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ÅHow I met ñNetworks of Constraintsò

ÅNetworks of Constraints: 

ïSections 1&2 ïMotivation and definitions

ïSection 3 ïNetworks of constraints

ïSection 4 ïPath consistency

ïSection 5 ïTractable classes

ÅEarly research after ñNetworks of Constraintsò

ÅCurrent research in graphical models and yet 

another Montanariôs paper.



Mechanical Heuristic Generation

Observation: People generate heuristics by consulting simplified/relaxed models.

Context: Heuristic search (A*) of state-space graph (Nillson, 1980)

Context: Weak methods vs. strong methods

Domain knowledge: Heuristic function

h(n):Heuristic underestimate

the best cost from

n to the solution

A problem is simple

If it can be greedily solved
How can we identify

Greedily solved problems?



Mechanical Generation of Heuristics 

pursuit lead to

Å Question: How do we identify a greedily solved problems?

Å Breakthrough: A sufficient condition for backtrack-free solutionò by 

Gene Freudeder (JACM, 1982)ò (pages 24-32)

Å A. Mackworth ñConsistency  in networks of relationsò 1977 Pages 

99-118, Artificial Intelligence

ÅñMontanari, U. Networks of constraints: Fundamental 

properties and applications to picture processingò 

Information Science, 1974.ò



(850 citations)

ÅDoes anybody read it all the way to the end?



Å Constraints as relations

Å Characteristic matrix, 

Å union, intersection  Composition:

Section 2: Mathematical Notation
Scene Labeling Constraint Network

(Waltz, 1972. Generating semantidescriptions from 

drawings of scenes with shadows. )
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yellow red

Example: map coloring

Variables - countries (A,B,C,etc.)

Values    - colors (red, green, blue)

Constraints: etc.  ,ED  D,  AB,A
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Constraint graph

Semantics: set of all 
solutions

Primary task: find a solution



Section 3: Networks of Constraints

The section defines constraint networks, showing that:

Å Expressivness: Not every relation can be expressed as a network of 
binary constraints

Å Defining The projection network

Å The minimal network

Å The intricate concept of decomposability

Å The central problem: Computing the minimal network.



Section 3: Networks of Constraints

The section defines constraint networks, 
showing that:

Å Expressiveness: Not every relation can be 
expressed with binary constraints.

Å The projection network is the best binary 
network approximation.

Å The minimal network is the intersection of 
all equivalent constraint networks

Å The minimal network is unique and 
identical to the projection network and thus 
the most explicit representation,

Å Decomposability: a relation may be 
represented by a network of binary 
constraints but its projection may not. 
(Namely, it can never become backtrack-
free with binary constraints only). 

Å The central problem: Computing the 
minimal network.
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(2,4,1,3)

(3,1,4,2)

The 4-Queen Problem
(specification (a) and minimal network (b))



ñTherefore we look for an 

approximation of the minimal 

network  which is as explicit 

as possible and still computable 

with local operationsò

Section 4: Approximate Solution of the Central 

Problem



Defining Closure (e.g., Path-consistency)



Defining Closure (e.g., Path-consistency)



A Closure Algorithm

(Path-Consistency)
Complexity:

PC-1: 

PC-2:

PC-4 optimal:  


