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Constraint Satisfaction

Example: map coloring
Variables (X) - countries (A,B,C,etc.)
Vaues (D) - colors(e.g., red, green, yellow)
Constraints( A1D, D!E, etc.

A B

red green

red yellow

green red

green yellow |
yellow  green

yellow red
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A graphical model (X,D,C):

X = {Xl,...Xn} variables
D={D, ...D,} domains

C={F,..., F} functions
(constralnts CPTS, cnfs)

Primal graph G (constraint
graph, moral graph)

Depth-first search (DFS)
spanning trees

Induced-width, tree-width,
path-width

F :=P(F|AC)

F=F=A+QC
A

B C

E D
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A graphical model (X,D,C): E‘ i E(_F LA;?
X = {Xl,...Xn} variables R
D={D, ...D,} domains
C={F,..., F} functions A
(constralnts CPTS, cnfs) .
Primal graph G (constraint B C
graph, moral graph)
Depth-first search (DFS) E D
spanning trees
Induced-width, tree-width, o g OF
path-width &) # o
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p(a), p(bla), p(cla,b)
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| My = p@)xpbla)xp(cla,b)

a

h,, (b, C) = p(d |b)xp(f [c,d)>n;, (b, f)
2| BCDF
o4 (b, f) = p(d [b)xp(f |c,d) >, (b,C)

c,d

Nsz (b, )= p(elb, f) (e f)
EF
hia (e f)= p(e|b, f)xh,4 (b, f)

b

hus(e f)=p(G=g.lef)
4| EFG
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maxb)Iz —0 $
bucket B:  P(bla) P(db,a) P(eb,c)
/
bucket C: P(cla) he& @ d,c,e)
\/ Y
bucket D: h®(a, d,e)
bucket E: e=0 hP°(a, e
C> D :
bucket A: P(a) ht@ ¢ £
\/ * 1 #
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H (1,2)

H (2.1)

H (2,3)

H (3,2)

H (3,4)

H (4.3)

5 &0-9$(

18228-
Ny (b.0) = p(a)xp(bla)xp(ca,b)
oz (B) = p(d [D)xhiss (b, 1)
he o (c) = p(f lc,d)
oy (D)1= p(d D) iy (b, )
he ()= p(f lc.d)

hiso (b, f):=

p(elb, f)xh, (e, f)

e

hisa (e, f)i=

p(e | b, f) xh(lz,s) (b) >(h(zz,?,)( f)

b

hiis (e, f)i=

p(G =g.1le, f)
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a) Belief network a) The graph IBP works on
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Coding, N=400, 1000 instances, 30 it, w*=43, sigma=.22

12

le-1q
—e— 1IGP
—v— MC
— IBP
1le-2 M
le-3 A
le-4
— e —— 9o —— 0 —9
le-5 T T T T T 1
0 2 4 6 8 10 12
i-bound
Coding, N=400, 500 instances, 30 it, w*=43, sigma=.51
0.0785
0.0780 |
0.0775
— IBP
0.0770 ~ —e— 1IGP
0.0765 |
0.0760 |
0.0755 |
0.0750 |
0.0745 " " " " " .
0 2 4 6 8 10
i-bound

Coding, N=400, 500 instances, 30 it, w*=43, sigma=.32

0.00243 -
0.00242
0.00241 —— IBP
—e— 1IGP
@
W 0.00240
o
0.00239
0.00238 - * ———— 00— 90—
0.00237 : T T T .
0 2 4 6 10 12
i-bound
Coding, N=400, 500 instances, 30 it, w*=43, sigma=.65
0.1914 |
0.1912
— IBP
0.1910 —e— 1JGP
@
W 0.1908 4
o
0.1906 |
0.1904 |
0.1902
0.1900 " " " " .
0 2 4 6 10 12
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CPCS 422, evid=0, w*=23, linstance CPCS 422, evid=30, w*=23, linstance

0.1 - 0.1 -

—— |JGP 30 it (at convergence)

—v— MC
— IBP 10 it (at convergence)

0.01 '_'\/v\ /,/v/'\v—v\/\' 0.01
N )

©
o
c
I
R
3 —&— |JGP at convergence
> —e— MC
0.001 - 0.001 1 —— IBP at convergence
00001 T T T T T T T 1 0-0001 T T T T T T T T T T T T T T
2 4 6 8 10 12 14 16 18 3 4 5 6 7 8 9 10 11 12 13 14 15 16

i-bound i-bound

evidence=0 evidence=30
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% Solved Exactly

1.0
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0.8
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0.1
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Time [sec]

—@— BBMB i=2
O BFMBi=2
—v— BBMBi=6
—¥ - BFMB i=6
—— BBMB =10
—{-- BFMB =10
—4 - BBMB =14
—O— BFMBi=14

% Solved Exactly
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(a) Graph

(b) DFS tree (c) pseudo- tree (d) Chain
depth=3 depth=2 depth=6
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0, otherwise




$

$



All domainsare{1,2,3,4}
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Domains are{1,2,3,4}
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tightness 70% 60% 50\% 40%
# solutions 0 O 46,582 147,898,575
i |BE 8.889 8.709 8.531 8.637
O[A/O FC 0.110 0.454 3.129 32.931
OR FC 0.113 0.511] 14.615 9737.823
3|A/O FC 0.111 0.453 3.103 31.277
OR FC 0.112 0.509| 14.474 9027.365
6|/A/O FC 0.110 0.454 3.006 25.140
OR FC 0.113 0.508| 13.842 7293.472
9(A/O FC 0.114 0.453 2.895 21.558
OR FC 0.111 0.509| 12.336 5809.917
12|A/O FC 0.109 0.458 2.703 13.687
OR FC 0.114 0.496 9.678 2598.778
13|A/O FC 0.111 0.457 2.605 11.974
OR FC 0.123 0.494 8.703 1170.203
$ * -
= ; &0
$ * 15 >-
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tightness 60% 50% 40% 30% 20% 10% 0%
# solutions 0 0 13,533 2,414,724 190,430,000| 21,549,650,000 1,099,511,627,776
Time (seconds)
i=0 [AOFC 0.005 0.011 0.065 0.289 1.931 7.979 30.094
i=3 |AOFC 0.003 0.008 0.060 0.253 1.525 6.062 22.340
i=6 |[AO FC 0.003 0.009 0.052 0.182 0.883 2.873 8.847
i=9 [AOFC 0.003 0.010 0.046 0.142 0.559 1.323 2.997
i=10 |AO FC 0.004 0.010 0.038 0.110 0.343 0.587 0.985
i=10 [OR FC 0.004 0.012 0.671 24.912 1009.025 - -
Number of nodes
i=0 [AOFC 55 166 3,078 22,273 204,562 988,136 4,145,934
i=3 AO FC 55 155 1,503 8,747 57,778 236,466 870,866
i=6 |AO FC 55 148 975 4,292 24,542 95,394 298,236
i=9 [AOFC 55 142 922 3,364 15,235 38,088 90,101
i=10 [AO FC 55 135 746 2,365 8,646 15,050 25,717
i=10 [OR FC 55 166 14,049 635,331 25,078,186 - -
Number of deadends

i=0 [AOFC 57 162 1,978 10,298 57,678 134,324 0
i=3 [|AOFC 57 159 1,662 8,569 45,336 92,263 0
i=6 AO FC 56 149 974 3,721 13,655 19,257 0
i=9 AO FC 55 139 641 1,850 4,517 5,372 0
i=10 [AO FC 55 125 533 1,312 2,313 1,887 0
i=10 [OR FC 57 164 9,693 299,138 11,541,863|-
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tightness 60% 50% 40% 30% 20% 10% 0%
# solutions 0 0 13,533 2,414,724 190,430,000| 21,549,650,000 1,099,511,627,776
Time (seconds)
i=0 |AO FC 0.005 0.011 0.065 0.289 1.931 7.979 30.094
i=3 |AO FC 0.003 0.008 0.060 0.253 1.525 6.062 22.340
i=6  |AO FC 0.003 0.009 0.052 0.182 0.883 2.873 8.847
i=9 |AO FC 0.003 0.010 0.046 0.142 0.559 1.323 2.997
i=10 |AO FC 0.004 0.010 0.038 0.110 0.343 0.587 0.985
i=10 [OR FC 0.004 0.012 0.671 24.912 1009.025 - -
Number of nodes
i=0 [AOFC 55 166 3,078 22,273 204,562 988,136 4,145,934
i=3 AO FC 55 155 1,503 8,747 57,778 236,466 870,866
i=6 |AO FC 55 148 975 4,292 24,542 95,394 298,236
i=9 [AOFC 55 142 922 3,364 15,235 38,088 90,101
i=10 [AO FC 55 135 746 2,365 8,646 15,050 25,717
i=10 [OR FC 55 166 14,049 635,331 25,078,186 - -
Number of deadends

i=0 [AOFC 57 162 1,978 10,298 57,678 134,324 0
i=3 [AOFC 57 159 1,662 8,569 45,336 92,263 0
i=6 AO FC 56 149 974 3,721 13,655 19,257 0
i=9 [AOFC 55 139 641 1,850 4,517 5,372 0
i=10 [AO FC 55 125 533 1,312 2,313 1,887 0
i=10 [OR FC 57 164 9,693 299,138 11,541,863|-
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0.479

0.103

8.325
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N=100, K=2, R=10, P=2, C=30, S=3, 20 instances, w*=28, depth=38
tightness Time Nodes Dead-ends #sol
AO-FC AO-RFC AO-FC | AO-RFC AO-FC AO-RFC

90% 0 1.743 1.743 15,466 15,408 15,468 15,410 0
10 1.748 1.746 15,466 15,408 15,468 15,410
20 1.773 1.784 15,466 15,408 15,468 15,410

80% 0 3.193 3.201] 27,840 27,617 27,842 27,619 0
10 3.195 3.200 27,840 27,617 27,842 27,619
20 3.276 3.273 27,840 27,617 27,842 27,619

70% 0 69.585 62.911 804,527 659,305 804,529 659,307 0
10 69.803 62.908 804,527 659,305 804,529 659,307
20 69.275 63.055 804,527 659,305 686,769 659,307
N=100, K=2, R=5, P=2, C=40, S=3, 20 instances, w*=41, depth=51

tightness Time Nodes Dead-ends #sol
AO-FC AO-RFC AO-FC AO-RFC | AO-FC AO-RFC

90% 0 1.251 0.382 7,036 2,253 7,038 2,255 0
10 1.249 0.379 7,036 2,253 7,038 2,255
20 1.265 0.386) 7,036 2,253 7,038 2,255

80% 0 22.992 15.955 164,491 112,794 162,854 111,158 0
10 22.994 15.978 162,137 110,441 162,345 110,648
20 22.999 16.047 161,958 110,262 162,140 110,444

70% 0 253.289 43.255| 2,093,151| 350,692| 2,046,342 303,883 0
10 254.250 42.858] 2,025,869| 283,410 2,031,725 289,266
20 253.439 43.228] 2,020,310| 277,851] 2,025,878| 283,419
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- & 0
N=70, K=2, R=5, P=2, C=30, S=3, 20 instances, w*=23; depth=31
tightness i Time #sol
BE AO-FC AO-RFC
60% 0 26.400 1.956 1.263 0
10 1.872 1.231
20 1.878 1.291
50% 0 30.652 35.570 1.64E+12
10 18.583 18.872
20 12.444 12.110
40% 0 396.754 511.434 7.02E+14
10 167.852 182.451
20 80.484 83.601
N=60, K=2, R=5, P=2, C=40, S=3, 20 instances, w*=23, depth=31
tightness i Time #sol
BE AO-FC AO-RFC
60% 0 66.871 0.655 0.603 0
10 0.630 0.568
20 0.632 0.566
50% 0 3.178 3.021 6.24E+04
10 2.993 2.794
20 2.731 2.578
40% 0 65.171 70.242 7.51E+08
10 54.101 56.419
20 39.606 40.718
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) 1 372
s-AOMB s-AOMB s-AOMB s-AOMB s-AOMB s-AOMB
d-AOMB d-AOMB d-AOMB d-AOMB d-AOMB d-AOMB
s-BBMB s-BBMB s-BBMB s-BBMB s-BBMB s-BBMB
d-BBMB d-BBMB d-BBMB d-BBMB d-BBMB d-BBMB

BBBT BBBT BBBT BBBT BBBT BBBT
i=2 i=4 i=6 i=8 i=10 i=12

% / time / nodes

% / time / nodes

% / time / nodes

% / time / nodes

% / time / nodes

% / time / nodes

N=100, K=2, P=2, C=90, w*=16.3, H=25.8

58/121.6/4M

100/9.583/29.3K

95/34.07/1.1M
100/0.992/1.7K

100/ 8.659 / 269K
100/0.520/ 731

100/2.368/ 72.5K
100/0.365/ 381

100/0.776 / 26.5K
100/0.382 /225

100/0.188/6.3K
100/0.531/181

1/179.9/9M

70/85.04 /229K

41/136.2/29.4K

57/108.9/6.4M
100/2.045/2.8K
98/31.71/6.4K

96/24.19/1.6M
100/0.616 /698
100/6.354 /1,058

99 /5.54 / 363K
100/ 0.467 / 387
100/1.848 /245

100/ 2.606 / 179K
100/ 0.465 / 229
100/1.474 /135

100/0.34/ 25K
100/0.653/191
100/1.623/112




(OH

s-AOMB
d-AOMB
s-BBMB
d-BBMB
i=4

% / time / nodes

s-AOMB
d-AOMB
s-BBMB
d-BBMB
i=6

% / time / nodes

s-AOMB
d-AOMB
s-BBMB
d-BBMB
i=8

% / time / nodes

% / time / nodes

Grid 9x9, K=3, w*=12, H=37, 10 observations

100/139.4/6M
100/43.05/ 76K

100/1.23/61K
100/ 1.93 /546

100/0.05/963
100/0.83/151

100/0.11/174
100/0.79/91

20/261.5/17M
80/91.97 /166K

95/27.95/1.8M
100/2.13/755

100/0.52 /32K
100/0.84 /158

100/0.11/195
100/0.84 /92

)

1 622
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C

s-AOMB s-AOMB s-AOMB s-AOMB
d-AOMB d-AOMB d-AOMB d-AOMB
s-BBMB s-BBMB s-BBMB s-BBMB
Network w* H
d-BBMB d-BBMB d-BBMB d-BBMB
i=2 i=3 i=4 i=5
time / nodes time / nodes time / nodes time / nodes
-/5.1M -/10.7M -/11.4M 266.1/5.4M
-/281.6K 144.9 / 39.9K 13.60/ 976 49.11/639
Barley (48,8,67) 7 | 17
-/12.8M -/ 9M -/ 6.8M 541.9/7.3M
-1 2.1M -/ 829.5K 34.75/5.7K -/ 56.8K
292.3/3.3M 39.27 / 480K 17.10/ 255K | 3.768/62.2K
78.31/ 223K 15.42 /9.7K 12.49/2.3K 14.51 /802
Muninl (189,5,21) 11 | 24
-/ 2.9M -/3.2M -1 4.3M -/3.7M
-/ 311K -1 327K -/ 185K 14.90 / 804
-/ 2.9M -/3.1M 5.844 / 53.8K 0.64/6.8K
-/ 2.3M 91.5/62.6K 4,578 /5.9K 3.515/3.8K
Munin3 (1044,5,21) 7 25
-/ 371K -/ 405K -/ 172K -/ 432K
-/ 25.2K -/82.4K -/38.3K -/ 23.7K
& $ | B22
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s-AOMB
d-AOMB
s-BBMB
d-BBMB
i=2

% / time / nodes

s-AOMB
d-AOMB
s-BBMB
d-BBMB
i=4

% / time / nodes

s-AOMB
d-AOMB
s-BBMB
d-BBMB
i=6

% / time / nodes

s-AOMB
d-AOMB
s-BBMB
d-BBMB
i=8

% / time / nodes

PFC-RDAC
PFC-MRDAC
PFC-MPRDAC

N=50, K=5

, C=80, T=60%, w*=7

.75, H=15.5

70/88.65/1.2M
100/4.17/10.7K

100/3.093/ 76K
100/0.791/ 250

100/0.131/2.4K
100/0.838/80

100/0.731 /87
100/1.717 /53

0/180/6.5M
75174.32 ] 444K

75/68.19/2.8M
100/1.788/1.2K

100/ 2.743 / 146K
100/0.634 /80

100/0.744 / 1.1K
100/1.673/50

100/3.142/ 227K
100/1.849 /92K
100/ 2.307 / 92K

)

1 372







