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Constraint Satisfaction

Example: map coloring
Variables (X) - countries (A,B,C,etc.)
Vaues (D) - colors(e.g., red, green, yellow)
Constraints( A1D, D! E, etc.

A B
red green
red yellow
green red
green yellow |
yellow  green
yellow red
&
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Bucket E:
Bucket D:
Bucket C:
Bucket B:
Bucket A:

ELD, ELC L *
DlA\iD _ Complexity : O(nexp(w"))
1B ——pic W - induced width, tree- width
BlA\xBTlA treesareeasy : w* =1

contradiction
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Complexity . exponential time, linear space
Refined complexity : a) exponential in cycle - cutset size
b) indepthof dfstree



P(S C, B, X,D) =P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)

Conditional Independencies mmp Efficient Representation
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P(ale=0) u P(ae=0)=

P(a)ﬂaLa) P(c|a) P(d|b a) P(e|b c)—
\\\\\\\‘ l
P(a) d P(c|a) P(bla)P(d|b,a)P(elb,c)
'\X\/\ ~ _/

h®(a,d,c,e)
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bucket B:  P(bla) P(db,a) P(eb,c)
bucket C: P(cla) he& @ d,c,e)
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bucket D: h ¢ (a, d, e)

bucket E: e=0 hP°(a, e
\ / %A B 1

bucket A:  P(@  hE(a)
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P(a,e=0)=P(a) P(b|la) P(cla) P(d|ab) P(e|b,c)

b c b e=0

£ pea)P(bla)P cla)Pidla,byP{ elb.c)
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Search Variable Elimination
Worst-case | O(exp(n)) O(nexp(W))
time O(exp(cutset)) W EnN
O(exp(dfs- depth))
Average Better than Same as
time worst-case worst-case
Space O(n) O(nexp(w*))
W En
Output One solution | Knowledge

compilation
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? P(D|B,C)

represents repr&eents
sol (A,B,C,D,E,F) P(AB,C,D,E,F)
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H=1 9 H

P( X|Z=X+Y)




@—2 C,
Isthe network consistent?  P(C,,...,Cy) >0)?

Find a solution. find x,st.,P(x|C,,...,Cs) >0
sol (A B,C,D,E) ~ O P(AC,D,D,EC,...,C)

marginal




{12} @=! o) (1,2}

P(B|AD)=

PO¢Ya %) =0

K9

29 P(A|C,E)

P(B|AD)@s] oy P(C|E)

R(A, B)* R(B, D)

_R(AB)*R(B,D)

If (%,...,X,)1sasolution

# . $ #7 AO
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P(A|C,E)

B: P(B|AD)
D: P(D|AE)
A: P(A|C,E)
C: P(C|E)
E:P(E)

R(A B)* R(B, D)

P(B|AD)=

_R(A B)* R(B,D)

R(AD)= ,R(AB)*R(B,D)
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Ph(i) — BN( ) . ( )
0 otherwise

=P, (X| X1 sol(CN))

P(x, |CN) =?, P(CN consistent) = ?
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P,(X) =R (X,h,...h. |h, =1,...,h =1)
Should weconvertto pureBN ?
Exploit Constrains properties?
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19 instances with Insurance network. 20
relations, arity 3, tightness 25 %, 5 evidence nodes.
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Global consistency

local consistency
approximations

ARC-CONSISTENCY
i-CONSISTENCY

PATH-CONSISTENCY

! 3 499 #
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bucket (X) =
i hl seses Ny s hpyg 5eee; }

-

T n
¥
h}:: max | | h;
X =1

ihla---:hr} L{hr+1:---:hn}
N T r n e
g}:: ( max |_| h; ) -( max |_|]:1i)
X =1 X i=r+l

ot

Exponential complexity decrease: O(e") ® O(e') +O(e™ ")
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Upper/Lower

3.8
3.4
3.0
2.6
2.2
1.8
1.4
1.0

Anytime-mpe(0.0001)
U/L error vs time

—a— cCpcs422b
—o— Ccpcs360b

0.6 L ,
100 =21 1000
Time and parameter i
* 9

> - # 572 # B
11056 17342

E#e=10""° 4 5 o
e e =10 " 45 11 D
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decomposition for a belief network BN =< X,D,G,P >isa [
triple<T, ¢,y > whereT =(V,E)isatreeand and arelabeling

ABC J
p(a), p(bla), p(cla,b)

functions, associating with each vertex vi V twosets, (v)i X and BC
(V)1 Psatisfying: ECDF
1.For each function p. T P thereisexactly one vertex such that [ p(d|b), p(f|c,d) J

p 1 (v)andscope(p )l (V)

A - - BF
2.For each variable X. 1 X theset{vl V|X.| (v)}formsa
connected subtree (running intersection property) [ BEF ]
p(elb,f)
EF

[ EFG J
p(glef)




Cl uﬁ Tree Elimination

-7 9 *0

Mini-Clustering, i1=3

ABC

p(@), p(bla), IO(CIa,b)J

hup(.C)= p(a)xp(bla)><p(c|a,b)

BC

Np(b.0)=  p(@)xp(bla)xp(c|ab)

[

BCD

p(d[b), h1 2)(b,C)

CDF
p(flc.d)

oy )= pd|b)ty, (0.0(f |c.d)

o—90

BF

l

Ly®= pd[b)Hy, (b0

sep(2,3) |= {B,F} C,
dim(2,3)| = {C,D}

|

BEF
p(elb,f)

EF

|

EFG
p(glef)

|




ﬁ ABC 1| ABC 1
I ] e
BC

BC h(lz,l) (b)
2 BC[E:IS h(2,1) (b’ C) 5 [ BCDFT } H (2,1) h(lz,l) (c)
h(2,3) (b1 f ) i H (2.3 h(2,3) (b)
o BF 7 e (1)
3 EE@ h(3,2) (b’ f ) 3[ BEFT } H (3,2) h(13,2) (b, )
- l h(3,4) (e, f) - i H(3’4) h(13’4) (e f)

e f I 1
4@ h(4,3)( ) 4[ — } H 3 h.s(e f)
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Absolute error
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CPCS 422, evid=0, w*=23, 1 instance

0.05

0.04

0.03 A

0.02

0.01 A

—&— MC
— IBP

0.00

4 6 8 10 12 14 16

i-bound

evidence=0

18

Absolute error

(B

>

CPCS 422, evid=10, w*=23, 1 instance

0.05
0.04 —&— MC
— IBP
0.03 A
0.02 4
0.01 ~
0.00 T T T T T T
2 6 8 10 12 14 16

i-bound

evidence=10

18
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Relative error

0.14

1010 1

Grid 15x15, evid=10, w*=22, 10 instances

0.12 A

0.10 A

0.08 A

0.06 -

0.04 -

0.02 A

0.00

—— MC
— IBP

0.12

i-bound

Grid 15x15, evid=10, w*=22, 10 instances

18

0.10 A

0.08 A

0.06 A

0.04 A

0.02 A

0.00

—— MC
— IBP

i-bound

18

Absolute error

Time (seconds)

Grid 15x15, evid=10, w*=22, 10 instances

0.06
—— MC
0.05 A —— IBP
0.04 A
0.03 A
0.02 A
0.01 4
000 T T T T T T T
0 4 6 8 10 12 14 16 18
i-bound
Grid 15x15, evid=10, w*=22, 10 instances
12
—— MC
10 — IBP
8 -
6 -
4 -
2 -
O -
0 4 6 8 10 12 14 16 18






Onestep:
update
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P(x) h (U= PUIX)P(x)
)(2 » U > V
: P(v|u)

h,, (U)

Compute the message :
hu(v) =da uP(VlU) ] hxl(u) ] hx2(u)'1""'hxn (U)

Exchanging by relational operators: join, project
h, (V)= , [R(u,v)A hxl(u)A hxz(u)A,...,Ath (W]

Performs arc- consistency (relational , generalized)
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a) Belief network a) The graph IBP works on



less complexity



ABCDE
p(a), p(c), p(blac),
p(d[abe),p(elb,c)
h(3,1)(bc)

hz.1y(bc)

Minimal arc-labeled:
sep(1,2)={D,E} h(1,2) (de) = p(a) p(c) p(b|ac) p(d | abe) p(e|bc) h(3,1) (bc)
elim(1,2)={A,B,C} abe
Non-minimal arc-labeled:
sep(1,2)={C,D,E}
elim(1,2)={A,B} h,(cde) = p(a)p(c) p(b|ac)p(d | abe) p(e|bc)h,, (bc)

a,b
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BER

BER

Coding, N=400, 1000 instances, 30 it, w*=43, sigma=.22

12

le-1q
—e— 1IGP
—v— MC
— IBP
1le-2 M
le-3 A
le-4
— e —— 9o —— 0 —9
le-5 T T T T T 1
0 2 4 6 8 10 12
i-bound
Coding, N=400, 500 instances, 30 it, w*=43, sigma=.51
0.0785
0.0780 |
0.0775
— IBP
0.0770 ~ —e— 1IGP
0.0765 |
0.0760 |
0.0755 |
0.0750 |
0.0745 " " " " " .
0 2 4 6 8 10
i-bound

Coding, N=400, 500 instances, 30 it, w*=43, sigma=.32

0.00243 -
0.00242
0.00241 —— IBP
—e— 1IGP
@
W 0.00240
o
0.00239
0.00238 - * ———— 00— 90—
0.00237 : T T T .
0 2 4 6 10 12
i-bound
Coding, N=400, 500 instances, 30 it, w*=43, sigma=.65
0.1914 |
0.1912
— IBP
0.1910 —e— 1JGP
@
W 0.1908 4
o
0.1906 |
0.1904 |
0.1902
0.1900 " " " " .
0 2 4 6 10 12



KL distance

CPCS 422, evid=0, w*=23, linstance
0.1

CPCS 422, evid=30, w*=23, linstance

—&— |JGP at convergence
—o— MC
—— IBP at convergence

0.1
—— |JGP 30 it (at convergence)
—v— MC
— IBP 10 it (at convergence)
0.01 '_'\/v\ N 0.01
V M ()
o
c
g
R
©
-
N4
0.001 A 0.001 A
0.0001 T T T T T T T 1 0.0001
2 4 6 8 10 12 14 16 18
i-bound

evidence=0

3 4 5 6 7 8 9 10 11 12 13 14 15 16

i-bound

evidence=30
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Brute-force: generate and list all solutions
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