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Outline

Â Introduction
Â Graphical models
Â Optimization tasks for graphical models

Â Inference
Â Variable Elimination, Bucket Elimination

Â Search (OR)

Â Branch-and-Bound and Best-First Search 

Â Lower -bounds and relaxations
Â Bounded variable elimination and local consistency

Â Exploiting problem structure in search
Â AND/OR search spaces (trees, graphs)

Â Software
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Outline

Â Introduction
Â Graphical models
Â Optimization tasks for graphical models
Â Solving optimization problems by inference and search

Â Inference
Â Search (OR)

Â Lower -bounds and relaxations
Â Exploiting problem structure in search
Â Software



Combinatorial Optimization

Find an schedule for the
satellite that maximizes

the number of photographs taken,
subject to the on -board recording 

capacity 

Earn 8 cents per invested dollar such that
the investment risk is minimized



Combinatorial Optimization

Assign  frequencies to a set of radio links
such that interferences are minimized

Find a joint haplotype configuration for
all members of the pedigree which 
maximizes the probability of data
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ConstrainedOptimization

Example: power plant scheduling
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Constraint Optimization Problems
for Graphical Models
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FunctionCost  Global

Primal graph =
Variables -- > nodes
Functions, Constraints -Ą arcs

f(A,B,D) has scope {A,B,D}

F(a,b,c,d,f,g )= f 1(a,b,d )+f 2(d,f,g )+f 3(b,c,f )
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A B
red green

red yellow

green red

green yellow

yellow green

yellow red

Map coloring

Variables: countries (A B C etc.)

Values: colors (red green blue)

Constraints: etc.  ,ED  D,  AB,A ¸¸¸
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Constraint Networks 

Constraint graph
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A B
red green 0

red yellow 0

green red 0

green yellow 0

yellow green 0

yellow red 0

Others ¤

Map coloring

Variables: countries (A B C etc.)

Values: colors (red green blue)

Constraints: etc.  ,ED  D,  AB,A ¸¸¸
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Constraint Networks 

Constraint graph
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Probabilistic Networks

Smoking

BronchitisCancer

X-Ray

Dyspnoea

P(S)

P(B|S)

P(D|C,B)

P(C|S)

P(X|C,S)

P(S,C,B,X,D) = P(S)· P(C|S)·P(B|S)· P(X|C,S)· P(D|C,B)

MPE= Find a maximum probability assignment, given evidence
MPE= find argmax P(S)· P(C|S)· P(B|S)· P(X|C,S)· P(D|C,B)

C B D=0 D=1

0 0 0.1 0.9

0 1 0.7 0.3

1 0 0.8 0.2

1 1 0.9 0.1

P(D|C,B)

BN = (X,D,G,P)
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Monitoring Intensive-Care Patients

The ñalarmò network - 37 variables, 509 parameters (instead of  237)

PCWP CO

HRBP

HREKG HRSAT

ERRCAUTERHRHISTORY

CATECHOL

SAO2 EXPCO2

ARTCO2

VENTALV

VENTLUNG VENITUBE

DISCONNECT

MINVOLSET

VENTMACHKINKEDTUBEINTUBATIONPULMEMBOLUS

PAP SHUNT

ANAPHYLAXIS

MINOVL

PVSAT

FIO2

PRESS

INSUFFANESTHTPR

LVFAILURE

ERRBLOWOUTPUTSTROEVOLUMELVEDVOLUME

HYPOVOLEMIA

CVP

BP
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A    A
B    b

3 4
A | ?
B | ?

?    ?
? ?

5 6
A | a
B | b Ɇ6 individuals

ɆHaplotype: {2, 3}
ɆGenotype: {6}
ɆUnknown

Linkage Analysis
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Influence Diagrams

Influence diagram ID = (X,D,P,R).

Chance variables: over domains.

Decision variables:

CPTôsfor chance variables:

Reward components:

Utility function: iiru ä=

},...,{ 1 jrrR=
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Test
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Â A graphical model  (X,D,F):
Â X = {X 1,éXn} variables

Â D = {D 1, é Dn} domains

Â F = {f 1,é,fm} functions
(constraints, CPTS, CNFs é)

Â Operators:
Â combination 

Â elimination (projection)

Â Tasks:
Â Belief updating : SX-y Ôj Pi 

Â MPE: maxXÔj Pj

Â CSP: ÔX ³j Cj

Â Max -CSP: minXSj fj

Graphical Models

)(   :   CAFf i +==

A

D

B
C

E

F

Â All these tasks are NP-hard

Â exploit problem structure

Â identify special cases

Â approximate

A C F P(F|A,C)

0 0 0 0.14

0 0 1 0.96

0 1 0 0.40

0 1 1 0.60

1 0 0 0.35

1 0 1 0.65

1 1 0 0.72

1 1 1 0.68

Primal graph
(interaction graph)

A C F

red green blue

blue red red

blue blue green

green red blue

Relation
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Sample Domains for Graphical M

Â Web Pages and Link Analysis
Â Communication Networks (Cell phone Fraud Detection)
Â Natural Language Processing (e.g. Information Extraction and 

Semantic Parsing)
Â Battle-space Awareness
Â Epidemiological Studies
Â Citation Networks
Â Intelligence Analysis (Terrorist Networks)
Â Financial Transactions (Money Laundering)
Â Computational Biology 
Â Object Recognition and Scene Analysis

é
Type of constrained optimization:
ÅWeighted CSPs, Max-CSPs, Max-SAT
ÅMost Probable Explanation (MPE) 
ÅLinear Integer Programs
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Outline

Â Introduction
Â Graphical models
Â Optimization tasks for graphical models
Â Solving optimization problems by inference and search

Â Inference
Â Search (OR)

Â Lower -bounds and relaxations
Â Exploiting problem structure in search
Â Software



Solution Techniques

Search: Conditioning

Complete

Incomplete

Simulated Annealing

Gradient Descent

Complete

Incomplete

Adaptive Consistency
Tree Clustering

Variable Elimination
Resolution

Local Consistency

Unit Resolution

Mini-bucket(i)

Stochastic Local Search
DFS search

Branch-and-Bound

A*

Inference: Elimination

Time: exp( treewidth )
Space:exp ( treewidth )

Time: exp(n)
Space: linear

AND/OR search
Time: exp(treewidth*log n)
Space: linear

Hybrids

Space: exp(treewidth)
Time: exp(treewidth)

Time: exp(pathwidth)
Space: exp(pathwidth)



Combination of cost functions

A B f(A,B)

b b 6

b g 0

g b 0

g g 6

B C f(B,C)

b b 6

b g 0

g b 0

g g 6
A B C f(A,B,C)

b b b 12

b b g 6

b g b 0

b g g 6

g b b 6

g b g 0

g g b 6

g g g 12

+

= 0 + 6



Elimination in a cost function

A B f(A,B)

b b 4

b g 6

b r 1

g b 2

g g 6

g r 3

r b 1

r g 1

r r 6

Elim(f ,B) A g(A)

b

g

r

1

1

2

Elim(g,A)
hÅ

1

Min



Conditioning a cost function

A B f(A,B)

b b 6

b g 0

b r 3

g b 0

g g 6

g r 0

r b 0

r g 0

r r 6

Assign(fAB,A,b)

B

b 6

g 0

r 3 g(B)
Assign(g,B,r)

0

3
hÅ
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Conditioning vs. Elimination

A

G

B

C

E

D

F

Conditioning (search) Elimination (inference)

A=1 A=ké

G
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F

G
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k ñsparserò problems 1 ñdenserò problem
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Outline

Â Introduction

Â Inference
Â Variable Elimination, Bucket Elimination

Â Search (OR)

Â Lower -bounds and relaxations
Â Exploiting problem structure in search
Â Software
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Computing the Optimal Cost Solution

0=e
min

Constraint graph

A

D E

CBB C

ED

Variable Elimination

bcde ,,,
min
0=

f(a,b)+f(a,c)+f(a,d)+f(b,c)+f(b,d)+f(b,e)+f(c,e)OPT =

f(a,c)+f(c,e) +
c

min

),,,( ecdahB

f(a,b)+f(b,c)+f(b,d)+f(b,e)
b

min
d

min f(a,d) + 

Combination
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Elimination operator

OPT

bucket  B: 

f(c,a) f(c,e) 

f(a,b) f(b,c) f(b,d) f(b,e)

bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

e=0

(a)hE

e)c,d,(a,hB

e)d,(a,hC

Finding

ä
b

min

ä=
=

r

j
j

XX
XfOPT

n 11

)(min
,...,

Algorithm elim -opt (Dechter, 1996)
Non-serial Dynamic Programming(Bertele & Briochi, 1973)

B

C

D

E

A

f(a,d) 

e)(a,hD

),(),(),(),(),(),(),(min
,,,,

ecFebFdbFcbFdaFcaFbaFOPT
bcdea

++++++=
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Generating the Optimal Assignment

C:

E:

f(a,b) f(b,c) f(b,d) f(b,e)B:

D:

A:

f(c,a) f(c,e)

e=0 e)(a,hD

(a)hE

e)c,d,(a,hB

e)d,(a,hC

(a)hE

a
min arga'  1. =

0e'  2. =

Cf(a',d) h (a',d,e')= +
d

3.   d' arg min

( , ')

                            ( ', ', , ')B

f(c,a') f c e

h a d c e

= + +

+

c
4.   c' arg min

                          

f(a',b) f(b,c')

f(b,d') f(b,e')

= + +

+ +

b
5.  b' arg min

)e',d',c',b',(a'   Return

f(a,d)
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exp(w*=4)
òinduced widthò 
(max clique size)

Complexity

Elimination operator

OPT

bucket  B: 

f(c,a) f(c,e) 

f(a,b) f(b,c) f(b,d) f(b,e)

bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

e=0

(a)hE

e)c,d,(a,hB

e)d,(a,hC

ä
b

min

B

C

D

E

A

f(a,d) 

e)(a,hD

Algorithm elim -opt (Dechter, 1996)
Non-serial Dynamic Programming(Bertele & Briochi, 1973)

),(),(),(),(),(),(),(min
,,,,

ecFebFdbFcbFdaFcaFbaFOPT
bcdea

++++++=
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Complexity of Bucket Elimination

))((exp ( * dwrO

ddw  ordering alonggraph  primal  theof width induced the)(* -

The effect of the ordering:

4)( 1

* =dw 2)( 2

* =dwconstraint graph

A

D E

CB

B

C

D

E

A

E

D

C

B

A

Finding smallest induced -width is hard!

r = number of functions

Bucket-Elimination is time and space
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Outline

Â Introduction
Â Inference

Â Search (OR)

Â Branch-and-Bound and Best-First search

Â Lower -bounds and relaxations
Â Exploiting problem structure in search
Â Software
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The Search Space

() ()ä
=

C=C
9

1
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i

iX ff

A

E

C

B

F

D

0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1

C

D

F

E

B

A 0 1

Objective function:

A B f1

0 0 2
0 1 0
1 0 1
1 1 4

A C f2

0 0 3
0 1 0
1 0 0
1 1 1

A E f3

0 0 0
0 1 3
1 0 2
1 1 0

A F f4

0 0 2
0 1 0
1 0 0
1 1 2

B C f5

0 0 0
0 1 1
1 0 2
1 1 4

B D f6

0 0 4
0 1 2
1 0 1
1 1 0

B E f7

0 0 3
0 1 2
1 0 1
1 1 0

C D f8

0 0 1
0 1 4
1 0 0
1 1 0

E F f9

0 0 1
0 1 0
1 0 0
1 1 2
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The Search Space

Arc -cost is calculated based from cost 
functions with empty scope (conditioning)

0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1

C

D

F

E

B

A 0 1

A B f1

0 0 2
0 1 0
1 0 1
1 1 4

A

E

C

B

F

D

A C f2

0 0 3
0 1 0
1 0 0
1 1 1

A E f3

0 0 0
0 1 3
1 0 2
1 1 0

A F f4

0 0 2
0 1 0
1 0 0
1 1 2

B C f5

0 0 0
0 1 1
1 0 2
1 1 4

B D f6

0 0 4
0 1 2
1 0 1
1 1 0

B E f7

0 0 3
0 1 2
1 0 1
1 1 0

C D f8

0 0 1
0 1 4
1 0 0
1 1 0

E F f9

0 0 1
0 1 0
1 0 0
1 1 2

3 0 2 2 3 0 2 2 3 0 2 2 3 0 2 2 3 0 2 2 3 0 2 2 3 0 2 2 3 0 2 2

0 0

3 5 3 5 3 5 3 5 1 3 1 3 1 3 1 3

5 6 4 2 2 4 1 0

3 1

2

5 4

0

1 2 0 4 1 2 0 4 1 2 0 4 1 2 0 4 1 2 0 4 1 2 0 4 1 2 0 4 1 2 0 4

5 2 5 2 5 2 5 2 3 0 3 0 3 0 3 0
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0 2 2 5

0 4
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The Value Function

Value of node = minimal cost solution below it

0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
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B D f6

0 0 4
0 1 2
1 0 1
1 1 0

B E f7
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An Optimal Solution

Value of node = minimal cost solution below it

0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
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0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
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Basic Heuristic Search Schemes

Heuristic function f(x p) computes a lower bound on the best 

extension of xp and can be used to guide a heuristic 

search algorithm. We focus on: 

1. Branch -and -Bound
Use heuristic function f(x p) to 
prune the depth-first search tree
Linear space

2. Best -First Search
Always expand the node with 
the highest heuristic value f(x p)
Needs lots of memory

f ¢L

L
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Classic Branch-and-Bound

n

g(n)

h(n ) - under -estimates
Optimal cost below n

f(n) = g(n) + h(n )
f(n) = lower bound

Prune if f(n) Ó UB

(UB) Upper Bound = best solution so far

Each node is a COP subproblem
(defined by current conditioning)
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Best-First vs. Depth-first Branch-and-Bound

Â Best -First (A*): (optimal)

Â Expand least number of nodes given h

Â Requires to store all search tree

Â Depth -first Branch -and -Bound:

Â Can use only linear space

Â If find an optimal solution early will expand the 
same space as Best-First (if search space is a tree)

Â B&B can improve heuristic function dynamically
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How to Generate Heuristics 

Â The principle of relaxed models

Â Mini-Bucket Elimination

Â Bounded directional consistency ideas

Â Linear relaxation for integer programs
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Outline

Â Introduction
Â Inference
Â Search (OR)

Â Lower -bounds and relaxations
Â Bounded variable elimination

Â Mini-Bucket Elimination
Â Generating heuristics using mini-bucket elimination

Â Local consistency

Â Exploiting problem structure in search
Â Software



40

Mini-Bucket Approximation
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Split a bucket into mini -buckets => bound complexity

)()()O(e :decrease complexity lExponentia n rnr eOeO -+­

bucket (X) =
{ h 1, é, hr, h r+1, é, hn }

{ h 1, é, hr } { h r+1, é, hn }


