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Bucket Elimination [1]

[1: Dechter, 1999]

Universal inference scheme that can solve most tasks over graphical models.
Time and space exponential in the induced-width of the primal graph.
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Variable ordering d: A, B, C, E, D, F, G

G 

F 

A B 

D C 

E 

Factors: f(A), f(A,B), f(B,C), f(B,E), f(C,E), f(B,F),f(A,D), 
     f(B,D), f(C,D), f(B,E), f(C,E), f(A,G), f(F,G) 

FE

DCBA

G

Bucket Elimination [1]

[1: Dechter, 1999]

Universal inference scheme that can solve most tasks over graphical models.
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Bucket Elimination [1]

Variable ordering d: A, B, C, E, D, F, G

A

B

C

E

D

F

G

G 

F 

A B 

D C 

E 

Factors: f(A), f(A,B), f(B,C), f(B,E), f(C,E), f(B,F),f(A,D), 
     f(B,D), f(C,D), f(B,E), f(C,E), f(A,G), f(F,G) 

[1:Dechter, 1999]

ordering d: A, B, C, E, D, F, G
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Variable ordering d: A, B, C, E, D, F, G

G 

F 

A B 

D C 

E 

A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

Factors: f(A), f(A,B), f(B,C), f(B,E), f(C,E), f(B,F),f(A,D), 
     f(B,D), f(C,D), f(B,E), f(C,E), f(A,G), f(F,G) 

ordering d: A, B, C, E, D, F, G
Bucket Elimination [1]

[1:Dechter, 1999]
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Variable ordering d: A, B, C, E, D, F, G

G 

F 

A B 

D C 

E 

A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

Factors: f(A), f(A,B), f(B,C), f(B,E), f(C,E), f(B,F),f(A,D), 
     f(B,D), f(C,D), f(B,E), f(C,E), f(A,G), f(F,G) 

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

ordering d: A, B, C, E, D, F, G
Bucket Elimination [1]

[1:Dechter, 1999]
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Bucket Elimination - Processing a Bucket
A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

Processing a bucket:

λ(p→a) = ∑
Xp

∏
fα∈Bi

fα

λ(D→C)(A, B, C) = ∑
D

f(A, D)f(B, D)f(C, D)

A B C (A,B,C)
0 0 0 6
0 1 0 0
1 0 0 9
1 1 0 0
0 0 1 2
0 1 1 4
1 0 1 3
1 1 1 1

λ
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Processing a bucket:

λ(p→a) = ∑
Xp

∏
fα∈Bi

fα

A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

Memory is exponential in 
induced width!

Bucket Elimination [1]

[1: Dechter, 1999]
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Weighted-MiniBucket Elimination [1,2]
A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λE→C(B, C) λF→B(A, B)

λG→F(A, F)

[1: Dechter and Rish, 2003]
[2: Liu and Ihler, 2012]

An algorithm that approximates the bucket functions.

i-bound=2
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A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λE→C(B, C) λF→B(A, B)

λG→F(A, F)

f(A,D) f(B,D)
f(C,D)

Weighted-MiniBucket Elimination [1,2]

[1: Dechter and Rish, 2003]
[2: Liu and Ihler, 2012]

i-bound=2

mini-buckets

An algorithm that approximates the bucket functions.
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Processing a bucket:

A

B

C

E

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λE→C(B, C)

λF→B(A, B)

λG→F(A, F)

f(A,D) f(B,D)
f(C,D)

i-bound=2

An algorithm that approximates the bucket functions.

λ(D→A)(A) = [∑
D

f(A, D)
1

w1]w1

λ(D→C)(A) = [∑
D

f(B, D)f(C, D) 1
w2]w2

λ(p→a) = ∑
Xp

∏
fα∈Bi

fα ≃ [∑
Xp

∏
fα∈Bi1

f
1

w1
α ]w1 . [∑

Xp

∏
fα∈Bi2

f
1

w2
α ]w2

w1 + w2 = 1

λD→C(B, C)

λD→A(A)

Weighted-MiniBucket Elimination [1,2]

[1: Dechter and Rish, 2003]
[2: Liu and Ihler, 2012]
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A

B

C

E

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λE→C(B, C)

λF→B(A, B)

λG→F(A, F)

f(A,D) f(B,D)
f(C,D)

i-bound=2

An algorithm that approximates the bucket functions.

λD→C(B, C)

λD→A(A)

Weighted-MiniBucket Elimination [1,2]

Generates upper bound on the partition function.

Time and space exponential in the i-bound.

Can not improve with more time!

[1: Dechter and Rish, 2003]
[2: Liu and Ihler, 2012]
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Deep Bucket Elimination
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Deep Bucket Elimination
A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

approximate the bucket’s 
function by training a neural 

network to have a 
manageable size!

λB→A(A)
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Deep Bucket Elimination
A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

if width > i-bound =2
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Deep Bucket Elimination
A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

if width > i-bound

if width <= i-boundi-bound = 2



Deep Bucket Elimination - IJCAI 2021 

Training a Neural Networks for Bucket Functions

1. Learning the functions as neural networks

1. What is the appropriate architecture?

2. How to train the neural networks? 

2. Samples

1. How many samples we need for learning the 
messages?

2. How to generate the samples?
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Generating the Samples
1. Fixed number of samples A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

i-bound = 2A B C (A,B,C)λ

4

A

B

C
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A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

i-bound = 2A B C (A,B,C)

0 0 1

0 1 1

1 0 1

1 1 1

λ

1. Fixed number of samples

2. Sample the configuration uniformly at random

Generating the Samples

A

B

C
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A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

i-bound = 2

λ(D→C)(A, B, C) = ∑
D

f(A, D)f(B, D)f(C, D)

A B C (A,B,C)

0 0 1 2

0 1 1 4

1 0 1 3

1 1 1 1

λ

1. Fixed number of samples

2. Sample the configuration uniformly at random

3. Generate the corresponding values

Generating the Samples

A

B

C
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A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

i-bound = 2

1. Fixed architecture

Learning the Functions 

A

B

C

(A,B,C)λϕ
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A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

i-bound = 2

1. Fixed architecture

2. Using the generated samples for training

Learning the Messages 

A B C (A,B,C)

0 0 1 2

0 1 1 4

1 0 1 3

1 1 1 1

λ

A

B

C

(A,B,C)λϕ
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A

B

C

E

D

F

G

f(A)

f(A,B)

f(B,C)

f(B,E)
f(C,E)

f(A,D)
f(B,D)
f(C,D) f(B,F)

f(A,G)
f(F,G)

λB→A(A)

λC→B(A, B)

λD→C(A, B, C)
λE→C(B, C) λF→B(A, B)

λG→F(A, F)

i-bound = 2

1. Fixed architecture

2. Using the generated samples for training

1. Minimize MSE loss function with Adam 
optimizer.

Learning the Messages 

A B C (A,B,C)

0 0 1 2

0 1 1 4

1 0 1 3

1 1 1 1

λ

A

B

C

(A,B,C)λϕ

MSE =
1
ns

ns

∑
n=1

(λϕ(sn) − λ(sn))2
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Deep Bucket Elimination - Complexity Analysis

O(n . TNN(m) + n . tnn . r . ki+1)

O(#nki + n . |NN | )

Time complexity:

Space complexity:

n : number of variables
k : domain size
r : number of functions
|NN | : NN size

|TNN | : NN evaluation time

For details please see the paper.
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Methodology
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Methodology - Algorithms
Comparing with the Weighted Mini Bucket (WMB) [1, 2] Scheme

A. Is in the same class with DBE

B. Has -bound as approximating parameter

C. Used as a preprocessing step for more powerful algorithms [3]

i

[1: Dechter and Rish, 2003]
[2: Liu and Ihler, 2012]
[3: Kask, Pezeshki, Broka, Ihler, Dechter, IJCAI 2020]
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Methodology - Benchmarks
• Diverse set of benchmarks from UAI repository

A. Easy or hard

B. With deterministic or without-deterministic

• Benchmarks

A. Grid(vision domain): easy and hard instances, without-deterministic, 12 instances

B. Pedigree(genetic linkage analysis domain): hard, with-deterministic, 7 instances

C. DBN: medium- without determinism, 6 instances
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Methodology - Performance Measure
error = | log10Z* − log10

̂Z |

 is the approximated partition function

 is the reference partition function

̂Z

Z*

[1:Kask, Pezeshki, Broka, Ihler, Dechter, IJCAI 2020]

Exact  when available for easy instances 

Estimated  from an advanced sampling scheme [1] for hard problems  

Z*

Z*
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Methodology - Design Choices

Feed Forward and MaskedNet architectures.

Fixed number of Samples: 500000
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Empirical Evaluation 



Deep Bucket Elimination - IJCAI 2021 

Empirical Evaluation - Results Grids

Grids (vision domain), hard instances, without-deterministic
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Empirical Evaluation - Results Grids

Grids (vision domain), hard instances, without-deterministic
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Deep Bucket Elimination - Masked-Net

…Input features

Real value 
prediction



Deep Bucket Elimination - IJCAI 2021 

Deep Bucket Elimination - Masked-Net

… xInput features

Binary 
Mask

Real value 
prediction

Output



Deep Bucket Elimination - IJCAI 2021 

Deep Bucket Elimination - Masked-Net

… xInput features

Binary 
Mask

Real value 
prediction

Output



Deep Bucket Elimination - IJCAI 2021 

Deep Bucket Elimination - Masked-Net
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Empirical Evaluation - Results Pedigree

For more results and details please see the paper

Pedigree (genetic linkage analysis domain), hard instances, with-deterministic
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Empirical Evaluation - Results Pedigree

For more results and details please see the paper

Pedigree (genetic linkage analysis domain), hard instances, with-deterministic
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Empirical Evaluation - -bound i

Higher -bound achieves higher accuracy with less time.i
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Empirical Evaluation- -bound i

Higher -bound achieves higher accuracy with less time.i
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Conclusion
DBE uses the power of neural networks to approximate the bucket elimination 
algorithm.

Better accuracy in comparison with WMB algorithm has shown.

Limitations:

The algorithm time is much higher than WMB.

We used simple design choices to provide a proof of concept.  

https://github.com/dechterlab/DBE


