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Abstract

Thispaperquanti�es theinformationgainedin integrating
local measurementsusingspectral graph partitioning. We
employa large datasetof manuallysegmentedimages in
order to learn an optimal af�nity functionbetweennearby
pairs of pixels. Region cuesare computedas the similar-
ity in brightness,color, andtexture betweenimage patches.
Boundarycuesare incorporated by looking for the pres-
enceof an “intervening contour”, a large gradientalong
a straight line connectingtwo pixels. We thenusespectral
clusteringto �nd an approximateminimizerof thenormal-
izedcut,partitioning theimage into coherentsegments.

Weevaluatethepowerof local measurementsandglobal
segmentationsin predicting the location of image bound-
ariesby computingtheprecisionandrecall with respectto
thehumangroundtruthdata.Theresultsshowthatspectral
clusteringis successfulin suppressingnoiseand boosting
weaksignalsovera widevarietyof natural images.

1. Intr oduction
Researchon early vision problemssuchasedgedetection
andimagesegmentationhastraditionallybeencritiquedon
thegroundsthatquantitativemeasurementsof performance
arerare.It is thereforedif�cult to evaluatetheeffectof dif-
ferentdesignchoicesandthesuperiority(or inferiority) of
variousnovel heuristicsthathave beenproposedin the lit-
erature.Recentlytheavailability of theBerkeley Segmen-
tationDataSet[13,4] hasallowedthequantitativemeasure-
mentof performanceon boundary�nding [12] andtherel-
ative power of variouspairwisesimilarity cues[6]. While
this is, of course,not the�rst exampleof quantitative mea-
surementin segmentation(seefor example [1, 3, 9]) the
availability of this large datasetcontaininga wide variety
of imagesandsegmentationsby multiple humanobservers
(11,0000segmentationsof 1000 images),allows one to
draw conclusionswith greater”statisticalcon�dence”. For
example,understandingtherelativeimportanceof colorand
texture in grouping,or the �nding [6] that proximity pro-
videsnosigni�cant additionalinformationaboutthecorrect
groupingoncetextureandcolorhave beenmeasured.

In recentyears,amajortrendin earlyvisionhasbeenthe
developmentof approachesto segmentationbasedon pair-
wiseclusteringsuchasspectralpartitioning[26,27,17,23,
24,16], deterministicannealing[18], or stochasticcluster-
ing [7, 14]. Typically someglobal costcriterion is formu-
latedwhich is composedof pairwisesimilaritiesmeasured
betweenimagepixelsor regions. However, themostbasic
questionin this context is, ”Do theseglobal formulations
help?”. The intuition is that local measurementsarenoisy
and integrating them globally might give much betterre-
sults,but is this actuallytrue?Thepurposeof this paperis
to useground-truthhumansegmentationsto provide some
answersto thisquestion.

Here we have a fundamentalchallenge, global ap-
proachestypically outputa “hard” partitioningof the im-
ageinto disjoint pieceswhile local measurementsareusu-
ally some“soft” measurementof the edginessat a pixel
or the similarity of two pixels. Our solution is to work
in the framework of edgedetectionand project the much
more complicatedstructuresthat are segmentationsdown
into thisspace,�nessingroundpeg into squarehole.

A “soft” edgemapcanbeevaluatedby choosingarange
of thresholdsand recordingthe trade-off betweenPreci-
sion, the probability that an above thresholdpixel is on a
trueboundary, andRecalltheprobabilitythata truebound-
ary pixel is detected.The resultingprecision-recallcurve
characterizesthe performanceof a detectorindependently
of parameterizationandshows the regime in which a par-
ticular detectorperformswell relative to others.In thecase
of a segmentation,we have only a single point but if the
boundariesgivenbysuccessivesegmentationsin asequence
f S1; S2; : : :g arenested(e.g.S2 is astrict re�nementof S1)
thenthesequenceindex t givesa discreteparameterization
andhenceacurveof sorts.

In this paperwe will focuson evaluatingthe bene�t of
globalizationin the normalizedcut framework [26] using
multiple eigenvectorsof the normalizedLaplacianof the
af�nity matrix in orderto �nd partitionsof the image.The
paperis organizedas follows. In Section2, we develop
the pairwisecuesusedfor segmentingnaturalimages. In
Section3, we review spectralclusteringanddiscusshow to
treat intermediateresultsasa soft boundarymap. Finally,
in Section4 and5 weevaluatetheperformancegainsin go-
ing from raw boundarycuesto segmentations.Section6
concludes.

2. Local to Global usingSpectralClus-
tering

Let thesymmetricmatrixW 2
� N � N denotetheweighted

adjacency matrix for a graphG = (V; E) with vertices
V and edgesE. For disjoint vertex setsA and B , de-
�ne cut(A; B ) =

P
i 2 A;j 2 B Wij . Let vol(A) of a ver-

tex setA be de�ned asvol(A) =
P

i 2 A

P
j Wij . The k-

way normalizedcut for a disjoint partitionof thevertex set
V = V1 t V2 t V3 t : : : t Vk is thengivenby

KNCut(V1; V2; V3; : : : ; Vk ) =
kX

i =1

cut(Vi ; V )
vol(Vi )

Shi andMalik [26] showed that for bi-partitioning,an ap-
proximatesolutionmaybeobtainedby scalingandthresh-
oldingtheeigenvectorcorrespondingto thesecondsmallest
eigenvalueof the normalizedLaplacianL = D � 1=2(D �
W )D � 1=2 where D is the diagonalmatrix with entries
D ii =

P
j Wij . Yu andShi [22] andBachandJordan[2]

show thatthetrailing k eigenvectorsof L similarly provide
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Figure 1: This precision-recallcurve shows the performance
of threedifferentclassi®erson the taskof predictingwhena pair
of pixels lie in the samesegment. Combining the intervening
contourcue(ic) andthe region similarity cue(patches)resultsin
everywhere-betterperformance.This impliesthereis independent
informationin eachcuewhich theclassi®eris ableto exploit.

a relaxationof the k-way criterion. Eachelementof V is
associatedwith anentry in eachof thek eigenvectorsgiv-
ing anembeddingof thegraphin

� k (if thecolumnsof E
aretheeigenvectorsof L thentherowsof E aretheembed-
ding vectors).Thehopeis that thedistancesbetweenthese
embeddedpoints provide a denoisedversionof their raw
af�nities makingthemmucheasierto cluster. Thequestion
of “how mucheasier”is exactlywhatwewish to quantify.

To applythis techniqueto real imagesrequiresdevelop-
ing a local modelof similarity betweenpixels. We assume
that the entriesin Wij shouldbe a monotonicfunction of
thelikelihoodthattwo pixels like in thesamesegmentSij .
Weconsiderthefunctionalform

Wij = exp

 
� Ŝij

�

!

(1)

where� is a free parametersetby cross-validationandS
is �t by our local probabilisticmodelŜ which we describe
next.

3. Optimizing Local Cues
For eachpair of pixels,we would like to estimatetheprob-
ability that they belongto thesamesegment.Basedon the
work of [6], we uselow-level measurementsthat describe
thelocalneighborhoodaroundeachpixel aswell astheex-
istenceof contoursin the imageplaneseparatingthe two
pixels. Our novel contribution hereis to adaptthesupport
of localmeasurementsto theestimatedboundarymap.

The pairwisesimilarity betweenthe i -th and j -th pixel
is given by a function whoseargumentsare the similarity
betweenthei -th andj -th localdescriptorsandthegradients
alongthe path from i and j . Both the patchandgradient
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Figure2: Clipping thesupportof a patchusingthelocal bound-
aryestimateallowsasigni®cantimprovementoverusingisotropic
support.This is becausepatchesno longerspanlocally detectable
boundariesandhencearelesslikely to be ªpoisonedºby texture
andcolorfrommorethanonesegment.This®gurealsodocuments
bene®tof color. Clipping grayscalepatchesactuallyallows them
performbetterthanunclippedcolorpatches.
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Figure3: Whentheinterveningcontourcue(ic) is included,the
jump in performancefrom clippedto unclippedpatchesis signi®-
cantlylessbut still present.
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cueshave free parameterssuchas the the numberof his-
togrambins, scaleetc. We choosetheseparametersusing
coordinateascentto optimizeperformanceof eachcuein-
dividually on the testdata. We now describehow thecues
arecomputed.

3.1. Gradient Features
Given a pair of pixels, considerthe straight-linepathcon-
nectingthemin theimageplane.If thepixelslie in different
segments,thenweexpectto �nd, somewherealongtheline,
a photometricdiscontinuityor interveningcontour[10]. If
nosuchdiscontinuityis encountered,thenthesimilarity be-
tweenthepixelsshouldbelarge.

In orderto computethe interveningcontourcue,we re-
quire a boundarydetectorthat works robustly on natural
images. For this we employ the gradient-basedboundary
detectorof [12] (availablehere[4]). Theoutputof thede-
tectoris aPb imagethatprovidestheposteriorprobabilityof
a boundaryat eachpixel for both color andgrayscaleim-
ages. The gradientfeaturesusedby [12] to predictPb are
basedon the histogramdifferencebetweenthe two halves
of a singledisc, similar to [21,20]. The orientationof the
dividing diagonalsetsthe orientationof the gradient,and
theradiusof thediscsetsthescale.All of theparametersof
thegradientshavebeentunedby [12] onthesamedatasetto
optimally detecttheboundariesmarkedby thehumansub-
jects.

3.2. Patch Features
Givena pair of pixels,we alsowish to measurethebright-
ness,color, and texture similarity betweencircular neigh-
borhoodsof someradiuscenteredateachpixel.

We model brightnessand color distributions with his-
togramsconstructedby binning kernel density estimates
of marginals in the 1976 CIE L*a*b* color space. His-
togramsarecomparedwith the� 2 histogramdifferenceop-
erator[19]. The� 2 histogramdifferencedoesnotmakeuse
of the grounddistancebetweenthe bin centers. Because
the distancebetweenpoints in CIELAB spaceis percep-
tually meaningfulin a local neighborhood,binning a ker-
neldensityestimatewhosekernelbandwidth� matchesthe
scaleof this neighborhoodmeansthatperceptuallysimilar
colorswill have similar histogramcontributions. Beyond
thisscale,wherecolorsareincommensurate,� 2 will regard
themasequallydifferent.

For thepatch-basedtexturefeature,wecomparethedis-
tributions of �lter responsesin the two discs. Our �lter
bankcontainselongatedquadraturepair �lters—Gaussian
secondderivativesandtheir Hilbert transforms—atsix ori-
entations,alongwith a center-surround�lter . The empiri-
cal distribution of �lter responseshasbeenshown to be a
powerful featurefor both texture synthesis[8] andtexture
discrimination[18].

Wecompare�lter distributionsusingthetextonapproach
developedin [11]. Thejoint distribution of �lter responses
is estimatedusingadaptive bins,which arecomputedwith
k-means.Thetexturedescriptorfor a pixel is thereforea k
binhistogramoverthetextonlabelsin adiscof radiusr cen-
teredon thepixel. Hereagain,comparinghistogramsusing
the� 2 differencemeasureprovidedoptimalperformanceon
thetrainingdata.

Patchescomputedin thiswayaccuratelycapturesurface
appearanceaslongasthepatchcenteris far from any image
boundary. In orderto preventpatchhistogramsfrom being
contaminatedwhenthey overlap two or moreregions,we
consideradaptingthe patchsupportto respectimagegra-
dients.Clipping patchesis accomplishedby weightingthe
histogramcontributionof eachpixel in thecircularwindow
with theinterveningcontourfrom thecenterpoint.

3.3. Evaluating Pairwise Features
We would like to �t pairwisesimilaritiesindependentlyof
laterprocessing.To this end,we formulatetheproblemof
optimizing the pixel similarity function asa classi�cation
problemof discriminatingsame-segmentpixel pairs from
different-segmentpairs. Let Sij be the true same-segment
indicatorsothatSij = 1 whenpixelsi andj arein thesame
segment,andSij = 0 whenpixels i and j are in different
segments.

To evaluateproposedpairwisesimilarities, we usehu-
mansegmentationsfor 200 color imagesasa training set.
Eachimagehasbeensegmentedby at least5 subjects,so
thegroundtruthSij is de�ned by a setof humansegmenta-
tions.Wedeclaretwo pixelsto lie in thesamesegmentonly
if all subjectsdeclarethemto lie in thesamesegment.

Given a classi�er's estimateŜij , we comparewith the
humansegmentationsusing precision-recall. In this task,
precisionmeasurestheprobability that two pixelsdeclared
by theclassi�er to lie in thesamesegmentweremarkedas
suchby thehumans,i.e. � (Sij =1jŜij >t). Recallmeasures
theprobability thata pair of pixels markedby thehumans
aslying in thesamesegmentwheredeclaredassuchby the
classi�er, i.e. � (Ŝij > tjSij =1).

Figures1,2,and3 documenttheperformanceof our best
pairwisecuesfor classifyingpixel pairswhich arewithin a
distanceof 20 pixels. In all cases,we �t a simplelogistic
functionto thedata.Figure1 showsthatpatchandinterven-
ing contourcuesin combinationdominateeachcue indi-
vidually, showing thateachcontainsindependentinforma-
tion. Figure2 shows thatclippingpatchesgreatlyimproves
patchperformance.Figure 3 shows that the performance
gain from clipping wheninterveningcontouris includedis
lessbut still present.

4. Evaluating Eigenvectors
Oncewe have pairwiseaf�nities, we can computeeigen-
vectorsof thenormalizedLaplacianasdescribedin Section

3



2. We would like to utilize the embeddinggiven by these
eigenvectorsto partitiontheimage.Severaltechniqueshave
beenproposedsuchas thresholdingthe secondeigenvec-
tor [25], recursive bi-partitioning, or running k-meanson
the embeddedpoints [11,16]. Theseproposedtechniques
for roundingtheeigenvectorsto a discretesolutionall rely
on points in differentclustersbeingplaced“f ar apart” by
theeigenvectorembedding.

To evaluatetheeigenvectorsin awaythatis independent
of lossesor gainsdueto a particularroundingscheme,we
reshapethesetof eigenvectorsE into avector-valuedimage
andmeasuretheextentto whichboundariesbetweenhuman
marked segmentscorrespondto high gradients. For each
pixel, we computethedirectionin which thevector-valued
imagegivenby theeigenvectorsis changingmostquickly.
Thegradientmagnitudein adirection� atapoint (x; y)

M (x; y; � ) =
X

i

(sin(� )@x E i (x; y) + cos(� )@y E i (x; y))2

is aquadraticfunctionof thederivativesof eachembedding
vectorin thex andy directions.The� for whichM is max-
imal canbe found in closedform. Let gx =

P
i (@x E i )

2,
gy =

P
i (@y E i )

2, andgxy =
P

i (@x E i ) (@y E i ). Thenthe
maximalmagnitudeis givenby

M ?(x; y) = max
�

M (x; y; � )

=
1
2

�
gx + gy +

q
(gx � gy )2 + 4g2

xy

�

Thedirectionis given(modulo� ) by

� ? =
1
2

tan � 1
�

2gxy

gx � gy

�

In order to evaluate how well this gradient image
M ?(x; y) describestheimagesegments,weusethebound-
ary detectionbenchmarklocated here [4]. The bench-
mark �rst thins the detectedboundariesfor a given im-
age and then attemptsto put them in 1-to-1 correspon-
dencewith boundariesmarked by humanobservers. The
aggregate goodnessof this matchcan again be displayed
as a precision-recallcurve. In this case,precisionmea-
suresthe probability that a pixel declared“on boundary”
for a given thresholdt is in fact on a true boundary, i.e.

� (B (x; y) = 1jM ?(x; y) > t) whereB is theindicatorof
humanmarkedboundaries.Recallmeasurestheprobability
that a true boundarypixel is detected,i.e. � (M ?(x; y) >
tjB (x; y) = 1).

Figure4 shows theeffect of thenumberof eigenvectors
on performance.Theresultshows sometrade-off between
decreasedprecisionandincreasedrecall which appearsto
level off at 8 eigenvectors,after which moreeigenvectors
only introducenoise.We choosenvec = 8 for theremain-
derof thepaper.
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Figure4: Increasingthenumberof embeddingvectorsusedin-
creasestherecallbut eventuallyhurtstheprecision.
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Figure 5: Increasingthe connectivity radiusimproves perfor-
mance
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Figure6: Decreasing� parameterimprovesperformance
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Figure7: Theglobalizedboundariespresentin theeigenvectors
providehigherprecisionthanPbin thehigh-precision/ low-recall
regime. It' s also interestingto note that the differencebetween
globalizedcolor andgrayscaleis muchlessthanbetweentheraw
color andgrayscaleboundarydetector. Humansaresimilarly able
to performconsistentsegmentationwith or without thebene®tof
color.

Figure5 shows the effect of connectivity radius. Com-
putationalconstraintsdemandthatwe useonly sparsecon-
nectionsin thematrixW . Somehave arguedthatonly very
local connectionsshouldbeusedsincecuesareunreliable,
however, this resultsin large homogeneousregions being
penalized.Theresultshows that increasedconnectionden-
sity generallyimproves the contrastof boundariesin the
embeddingbut comesat thecostof computationtime. We
choosedthr esh = 20 for theremainderof thepaper.

Figure 6 shows the effect of changingthe � in equa-
tion 1. With somesurprise,we wereunableto �nd a local
minima. It appearsthat the smallerwe make � the better
performance,up to thepoint wheretheeigensolver fails to
converge in some�x ed numberof iterations. We choose
� = 0:1 for theremainderof thepaper

Figure7 shows the gain in performanceover low level
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Figure8: This ®gureshows the lack of usefulºglobalizationº
weobservedin aMRF modelof pairwisesegmentation.Herehid-
denvariablestook on a discretesetof valuesandpairwisepoten-
tials betweennearestneighborsi and j were given by W ij us-
ing the intervening-contourcue. GeneralizedBelief Propagation
(asin [14]) yieldedestimatesof thepairwisecorrelationsbetween
neighboringpixels which were interpretedas the probability of
non-boundary. We wereunableto ®nd a temperature� at which
thepairwisemarginalsgavebetterestimatesthanthelocalbound-
ary detector. The blue curve, plottedfor comparison,shows the
availability of usefulinformationin theleadingeigenvectorsusing
thesamenearest-neighborgraphandpair-wiseaf®nities.

cuesaswell asthe gain in combiningcues. The principle
conclusionis that in the low-recall, high-precisionregime
thereis a clear improvementasresultof the globalization
providedby computingtheeigenvectorsof thenormalized
Laplacian.In this regime,normalizedcutsis successfulin
suppressinghigh-contrastclutterwhichwouldmisleadalo-
cal operator. However, theprecision-recallcurve basedon
eigenvectorscrossesthat curve given by the local bound-
aryoperator(Pb ) sothatin thehigh-recall/low-precisionthe
performanceof the local boundarydetectoris better. Intu-
itively this crossover canbeexplainedby thebiasthatnor-
malizedcuts hasagainst very small regions. When these
exist in images,they will leadto edgeswhicharemoreeas-
ily foundby thelocalboundarydetector.

A moresubtleobservationcanalsobemadefrom these
graphs.Theuseof color signi�cantly improvestheperfor-
manceof a local boundary�nder. However, when these
measurementsarepipedthroughthemachineryof spectral
clusteringthisdifferenceessentiallydisappears.

4.1. Comparisonwith Mark ov RandomFields

Shentalet al recently proposed[14, 15] a probabilistic
model for pairwiseclusteringin which a discreterandom
variableX i correspondingto the segmentlabel of the i th
pixel is linked to neighboringpixels by imagedependent
pairwisepotentialfunctions ij (X i ; X j ). The probability
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of asegmentationis thengivenby theMRF:

� (X ) =
1
Z

Y

hij i

 ij (X i ; X j )

This model naturally accommodatesthe same pairwise
af�nities weusefor normalizedcuts.1 Weset

 ij (X i ; X j ) =
�

1 X i = X j

exp(� Ŝij =� ) X i 6= X j

wheretheparameter� is commonlyreferredto asthetem-
perature. As proposedin [14], we use generalizedbe-
lief propagation to infer themarginal correlationsbetween
neighboringnodes.Thesecorrelationsareeasilytreatedas
a soft boundarymap which can then be comparedto the
localboundarydetector.

Figure8 shows the resultingperformanceover a range
of temperatures� . We �nd that the correlationsestimated
by belief propagationaregenerallyworseat predictinghu-
manmarkedboundariesthanthelow-level, “un-globalized”
measurements.Figure8 shows that theeigensolver is able
to squeezeout additionalinformationevenwhenrestricted
to nearestneighborconnectionsdthr esh = 1.

5. Evaluating Segmentations
Now we turn to the taskof usingmultiple eigenvectorsto
partition an imageinto regions. Several techniqueshave
beenproposedincludingthresholdingtheeigenvectors[25],
recursivebi-partitioning,or runningk-meansontheembed-
dedpoints[11,16].

In thispaper, wehaveevaluatedatwo stagestrategy sim-
ilar to that of [11]. First, usek-meansor somevariant to
producean oversegmentation(we call thesesegmentssu-
perpixels). Thencontractthegraphsothateachnodein the
contractedgraphcorrespondsto a segment. Finally, recur-
sively partitionthecontractedgraph.

Theresultsof thisprocedureareevaluatedin Figure9 by
treatingthesegmentboundariesasedgesto becomparedto
the humanground-truthboundaries.The cloud of points
on the graphshow the precisionandrecall of the overseg-
mentationfor eachof 200images.Thedesiredpropertyof
an oversegmentationis that it hashigh recall so that few
boundariesaremissed.

Theoreticalconsiderations[16,22] suggestthat theem-
beddedpointsshouldbeprojecteddown ontothespherebe-
fore clustering.We found that spheringhadno signi�cant
effectonperformancefor thetaskof oversegmentation.

1It is importantto notethat the Ŝij we learntreatsthe pixel pairsas
iid samples.This doesnot necessarilyassignthe maximal likelihoodto
thehumansegmentationsundertheMRF model. Instead,the logistic pa-
rametersshouldbeiteratively re-estimatedwith respectto theexpectations
givenby theMRF in ordermaximizethejoint likelihood.This tuningmay
give improvementsover theperformancewedocumenthere.
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Figure9: This ®gure shows that in passingfrom gradientsof
eigenvectorsto segmentations,weareableto maintainhighpreci-
sionin identifyingtrueboundaries.Thecloudof pointscorrespond
to theinitial oversegmentationsfor thesetof images.Thered(� )
curve shows the resultsof recursively splitting the graphcorre-
spondingto thisoversegmentation.Theblackcurve (+) shows the
resultsof thesameprocedureusingweightswhich have beenex-
tendedby settingunde®nededgesbetweenapairof superpixelsto
betheaverageof thede®nedweights.

5.1. Extending W

As mentionedearlier, computationalconstraintsmake it
necessaryto arti�cially settheconnectionbetweenfaraway
pixels to 0 in orderto introducesparsity. It is well known
[5,14] that this introducesartifactsinto segmentations.In-
tuitively, thek-waynormalizedcutconsistsof termswhich,
for local connectionpatterns,scalesas the perimeterover
the area. In the spectralrelaxation, this manifestsitself
aseigenvectorswhich oscillate(like the modesof a drum
head).

We considerthe following procedurefor extendingWij

by �lling in valuesfor longrangeconnections.For eachpair
of pixels i andj which arenot connectedby an edge,we
addanedgewhoseweightis themeanof theassignedcon-
nectionsbetweenthesuperpixelscontainingi andj respec-
tively. This is computationallyfeasiblebecauseall these
newly introducededgesareimmediatelycollapsedinto the
contractededge.

Figure 9 shows the curves for recursively partitioning
boththecontractedgraphandtheextendcontractedgraph.
They show thatextendingW improvesperformancein the
mid-recall/mid-precisionregime.

Thelast two pagesshow our resultson the�rst 120im-
agesfrom the BSDS.Here the recursive partitioning was
terminatedwhenno segmentcouldbesplit with a normal-
izedcut scoreof lessthan1:15
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6. Conclusions
In this paperwe have presenteda quantitative evaluationof
thebene�t of globalinformationin thespectralpartitioning
framework over a purelylocalapproachto boundarydetec-
tion. The advantageis small but signi�cant. However, it
is primarily in thehigh-precision/low-recallregime. In the
high-recallregime,local boundarydetectionis actuallysu-
perior, perhapsasa consequenceof thebiasin thenormal-
izedcutcriteriontowardsbalancedsegments.Thissuggests
researchon multi-scalesegmentationstrategiesasa way to
provide “the bestof bothworlds”.

The othermajor take-homelessonis that theredo exist
segmentationstrategies that make closeto optimal useof
theembeddingprovidedby theeigenvectors.This is impor-
tant becauseit opensup the possibility of high-level pro-
cessingtechniquesthat requirea disjoint partitioningof an
imageinto segments.
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