CS177, Homework 5
Due Date: Wednesday, May 14th

Reading

Olofsson Section 7.2.3 and your notes from class on estignatationary distributions.

Summary

In this assignment you will use MATLAB to explore the staoy distributions of a small Markov
chain. You should submit your solutions electronicallylie EEE dropbox (MATLAB files, plots
and a brief writeup with answers to questions). Where nuwakdanswers are required, such as
vectors of probabilities, please provide answers to 4 daiqoiaces.

Problem 1. Implementing the power method

Implement a function in MATLAB callegpower et hod. mthat uses the power method as de-
scribed in class to compute the steady-state probabildresMarkov chain withMpossible states.
Your function should take as inputs tivkM state transition matri¥, a 1xMinitial probability
distribution vectoi ni ti al _pi and a convergence threshagdsi | on.

Your function should start with the initial vector and refszly apply the state transition matrix
until the vector converges to a constant. In order to chedkafvector is converging, at each
iteration, you should should compare the previous valu@@iector to the new value. This can
be done by summing up the absolute value of the differendeseka the elements af® for the
current iteration and the value af'~! from the previous iteration. If the sum of differences is
less than the parametepsi | on you should stop and return the current vector. A typical @alu
for epsilon might be 0.00001.

In order to prevent runaway execution, (e.g. if the matriesitt have a steady state distri-
bution), your code should also stop if the number of itersgiexceeds some constant number
MAX_| TERATI ONS=10000



Problem 2: Testing the power method

Let P be the transition matrix for a four state Markov chain wheres given by

O 1 0 O
05 0 O 05
O 06 O 04
0O 06 04 O

1. Use your code to calculate the steady state probabifitiethe Markov transition matrix
P above. Initialize your algorithm with the uniform vectef” = [0.25,0.25,0.25, 0.25].
What steady state probabilities does the vector convefje to

2. Modify your code to plot out the estimate of the steadyespabbability for state 27,r§t) as

a function of the iteration. Your graph should display théueaof wét) on the x-axis as a
function oft =1, ..., 50 for the y-axis.

3. Generate the plot Ozfét) for two different settings of the initial vecter®” = [1,0,0, 0] and
7 =10,0,0,1]. Ideally these should be displayed on the same axis usingahe on
command. Comment briefly on the results and save the regyitot as a graphic file to
submit with your assignment.

4. Run your code using the transition matrix

02 0 O 038
0 09 01 O
0O 06 04 O

07 0 O 03

starting with the initial vectorg® = [1,0,0,0] and7® = [0.5,0.5,0,0]. Do these two
different initializations converge to the same statiorgisgribution? If not, then why not?

Problem 3. Simulating a Markov Chain

Write a MATLAB function callednt _si nmul at e. mwhich simulates a Markov chain. It should
take as input the state transition matfixhe initial state pmf vectgy, and a number of time steps
T'. It should return a sequence of states of leriftsampled from the given Markov chain e.g. if
T = 12 then it should return an array of integers lige3,3,1,1,2,1,3, 1,2, 2, 3]. Your function
should choose an initial state based on the probabilityovegt For each additional time step, it
should use the appropriate row Bfcontaining the conditional probabilities in order to sélbe
next state conditioned on the current state.

Write a second MATLAB function calledonput e_f r equenci es. mwhich takes as input
a sequence of states and returns the relative frequencywhitih each state occurs in the resulting
sequence. For the example sequence above, your functiold weturn [0.3333, 0.2500, 0.4167]
since the relative frequency of state {4312) = 0.3333 etc.
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Problem 4. Testing the smulator

1. Use your simulator to simulate a sequence of leAgth- 20 from the same state transi-
tion matrix used in problem 2.1. For the initial distributiose the uniform distribution
po = [0.25,0.25,0.25,0.25]. What are the relative frequencies of the different statehis
sequence?

2. Use your simulator to simulate sequences of lefigta 20, 50, 100, 1000, 10000, 100000.
What is the empirical frequency of sta2dfor each of these sequences? Comment on the
similarities and differences between this result and thvegoanethod from problem 2.



