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Abstract

A notation is given for describing the inverse of multiple functions
and of functions of multiple arguments. A technique based upon
this notation is presented for taking a program written in pure LISP
and automatically deriving a program which computes the inverse
function of the given program. This technique difiers from previous
such methods in its use of heuristics to invert conditionals.

1. Introduction

There are many applications in which it is useful to compute the in-
verse of some program, that is, to find another program such that
feeding the output of the original program as input to the new pro-
gram produces the original input. One such application is in program-
ming by specification: one would like to deflne %)program to compute
the square root of a number by the equation (' z)? = « rather than
supplying an actual iterative method of solving the equation. Another
application of program inversion is in debugging. Given a program
and an erroneous result, one would like to step backwards through
the program to trace the source of the error. Yet a third application
is in transforming the input domain of a program, such as the well
known technique of multiplying polynomials by flrst performing an
FFT; to get the result back into the original domain one needs to
find an inverse transformation.

Several methods have been suggested for performing such inver-
sion. Unfortunately they each sufier from several defects. McCarthy
[3] suggests a generate and test approach; this will correctly flnd
an inverse when it exists, but is computationally infeasible and can-
not determine whether the inverse is unique. Dijkstra [1] provides
a technique for inverting programs symbolically, but requires that
the programmer provide inductive assertions on conditional and loop
statements. Korf [2] suggests another method that automatically pro-
vides these assertions, but recursions derived using his method are
not guaranteed to be well founded. Several recent efiorts [5,6] have
gone into inverting Prolog; this difiers from inverting other program-
ming languages in that Prolog is less procedural and more declarative.
Methods for inverting procedural languages will thus also be useful
for Prolog, but the reverse is not necessarily true.

This paper suggests a method of providing these assertions au-
tomatically by heuristic methods. This method will not always find
an inverse for a program, but when one is found it will always cor-
rectly terminate when the output of the original program is given as
input. In addition, if an inverse is found it will be the case that the
original function was one-to-one | in principle the inverse could itself
be inverted to recover the original program.

The method described here has been implemented as a MacLisP
program. The program was able to derive the inverse of append
(shown in detail below), a version of reverse as given in [2], unary
integer negation deflned recursively using addl and subl, and sev-
eral other such small programs. The example of unary negation is
especially interesting as a case where Korf’s method is unable to find
the inverse, because of the existence of two recursive clauses in its
deflnition.

2. Inversion of Multiple Functions of Multiple Arguments

The usual deflnition of the inverse of a function f:D ¥ R is the
function fil: R ¥ D such that fil(f(x)) = « for all 2 in D. Unfor-
tunately this notation does not lend itself well to inversion of functions
of more than one argument. For instance, in the LISP programming
language it is true that (car (cons z y)) = = and (cdr (cons z y)) = y.
Thus one intuitively thinks of car and cdr together as being the in-
verses of cons, but there is no one function that we can call consi?®.

On the other hand, we can express a relation between f and fi!
that does extend to multiple arguments and also to multiple functions:
If we assume that y = (), then by the above definition fil(y) = z,
and the converse similarly holds. Thus we have

y=f(z) ifandonlyif fil(y)=az.

Similarly,
z=(cons z y)

is true if and only if

(car 2)==z
and (cdr 2)=y
are both true. Taking this as our deflnition of inversion, we say that
cons inverts to car and cdr.
In general we will say that some list of » functions fun; of m argu-
ments each inverts to another list of m functions inv; of n arguments
each if, for all z; and y;, the set of equations

y1 = funy(z1,z2,...,2m)
y2 = funy(x1,z2,...,2m)
yn = fun,(z1,z2,...,2m)

simultaneously hold if and only if the inverse set of equations

also simultaneously hold. Note that this relationship is symmetric:
inverting the inverses of a list of functions produces the original list.
The requirement that all functions have the same number of argu-
ments turns out not to be a problem; if necessary we can add dummy
arguments to those functions that need them.

Since we are attempting to invert programs, we will need to have
inverses for the primitive operations of the language we are inverting.
In LisP, we will use the fact that cons inverts to car and cdr, and
that addl inverts to subl. These can be used to deflne the other
arithmetic and list manipulation functions usually found in a LISP
implementation.



