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Abstract
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1 In tro duction

A great number of paperson the shape-from-shading(SFS) problem have ap-
pearedsince the publication of the classicalstudy by Horn and Brooks [2].
This is probably due to the fact that, despitethe simplicity of its formulation,
the SFSproblemdeservesanalysisand newapproaches,sincea global method
for its resolution under realistic assumptionsis still lacking. Many technical
questions(e.g., the uniquenessof solutions without continuity assumptions)
remain open. Moreover, new mathematical tools and numerical techniques
have appearedin the last decade,so it seemsto us appropriate to update the
scenario.Someof the new methods involve non-smooth solutions and several
typesof boundary conditions, guarantee convergenceto an approximate solu-
tion under rather broad assumptions,are reasonablyfast and in somecases
can be extendedto deal with dark shadows (i.e., black spots) in the image.

In this paper, following Zhang et al. [1], we review a number of methods for
the SFS problem which seemto be the most representativ e in three classes:
methods of resolution of partial di�eren tial equations,methods using mini-
mization, and methods approximating the imageirradianceequation.We sur-
vey the methods, taking into account the mathematical formulation behind
the problem, the tools that are usedto compute the solution, their features
and the assumptionsneededby each of them. After this analysis,we select
three methods (one per class)which can be applied to the orthographic SFS
problem.

Another goal of this paper is to set up a collection of signi�cant tests which
can be usedto comparethe methods, giving usersmore preciseinformation
about their accuracyin terms of several quantitativ e indicators. To this end
we have chosena set of di�eren t typesof imageswhich includessmooth and
non-smooth, aswell assynthetic and real images.It shouldbe noted that four
of thoseimageshave alreadybeenproposedin [1]. We have alsotried to de�ne
a rigorous methodology to comparethe algorithms.

All this information will be useful to the reader who has to choosebetween
di�eren t SFSmethods. Moreover, a companionweb site of this paper is avail-
able (www.irit.fr/sfs ), that wasconstructedby the authors. It contains an
SFSbibliography with more than 1100BibTex entries, a web interfaceallow-
ing the tests presented in this paper to be performedon-line, and a portable
platform with all the codesusedfor the tests. We hope that this e�ort will be
appreciatedby the community and that many other authors will contribute
to the construction of that web site, increasinglittle by little the number of
benchmarks and providing their codes.

To the best of our knowledge,this is oneof the �rst attempts to comparethe
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algorithms in such a preciseway, apart from the survey paper by Zhanget al.
[1], where the comparisonsare mainly of a qualitativ e nature. It should also
be mentioned that in other papers,a descriptionof someexisting methodscan
be found, e.g. [3{7].

The paper is organizedas follows. In Section2, we present a brief outline of
our model problem, the orthographic SFS problem. Section 3 is devoted to
a short description of the main classesof methods and of what we think are
the most representativ e algorithms in every class.In Section4, three methods
(oneper class)areselectedfor the tests. In Section5, we describe our method-
ology to comparethesemethods, and give the mathematical de�nitions of the
errors, as well as somehints at reconstructing the physical quantities of the
model (normals and greylevels), starting from the shapes computed by ev-
ery algorithm. Section6 contains the tests including error tables, �gures and
comments. Finally, in Section7 we summarizethe results of our analysis.

2 Problem Form ulation

2.1 Shape-from-ShadingEquations

Westart by giving a brief outline of the SFSproblemand introducing the basic
assumptions.We attach to the cameraa three-dimensionalcoordinate system
(Oxyz), such that Oxy coincideswith the imageplane and Oz coincideswith
the optical axis. Under the assumptionof orthographic projection, the visible
part of the sceneis, up to a scalefactor, a graph z = u(x), wherex = (x; y)
is an imagepoint. As is well known [2], the SFSproblem can be modeledby
the \image irradiance equation":

R(n(x)) = I (x); (1)

whereI (x) is the greylevel measuredin the imageat point x (in fact, I (x) is
the irradianceat point x, but both quantities areproportional) and R(n(x)) is
the re
ectance function, giving the valueof the light re-emitted by the surface
as a function of its orientation i.e., of the unit normal n(x) to the surfaceat
point (x; u(x)). This normal can easily be expressedas:

n(x) =
1

q
1 + p(x)2 + q(x)2

(� p(x); � q(x); 1); (2)

where p = @u=@x and q = @u=@y, so that r u(x) = (p(x); q(x)). Irradiance
function I is the datum in the model sinceit is measuredat each pixel of the
image, for example in terms of a greylevel (from 0 to 255). To construct a
continuousmodel, we will assumethat I takesreal valuesin the interval [0; 1].
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Height function u, which is the unknown of the problem, has to be recon-
structed on a compact domain 
 � R2, called the \reconstruction domain".
Assumethat there is a unique light sourceat in�nit y whosedirection is in-
dicated by the unit vector ! = (! 1; ! 2; ! 3) 2 R3. Also assumefor simplicity
that ! is given (in someworks, ! as well is consideredas unknown, seee.g.
[8,9], even if this new problem is sometimesill-p osed[10]). Recalling that, for
a Lambertian surfaceof uniform albedoequalto 1, R(n(x)) = ! �n(x), Eq. (1)
can be written, using (2):

I (x)
q

1 + jr u(x)j2 + (! 1; ! 2) � r u(x) � ! 3 = 0 for x 2 
 ; (3)

which is a �rst order non-linear partial di�eren tial equation (PDE) of the
Hamilton-Jacobi type. Points x 2 
 such that I (x) is maximal correspond to
the particular situation where ! and n(x) point in the samedirection: these
points are usually called \singular points".

Let us mention that Eq. (3) is not the most generalequationof SFS[11]:since
real materials are not purely Lambertian, somepublications are concerned
with non-Lambertian SFS problems[12{14]; moreover, the situation is more
complex in the presenceof other lighting models [15,16]or when the inter-
re
ections are taken into account [17,18].We will also considerthe equation
which appears in most of the papers and corresponds to frontal light source
at in�nit y i.e., ! = (0; 0; 1). Then (3) becomesthe \eikonal equation":

jr u(x)j = f (x) for x 2 
 ; (4)

where:

f (x) =

s
1

I (x)2
� 1: (5)

In the last few years, new models have appeared. The main goal of those
models is to modify the classicalassumptions,in order to deal with real-life
applications. In fact, although the classicalSFSproblem has attracted many
researchers for years,its impact on applications hasbeenrather limited. The
major modi�cation that has beenconsideredis to replacethe usual assump-
tion that the projection of scenepoints during a photographic processis or-
thographic, with the morerealistic assumptionof perspective projection. Very
few papers had consideredperspective projection [19{23], and none of them
had establishedthe equation of this more realistic model. The new model
problem is called \p erspective shape-from-shading" (PSFS). Recently, three
papers have establishedalmost simultaneously the PSFS equation [24{26],
which is still a non-linear PDE. Moreover, in [22,27], the light sourceis no
longer assumedto be located at in�nit y, but at the center of projection.
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2.2 Additional Equations

Equations (3) or (4) are sometimescomplemented with boundary conditions
on @
 or with additional information to selecta unique solution. One can set
up a boundary value problem which imposeseither a value to the solution u
(Dirichlet typeboundary condition), or a valueon the normal derivative (Neu-
mann type boundary condition), or a so-called\state constraint" boundary
condition whereoneimposesan equation to be satis�ed on the boundary. For
an imagecontaining an \o ccluding boundary", it is usual to useit as bound-
ary @
 of the reconstruction domain 
. For example,in Fig. 1, if the part of
the image representing the object in greylevels (\silhouette") is 
, then @

coincideswith the occluding boundary.

@





Fig. 1. Object with occluding boundary, which might be usedas boundary @
.

A current choiceis to considerDirichlet type boundary conditions in order to
take into account (at least) two di�eren t possibilities.The �rst correspondsto
the assumptionthat the surfaceis standing on a 
at background i.e., we set:

u(x) = 0 for x 2 @
 : (6)

The secondpossibility occurswhen the height of the surfaceon the occluding
boundary is known. This situation leadsto the more generalcondition:

u(x) = g(x) for x 2 @
 : (7)

The solution of Eq. (3) or of the Dirichlet problems(3)-(6) or (3)-(7) will give
the surfacecorresponding to greylevel I (x) measuredin 
. Let us now review
the methods of resolution of theseproblems.

3 Review of Shape-from-Shading Metho ds

A large number of SFS methods which use a great variety of mathematical
tools are available. We classify the methods into three classes:methods of
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resolution of PDEs, methods using optimization, and methods approximating
the imageirradiance equation (a very similar classi�cation is proposedin [1]).

3.1 Methods of Resolution of PDEs

Equations (3) and (4) have attracted much attention in the research commu-
nity in PDEs for their wide rangeof applications.In the framework of the SFS
problem, several methods of resolution have beentested: characteristic strips
expansion,approximation of viscosity solutions,etc.

3.1.1 Characteristic Strips Expansion

The �rst mention of 3D reconstruction using photometric cuesis due to the
Dutch astronomer Van Diggelen [28]. The �rst resolution was suggestedby
Rind
eisch [29], who demonstrated that if the photometric behaviour of a
surfacefollows certain properties, then the shape can be expressedasan inte-
gral alonga setof convergent straight lines.He implemented this computation
on imagesof the Moon, claiming that its surfaceveri�es the necessaryphoto-
metric properties reasonablywell. Later, Horn suggestedcalling this problem
\shape-from-shading",and showedthat the resolutionproposedby Rind
eisch
in a particular casecould be generalized,while still using the characteristic
strips expansion[30],under the following two conditions:(i) the function u has
to be of classC2; (ii) the 5-uplet (x; y; u; p;q) has to be known at every point
of a curve called the \initial curve", which meansin fact that two boundary
conditionsareneededsimultaneously, oneon u (Dirichlet boundary condition)
and the other on (p;q) (Neumann boundary condition). The \characteristic
lines" (which are the lines along which the integration has to be performed)
can be of any form in the imageplane, and this di�ers from the casestudied
by Rind
eisch.

Besidesthe inherent defect of error accumulation, which is typical of every
method of resolution using integration, the determination of thesecharacter-
istic lines is a new problem in itself, sincethey alsoare de�ned through inte-
gration. Therefore,the accuracyof boundary conditions is much more crucial
than for other methods. It follows that a certain number of obstaclesmust
be overcome,e.g. the crossingof characteristic lines, which should normally
occur only at singular points, or the presenceof holes in 
, which must be
�lled using secondarylines [30].

Finally, this method hasbeenessentially usedfor the theoretical study of the
number of solutionsof classC2 of the eikonal equation:a number of uniqueness
results have beenprovided (see[31{34] and the referencestherein).
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3.1.2 Approximation of Viscosity Solutions

Starting from the paper by Rouy and Tourin [35], the most recent approach
to the resolution of SFSusesthe notion of \viscosity solutions" to �rst order
PDEs, seee.g.[36].To givean idea,thesearealmost-everywheresolutions(a.e.
solutions) which can be obtained as the limit in a family of solutions for reg-
ularized secondorder problems(the so-called\v anishing viscosity" method).
Thesesolutions are typically Lipschitz continuous solutions (but discontinu-
ous viscosity solutions have also been consideredin the literature, cf. [36]).
The development of the theory of viscosity solutionsfor Hamilton-Jacobi type
equationsprovides a good framework for the analysisof the SFSproblem.

Moreover, several algorithms have beenproposedto compute viscosity solu-
tions. Finite di�erence numerical methods have been used in [35,37] for the
resolutionof (4) and generalizedto the resolutionof (3) in [38].Similar results
have beenobtained by Oliensisand Dupuis [39] with an algorithm basedon
the Markov Chain approximation. Unfortunately, the Dirichlet problem (3)-
(7) can have several \w eak solutions" in the viscosity senseand also several
classicalsolutions(due to the so-called\concave/convex ambiguity", see[30]).
As an example,all the surfacesrepresented in Fig. 2 are viscosity solutionsof
the sameequations(4)-(6), which is a particular caseof (3)-(7). The solution
represented in Fig. 2-a is the maximal solution and is smooth. All the non-
smooth a.e.solutions which can be obtained by a re
ection with respect to a
horizontal axis, are still admissibleweak solutions (cf. Fig. 2-b). In this ex-
ample, the lack of uniquenessof the viscosity solutions is due to the existence
of a singular point, where the right hand side of (4) vanishes.An additional
e�ort is then neededto de�ne which the preferablesolution sincethe lack of
uniquenessis also a big drawback when trying to compute a numerical solu-
tion. In order to circumvent thesedi�culties, the problem is usually solved by
adding someinformation such as the height at each singular point [37].

(a) (b)

Fig. 2. Illustration of the concave/convex ambiguit y: (a) maximal solution and (b)
a.e. solutions giving the sameimage.

More recently, an attempt has beenmade to eliminate the needfor a priori
additional information. In recent resultsin the theory of viscosity solutions,the
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\maximal solution" without additional information apart from the equation
wascharacterized,aswasthe construction of an algorithm which convergesto
that solution. A result by Ishii and Ramaswamy [40]appliedto SFSguarantees
that if function I is continuousand the number of singularpoints is �nite, then
a unique maximal solution (in the viscosity sense)of (3)-(7) exists. It should
benoted that their result on the characterizationof the maximal solution does
not apply to the generalsituation whenthe setof singularpoints hasa positive
measure(this is the case,for example,of a 
at roof). More generaluniqueness
results for maximal solutionsof (4)-(7) or (3)-(7) have beenrecently obtained
by Camilli et al. [41,42].Several papershave followed this approach providing
di�eren t algorithms to compute the maximal solution, which hasbeenshown
to be unique, seee.g. [43{45] and the referencestherein.

Sincethe PSFSequation is a �rst order non-linear PDE as well, someof the
methods have been adapted to the perspective model. Tankus et al. apply
[46,47] a modi�cation of the fast marching �nite di�erence method for the
eikonal equation, originally proposedby Kimmel and Sethian [48], and show
that PSFS can be usedsuccessfullyon medical imagesfor reconstruction of
organs.Prados et al. propose[27,49] two algorithms and show convergence.
They prove an existenceand uniquenessresult for the PSFSequationcoupled
to state constraint boundary condition, in the casewhere the light sourceis
located at the center of projection. Moreover, they use a control theoretical
interpretation of the equation to build their approximation schemes(as in
[41]), showing convergenceunder somerestrictive assumptions.An interest-
ing application to reconstruction of facesvalidates their approach (for this
application, seealso [50]).

We concludethis sectionby mentioning a few other extensionsin the frame-
work of viscosity solutions. All the theoretical results mentioned above use
the regularity of the greylevel function I , which is supposedto be (at least)
continuous.Naturally, real imagesdo not �t that assumption,even in the case
of Lambertian objects. The continuity assumptionfor I hasbeenremoved in
papersby Kain and Ostrov [51] and by Pradosand Faugeras[52]. Both these
papers also contain a schemeand somenumerical examples.Finally, the pa-
per by Falconeet al. [53] dealswith the caseof an oblique light sourcewith
black shadows in the imageand givesa convergent schemein the framework
of viscosity solutions.

3.1.3 Other PDE Methods

Another approach which producesa global solution to SFS consists in the
search for equal-height contours, originally proposedby Bruckstein [54] and
later re-introducedby Kimmel and Bruckstein [55,56].The method consistsof
two major steps:the computation of weighted distancefunctions from all the
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singular points, using a level set method, and the merging of thesesurfaces.
The algorithm can compute a global solution (which is an a.e. solution) of
eikonal equation (4) in the reconstruction domain, only combining the local
solutions obtained during the �rst step. Interestingly, this method has been
extendedto the caseof near light source[22].

Finally, the ideaof solving the eikonal equationusinga power seriesexpansion
at a singular point, in the caseof a greylevel function of classC1 , has been
introduced by Bruss [57] and has been extended to the analytical greylevel
functions by Durou and Piau, which could exhibit a \non-visible deformation"
i.e., a continuousfamily of analytical shapesgiving the sameimage[58]. This
is an important theoretical result but, nevertheless,no algorithm has been
derived from this method of resolution.

3.1.4 Boundary Conditions

The use of PDE methods for the resolution of the SFS problem leads nec-
essarily to the de�nition of somesort of boundary conditions. This is one of
the di�erenceswith respect to the methods usingoptimization, sincefor those
methods boundary conditions can be imposedbut are not compulsory. A de-
tailed analysisof the well-posednessof the boundary value problem for non-
linear PDEs in the framework of weaksolutions(in the viscosity sense)canbe
found in Barles' book [36]and in the referencestherein. It is important to note
that the addition of boundary conditions doesnot solve the concave/convex
ambiguity and that in practical applications boundary conditions are seldom
known.

The choicebetweenthe di�eren t typesof boundary conditions is a questionof
appropriatenessand simplicity, or dependson the additional information avail-
ableon the object (if any). The Dirichlet boundary condition is typically used
when the object is standing on a 
at background and the surfacesmeetsthe
backgroundat @
, or if the height on @
 is known (or assumed,for exampleby
symmetry). Neumannboundary conditions correspond to @u=@� (x) = m(x),
where � (�) represents the outward normal to domain 
. A typical useof it is
whenweknow (or wepresume)that the level curvesof the surfaceareorthogo-
nal to the boundary @
 or to a subsetof it wherewe simply choosem(x) = 0.
The Neumann boundary condition gives more freedom in the computation
sinceit only imposesthe value of a derivative and doesnot �x the height of
the surfaceat the boundary. Naturally, also this condition modi�es the sur-
face.State constraint boundary conditions di�er from the previousonessince
they do not imposea value either for the height or for its normal derivative.
In this respect, it has been interpreted as a \no boundary condition" choice
[59], although this interpretation is rather super�cial. In fact, a real function
u boundedand uniformly continuousis said to be a \state constraint viscosity
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solution" if and only if it is a subsolution (in the viscosity sense)in 
 and
a supersolution in 
 (i.e., up to the boundary). It can also be stated as a
Dirichlet boundary condition, simply setting g(x) = gc on @
, where gc is a
constant, provided:

gc > max
x 2 


f u(x)g: (8)

Note that in our problem, this is a mild assumptionsincewe can easily �x an
upper bound for the height of the object. The e�ect of the state constraint
boundary condition is to producesolutionsthat grow inwardsfrom the bound-
ary @
. This choicecan be appropriate in somesituations and wrong in other
situations, in any casealso this boundary condition a�ects the computation.

3.2 Methods Using Optimization

The secondclassof algorithms which have been suggestedare optimization
methods basedon the variational approach. Note that thesealgorithms can
work in the most generalcaseof Eq. (1), contrary to the PDE methods. In
this classof methods, three basic ingredients must be chosen:the unknowns,
the functional which has to be optimized (in fact, minimized), and the mini-
mization method. Surprisingly, a certain number of papers falling within the
domain of optimization do not clearly show the implications of thesechoices,
so that the choiceof a functional is sometimesonly guided by considerations
on convergence.Evenin [60],which is a major referencein the �eld, the discus-
sion of several functionals is basedon the possibility of �nding an algorithm
that convergestowards a minimum. Indeed, it is possiblea priori to freely
combine any functional and any minimization algorithm.

3.2.1 Unknowns

The �rst di�cult y encountered in the SFS problem is the choice of the un-
knowns. The natural unknown i.e., height u, is rarely used [61]: problems
of convergence[60] or of slowness [62] are mentioned. Many papers deal-
ing with optimization use p = @u=@x and q = @u=@y as unknowns (see
e.g. [63,60,64,62]),becauseu appears in the image irradiance equation only
through its �rst derivatives;however, if u is supposedto be of classC2, p and
q are two non-independent functions, since:

@p
@y

=
@q
@x

: (9)

Other unknowns have beenused:the three unknowns (u; p;q) have beendealt
with simultaneously[3,65];the stereographiccoordinatesof the normal [66,67]
present the great interest of being boundedon the occluding boundaries,con-
trary to (p;q); the normal itself is sometimesused [68,69]. Finally, several

10



model-basedapproacheshave beenproposed,such as quadratic models [70],
triangular elements [71], deformablemodels [72] or B-splines[73].

When dealingwith other unknownsthan u itself, an additional problemis then
to computeu. For instance,using (p;q) asunknowns, the following equations
must be solved:

8
>><

>>:

@u
@x

= p;
@u
@y

= q;
(10)

which give (9) by elimination of u. Nevertheless,sinceEqs. (10) are linear in
u, the problem of integration is much easierto solve than the SFSproblem.

3.2.2 Functionals

The only quantit y which hasto be minimized, whatever the unknowns, is the
\brigh tnesserror". Usingu asunknown, de�ning function r sothat R(n(x)) =
r (p(x); q(x)), and using least squareerror, this term can be expressedas:

F1(u) =
Z

x 2 

[r (@u=@x(x); @u=@y(x)) � I (x)]2 dx: (11)

Using (p;q), a strictly equivalent functional to F 1(u) is:

F2 (p;q; � ) =
Z

x 2 

[r (p(x); q(x)) � I (x)]2 dx +

Z

x 2 

� (x)

"
@p(x)

@y
�

@q(x)
@x

#

dx;

(12)
where � is a Lagrangemultiplier i.e., a new unknown [60]. This last func-
tional is often approximated by another one (for numerical reasons)where
the constraint term becomesa least square penalty term, often called the
\in tegrability term" [60]:

F3 (p;q) =
Z

x 2 

[r (p(x); q(x)) � I (x)]2 dx + � i

Z

x 2 


"
@p(x)

@y
�

@q(x)
@x

#2

dx:

(13)
Several discreteimplementations of this functional havebeenproposed[63,60].
A problem is that it is parametric, contrary to F 1(u) and F2 (p;q; � ), depend-
ing on parameter � i which is called the \in tegrability factor". Another way
of translating functional (12), without introducing any parameter,consistsin
imposingthe hard constraint (9) in an iterativ e process:this leadsto the well-
known method by Frankot and Chellappa [64], where integrability is forced
at each step. Symmetrically, it has recently beenproposedin [69] to impose
Eq. (1) at each stepof an iterativ e optimization method. Another leastsquare
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penalty term which hasbeenmuch usedis the \smoothnessterm" [61]:

F4 (p;q) =
Z

x 2 

[r (p(x); q(x)) � I (x)]2 dx + � s

Z

x 2 


h
jr p(x)j2 + jr q(x)j2

i
dx;

(14)
where� s is a secondparametergiventhe nameof \smoothing factor". Inciden-
tally, onecritical point of the optimization approach is that, given a noise-less
image with assumptionssatis�ed, the true surfacewill minimize functionals
F1(u) and F2(p;q; � ), but the samemay not be said of the \impro vement"
that results in functional F 4(p;q). This can be avoided by progressively de-
creasing� s as long as the brightnesserror decreases[3,61]. Of course,some
authors have usedthe functional combining both least squarepenalty terms
[65,62]:

F5 (p;q) =
Z

x 2 

[r (p(x); q(x)) � I (x)] 2dx + � i

Z

x 2 


"
@p(x)

@y
�

@q(x)
@x

#2

dx

+ � s

Z

x 2 


h
jr p(x)j2 + jr q(x)j2

i
dx:

(15)
Finally, someother least squarepenalty terms have beenused,asfor example
the \image intensity gradient constraint" [74] and, besidethe classicalleast
squareestimator, robust estimatorshave alsobeenused[75].

3.2.3 Methods of Minimization

When a given functional is chosen,two main strategiesto �nd its minimum
exist, as recalledin [65]: either the Euler equationsassociated with the func-
tional are solved, or the functional is directly minimized. The �rst strategy
hasbeenusedmuch more often than the secondone(seee.g. [63,66,60,64,3]),
since it is easierto implement and generally faster, but its main drawback
is possibledivergence[76], becauseconvergenceis hard to prove for a Jacobi
iteration. Nevertheless,on the onehand,such a method is provedto beconver-
gent in [67]and, on the other hand, linearizing the re
ectance function renders
the associated Euler equationslinear [71], thus avoiding possibleproblemsof
divergence.Conjugate gradient descent has beenusedas a method of direct
minimization in [65,61],providing results of rather good quality, but conver-
genceis not guaranteed, contrary to the classicalgradient descent method
combined with line search [62].

The approximate solutions computed are typically local minima of the func-
tional. To obtain a global minimum, a global optimization algorithm has to
be used, typically a stochastic algorithm like simulated annealing [77,73]or
geneticalgorithms [78]. Naturally, the price to pay is a longer CPU time for
the computation. This problem of a long computing time has beenpartially
solved either using multiresolution [65,72,77]or dealing with a parametric
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model with few parameters[73]. Finally, Courteille et al. [26] have extended
someminimization algorithms to PSFS, showing someapplications to docu-
ments digitization.

3.3 Methods Approximating the Image Irr adiance Equation

There existsa third classof SFSmethods, whosenamedesignatestheir com-
mon feature, recognizingthat all of them make an approximation of the image
irradianceequation. In [1], they are classi�ed into two sub-classes:local meth-
ods and linear methods.

3.3.1 Local Methods

Local methods make the computation of the normal at each point in the
image,independently of the samecomputation for the other points, but they
needa strong assumptionon the observed surface,which is generallydi�cult
to justify. Without that assumption,thesemethods would be unfeasible.The
usualassumptionwhich is madeon the surfaceis that it is locally spherical[79{
81], except in [82], whereit is assumedto be locally cylindrical, but the latter
paper is concernedwith radarclinometry, which is quite di�eren t from SFS.
The consequenceof making this very strong assumptionis that the obtained
normals are usually very far from being integrable, so that the computed
shapes are often very bad, except if the observed shape exactly satis�es the
local assumptioni.e., if the shape is a part of a sphereor of a cylinder.

3.3.2 Linear Methods

Linear methods make either a global or a local linear approximation of the
re
ectance function. Global linear approximation meansthat the sameap-
proximation is used for all points in the image [83{86], as is also the case
for an already cited optimization method [71] (this proves how di�cult a
strict classi�cation of the SFSmethods is). Obviously, a global approximation
of the re
ectance function cannot reasonablybe used, unlessthe normal is
quasi-invariant on the whole surface,even if Pentland proved in [83] that, the
greater the anglebetweenthe observer's direction and the lighting direction,
the better this approximation. Consequently, it appearsthat this approach is a
little limited, even if the implementations which follow from it are convincing,
using either �nite di�erences [84{86] or Fourier transform [83].

Local linear approximation of the re
ectancefunction is usedin [87],a method
of resolution that will be discussedin detail in Section4.2.3.Now, let us select
onemethod per classfor the tests.
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4 Selection of Three Shape-from-Shading Metho ds for the Tests

After the survey, in which a number of methods have beenclassi�ed and com-
mented, we have now to selecta few methods, in order to test their perfor-
mances.We �rst discussthe opportunenessof making such a selection.After
that, we detail the three selectedmethods in a common formalism and give
the subtleties that make them work.

4.1 Selection of Shape-from-ShadingMethods

4.1.1 Discussion

Selectingseveral SFS methods belonging to the sameclass, in order to nu-
merically comparethem, is much easierthan selectingmethods belongingto
di�eren t classes,as in [1] or in the present work, becausethe mathematical
tools that are behind them are very di�eren t, and they do not always require
the samedata. Whereasa survey has to be asexhaustive aspossible,a selec-
tion must be signi�cant. Thus, onemethod at least per classmust be selected
i.e., three methods at least. Ideally, the best method of each classshould be
selected,but such a ranking strongly dependson which benchmarks are used.
Thus, rather than selectingthe methods accordingto their performances,we
aim at selectingmethods which can be comparedi.e., methods that require
the samedata. For example,the method described in [88] requiresthe height
at each singular point, contrary to many other methods: would it make sense
to concludethat this method works better than another one?

4.1.2 Selection of One Shape-from-ShadingMethod per Class

First Class.A big problem with the characteristicsmethod proposedby Horn
[30] is the uneven samplingof the imagedue to the characteristic strips going
their own way. The method by Falconeand Sagona[43] is chosensinceit is an
approximation method which provably convergesto the \maximal solution"
(in the viscosity sense)and doesnot require any additional knowledgeon the
surface,asfor examplethe height at singularpoints. Kimmel and Bruckstein's
method [56]had beenoriginally selectedasa secondrepresentativ e of the �rst
class,but the merging processis allowed to continue after the �rst solution
is computed, which meansthat it is quite di�cult to de�ne a stopping rule.
Moreover, sincethe mergingprocessis separated(o�ine) and usesa dynamic
list of local solutions, this makes it quite di�cult to comparethis algorithm
with othersin terms of CPU time. This shows, if necessary, that implementing
a method, just usingthe descriptiongivenin a paper, is not technically evident.
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Second Class. Most of the methods using optimization require knowledgeof
the normal in @
, which is of no usefor the selectedmethods of both other
classes,but Daniel and Durou's method doesnot require this knowledge,be-
causeit usesfunctional F 5(p;q) with two penalty terms. This renders the
minimization problem well-posed in the absenceof boundary condition on
(p;q) [89], even if in [32], the use of a smoothing term is consideredas su-
per
uous to avoid in�nite ambiguity. This is a �rst argument to select that
method as representativ e of the secondclass.Moreover, even if the methods
proposedin [65], which usethe samefunctional F 5(p;q), are of good quality,
mostly in terms of CPU time, they are not provably convergent, contrary to
Daniel and Durou's method.

Thir d Class.Amongst the methods approximating the imageirradiance equa-
tion, the only method that can be applied to a variety of situations is that
of Tsai and Shah [87], sincethat method useslocal linearization. In [1], it is
one of the six methods which are compared.Even if it numerically obtains
the worst overall rank (total error of 59:3, to be comparedto 41:3 for the best
method, which showsthat the scoresarevery close),it is qualitativ ely the best
method on synthetic images,while the greatestpart of the scoresis obtained
on real images,for which all the reconstructionsare of very bad quality. This
method, which is also iterativ e, sometimesdiverges,but that can be avoided
by stopping the iteration after a �xed number of steps,as recommendedby
the authors.

4.1.3 Comparison with the Surveyby Zhanget al.

It can be arguedthat two of the three methods that we selectweredevisedby
us, and that the sourcecode of the third selectedmethod is freely available1 .
Moreover, it can be arguedthat in the survey by Zhang et al., twice asmany
methods are tested than in ours i.e., six methods. Although this survey was
extremely useful to us, the selectionof the methods which are numerically
testedis opento criticism. First, only oneof the six methodswasdevisedby the
authors, even if they claim the following: \W e manually selectedparameters
for each algorithm in order to obtain the best results". Second,it is obvious
that the third class(methods approximating the imageirradianceequation) is
much over-represented, with four methods out of six (Lee and Kuo's [71], Lee
and Rosenfeld's[80], Pentland's [90], Tsai and Shah's [87]), even if Lee and
Kuo's method can also be consideredas a minimization method (the other
minimization method is that of Zheng and Chellappa [74]). Finally, Bichsel
and Pentland's method [88], which is the only PDE method, requires the

1 The source codes of the survey by Zhang et al. are available by anony-
mous ftp under the pub/tech paper/survey directory, at eustis.cs.ucf.edu
(132.170.108.42).
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height at each singular point.

4.2 Description of the Three Selected Methods

Now we describe the fully discrete schemesof the three selectedmethods,
discretizingthe imagewith a regularsquaremeshof size� . A nodeof this mesh,
or pixel, is designatedby (i; j ): it correspondsto the point x i;j of coordinates
(i � ; j � ) in system(Oxy). The setof pixels(i; j ) such that x i;j 2 
 is designated
by D and its number of elements by N = card(D). We de�ne also the three
following subsetsof D: a pixel (i; j ) of D is in D if (i + 1; j ) and (i; j + 1) are
in D; it is in D in if its four nearestneighbours (i + 1; j ), (i; j + 1), (i � 1; j )
and (i; j � 1) are in D; it is in Dbd if it is outside D in .

4.2.1 Falcone and Sagona'sMethod

First we introducethe semi-Lagrangianapproximation for (4), (6) or (4), (7).
Note that this method works on the moregeneralcase(3), (7) (see[53]). Here
and in the sequelwe will assumefor simplicity that u � 0 in 
. This is not
restrictive, sinceEq. (4) dependsonly on r u and we can always add to u the
minimum value of u(x) on 
 to satisfy that requirement. In order to obtain
an approximation scheme in the form of a �xed point problem, it is useful
to introduce a change in the unknown v(x) = 1 � exp(� u(x)). Note that
by de�nition 0 � v � 1. The SFS problems (4), (6) or (4), (7) for the new
unknown v are:

8
>><

>>:

v(x) + max
a2 B 2 (0;1)

(

�
a

f (x)
� r v(x) � 1

)

= 0 for x 2 
 ;

v(x) = 0 or v(x) = 1 � exp(� g(x)) for x 2 @
 ;
(16)

wheref is given by (5) and B2(0; 1) is the R2 unit ball. It is known that (16)
has a unique continuous viscosity solution provided f is bounded and never
vanishesin 
 [91]. We look for a solution v in the spaceof piecewisea�ne
functions which are linear on the cells (P 1 �nite element approximation):
8
>><

>>:

v(x i;j ) = min
a2 B 2 (0;1)

f exp(� h) v (x i;j (a))g + 1 � exp(� h) for (i; j ) 2 D in ;

v(x i;j ) = 0 or v(x i;j ) = 1 � exp(� g(x i;j )) for (i; j ) 2 Dbd;
(17)

whereh is a small parameter,x i;j (a) = x i;j + ha=f (x i;j ) and v (x i;j (a)) is com-
puted by linear interpolation on the pixels of the grid. If V denotesthe array
containing the N valuesv(x i;j ), for (i; j ) 2 D, then (17) can be reformulated
asV = H (V ), H : RN ! RN . In [92,93]it hasbeenproved that the numerical
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solution to (17) existsand is uniqueby a �xed point argument on the iteration
V k+1 = H (V k). Moreover, an a priori estimatefor the convergenceholds true
provided function f is Lipschitz continuous(we refer the interestedreaderto
[93] and [45] for a preciseresult). We note in passingthat 0 � V � 1 implies
0 � H (V ) � 1 and that V 1 � V 2 implies H (V 1) � H (V 2). This mono-
tonicit y property implies that, starting from a subsolution(V 0 � H (V 0)), the
sequencewill monotically convergeto the �xed point. This property is crucial
in speedingup convergenceand it alsohelpsto computethe maximal solution
(see[43]). Other accelerationtechniquesfor the eikonal equationcanbe found
in [94,95]wherethe so-called\fast marching method" is described. It should
be noted that the presenceof singular points makesthe vector�eld a=f (x i;j )
unboundedsincef vanishes.This is an additional di�cult y which is usually
solved by truncating f below at the " level. In this way, f (x) is replacedby
f " (x) = maxf f (x); "g in eikonal equation (4). Naturally, the algorithm has
to be analyzedwith respect to " . This was �rst doneby Camilli and Siconol�
in [42], who showed that the solution of the perturbed problem actually con-
vergesto the solution of the original problem for " going to 0. Following that
result, Camilli and Gr•unesuggesteda schemewhich convergesto the maximal
solution of the eikonal equation in [44]. More recently, Sagona[45] hasproved
the convergenceto the maximal solution of the above algorithm and has es-
tablished an a priori error estimate in the L 1 norm which takesinto account
all the perturbation and discretization parameters.The crucial condition for
the convergenceto the maximal solution is:

h

�
�
�
�
�

1
f "

�
�
�
�
�
1

� � : (18)

If V in denotesthe array containing the values v(x i;j ), for (i; j ) 2 D in , and
V bd the array containing the values v(x i;j ), for (i; j ) 2 Dbd, then the algo-
rithm corresponding to Falconeand Sagona'smethod [43], designatedin the
following by FS, is:

�x h, " and �

�x V bd as in (17), k  0 and V 0
in  (0; :::; 0)

repeat

computeH (V k
in ) as in (17)

V k+1
in  H (V k

in )

k  k + 1

until jH (V k
in ) � V k

in j1 < �

The values of the parametersthat are used for our tests are h = � =
�
�
� 1

f "

�
�
�
1

,
which is the biggestadmissiblevalue of h for which Eq. (18) holds, " = 0:20,
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meaningthat greylevel I is truncated at the maximal value0:98,and � = 10� 8.

4.2.2 Daniel and Durou's Method

The method of resolution of SFS described in [62] usesfunctional F 5(p;q)
given in Eq. (15). A straightforward discretization of this functional givesthe
following \energy":

E(G) = � 2
X

(i;j )2 D

[r (pi;j ; qi;j ) � I i;j ]2 + � i

X

(i;j )2 D

[(pi;j +1 � pi;j ) � (qi +1 ;j � qi;j )]2

+ � s

X

(i;j )2 D

h
(pi +1 ;j � pi;j )2 + (pi;j +1 � pi;j )2 + (qi +1 ;j � qi;j )2 + (qi;j +1 � qi;j )2

i
;

(19)
whereG is the array containing the 2N values(pi;j ; qi;j ), for (i; j ) 2 D, which
are the unknowns of the discreteproblem. It hasbeenproved in [60] that this
energyis quasi-independent of � .

The use of gradient descent combined with \line search" was suggestedin
[62]: at each step k, a positive value dk which is a minimizer (at least, a local
minimizer) of function � k(d) = E

�
G k � d r E(G k)

�
is found, assumingthat

� k(d) can be approximated by a parabola (quadratic approximation). The
iteration is then de�ned by G k+1 = G k � dk r E(G k), and is stopped when
either the Euclideannorm jr E(G k)j or dk is lessthan a threshold.

The algorithm corresponding to Daniel and Durou's method [62], designated
in the following by DD, is:

�x � i , � s, � and 


k  0 and �x starting vector G 0

repeat

compute r E(G k)

�nd a local minimizer dk of � k(d) = E
�
G k � d r E(G k)

�

G k+1  G k � dk r E(G k)

k  k + 1

until jr E(G k)j < �
p

2N or dk < 

p

2N

Vector G0 contains the values (pi;j ; qi;j )(i;j )2 D of a \starting shape", which
in our tests is the Gaussiancurve u(x; y) = 2e� (x2+ y2 ) . The values of the
parameters that are used for our tests are � i = 10, � s = 50, � = 1, and

 = 10� 7. For DD, aswell asfor FS, the optimal con�guration will beobtained
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in the limit. Of course,a stopping criterion has to be chosen.The thresholds
on jr E(G k)j and on dk are proportional to

p
2N becauseG is a vector in

R2N . Of course,bigger valuesof the thresholdswould reducethe CPU time,
but they would alsoprovide worseresults.

This algorithm provides an estimate of G, but subsequently, a residual prob-
lem, called \in tegration", consistsin computing from this estimate either the
N values (ui;j )(i;j )2 D , if no Dirichlet boundary condition is imposed,or the
N in = card(D in ) values (ui;j )(i;j )2 D in otherwise. Sometests [62] have shown
that Wu and Li's method [96] combined with that put forward by Horn and
Brooks in [60] give good results. Wu and Li's method computesthe height
along diagonalsand is very rapid. The result is then usedas an initial shape
for Horn and Brooks' method which is iterativ e. Of course,this computation
is taken into account in the CPU time.

4.2.3 Tsai and Shah'sMethod

Tsai and Shah make a development of the re
ectance function to the �rst
order at each point in the image [87], unlike the other linear methods. The
basic idea of the method is to approximate pi;j and qi;j by �nite backward
di�erences, which givesfrom (1) the following systemof equations:

r
� ui;j � ui � 1;j

�
;
ui;j � ui;j � 1

�

�

= I i;j for (i; j ) 2 D: (20)

Surprisingly, Tsai and Shah take � = 1 in (20). Indeed, the tests have shown
that using the exact value of � causesnumerical instabilities, so we did as
Tsai and Shah did. Developping to the �rst order in ui;j , and denoting ucur

i;j
the current estimateof height ui;j and unew

i;j a re�nement, system(20) becomes:

r cur
i;j + (unew

i;j � ucur
i;j )

h
(@r=@p)cur

i;j + (@r=@q)cur
i;j

i
= I i;j for (i; j ) 2 D; (21)

wheref cur
i;j means,whatever the function f :

f cur
i;j = f (ucur

i;j � ucur
i � 1;j ; ucur

i;j � ucur
i;j � 1): (22)

It might seemthat system (21) expressesthe Newton-Raphsonmethod, in
the caseof a unidimensionalnon-linear equation,but this is not true, because
ui � 1;j and ui;j � 1 are modi�ed at each step, as well as ui;j . Thus, (21) is the
following variant of the Newton-Raphsonmethod, for which no generalproof
of convergenceexists:

unew
i;j = ucur

i;j �
r cur

i;j � I i;j

(@r=@p)cur
i;j + (@r=@q)cur

i;j

for (i; j ) 2 D: (23)
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Becausethere is no guarantee that the denominator in (23) will not vanish,
Tsai and Shahput forward the following modi�cation of system(23):

unew
i;j = ucur

i;j � K cur
i;j

�
r cur

i;j � I i;j

�
for (i; j ) 2 D; (24)

where K cur
i;j has to approximate the inverseof this denominator when it is

non-zero,and must be zero otherwise.This leadsto the following algorithm
[87], called TS in the courseof this article:

�x W and kmax

for (i; j ) 2 D do

u0
i;j  0 and S0

i;j  1

for k  0� � � kmax do

for (i; j ) 2 D do

K k
i;j  

Sk
i;j

h
(@r=@p)k

i;j + (@r=@q)k
i;j

i

W + Sk
i;j

h
(@r=@p)k

i;j + (@r=@q)k
i;j

i 2

uk+1
i;j  uk

i;j � K k
i;j

�
r k

i;j � I i;j

�

Sk+1
i;j  

n
1 � K k

i;j

h
(@r=@p)k

i;j + (@r=@q)k
i;j

io
Sk

i;j

Following Tsai and Shah,we take W = 0:01. The stopping criterion consists
in �xing the value of kmax , while keepingin mind that an iteration exists for
which the con�guration is optimal. Our tests have led us to consider that
the 5th iteration works well, even if in [87], kmax = 2 is recommendedas a
good choice. Finally, let us mention that, even if the sceneis lit from the
observer's direction, it is necessaryto model r by an oblique source ! =
(0; � 1=

p
2; 1=

p
2). There is no obvious explanation for this last observation.

It might seemthat this method does not require any boundary condition.
This is not true, since Eq. (20) is unusable for a pixel (i; j ) 2 D such that
(i � 1; j ) =2 D or (i; j � 1) =2 D. Tsai and Shahrecommendchoosinguk

i � 1;j = uk
i;j

if (i � 1; j ) =2 D, and uk
i;j � 1 = uk

i;j if (i; j � 1) =2 D, which is equivalent to im-
posing pi;j = 0 and qi;j = 0, respectively, i.e., boundary conditions of the
Neumann type. On the other hand, no Dirichlet boundary condition is im-
posed,which is an advantage, sinceno such information is usually available
on real images.Nevertheless,the counterpart is that system(21) is an ill-p osed
problem in the senseof Hadamard,even with Neumannboundary conditions:
it is easyto verify that a solution is only determinedup to a constant. Indeed,
the tests have shown a global drift, depending on step k. In order to numeri-
cally comparethe computed shape with the ground truth, this drift must be
correctedin a �nal step.
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5 Metho dology

In this section,we describe the panel of imagesselectedfor the tests, and the
measuresby which to numerically comparethe performancesof the methods.

5.1 Panel of ImagesSelected for the Tests

The choice of imagesfor the tests is a seriousdi�cult y. Of course,it seems
logical to choose imagesthat conform to the basic assumptionsof SFS. As
noted in [1], this is an easytask for synthetic images,but much more di�cult
for real images,even if a processby Daniel and Durou [97] createsreal images
verifying almost all the assumptionsof SFS.For our tests,we decidedto select
three synthetic and four real images.

5.1.1 Synthetic Images

The three synthetic imagesare computed from known shapes. We compute
all the synthetic imageson the samedomain [� 6:4; 6:4]2 of R2 projected on
a regular squaremeshof 256� 256pixels, meaningthat the sizeof the mesh
is � = 12:8=256 = 0:05. Then, p and q are evaluated by di�eren tiation and,
�nally , I is computed through Eq. (3), depending on the value of ! . We �rst
use! 0 = (0; 0; 1).

The �rst shape represents a vaselying on a 
at background, called \synthetic
vase" (SV in the following). It is de�ned by:

8
><

>:

uSV(x; y) =
q

P (x)2 � y2 for (x; y) 2 
 SV;

uSV(x; y) = 0 elsewhere;
(25)

where x = x=12:8, P (x) = � 138:24x6 + 92:16x5 + 84:48x4 � 48:64x3 �
17:60x2 + 6:40x + 3:20 and 
 SV = f (x; y) 2 [� 6:4; 6:4]� R; P (x)2 � y2g. This
shape is shown in Fig. 3-a. The corresponding synthetic imageis represented
in Fig. 3-b. Finally, the reconstructiondomain 
 SV is represented in Fig. 3-c.

The secondshape represents a Canadian tent (CT in the following) lying on
a 
at background. It is de�ned by:

8
><

>:

uCT (x; y) = min f� 2 jxj + 10:24; �j yj + 5:12g for (x; y) 2 
 CT ;

uCT (x; y) = 0 elsewhere;
(26)
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where 
 CT = [� 5:12; 5:12]2. This shape, the corresponding image and the
reconstructiondomain 
 CT are represented in Fig. 4.

The third shape represents a digital elevation model (DEM in the following).
It is de�ned by:

uDEM (x; y) = 3(1 � x)2 exp
�
� x2 � (y + 1)2

�
� 10(x=5 � x3 � y5)

exp
�
� x2 � y2

�
� 1=3exp

�
� (x + 1)2 � y2

�
;

(27)

where(x; y) = (x; y)=1:6. For DEM, we usethe reconstruction domain 
 DEM

which contains all the pixels x in [� 6:4; 6:4]2, except those near the edges
such that I (x) � 254=255 (by analogywith SV and CT, thesepoints consti-
tute a 
at background). This shape, the corresponding image and 
 DEM are
represented in Fig. 5.

(a) (b) (c)

Fig. 3. SV: (a) shape, (b) image and (c) 
 SV .

(a) (b) (c)

Fig. 4. CT: (a) shape, (b) image and (c) 
 CT .

5.1.2 Real Images

As the four real imagesselectedfor the tests are also of size 256� 256, we
interpret the corresponding scenesas if � wereequal to 0:05, that is to say, as
if the sceneswereof size12:8 � 12:8.
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(a) (b) (c)

Fig. 5. DEM: (a) shape, (b) image and (c) 
 DEM .

The �rst real image, represented in Fig. 6-a, is that of a vase,called \real
vase" (RV in the following). The reconstruction domain 
 RV , represented in
Fig. 6-b, is constituted by the pixelssituated on the vase.A problemis then to
obtain the correspondingshape.Sincethe vaseis radially symmetrical,this can
be done by assumingthat the symmetry axis is parallel to the image plane.
Using this assumption, we can subsequently detect the occluding boundary
and deducethe complete shape by rotation around the symmetry axis (cf.
Fig. 6-c).

The secondreal image, represented in Fig. 7-a, is that of the moulding of an
elk's head (called \Elk" in the following). This image was obtained through
Daniel andDurou's processalreadymentioned [97].Through mechanicalmetrol-
ogy2 , we could obtain the set of 3D points plotted in Fig. 7-b. A number
of these 3D points, whoseheight is zero, lie on the boundary of the elk's
head. This allows us to determine the reconstruction domain 
 Elk which is
represented in Fig. 7-c: here again, the pixels outside 
 Elk constitute a 
at
background. It can be noted that the 3D points of Fig. 7-b are not regu-
larly arranged,but they will allow us to comparethe computed shapeswith
the ground truth. It can also be noted that their density is rather low and,
therefore,estimating p and q using �nite di�erences would be senselessin this
case.

Finally, two other classicalreal imagesusedin [1] are represented in Figs. 8-a
and 8-b: they are called \P epper" and \Lena" in the following. No ground
truth is available for theseimagesand their commonreconstruction domain

 Pepper = 
 Lena contains all the pixels.

2 We would like to thank Michel Labarr�ere, metrologist at the D�epartement
de G�enie M�ecanique, �Ecole Nationale Sup�erieure d'Ing�enieurs de Constructions
A�eronautiques,Toulouse,France.
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(a) (b) (c)

Fig. 6. RV: (a) image, (b) 
 RV and (c) estimated shape.
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(a) (b) (c)

Fig. 7. Elk: (a) image, (b) measuredshape and (c) 
 Elk .

(a) (b)

Fig. 8. (a) Pepper and (b) Lena.

5.1.3 Discussion

Synthetic imagesare particularly usefulbecauseit is impossiblethat there be
no solution (\imp ossibleimages",seee.g.[98,99]).Moreover, the reconstructed
and real shapes can be compared.On the other hand, the ground truth is
usually not available for real images.From this point of view, our work clearly
complements the survey by Zhang et al., sincewe provide the ground truth
for two real images:RV and Elk.

It must be noted that other imagesthan the seven described in the previous
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sectionwill be usedin the tests: in Section6.8, di�eren t sizesof SV are used,
implying that � will takeother valuesthan 0:05, in order to test the robustness
of the methods with respect to low image resolution; in Section 6.9, three
valuesof ! other than ! 0 = (0; 0; 1) are usedto computeSV, in order to test
the robustnessof the methods facedwith a wrong estimate of ! .

Finally, let usnote that SV is the sameimage3 asthe onedisplayed in Fig. 5-a
of [1] (Eq. (25) seemsquite di�eren t from the equationgivenin [1], just because
another coordinate systemis used).Thus, four of the imagesselectedfor our
tests are usedin [1]: SV, RV, Pepper and Lena.Amongst the test imagesused
in [1], only \Mozart" is not selected:it is replacedby DEM, which is in fact the
function peaks of Matlab. As for \Mozart", DEM is smooth, has the simple
boundary condition u = 0, and can be consideredasa \hard benchmark" (see
e.g. [77]). On the other hand, it is a little more convenient to deal with DEM
than with Mozart, becausethe ground truth of DEM is analytically available,
unlike that of Mozart. Since we wanted to choose imageshaving di�eren t
peculiarities,we complemented these�v e test imageswith two other ones:CT
is an exampleof a non-smooth surfacewith u = 0 boundary condition (note
that I is discontinuous inside 
 CT ); Elk is a real image which theoretically
veri�es all the assumptionsof SFS,unlike Pepper and Lena, and whoseshape
is more complicatedthan that of RV.

5.2 Evaluation of the Performances of Shape-from-ShadingMethods

The most natural criterion for the evaluation of a shape reconstruction is
of courseto measurethe di�erence between reconstructedshape ~u and real
shape u. An interesting alternative is to compareinput imageI with estimate
image ~I computed from the reconstructedshape, particularly for Pepper and
Lena, whoseshapesare not available. Finally, when (p;q) are known for the
real shape, it seemsinteresting to comparethem with their estimates(~p; ~q)
or, even better, to comparenormal n with its estimate ~n, becausethesetwo
vectors are normed and their comparisonis equivalent to the measureof an
angle in R3. Even for DD, which computes(p;q) before u, we will consider
that ~u is computed �rst, in order to be consistent with the other methods
(a similar observation is made in [1]). As will be described now, ~n and ~I are
computed in a way which is the samefor all the methods. After that, we will
detail the panel of error estimatorsby which to comparethe methods.

3 This image was �rst provided in [100].
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5.2.1 Estimation of the Normals and of the Greylevels

Once surface ~u has been computed, we usually adopt an estimate ~n of the
normal which is coherent with the computation of the greylevel. As can be
seenin Fig. 9, for each pixel x i;j , we considerthe four triangles T 1

i;j , T2
i;j , T3

i;j
and T4

i;j having x i;j in common.For each triangle, the numerical solution ~u is
known at its three vertices,soby linear interpolation we can estimate ~pi;j and
~qi;j . For example,on T1

i;j = f x i;j ; x i � 1;j ; x i;j +1 g, the following estimateshold:
8
>><

>>:

~p1
i;j =

~ui;j � ~ui � 1;j

�
;

~q1
i;j =

~ui;j +1 � ~ui;j

�
;

(28)

and this gives~n1
i;j using (2). It is possibleto obtain three other estimates~n2

i;j ,
~n3

i;j and ~n4
i;j of the normal, which correspond to the three other triangles T 2

i;j ,
T3

i;j and T4
i;j . Four related estimates ~I 1

i;j , ~I 2
i;j , ~I 3

i;j and ~I 4
i;j of the greylevel are

given by the four scalar products between! and the four normals ~n1
i;j , ~n2

i;j ,
~n3

i;j and ~n4
i;j . The greylevel estimateat pixel x i;j is donein the following way:

~I i;j = min f ~I 1
i;j ; ~I 2

i;j ; ~I 3
i;j ; ~I 4

i;j g: (29)

Subsequently, we choseas estimate ~n i;j the normal which corresponds to the
lowest greylevel. In [45], the greylevel estimate is de�ned as the averageof
~I 1
i;j , ~I 2

i;j , ~I 3
i;j and ~I 4

i;j : the computed imagesare very similar to thoseobtained
using (29), but it is more di�cult to �nd an estimate of the normal which is
coherent with that of the greylevel.

T2
i;j T1

i;j

T4
i;jT3

i;j

x i � 1;j

x i;j

x i +1 ;j

x i;j +1x i;j � 1

Fig. 9. Triangles usedfor the estimatesof the greylevel and of the normal.

5.2.2 Panel of Error Estimators

We comparethe methods in accordancewith three error estimators.Weighted
L1 and L2 errors and L 1 error are de�ned as follows, for every known f and
computable ~f :
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8
>>>>>>>><

>>>>>>>>:

j� f j1 =
1
nb

X

x 2 


�
�
� ~f (x) � f (x)

�
�
�;

j� f j2 =

"
1
nb

X

x 2 


�
�
� ~f (x) � f (x)

�
�
�
2
#1=2

;

j� f j1 = max
x 2 


n�
�
� ~f (x) � f (x)

�
�
�
o

:

(30)

Theseestimatorsare commonlycalled, respectively: the meanabsolutedevia-
tion error, the root meansquareerror and the maximal absolutedeviation er-
ror. On the onehand, let us make it clear that j~u(x) � u(x)j and

�
�
� ~I (x) � I (x)

�
�
�

areabsolutevalues,whereasj~n(x) � n(x)j is the Euclideannorm of a vector in
R3. On the other hand, nb denotesthe number of points x 2 
 which areused
to compute thesethree estimators. In most of the cases,f is known at each
pixel, thus all the pixels x i;j 2 
 are usedand nb = N . For Elk, u is known
on a non-regular grid, so that nb = 1104only, whereas
 Elk contains 15325
pixels. Finally, u is unknown for Pepper and Lena, and n is unknown for Elk,
Pepper and Lena. Thus, we will measurethe accuracyof the reconstructed
shapesusing nine numerical valuesfor SV, CT, DEM and RV (j� uj1, j� uj2,
j� uj1 , j� nj1, j� nj2, j� nj1 , j� I j1, j� I j2, j� I j1 ), six numerical values for
Elk (j� uj1, j� uj2, j� uj1 , j� I j1, j� I j2, j� I j1 ) and three numerical valuesfor
Pepper and Lena (j� I j1, j� I j2, j� I j1 ). Note that the three errors on u are
not bounded,while the three errorson n areboundedby 2 and the three errors
on I are boundedby 1. In comparison,the survey made in [1] provided only
three numerical valuesfor the synthetic images(the meanabsolutedeviation
error on u and on (p;q), and the standard deviation on u), and no value for
the real images,becausethe greylevelswerenot estimatedfrom the computed
shapes.Finally, let us mention that a histogram of the percentagedepth error
is usedas error estimator in [7].

6 Tests

This section is devoted to the tests and to their analysis.For each test, the
CPU time of the reconstructionis displayed in the caption in seconds4 . Beside
each computedshape, the corresponding estimatedimageis shown. Moreover,
for each test, the numerical estimatesof the results are displayed in a table
which contains the errors j� uj1, j� uj2 and j� uj1 on the computedshape, the
errorsj� nj1, j� nj2 and j� nj1 on the estimatednormals,and the errorsj� I j1,
j� I j2 and j� I j1 on the estimatedgreylevels.For Elk, Pepper and Lena, only
someof theseerrors are available. Furthermore, we test the robustnessof the
algorithms by implementing them on reducedimages.Finally, we discusstheir
robustnesswith respect to a perturbation in the direction of the light source.

4 All the tests are done on a P4 2.4 GHz.
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6.1 Choice of a Boundary Condition

Three di�eren t ways of imposing constraints on the boundary can be used:
no Dirichlet boundary condition (BC0); the homogeneousDirichlet boundary
condition (6) i.e., u = 0 on @
 (BC1); the secondDirichlet boundarycondition
(7) i.e., u = g on @
 (BC2). On the onehand, FS canbe testedonly with BC1

and BC2. On the other hand, TS is tested only with BC0: our attempts to
imposeBC1 or BC2 onto TS failed, sincethe computedshapeswereof worse
quality. Finally, DD can be tested with any these three types of boundary
conditions.

The testswhich arereported in this sectiondo not useall the possibleDirichlet
boundary conditions. In all cases,TS is testedwith BC0 only. If g = 0 i.e., for
CT, DEM and Elk, then FS and DD are testedwith BC1 only. If g 6= 0 and is
unknown i.e., for Pepper and Lena, then FS is tested with BC1 and DD with
BC0. If g 6= 0 but is known i.e., for SV and RV, then FS is tested either with
BC1 and with BC2, and DD is tested either with BC0 and with BC2. Every
time FS or DD are tested with BC2, they are marked with a � (FS� or DD � ),
meaningthat such knowledgeis rarely available.

It must alsobe noted that the shapeswhich are reconstructedwithout bound-
ary condition (BC0) are modi�ed a posteriori : a global shift is applied to the
computed shape inside 
, which is determined in such a way that j� uj2 is
minimized, when the ground truth is known. Fortunately, this shift doesnot
a�ect the errors on the estimatednormals and on the estimatedgreylevels.

6.2 Test 1: SV

The starting point is the synthetic image of a vaseshown in Fig. 3-b. Two
boundary conditionsare consideredfor FS: BC1 (cf. Fig. 10-left) and BC2 (cf.
Fig. 13-left). SincegSV is a continuous function vanishing on the left and on
the right hand sidesof the vase,but not at the top and at the bottom, BC1 is
clearly wrong. The qualitativ e e�ect of boundary conditions is clearly visible
in the shapesobtained by this method. FS doesnot introduceany smoothing,
thus the small kinks on the boundary (which is approximated by squarecells)
produce several lines of discontinuity for ~n inside 
 SV. Moreover, the wrong
boundary condition u = 0 producesa wrong shape due to the concave/convex
ambiguity in the model (cf. Fig. 10-left). Two situations are also considered
for DD: BC0 (cf. Fig. 11-left) and BC2 (cf. Fig. 14-left). Both solutions are
smooth, due to the regularization term which is present in the functional, and
do not seemto be a�ected by the concave/convex ambiguity. Finally, TS does
not needany Dirichlet boundary condition. The computedshape with TS (cf.
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Fig. 12-left) is qualitativ ely better than that obtainedby FS with BC1, thanks
to discontinuity at the top and at the bottom of the vasei.e., where BC1 is
clearly wrong. Let us recall that the computed shapes obtained by TS and
DD are shifted a posteriori inside 
 SV, sincea global drift occursduring the
computation. This phenomenonis mentioned neither in [87] nor in [1] for TS,
but is necessarilycompensatedfor in both thesepapers, sinceotherwiseour
results would di�er from theirs.

The reconstructionof the imageon the basisof the shapeusesthe methodology
described in Section5.2.1.The estimation of I is quite satisfactory for all the
methods. Table1 con�rms this statement, sincethe errorson I have the same
order of magnitude.Conversely, Table1 shows that FS� and DD � are the most
accurate in reconstructing u. Table 1 also shows the errors in the estimation
of the normals: it can be seenthat all the methods have the sameorder of
magnitude. Finally, TS is much faster (by a factor of 50) with respect to DD
and FS.

Fig. 10. FS on SV: 2:14 s.

Fig. 11. DD on SV: 3:30 s.

6.3 Test 2: CT

The secondtest we discussis related to a synthetic image representing a
Canadiantent with two di�eren t slopes(cf. Fig. 4-b). The important di�erence
in comparisonwith the �rst test consistsin the sharp edgesof the surface
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Fig. 12. TS on SV: 0:03 s.

Fig. 13. FS� on SV: 1:08 s.

Fig. 14. DD � on SV: 2:63 s.

Table 1
Errors on SV (! = ! 0).

j� uj1 j� uj2 j� uj1 j� nj1 j� nj2 j� nj1 j� I j1 j� I j2 j� I j1

FS 0.80 1.00 1.93 0.49 0.63 1.95 0.01 0.01 0.17

DD 0.29 0.38 1.61 0.21 0.28 1.99 0.05 0.08 0.62

TS 0.53 0.62 1.63 0.24 0.30 1.08 0.07 0.10 0.37

FS� 0.23 0.25 0.48 0.14 0.23 1.35 0.01 0.06 0.78

DD � 0.19 0.23 0.43 0.11 0.14 0.58 0.03 0.04 0.26
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and the corresponding discontinuities in the input image. As can be seenin
Figs. 15-left, 16-left and 17-left, the best result is obtained by FS, due to its
capacity to follow the jumps in the gradient of u. DD providesa very smooth
surfacewith no kinks and TS computesa quite 
at surface.The qualitativ e
behaviour of the three methods is numerically con�rmed in Table 2. On the
other hand, TS CPU time is much shorter than the two others.

Fig. 15. FS on CT: 1:62 s.

Fig. 16. DD on CT: 3:77 s.

Fig. 17. TS on CT: 0:04 s.

6.4 Test 3: RV

Consider the real image of a vasegiven in Fig. 6-a. As in Test 1 (SV), we
considertwo boundary conditionsfor FS and DD. It canbeseenfrom Figs.18-
left, 19-left, 20-left, 21-left and 22-left that the results show behaviour in the
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Table 2
Errors on CT.

j� uj1 j� uj2 j� uj1 j� nj1 j� nj2 j� nj1 j� I j1 j� I j2 j� I j1

FS 0.03 0.04 0.20 0.03 0.11 1.41 0.01 0.01 0.08

DD 0.57 0.74 1.89 0.26 0.32 1.29 0.08 0.10 0.51

TS 1.19 1.40 3.49 0.83 0.84 1.71 0.36 0.38 0.69

three methods which is similar to Test 1, except FS� (cf. Fig. 21-left) which
causesa small inversion at the top of the vase,due to the concave/convex
ambiguity. Since all errors are of the sameorder of magnitude as those in
Test 1 (compare Table 3 with Table 1), and consideringthat RV is a noisy
versionof SV, this shows that the three methods are stable in the presenceof
noise in the image. However, TS is qualitativ ely a�ected by the noise,since
the computedshape and the estimatedimagedisplayed in Fig. 20 look grainy.
It can be noted that DD � (cf. Fig. 22-left) provides a surfacewhich seemsto
be the most accuratereconstruction,and comparisonof the estimatedimages
indicatesa better performanceof FS: Table3 con�rms both thesestatements.
Also in this case,CPU times show that TS is much faster than DD and FS.

Fig. 18. FS on RV: 0:75 s.

Fig. 19. DD on RV: 2:53 s.
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Fig. 20. TS on RV: 0:02 s.

Fig. 21. FS� on RV: 0:78 s.

Fig. 22. DD � on RV: 1:80 s.

Table 3
Errors on RV.

j� uj1 j� uj2 j� uj1 j� nj1 j� nj2 j� nj1 j� I j1 j� I j2 j� I j1

FS 0.78 0.84 1.83 0.37 0.46 1.67 0.01 0.01 0.08

DD 0.39 0.52 2.00 0.24 0.33 1.98 0.03 0.06 0.51

TS 0.30 0.41 1.61 0.32 0.45 1.87 0.10 0.15 0.72

FS� 0.24 0.31 0.86 0.26 0.32 1.74 0.01 0.04 0.52

DD � 0.17 0.20 0.45 0.15 0.20 1.16 0.05 0.07 0.52
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6.5 Test 4: DEM

This test usesthe imageof a DEM (cf. Fig. 5-b). It is �rst noted that all the
reconstructedshapesare qualitativ ely wrong (cf. Figs. 23-left, 24-left and 25-
left): FS computesthe maximal solution, which doesnot coincidewith the real
surface;DD computesone of the admissibleminimum energycon�gurations;
TS shape excessively ondulates, since each singular point is interpreted as
a local maximum. In any case,we can observe in Table 4 that the order of
magnitude of the errors on the shapes and on the normals is the samefor
the three methods. As can be seenin Figs. 23-right, 24-right and 25-right,
the estimatedimageis qualitativ ely much better using FS than the two other
methods. Table 4 numerically con�rms this statement.

Fig. 23. FS on DEM: 0:73 s.

Fig. 24. DD on DEM: 1:69 s.

Fig. 25. TS on DEM: 0:03 s.
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Table 4
Errors on DEM.

j� uj1 j� uj2 j� uj1 j� nj1 j� nj2 j� nj1 j� I j1 j� I j2 j� I j1

FS 0.52 0.87 3.14 0.49 0.68 1.79 0.01 0.01 0.06

DD 0.59 0.88 2.51 0.52 0.65 1.59 0.06 0.08 0.31

TS 0.64 0.94 2.93 0.67 0.81 1.77 0.12 0.17 0.67

6.6 Test 5: Elk

This test dealswith a real greylevel image representing the moulding of an
elk's head(cf. Fig. 7-a) which wasusedin [62] asa test problem. In this test,
FS and TS seemto producemore realistic shapesthan DD (cf. Figs. 26-left,
27-left and 28-left), but this is not numerically con�rmed. In Table5, it canbe
noted that FS producesslightly better results on I comparedto DD and TS.
This is con�rmed from the computedimagesshown in Figs. 26-right, 27-right
and 28-right. Onceagain,TS shows a faster CPU time, and DD is slower than
FS.

Fig. 26. FS on Elk: 0:42 s.

Fig. 27. DD on Elk: 1:25 s.
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Fig. 28. TS on Elk: 0:01 s.

Table 5
Errors on Elk.

j� uj1 j� uj2 j� uj1 j� I j1 j� I j2 j� I j1

FS 0.21 0.30 1.00 0.02 0.03 0.18

DD 0.32 0.43 1.44 0.10 0.14 0.53

TS 0.35 0.42 1.20 0.28 0.33 0.89

6.7 Tests6 and 7: Pepper and Lena

Thesetwo tests deal with imageswhich clearly do not conform to the basic
assumptionsof SFS,but are consideredthereforeasclassicalbenchmarks.For
both theseimages,we have no additional information for the ground truth, so
only computed imageswill be numerically compared.Whereasthe computed
shapesseemto be very far from the real ones,it appearsthat the estimated
imagesare not so bad, at least for FS, even if a saturation phenomenoncan
be observed on both sidesof Fig. 29-right. The imagesprovided by DD (cf.
Figs. 30-right and 33-right) are blurred, due to the smoothnessterm, whereas
thoseprovided by TS (cf. Figs.31-right and 34-right) arenoisyand excessively
emphasizethe contours. This ranking is numerically con�rmed in Table 6.

Fig. 29. FS on Pepper: 5:98 s.
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Fig. 30. DD on Pepper: 7:62 s.

Fig. 31. TS on Pepper: 0:05 s.

Fig. 32. FS on Lena: 6:15 s.

Fig. 33. DD on Lena: 7:93 s.

6.8 Test 8: Reduced Imagesof SV

Next, we test the robustnessof the algorithms by implementing them on re-
ducedsquareimagesof SV, whosesizevariesbetween16and 256.Someof the
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Fig. 34. TS on Lena: 0:05 s.

Table 6
Errors on Pepper (columns on the left) and on Lena (columns on the right).

j� I j1 j� I j2 j� I j1 j� I j1 j� I j2 j� I j1

FS 0.08 0.24 1.00 0.04 0.07 0.77

DD 0.10 0.14 0.70 0.12 0.16 0.74

TS 0.27 0.36 1.00 0.25 0.31 0.95

numerical results are shown in Figs 35, 36 and 37: j� uj1, j� nj1 and j� I j1 are
plotted as a function of the imagesize.It can be observed that the accuracy
of the methods on the full-size imagesis on the whole con�rmed on the low
resolution images.With very few exceptions(j� uj1 for DD and DD � ; j� nj1
for FS), all curvesare decreasing.Surprisingly, someof the curvesrelating to
FS and FS� oscillate.
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Fig. 35. Testson reducedimagesof SV: j� uj1 in function of the image size.
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Fig. 36. Testson reducedimagesof SV: j� nj1 in function of the image size.
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Fig. 37. Testson reducedimagesof SV: j� I j1 in function of the image size.

6.9 Test 9: Error on the Lighting Direction

Finally, we also investigatethe stabilit y of the three methods with respect to
perturbations in the light sourcedirection. We considerthree imagesof the
synthetic vase(cf. Fig. 38) that are obtained using three di�eren t non-frontal
light sourcedirections, viz.:

8
>>>>><

>>>>>:

! 1 = (0; 0:087; 0:996);

! 2 = (0; 0:174; 0:985);

! 3 = (� 0:123; 0:123; 0:985):

(31)

Note that the shadows in the background are not taken into account, but
this is not a problem sincethe background is outside 
 SV. Theseimagesare
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(a) (b) (c)

Fig. 38. SV: imageswith (a) ! = ! 1, (b) ! = ! 2 and (c) ! = ! 3.

processedas if the light sourcewere frontal (except with TS, for the reason
which hasalready beenmentioned in section4.2.3).

Sincethe numerical results show that the behaviour of the three methods is
similar for the three light sourcedirections, we limit ourselvesto commenting
on the results relating to ! 1 (cf. Table 7) as a representativ e example. All
errorshave the sameorder of magnitudewhen! = ! 1 asin the caseof frontal
lighting (compareTable 7 with Table 1). Nevertheless,it must be noted that
the error increasedue to this perturbation on ! is (proportionally) higher
when the reconstruction is more accurate: TS is less a�ected than FS and
DD; FS is lessa�ected than FS� .

Table 7
Errors on SV (! = ! 1).

j� uj1 j� uj2 j� uj1 j� nj1 j� nj2 j� nj1 j� I j1 j� I j2 j� I j1

FS 0.88 1.20 13.47 0.53 0.68 1.99 0.01 0.01 0.19

DD 0.33 0.45 1.99 0.23 0.31 2.00 0.05 0.08 0.68

TS 0.55 0.65 1.66 0.26 0.33 1.97 0.07 0.10 0.49

FS� 0.39 0.47 1.09 0.28 0.40 1.49 0.01 0.07 0.90

DD � 0.22 0.28 0.62 0.15 0.18 0.67 0.05 0.06 0.32

6.10 Summary

We �nish this sectionby summingup our observations.

Convergence.Convergencepropertiesareoften crucial in the choiceof a method.
Let usnote that FS and DD always convergeto a solution of the SFSproblem,
whereasconvergenceis not guaranteed by TS. In fact, increasingthe number
of iterations in TS generally does not improve the solution in terms of any
of our error indicators. It should alsobe noted that DD will convergein gen-
eral to a local minimum. The search for an overall minimum would require
much more computational e�ort as it would require switching to stochastic
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algorithms. The FS method always convergesto the maximal solution which,
in general,will not coincidewith the real surface.One can try to obtain other
solutions by re
ection, once the maximal solution is computed, and/or by
adding information such as the height at singular points.

Boundary Conditions. In real images,it is sometimespossibleto have an a
priori knowledge on the surface,such as the height on the boundary. It is
interesting to note that this information caneasilybe included in FS and DD.
Of course,a wrong a priori knowledgeon the height on the boundary of the
reconstructiondomain a�ects the accuracyof the reconstruction.

Accuracy. DD producesaccurateresults for smooth surfaces,whereasits ac-
curacy decreaseswhen it is applied to non-di�erentiable surfaces.In the same
way, TS gives its best results on smooth surfacesalthough its performance
decreasesfor non-di�erentiable surfacesand for smooth surfacesthat exhibit
several maxima and minima (as in Test 4). Both these methods have good
accuracy in the reconstruction of the normals. Finally, FS seemsto be well
adapted to a variety of di�eren t situations which include smooth and non-
smooth surfaces.Its accuracy on the reconstruction of the surface is good,
provided the surfacecorrespondsto the maximal solution. A weakpoint of FS
seemsto be the absenceof smoothing in the surfaces,which in somecasespro-
duceslarger errors in the reconstructionof the normals.Moreover, FS always
requiresa Dirichlet boundary condition to be imposed,even if it is wrong.

Stability. The three methods appear to be stable in the presenceof a pertur-
bation in the light sourcedirection. Moreover, their behaviour is not a�ected
by a change in the image resolution. Only TS seemsto be a�ected by the
presenceof noisein the image(in [1], a Gaussiansmoothing is applied to the
results of TS).

CPU Time. TS is the fastest method in all the tests since the algorithm is
stopped after 5 iterations, where the other methods go on until convergence.
For the tests reported in this section, FS requiresbetween446 and 1879 it-
erations, and DD requiresbetween93 and 274 iterations, but thesenumbers
strongly depend on the accuracywhich is requested.

7 Conclusion

We hope that these comparisonsof three methods of resolution, which are
prototypes in their classes,will help researchers and practitioners to make
their choiceswhen dealingwith SFSproblems.The analysiscontained in this
paper could give rise to several interesting developments and improvements,
such as the extensionof the SFSmodel to more realistic situations, including
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for examplenon-frontal lighting or perspective projection.

Of course,we also plan to increaselittle by little the number of methods of
resolutionand of benchmarksavailable on our website. The portable platform
contains at the moment about 2600lines of C-ANSI code, which is quite a lot
of work, but implementing a method of resolution, just using the description
given in a paper, can be much trickier than it might appear. Therefore, we
hope that many other researchers will make available their own codes and
images.
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