How | Entered Constraints

(and Met Ugo at the Doorway):
Some of the Early Milestones

Rina Dechter
UC-Irvine



Outline

AHow | met Tf@dANetworks of ¢

A Networks of Constraints:
I Sections 1&2 7 Motivation and definitions
I Section 317 Networks of constraints
I Section4 1 Path consistency
I Section 571 Tractable classes

AEarly research after @ Ne

A Current research in graphical models and yet
anot her Montanari 6s pap:



Mechanical Heuristic Generation

Observation: People generate heuristics by consulting simplified/relaxed models.
Context: Heuristic search (A*) of state-space graph (Nillson, 1980)

Context: Weak methods vs. strong methods
Domain knowledge: Heuristic function

h(n):Heuristic underestimate ' ">
the best cost from
n to the solution 243
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A problem is simple
If it can be greedily solved



Mechanical Generation of Heuristics
pursuit lead to

A Question: How do we identify a greedily solved problems?

A Breakthrough: A sufficient condition for backtrack-f r e e s ol ut
Gene Freudeder (JACBRP) 1982)0 (pa

A A. Mackworth AConsistency i n ne
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AAMont anari, U. Networks of
properties and applicati ons
| nf or mati on Sci ence, 1974. 0
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MNetworks of Constraints: Fundamental Properties (850 Clta‘“ons)

amnd Applications to Picture Processing™

TGO MOMNTAMNARI
Fsrirrero di Flaboraziorne della Fnforrmazione el AN R Pisa, Fraly

ABSTRACT

The problem of representation and handling of constraints is here considered, mainly for
picture processing purposes. A systematic specification and atilization of the available comn-
straints could significantly reduce the amount of search in picture recognition. On the other
hand, formally stated constraints can be embedded in the syntactic productions of picture
languagcs. Only bimary consiraints arc treated here, but Tthey are represented in Fall =2en
erality as binary relations. Constraimts among more than two variables are then represented
s networks of sitmultanecus binary relatiomns. In general, miore thamn one eqguivalent (d.e.,
representing the same constraint) network can be found: a minimal egquivalent network
s shown o exist, and its computation is shown to solve most practical problems abowut cone-
straint handling., ™Mo exact solution for this centrml problerm was fournd . Anwway . corm—
straimnts are treated algebraically ., and the solution of a system of linear eguations i this
algebra provides an approximation of (e meinitrmaal network. This soluifion is then prowved
exact in special cases, e g., for tree-like and series-parallel networks and for classes of rela-
tions for which a distributive property holds, This Iatter condition is satisfied in cases of
practical interest.

1. INTRODUCTIOM

In writing this paper we had in mind mainly the problems of a particular
field, namely picture recognition and description. Howewver, the problem of
proper representation and economic handling of constraints is very general
and is important in many problems of operations research . engineering. and
computer science. For instance, many practical design problems consist of find-
ing any solution which satisfies all topological and geometrical restrictions [1].
Ewven when an optimization problerm muast be stated, the chosen constraint
represcntation is essential in determining the nature of the Mmathematical prolb-

FThis work was carried out while the author was visiting at the Department of
Computer Science, Carneggie Mellon University , Pittsburgh, Pa. and was supported in parct
by the Adwvanced Research Projects Agency of the Office of the Secretary of Defense
(Fad620-TO0-C—0 LT N,

= MAamerican Elsevier Pukblishing Company . Inc., 1974



Section 2: Mathematical Notation

x2 x1 Scene Labeling Constraint Network

-------- (Waltz, 1972. Generating semantidescriptions from
drawings of scenes with shadows.)

ab

A Constraints as relations ac

A Characteristic matrix, b a \
C a

o _ o abcde
A union, intersection Composition: . L
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Ry = 10000 Ry = 10000 R = 10000
10000 10000 10000
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For example, we may have Ros = Ry = Rs»= | 000100
10 | 000011 |
1 01 11 . L ~ ~
R”-; ;R.:H: I ] :R13=R1] 'R-23= . FOI'k:
| 00 10 + - -

Arrow: +/IN\¢  /N\o
- + +

Ell: ~f » o P T o~

e

Figure 3.12: A graph-coloring graph (a) before path-consistency (b) after path-consistency



Constraint Networks
A

Example: map coloring
Variables- countries (A,B,C,etc.)
Values - colors (red, green, blue)

Constraints: A =D, D#E, etc.

Constraint graph

A B (A)

red green

red yellow

green red

green  yellow (B) \
yellow  green

yellow red

Semantics set of all
solutions



Section 3: Networks of Constraints

The section defines constraint networks, showing that:

A Expressivness: Not every relation can be expressed as a network of
binary constraints

Defining The projection network
The minimal network

The intricate concept of decomposability

ST I S

The central problem: Computing the minimal network.



The section defines constraint networks,

A

A

Section 3: Networks of Constraints

showing that:

Expressiveness: Not every relation can be 000
expressed with binary constraints. 101

The projection network is the best binary

network approximation. 110/

The minimal network is the intersection of
all equivalent constraint networks

The minimal network is unique and
identical to the projection network and thus
the most explicit representation,

Decomposability: a relation may be
represented by a network of binary
constraints but its projection may not.
(Namely, it can never become backtrack-
free with binary constraints only).

The central problem: Computing the [

minimal network. /\ \
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The 4-Queen Problem

(specification (a) and minimal network (b))

R, Ry, = {(1.3), (1.4), (24), (3.1). (4,1). (4.2)}
e Riz = {(1.2), (14), (2,1), (2,3), (3,2), (34), (4.1), (4.3)}
; Ris = {(1,2), (1.3), (2,1), (2,3), (24), (3.1), (3.2), (34)
2 (4.2), (4.3)}
3 Rys = {(1.3). (1.4), (2.4), (3.1). (4.1), (4.2)}
4 Ryy = {(1.2), (1.4). (2.1), (2,3). (3.2), (3.4), (4.1), (4.3)}
Ry = {(1.3), (1.4), (24), (3,1), (4,1), (4,2)}
(2,4,1,3) o] '
(3 1 ) (b)
M= {(2,3), (3.2)} Dy — {14}
2 — .
*'1"{213_ {(134)3 (431)} D. = {1 4 }
¢ 3 — )
Moy={(1,2), (4.3)} D, — 113}
M= {(1,3), (4.2)} |




Section 4: Approximate Solution of the Central
Problem

108 LIGO MOMNT A MNARI

4. APPROXIMATE SOLUTION OF TIHE CENTRAL PROBLEM

In this section, we consider the problem of computing the minimal network
equivalent to a given network. INo exact general algorithm, besides complete
enumeration, was found. Howewver, an approximate solution is given, which
generates an equivalent **closed™ network.

In a generic network of constraints, a certain pair (x; ,,X; ) can be allowed
by the direct relation ,; (or also by M. R, and &), but can be actually for-
bidden because it is not possible to give to all the other variables any set of
walues allowed by all the constraints. To recognize such pairs and erase them,
namely to make explicit the global constraint, is the essence of the central
problem. The central problem, in its generality , is very difficult. Graph-coloring
problems, for instance, are very neatly represented by networks of constraints:
relations are all of the tvpe L'-f, i.e., all pairs are allowed except those of the
same color. The number of allowed colors (i.e., the cardinality of sets X)) and
the topology of the graph characterize the particular problem. For instance,
Fig. 3 shows the network of constraints representing the problem of coloring a
tetrahedron with three colors: an impossible task. Howewver, it is difficult to
recognize it with a seguence of local examinations of the network, and without
“*higher-order” reasonings. MNeedless to say, no hope exists to extend such tricks

Wy

nrherefore we look for an
approximation of the minimal |
network which is as explicit

as possible and still computable
with | ocal oper at
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Fig. 3. In this network, the relation 1 1 O 1 is associated to every arc. This network repre-
1 1 O

sents the impossible problermnm of coloring a four-vertex complete graph with three colors.
This network is symmetric and closed buar mot mindrmnal



Defining Closure (e.g., Path-consistency)

MNETWORKS OF COMNSTRAINTS 109

to the general case. Therefore, we look for an approximation of the minimal
network Af, i.e., a network Y which is as explicit as possible and still computable
with local operations.

Let us consider an ordered pair of values

&= (xz',r- xf...:)
and a path?
= {VF; = I

o

N I = ¥ =1

‘p > v = = 2 L era
in the complete network & from vertex ; to vertex F;. The pair & is allowed
By the parf P iF the variables

T ='!'-!_::I 3 = = . :axl'p-: - - - sxfj.H =Xy
can be given suitable wvalues
xi_r‘:—tia,r“;—---xi'p.rp--~--.—xa'm,=-m = Xyi.=

which satisfw the relations

¥ R, R

Fpdfy = - - - = _]_fp=""" .l_m__lt'm

along the path &, MNote that the same vertex Iy can occur in a path any number
of times, and different values can be given to its variable x, for each occurrence.
A pair & is called legaf if it is allowed by all the paths P from F; to ;. We will
see that the property of being legal is decidable in a finite number of steps.
Finally, a network is called cfosed it any pair & which is not legal is also not al-
lowed by the direct relation R;.

It is clear from the definition that minimal networks are closed. The converse
is, in general, not true. For instance, the network in Fig. 3 (representing the
uncolorable tetrahedron) is closed but not Minimal. This also mMmeans that many
closed networks equivalent to a given network maw exist. Given a network &,
its cfosere ¥ is defined as the largest closed network not larger than & but equiv-

alent to &. The next theorem proves the unigueness of the closure.

THEOREM <+ 1. The ser of closed networks ot larger tluarr IR bt eguivalers
ror 2 whiich s ordered under &) fias a Faorgesr elerment Y., Therefore, T is the
orrdv oloswre o .

Proc)l. We must prove that the union of two closed networks ¥ " and ¥ ™,
both not larger than &~ but egquivalent to &, is a closed network 7 not larger than
£ but equivalent to &. In fact from & = ¥ and R 2 ¥V we have R D ¥V w0 ¥ " =
Y. From /& = ¥ 2 ¥', R eguivalent to ¥ ' and (3.7) twice. we have ¥ eguivalent



Defining Closure (e.g., Path-consistency)

MNETWORKS OF COMNSTRAINTS 109

to the general case. Therefore, we look for an approximation of the minimal
network Af, i.e., a network Y which is as explicit as possible and still computable
with local operations.

Let us consider an ordered pair of values

B = (xz',r- xf...:)
and a path?
= {VF; = I

o

:—*-sVEP:*—-sVEm_p‘:F} e =1
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can be given suitable wvalues
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which satisfw the relations

¥ R, R

g, 2 - - - = B L T e Jere

along the path &, MNote that the same vertex Iy can occur in a path any number
of times, and different values can be given to its variable x, for each occurrence.
A pair & is called legaf if it is allowed by all the paths P from F; to ;. We will
see that the property of being legal is decidable in a finite number of steps.
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Figure 3.12: A graph-coloring graph (a) before path-consistency (b) after path-consistency



A Closure Algorithm -
Complexity:

(Path-Consistency) PCL
PC:4.optimaI:

The closure Y of a network R can be characterized as being the solution of
the following system of equations.

mn
Y',jz Z Rﬂt ij+dif (41)
k=1

where

dff = ‘I.Ej" if i =7 dﬂ = UI'!' otherwise.




