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Overview
Recently a new protein re-design algorithm, AOBB-K*, was 
introduced and was competitive with state-of-the-art BBK* 
on small protein re-design problems. However, AOBB-K* did 
not scale well. In this work, we focus on modifications to 
AOBB-K* that significantly enhance scalability.

Contributions:
1. AOBB-K*-b (boosted): AOBB-K* with stronger 

wMBE-K* heuristic and modifications to search
2. AOBB-K*-DH: AOBB-K* with dynamic heuristics.
3. UFO: An approximation scheme that introduces 

determinism to empower constraint propagation
4. AOBB-K*-UFO: UFO empowered AOBB-K*
5. Empirical analysis: Evaluation on 62 real protein 

benchmarks comparing with previous AOBB-K* 
and state-of-the-art BBK*.

Problem
Redesign of proteins to form higher affinity complexes

K* Objective
An approximation of binding affinity between molecules

(based on the biological association constant known as Ka)

𝐾∗(𝑟) =
𝑍𝑃𝐿 𝑟

𝑍𝑃 𝑟  𝑍𝐿 𝑟

𝑍γ(𝑟) = ෍

𝑐∈𝐶γ(𝑟)

exp{−𝐸γ(𝑐)/𝓡𝓣}

r = amino acid assignments to residues
C(r) = possible conformations given r
E(c) = energy given conformation c
𝓡 = universal gas constant 
𝓣 = absolute temperature (Kelvin)

captures
the favorability of

the subunit(s) in 
form 𝛾 ∈ {𝑃, 𝐿, 𝑃𝐿}

P LP L

Find new amino acid assignments to residues of interest
that optimize affinity between interacting subunits

AND/OR Search
Compact search space taking advantage of

conditional independences present in the model

Graphical Model Network Possible Pseudo Tree

Directed tree (based on a variable ordering) that branches when 
conditional independences exist given assignments to ancestors.

The pseudo tree is used to construct the AND/OR search space

AOBB-K*

❑ Branch-and-bound algorithm over AND/OR search spaces
▪ AOBB-K* is exact

❑ Can use wMBE-K* to guide search
❑ Exploits determinism by using constraint propagation
❑ Incorporates a global constraint enforcing biologically 

relevant solutions

𝑍𝑠𝑢𝑏𝑢𝑛𝑖𝑡 𝑖 𝑟 > 𝑍𝑠𝑢𝑏𝑢𝑛𝑖𝑡 𝑖(𝑟
𝑤𝑡)∗ exp{−5/ℛ𝑻}

Stability of naturally occurring version Constant factor for thresholding

Subunit Stability Constraints

Condition to enforce the stability of each subunit to be no less 
than a given threshold from that of the wild-type stability

Infusing Determinism:  τ-Underflows
Replace unfavorable assignments with hard constraints to exploit 

the strength of constraint propagation during search

• non-negative function f
• 𝜏 ∈ ℝ+ 𝑓𝜏(𝑥) =  ቊ

𝑓 𝑥 , 𝑓 𝑥 ≥ 𝜏
 0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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Graphical Model Formulation 

ℳ=< 𝑿, 𝑫, 𝑭 >

R

CB CUCU

complex subunit 1 subunit 2

Subunit 1

Subunit 2

(P)

(L)

R’s capture amino acid assignment for residue

C’s capture all (amino acid, rotamer) 
combinations possible at its corresponding R

Constraints between corresponding C’s 
and R’s ensure consistent assignments

𝐾∗(𝑅1, … , 𝑅𝑁) = 𝑍𝐵 𝑅1, … , 𝑅𝑁 / 𝑍𝑈 𝑅1, … , 𝑅𝑁

𝑡𝑎𝑠𝑘:  𝐾∗𝑀𝐴𝑃 = max
𝑅1,…,𝑅𝑁

𝐾∗(𝑅1, … , 𝑅𝑁)

K*MAP Task
Find amino acid assignments to the residues that maximize K*

Unbound Form:
Bound Form:

U = {P} ∪ {L}
B = {PL}

wMBE-K*
K* heuristic to guide search, based on variable elimination

𝐾∗(𝑟) =
𝑍𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟

𝑍𝑠𝑢𝑏𝑢𝑛𝑖𝑡 1 𝑟  𝑍𝑠𝑢𝑏𝑢𝑛𝑖𝑡 2 𝑟

message-passing scheme: 
Mini Bucket Elimination

CPD Empirical Analysis

Summary

❑ Scalability to problems with 3, 4, and 5 mutable residues

❑ AOBB-K*-b-UFO shows particularly good performance

❑ Competitive run-times

❑ Good solution quality

❑ Competitiveness tapers off at 5 mutable residues

Competing Scheme: BBK*

State-of-the-art protein redesign algorithm, part of the software 
package, OSPREY, developed for over ten years for protein design

• A*-like best first  • utilizes dynamic optimistic greedy heuristic
• approximate scheme w/ tightness parameter

Sample Empirical Results

[Ojewole et al., 2018]

Additional Materials

AOBB-K*-b
AOBB-K* with search tuned to find good solutions sooner

Value-ordering of nodes modified so that:
1) The wild-type assignment is prioritized first, 

ensuring a strong initial lower bound.
2) Nodes with finite wMBE-K*-b upper bounds are 

explored first, prioritizing consistent solutions

AOBB-K*-DH
AOBB-K* with a dynamic heuristic scheme

Dynamically tightens heuristic during search when:
1) 𝑢𝑏 𝐾∗ > 𝑑ℎ𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 ∈ 0, ∞
2) 𝑑𝑒𝑝𝑡ℎ ≤ 𝑚𝑎𝑥𝐷𝑒𝑝𝑡ℎ ∈ 𝕀+

UFO

Comparison of the AOBB-K*-b-[UFO/DH] and BBK* on 
problems with 4 or 5 mutable residues.  For each 1hr 

experiment, we see:  • i (i-bound)  • Soln (best-found K*)       
• tbest (time best solution was first discovered)                          

• tfinal (completion time  • wt K* (wild-type K* value)

The algorithms are displayed in a top-down ranking per problem. 
Ranking is based first on greater K* and then by faster Anytime 

times.  Large text highlights values responsible for a higher 
ranking. and blue color indicates better performance  vs. BBK*.

wMBE-K*-b
wMBE-K* with sequential modifications to improve     
estimates at the cost of losing bound guarantees.

1) Lower bounding power-sum replaced with zero-omitted 
power-sum:

2) Cost-shifting with only non-zero values:

3) Maximization step prioritizes finite values:

𝑚𝑎𝑥𝑋
′ (𝑓) =  ቊ

 𝑚𝑎𝑥𝑋′𝑓 𝑥′ , 𝑓 𝑥′ ≠ ∞

 ∞,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑭𝜆 = 𝓒 ∪ 𝑬𝒔𝒃 ∪ 𝑬𝒑𝒘 ∪ 𝚲, 

𝜆𝛀
(𝑖)

∈ 𝚲, ෑ
𝝎∈𝐷𝛀

ෑ
i
𝜆𝛀

(𝑖)
𝜔 = 1, 𝜆𝛀

(𝑖)
(𝛀) > 0
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