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Abstract

W e study randomized tec hniques for designing e�cien t al-

gorithms on a p -pro cessor bulk-sync hronous parallel (BSP)

computer, whic h is a parallel m ulticomputer that allo ws

for general pro cessor-to-pro cessor comm unication rounds

pro vided eac h pro cessor is guaran teed to send and receiv e

at most h items in an y round. The measure of e�ciency w e

use is in terms of the in ternal computation time of the pro-

cessors and the n um b er of comm unication rounds needed

to solv e the problem at hand. W e presen t tec hniques that

ac hiev e optimal e�ciency in these b ounds o v er all p ossible

v alues for p , and w e call suc h tec hniques ful ly-sc alable for

this reason. In particular, w e address t w o fundamen tal

problems: m ulti-searc hing and con v ex h ull construction.

Our metho ds result in algorithms that use in ternal time

that is O (

n log n

p

) and, for h = �( n=p ), a n um b er of com-

m unication rounds that is O (

log n

log ( h +1)

), with high probab-

ilit y . Both of these b ounds are asymptotically optimal for

the BSP mo del.

1 In tro duction.

Most of the researc h on parallel computational

geometry in the past decade has fo cused on �ne-

grain massiv ely-parallel mo dels of computation (e.g.,

see [2, 3 , 6, 28 , 41 ]), where the ratio of memory to

pro cessors is fairly small (t ypically O (1)), and this fo-

cus has b een indep enden t of whether the mo del of

computation w as a parallel random-access mac hine

(PRAM) or a net w ork mo del, suc h as the h yp er-

cub e. But, as more and more parallel computer sys-

tems are b eing built, researc hers are realizing that

pro cessor-to-pro cessor comm unication is a prime b ot-

tlenec k in parallel computing (e.g., see Aggarw al et

al. [1], Bilardi and Preparata [13 ], Culler et al. [15 ],

Krusk al et al. [30], Mansour et al. [31 ], Mehlhorn

and Vishkin [33 ], P apadimitriou and Y annak akis [37 ],

and V alian t [45 , 44 ]). The real p oten tial of parallel

computational geometry , therefore, probably lies in

�
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algorithm design for coarse-to-medium-grain parallel

en vironmen ts [18 , 21], where the ratio of memory to

pro cessors is non-constan t, for suc h systems allo w an

algorithm designer to balance comm unication latency

with in ternal computation time. Indeed, this realiz-

ation has giv en rise to a p o w erful algorithmic mo del,

whic h V alian t [44] calls \bulk sync hronous" pro cessing

(BSP). In suc h a mo del an input of size n is distributed

ev enly across a p -pro cessor parallel computer, with

p < n . In a single computation r ound (whic h V alian t

calls a sup erstep ) eac h pro cessor ma y send and receiv e

h messages (t ypically h = �( n=p )) and then p erform

an in ternal computation on its in ternal memory cells

using the messages it has just receiv ed. T o a v oid an y

con
icts that migh t b e caused b y async hronies in the

net w ork (whose top ology is left unde�ned) the mes-

sages sen t out in a round t b y some pro cessor should

not dep end up on an y messages that pro cessor receiv es

in round t (but, of course, they ma y dep end up on mes-

sages receiv ed in round t � 1).

The running time of a BSP algorithm is c haracter-

ized b y t w o parameters: T

I

, the in ternal computation

time, and T

C

, the n um b er of comm unication rounds.

The goal in designing a BSP algorithm, of course,

is to minimize b oth of these parameters. Alternat-

iv ely , b y in tro ducing additional c haracterizing para-

meters of the BSP mo del, one can com bine T

I

and T

C

in to a single running time parameter, called the c om-

bine d running time . Sp eci�cally , if w e let L denote the

latency of the net w ork|that is, the w orst-case time

needed to send one pro cessor-to-pro cessor message|

and w e let g denote the time \gap" b et w een consecut-

iv e messages receiv ed b y a pro cessor in a comm unica-

tion round, then w e can c haracterize the total running

time of a BSP computation as O ( T

I

+ ( L + g h ) T

C

) [44 ]

(similarly for the related LogP mo del [15 , 29 ]).

The goal of this pap er is to further the study

of bulk-sync hronous parallel algorithms b y addressing

t w o fundamen tal problems in parallel computational

geometry: m ulti-searc hing and con v ex h ull construc-

tion.



1.1 Previous related w ork in parallel com-

putational geometry . There has b een a signi�c-

an t amoun t of previous w ork on parallel computa-

tional geometry (e.g., see [2 , 3 , 6, 28 , 41 ]). This w ork

has resulted in a n um b er of p o w erful tec hniques for

solving computational geometry problems in parallel,

with particular atten tion paid to con v ex h ull construc-

tion, b ecause of its wide applicabilit y , suc h as the

w ell-kno wn reductions of planar V oronoi diagram and

Delauna y triangulation constructions to 3-dimensional

con v ex h ulls. The curren t b est �ne-grain parallel solu-

tions for con v ex h ulls in I R

2

run in O (log n ) time us-

ing n pro cessors in the EREW PRAM mo del

1

[34 ]

and in I R

3

run in O (log

2

n ) time using n= log n pro-

cessors in the EREW PRAM mo del [4] or, alternat-

iv ely , in O (log n ) time, with high probabilit y , using n

pro cessors in the CREW PRAM mo del [39 , 42 ].

P erhaps coun ter-in tuitiv e to the notion of PRAM

algorithms as extractors of maxim um parallelism,

these PRAM metho ds do not translate in to e�cien t

BSP algorithms. This is b ecause sim ulating a PRAM

algorithm in the BSP framew ork requires at least a

constan t n um b er of comm unication rounds for eac h

PRAM step (and ev en this is often quite di�cult to

ac hiev e), whereas there are sev eral kno wn BSP solu-

tions [17 , 18 , 21 , 19 , 20 ] to a n um b er of computa-

tional geometry problems that use only O (1) comm u-

nication rounds in total, alb eit assuming that p , the

n um b er of pro cessors, is fairly small relativ e to n , the

problem size. The b est previous BSP algorithm for

3-dimensional con v ex h ull construction is a metho d

b y Dehne et al. [17] that completes in O (1) comm u-

nication rounds, with high probabilit y , assuming that

p � n

1 = (3+ � )

, for an y �xed constan t � > 0. Suc h al-

gorithms are sc alable [18 , 21 ] in the sense that they

are e�cien t o v er a range of v alues of p , but they are

not ful ly sc alable , in that there is a limit placed on this

range of v alues (whic h in the case of 3-dimensional con-

v ex h ull construction is fairly restrictiv e). In fact, the

only fully-scalable BSP algorithm w e are familiar with

is a sorting algorithm of the author [26 ], whic h runs

in O (log

h

n ) comm unication rounds, for h = �( n=p ).

This b ound is O (1), of course, when p is O ( n

1 � �

)

for some constan t � > 0, and the author sho ws that


(log

h

n ) comm unication rounds are in fact necessary ,

ev en for the simple problem of computing the bit wise-

or of n bits distributed ev enly across p pro cessors in

the BSP mo del.

While con v ex h ull construction is a w ell-kno wn

1

The PRAM is a sync hronous shared-memory mo del, with

the EREW v ersion not allo wing for concurren t memory accesses,

the CREW v ersion allo wing concurren t reads, and the CR CW

allo wing for concurren t reads and writes (assuming some reas-

onable con
ict resolution proto col).

\self-con tained" problem that is often studied in par-

allel computational geometry , a general problem that

often arises as a subproblem in solutions to other prob-

lems is the m ulti-searc hing problem (e.g., see [7 , 8 , 9,

11 , 12 , 23 ]). In this problem one is giv en a collection S

of \generic" searc hes that need to sim ultaneously ac-

cess a data structure T (whic h in the con text of this

pap er will alw a ys b e a binary tree) to solv e the prob-

lem at hand. What mak es this problem in teresting is

that comparing searc hes to eac h other yields no useful

information (so, for example, the searc hes cannot b e

sorted b y an y \k ey" v alue). The only previous e�-

cien t BSP w e kno w of for this problem is a metho d of

Devillers and F abri [21 ] that uses O (1) comm unication

rounds if p � n

1 = 2

and the comm unication net w ork al-

lo ws for segmen ted broadcasts to b e p erformed in one

round, where n = j S j + j T j . W e refer to this v ersion

of the BSP mo del that allo ws for segmen ted broad-

casts as the w eak-CREW BSP mo del [26 ]); w e call the

(standard) v ersion of the BSP mo del, whic h requires

that eac h comm unication pac k et ha v e a unique des-

tination, the EREW BSP mo del. There is also some

w ork b y B• aumk er et al. [11 , 12 ] on m ulti-searc hing for

another v arian t of the BSP that allo ws for v ery long

messages, and metho ds b y Gerb essiotis and Siniola-

kis for m ulti-searc hing lev el graphs. These metho ds

do not translate in to comm unication-optimal BSP al-

gorithms for an y range of v alues of p , ho w ev er. Indeed,

w e are not a w are of an y fully-scalable algorithms for

the m ulti-searc hing or 3-dimensional con v ex h ull prob-

lems.

1.2 Our results. In this pap er w e giv e the

�rst fully-scalable metho d for m ulti-searc hing in the

(standard) BSP mo del. Our algorithm uses O (log

h

n )

comm unication rounds and in ternal computation time

of O (( n log n ) =p ), with high probabilit y , for h =

d n=p e + 1. Th us, the n um b er of comm unication rounds

is O (1) an y time p � n

1 � �

for some constan t � > 0.

W e demonstrate the utilit y of our m ulti-searc hing al-

gorithm in the full v ersion of this pap er b y applying it

to sev eral w ell-kno wn parallel computational geometry

problems, including searc hing in arrangemen ts, 2D-all-

nearest-neigh b or searc hing, and 3D-maxima. W e also

describ e the �rst fully-scalable BSP algorithm for 3-

dimensional con v ex h ull construction to illustrate the

natural w a y m ulti-searc hing arises in other problems.

Our con v ex h ull algorithm also uses O (log

h

n ) com-

m unication rounds and in ternal computation time of

O (( n log n ) =p ), with high probabilit y .

W e b egin with some preliminaries ab out the BSP

mo del.



2 Some Preliminary Observ ations.

There is a ric h b o dy of kno wledge that exists for p er-

forming basic op erations on �ne-grain parallel mo dels,

but the kno wledge base for fully-scalable coarse-grain

tec hniques is not as ric h. Th us, b efore w e giv e our

metho ds for m ulti-searc hing and con v ex h ull construc-

tion, let us discuss a few basic BSP primitiv es. The

primitiv es w e discuss ha v e b een studied b y others in

bulk-sync hronous con texts (e.g., see [24 , 44 ]), but w e

describ e them here in the fully-scalable framew ork for

the sak e of completeness.

2.1 Generalized Broadcast and Com bine. Let

S b e a set of m items stored on a single pro cessor. The

gener alize d br o adc asting problem is to distribute these

items to all the other pro cessors.

Lemma 2.1: The items in S can b e broadcast to

k other pro cessors on an EREW BSP computer in

O (log

d

k + d m=h e ) comm unication rounds, for d =

2 d h=m e , where h is the maxim um n um b er of items

that can b e sen t b y a pro cessor in a comm unication

round.

Pro of: Let us consider t w o cases:

1. m � h . The idea in this case is fairly straigh t-

forw ard. Pro cessor 1 sends the items in S to

2 d h=m e other pro cessors in O (1) comm unication

rounds, then these pro cessors send S to 2 d h=m e

other pro cessors, and so on. The total n um-

b er of comm unication rounds is O (log

d

k ), for

d = 2 d h=m e .

2. m > h . In this case w e divide S in to d m=h e

subsets of size at most h eac h, and w e broad-

cast eac h of them as in the previous case in a

pip elined fashion. The total n um b er of comm u-

nication rounds is O (log

2

k + d m=h e ).

Of course, if w e can p erform generalized broadcast

in this man y comm unication rounds, w e can also p er-

form the in v erse op eration in this man y rounds. The

\in v erse" problem, whic h w e call gener alize d c ombine ,

in v olv es computing the v alue of an asso ciativ e func-

tion on the items in eac h ro w of a k � m matrix, A ,

where eac h column is stored on a di�eren t pro cessor.

This is actually a sp ecial case of an ev en more general

problem, whic h w e describ e next.

2.2 Generalized P arallel Pre�x. Supp ose w e are

giv en a k � m arra y A , with eac h column stored on a

di�eren t pro cessor, together with an asso ciativ e sum-

mation op erator de�ned on eac h ro w. The gener alize d

p ar al lel pr e�x problem is to determine for eac h i and l ,

the v alue of the partial sum s

i;l

=

P

l

j =1

A [ i; j ], where

the summation op erator is the one de�ned for ro w i .

Lemma 2.2: The generalized parallel pre�x problem

can b e solv ed in computer in O (log

d

k + d m=h e )

comm unication rounds, for d = 2 d h=m e , where h is

the maxim um n um b er of items that can b e sen t b y a

pro cessor in a comm unication round.

Pro of: The pro of is essen tially a generalized com-

bine follo w ed b y a generalized broadcast, and is left to

the reader.

The �nal preliminary result w e discuss is that of

computing a random p erm utation bulk-sync hronously .

2.3 Computing a random p erm utation on a

BSP computer. Supp ose w e are giv en a set S of n

elemen ts, distributed ev enly across p pro cessors on a

BSP computer. An imp ortan t primitiv e-lev el compu-

tation that m ust often b e p erformed in randomized

parallel algorithms is to pro duce a random p erm uta-

tion of the elemen ts of S . The metho d w e use in this

pap er is an adaptation of a strategy due to Reif [40 ]

(see also Hagerup [27 ]):

1. F or eac h elemen t s

i

in S w e select a random

in teger k ey s

0

i

in the range [1 ; n

2

], and w e sort

these random k eys using the comparison-based

optimal bulk-sync hronous sorting algorithm of

the author [26 ]. This tak es O (log

h

n ) comm u-

nication steps and O (( n log n ) =p ) in ternal com-

putation time.

2. Sequen tially , w e p erform a random p erm utation

for eac h group of s

0

i

elemen ts that are giv en the

same k ey . Assuming that the total n um b er of

elemen ts in an y group is at most some constan t

c , this step can easily b e implemen ted in O (1)

comm unication rounds and O ( n=p ) in ternal com-

putation time. If the n um b er of elemen ts in some

group is more than c , w e rep eat the pro cess,

starting with Step 1.

3. Finally , w e store for eac h elemen t s

i

in S the

p osition of s

0

i

in the sorted list. The mapping of

s

i

's to their resp ectiv e s

0

i

v alues de�nes a random

p erm utation.

This algorithm pro duces a random p erm utation of

the elemen ts in S , and all p erm utations are equally

lik ely . Moreo v er, as is formalized in the follo wing

lemma, this pro cedure will terminate after just one

iteration, with high probabilit y .



Lemma 2.3: If c � 3 , then the probabilit y that

the ab o v e random p erm utation algorithm will not

terminate in a giv en iteration is at most 1 =n

c � 2

.

Pro of: W e pro v e this b y an application of a Cherno�

b ound (see [35 ], p. 68). Let X

i;j

b e an indicator

random v ariable that is 1 if pro cessor i c ho oses v alue

j . Clearly , Pr ( X

i;j

= 1) = 1 =n

2

. Then, b y a sligh t

abuse of notation, de�ne X

j

to b e the n um b er of

pro cessors that c ho ose v alue j , so X

j

=

P

n

i =1

X

i;j

and

E ( X

j

) = 1 =n . Therefore, since, once j is �xed, all the

X

i;j

's are m utually indep enden t,

Pr ( X

j

> c ) = Pr ( X

j

> (1 + ( cn � 1))(1 =n ))

�

�

e

cn � 1

( cn )

cn

�

1 =n

� ( e

c

=c

c

)

1

n

c

�

1

n

c

:

Th us, the probabilit y that X

j

is more than c for an y

j is at most 1 =n

c � 2

.

Ha ving presen ted these preliminary results, let

us no w giv e our metho d for randomized BSP m ulti-

searc hing.

3 F ully-Scalable BSP Multi-Searc hing.

Let S b e a set of query items distributed ev enly across

p pro cessors in a bulk-sync hronous parallel computer.

Also, let T b e a binary searc h tree. The multi-

se ar ching problem is to determine, for eac h query q

in S , the leaf no de in T where a ro ot-to-leaf searc h in

T for q w ould result. W e assume that for an y elemen t

q in S and an y no de v in T a c omp arison for q at v

yields one the follo wing results:

� terminate : the no de v is the leaf in T that

terminates the searc h for s

i

.

� c hild u: the searc h pro cedure for q should

pro ceed to v 's c hild u .

� incomparable : the searc h pro cedure for q

should not visit no de v in T .

3.1 A simple partially-scalable solution. Be-

fore w e giv e our fully-scalable solution to this m ulti-

searc hing problem, let us observ e that there is a fairly

simple BSP metho d for solving this problem that scal-

able but not fully-scalable. This simple metho d b egins

b y stratifying T in to subtrees, whic h w e call p acket

tr e es , b y de�ning ev ery l = (1 = 2) log h lev el in T a

distinguished lev el. A no de v on a distinguished lev el

in T de�nes a pac k et tree of O ( h

1 = 2

) no des consist-

ing of descenden ts of v do wn to the next distinguished

lev el in T . W e assume that these pac k et trees are dis-

tributed ev enly across the set of pro cessors, as are the

queries for S .

T o solv e the m ulti-searc hing problem w e b egin

with the pac k et tree t ro oted at the ro ot of T .

W e can apply the generalized broadcast pro cedure

to broadcast this en tire pac k et tree to all the other

pro cessors in O (log

h

p ) time. Then eac h pro cessor

j p erforms the comparisons for all the no des in this

pac k et tree and determines for eac h query q at j the

leaf in t where the searc h for q should con tin ue. By

then p erforming a generalized parallel pre�x w e can

collect together all the queries that should pro ceed at

the same no de in T . This allo ws us to then rep eat

this pro cedure for all those groups in parallel. W e

can balance the broadcast costs against the queries,

so that the total n um b er of comm unication rounds is

O (log

h

p log

h

n ), for h = d n=p e + 1, where n = j S j + j T j .

This is O (1) if n=p � n

�

, for some constan t � > 0, but

it is not optimal for all v alues of p ; hence, it is not

fully-scalable.

3.2 Our approac h for fully-scalable m ulti-

searc hing. Our fully-scalable metho d for e�cien tly

answ ering the queries in S for all v alues of p is based

up on a recursiv e strategy for searc hing T . W e �rst con-

cen trate on routing the searc hes through the subtree

T

0

consisting of the top-most n

1 = 4

no des in T (i.e.,

the no des on the �rst (log n ) = 4 lev els of T ), where

n = j S j + j T j . Once w e ha v e p erformed all the searc hes

in S through T

0

, w e then sub divide the searc hes to the

subtrees ro oted at the lea v es of T

0

and recurse on eac h

one (assuming j T j > j T

0

j , of course). Once w e ha v e de-

termined all the searc h paths through T

0

w e can then

sub divide the m ulti-searc h problem in to subproblems

of size d n

3 = 4

e eac h through parallel pre�x and broad-

casting steps that run in O (log

h

n ) time. Assuming

w e can route the searc hes in S through T

0

in an ex-

p ected O (log

h

n ) n um b er of rounds, then, with high

probabilit y , the exp ected total n um b er of comm unica-

tion rounds, then, is b ounded b y the follo wing recur-

rence relation:

T ( n ) � T ( n

3 = 4

) + O (log

h

n ) ;

whic h is O (log

h

n ).

Let us therefore concen trate on ho w to route the

searc hes of S for the case when j T j = d n

1 = 4

e . Our

approac h in this case is based up on a randomized t w o-

phase strategy for searc hing in suc h a tree T , whic h is

in turn based up on randomized searc hing tec hniques

of Reif and Sen [39 , 42 , 43 ]. This strategy alone is

not su�cien t, ho w ev er, to ac hiev e the high-probabilit y



b ound in the t ypical case when h � n

�

, for some

constan t � > 0. T o ac hiev e a high probabilit y b ound

for all v alues of h w e augmen t our strategy with a

failur e swe eping tec hnique [25 , 32 ].

In the �rst phase w e build a la y ered net w ork C

from T and in the second phase w e route the searc hes

in S through C using a simple BSP pac k et routing

proto col. F or eac h no de v in T , let n ( v ) denote

the n um b er of searc hes in S that pass through v (or

terminate at v if v is a leaf ). The sp eci�c goal of

the phase-one computation is to create the net w ork

C so that the total n um b er of no des on eac h lev el

is O ( n ), the in- and out-degree of ev ery no de is at

most h , and suc h that, for eac h no de v 2 T , there

are at least 
( n ( v )) no des in C asso ciated with v

(whose job it is to pro cess the searc hes in S that

pass through v in T ). In tuitiv ely , eac h no de v in C

is to pro cess appro ximately O (1) searc hes through a

corresp onding no de in T , although our BSP routing

strategy will actually allo w more than a constan t

n um b er of searc hes to pass through v in an y round

in some cases.

In the b eginning of the second phase the queries in

S are distributed at most d n=p e p er \ro ot" no de of C ,

eac h of whic h is asso ciated with a distinct pro cessor.

In a generic phase-t w o step eac h elemen t of S will

b e asso ciated with a no de in C , whic h in turn is

asso ciated with a distinct pro cessor. The phase-t w o

computation pro ceeds b y then ha ving eac h pro cessor

p erform the comparisons for eac h searc h elemen t it

con tains. This will determine, for eac h elemen t s

stored at a pro cessor i , a pro cessor j that i needs to

route s to. W e dev elop a proto col, then, so that w e

do not violate the comm unication constrain ts of the

BSP mo del and, with high probabilit y , w e complete

the en tire computation in O (log

h

n ) comm unication

steps.

3.3 Phase One: Building the Searc h Net w ork.

In this subsection w e describ e a metho d for construct-

ing the net w ork C that will allo w us to p erform the

searc hes in T for all elemen ts of S in O (log

h

n ) comm u-

nication rounds. W e b egin b y compressing T in to an

h -ary tree

^

T using the pac k et-tree strati�cation tec h-

nique describ ed in Section 3.1, with l = log h . Th us,

eac h no de v in

^

T is asso ciated with an h -no de subtree

in T , with eac h leaf in this subtree corresp onding to

the ro ots of the subtrees asso ciated with v 's c hildren

in

^

T .

W e construct a circuit C that will allo w us to

pro cess the searc hes in S through

^

T , then, as follo ws:

1. W e c ho ose a random sample S

0

� S of size

d n

1 = 2

e . F or eac h no de v in

^

T w e then determ-

ine n

0

( v ), the n um b er of searc hes in S

0

that

pass through or terminate at v , b y a \brute

force" quadratic comparison (whic h requires at

most O ( n

3 = 4

) comparisons in total). W e then let

^n ( v ) = n

0

( v ) j S ( v ) j = j S

0

( v ) j , whic h w e will use as

an estimate for n ( v ). This step tak es O (log

h

n )

comm unication steps and O ( n=p ) in ternal com-

putation time.

2. If j S j � d n

1 = 2

e , then w e are done. So, let us no w

assume that j S j > d n

1 = 2

e . W e recursiv ely de�ne

a replication parameter r ( v ) for eac h no de v in

^

T . W e initially de�ne r ( r oot (

^

T )) = � ( �n ), where

� ( x ) denotes the smallest p o w er of 2 larger than

x (i.e., � ( x ) = 2

d log x e

), and � � 4 is a constan t,

called the dilution p ar ameter , whic h w e set in the

analysis. Then, for eac h non-ro ot no de v in

^

T ,

with paren t w , w e de�ne

r ( v ) = � (max f � ^n ( v ) ; r ( w ) =h g ) :

Note that � determines that there will b e excess

capacit y for sending elemen ts from w to v . This

step can easily b e implemen ted in O (log

h

n )

comm unication rounds.

3. F or eac h non-ro ot no de v in

^

T , with paren t w ,

w e create a set C ( v ) of r ( v ) copies of v and w e

connect eac h cop y of no de v to r ( w ) =r ( v ) distinct

copies of no de w (in C ( w )). If this ratio is not

in tegral, then w e appro ximate this as b est as

p ossible, connecting eac h cop y of no de v to either

b r ( w ) =r ( v ) c or d r ( w ) =r ( v ) e copies of no de w . W e

refer to these added edges as the down edges

in C . This step tak es O (log

h

n ) comm unication

steps and O ( n=p ) in ternal computation time.

This completes the construction of the net w ork C ,

and giv es us the follo wing:

Lemma 3.1: The ab o v e computation creates a

la y ered net w ork C suc h that the in- and out-degree of

the do wn edges for an y no de is at most h . Moreo v er,

with probabilit y at least 1 � 1 =e

n

c

(for some �xed

constan t c > 0 ), for eac h no de v 2

^

T , with par-

en t w in

^

T , there are r ( v ) no des in C ( v ) , where

max f n ( v ) = 2 ; r ( w ) =h g � r ( v ) � max f 3 n ( v ) ; r ( w ) =h g .

Pro of: Let v b e a no de with paren t w in

^

T . The

b ound on the in- and out-degree of v follo ws immedi-

ately from the recursiv e de�nition of the r ( v )'s. Let us

therefore consider the probabilit y that the size b ound

r ( v ) is to o far o� the mark, b eginning with the prob-

abilit y that it signi�can tly exceeds the upp er b ound,

whic h w e quan tify as r ( v ) > max f 3 n ( v ) ; r ( w ) =h g .



Since w e de�ned r ( v ) = max f ^n ( v ) ; r ( w ) =h g , this can

only b e the case if ^n ( v ) > 3 n ( v ) and 3 n ( v ) > r ( w ) =h .

Th us, if w e let A ( v ) b e the ev en t that r ( v ) is ab o v e

the b ound, and w e let C ( v ) b e the ev en t that 3 n ( v ) >

r ( w ) =h , then, b y a Cherno� b ound analysis ([35 ],

p. 72), w e can sho w the follo wing:

Pr ( A ( v )) = Pr ( ^ n ( v ) > 3 n ( v ) j C ( v ))

= Pr ( n

0

( v ) >

3 n ( v )

n

1 = 2

j C ( v ))

� c

� 3 n ( v ) =n

1 = 2

� c

� r ( w ) =n

1 = 2

h

� c

� n

1 = 4

;

where c = 3 =e , since r ( w ) =h � n

3 = 4

. Lik ewise,

let B ( v ) b e the ev en t that r ( v ) is signi�can tly less

than its desired amoun t, whic h w e quan tify as the

condition r ( v ) < max f n ( v ) = 2 ; r ( w ) =h g . Also, let

D ( v ) b e the ev en t that n ( v ) = 2 > r ( w ) =h . Then, b y

another Cherno� b ound ([35 ], p. 70), w e can sho w the

follo wing:

Pr ( B ( v )) = Pr ( ^ n ( v ) =p < n ( v ) = 2 j D ( v ))

= Pr ( n

0

( v ) > n ( v ) = 2 n

1 = 2

j D ( v ))

� e

� n ( v ) = 8 n

1 = 2

� e

� r ( v ) = 4 n

1 = 2

h

� e

� n

1 = 4

= 4

:

Com bining these t w o b ounds establishes the lemma.

Th us, with v ery high probabilit y , w e correctly

construct the net w ork C .

3.4 The Phase Tw o Computation: Routing

the Searc hes. Let us therefore next consider the

problem of routing the searc hes of S through C . F or

i = 1 to d log

h

n e , and eac h v on lev el i of

^

T , w e assign

h con tiguous no des of C ( v ) to a separate pro cessor (so

that at most h d log

h

j

^

T je no des are assigned to eac h

pro cessor in total). W e do not assign di�eren t C ( v )

lists to the same pro cessor, ho w ev er. W e assume that,

for an y no de v in C , a pro cessor i can determine in

O (1) time (without comm unication) the pro cessor j

that is asso ciated with v . Moreo v er, since w e assign

eac h h con tin uous no des on lev el i to a separate

pro cessor, there are only O (1) pro cessors holding

di�eren t \in" neigh b ors (on lev el i � 1) of do wn edges

for a no de u in a C ( v ). Th us, for an y pro cessor P

i

, the

n um b er of other pro cessors holding no des adjacen t to

no des of C stored at P

i

is O ( h ).

Initially , all the elemen ts of S are stored at most

one p er no de in C ( v ), and ev ery h no des of C ( v ) are in

turn stored in a unique pro cessor, where v = r oot (

^

T ).

Before w e attempt to route the searc hes through C w e

�rst apply a random p erm utation to the con ten ts of

the no des of C ( v ), using the metho d of Section 2.3.

Eac h pro cessor i then p erforms the follo wing tr ansfer-

step computation:

1. Pro cessor i determines whic h of the h no des of

C ( v ) it stores actually con tain searc h elemen ts in

S . The pro cessor i then p erforms the comparison

asso ciated with v 2

^

T (whic h is actually a searc h

through a d log h e -heigh t subtree of T asso ciated

with v ) for all the elemen ts in S curren tly at

C ( v ) and stored in pro cessor i 's in ternal memory .

Eac h suc h comparison determines a c hild u of v

in

^

T where a searc h in S should pro ceed.

2. Eac h searc h at C ( v ) that wishes to go to u has

at most 2 pro cessors that it needs to b e routed

to (storing no des of C ( u )). F or eac h c hild u

of v in

^

T , and eac h pro cessor j storing no des

of C ( u ) reac hable from the no des stored at i ,

pro cessor i determines n

i;j

( u ), the n um b er of

searc hes curren tly at i in C ( v ) that need to

pro ceed to a no de of C ( u ) in pro cessor j .

3. Pro cessor i sends a message to eac h pro cessor j

suc h that n

i;j

( u ) > 0 informing pro cessor j of

the v alue of n

i;j

( u ).

4. Pro cessor j receiv es at most h messages, and

adds up all the v alues it receiv es, pro ducing a

sum n

j

. Pro cessor j then sends bac k a message

to eac h pro cessor i informing it that it can then

send d n

i;j

( u ) min f 1 ; h=n

j

ge of its searc hes that

need to b e routed to j . (So if n

j

� h , then all of

the elemen ts of n

i;j

( u ) can b e routed to j .)

5. Pro cessor i sends to pro cessor j a total of

d n

i;j

( u ) min f 1 ; h=n

j

ge of its searc hes that need

to b e routed to j .

This transfer-step computation can b e p erformed

in O (1) comm unication rounds, as describ ed ab o v e.

W e con tin ue rep eating this computation for b d log

h

n e

iterations, where b � 1 is a constan t to b e determined

in the analysis. A t that time all of the searc hes

are exp ected to b e at the leaf-lev el of C (and hence

^

T ). A t this p oin t w e c hec k to mak e sure that all

searc hes ha v e indeed reac hed their �nal destinations

in C and that no searc hes ha v e b een \left b ehind"

an ywhere. This condition can easily b e tested in

O (log

h

n ) comm unication rounds. If w e ha v e an y

suc h incomplete searc hes, then w e rep eat the en tire

computation describ ed ab o v e. Otherwise, w e ha v e

completed all the searc hes of S in the tree

^

T . The



next lemma establishes the probabilit y that all the

searc hes in S can b e routed through C in O (log

h

n )

comm unication rounds (whic h, of course, is what w e

desire).

Lemma 3.2: All the searc hes in S can b e routed

through C in ( c + 1) d log

h

n e comm unication rounds

with probabilit y at least 1 � 1 =n

ch= 4 log h

, for an y

constan t c � 2 .

Pro of: Our pro of is an adaptation of argumen ts

used to justify h yp ercub e pac k et routing strategies [35 ]

to our BSP proto col on the searc h net w ork C . Let

^

C

denote the compression of C implicitly de�ned b y the

assignmen t of no des in C to pro cessors. That is, let

eac h no de ^v in

^

C corresp ond to h no des in a C ( v ) that

w ere all assigned to the same pro cessor. Note that,

ev en with this compression, once t w o searc h paths

separate in

^

C they do not rejoin. Fix a particular

searc h item s

i

2 S and let �

i

= ( e

1

; e

2

; : : : ; e

k

) denote

the searc h path in

^

C for s

i

, where k = b (log

h

n ) = 4 c .

Let d

i

denote the total n um b er of rounds that s

i

is

dela y ed during its routing through

^

C . F urther let S

i

denote the set of all searc hes in S whose searc h path

passes through at least one of the edges in �

i

. Because

of our BSP proto col for routing searc hes through

^

C ,

d

i

� j S

i

j =h . Let H

i;j

denote the indicator random

v ariable that is 1 if and only if the path for searc h

s

j

passes through at least one edge in �

i

, and is 0

otherwise. Th us, j S

i

j =

P

n

j =1

H

i;j

. F or eac h edge e

l

in �

i

, let N ( e

l

) denote the n um b er of searc hes in S

i

that pass through e

l

. Of course,

n

X

j =1

H

i;j

�

k

X

l =1

N ( e

l

);

hence,

E

2

4

n

X

j =1

H

i;j

3

5

�

k

X

l =1

E [ N ( e

l

)] :

Moreo v er, if C w as constructed correctly , then

E [ N ( e

l

)] � h=� � h= 4 for eac h e

l

in �

i

, b ecause of

our initial random p erm utation step in the routing al-

gorithm. This implies that

E

2

4

n

X

j =1

H

i;j

3

5

�

k h

4

:

Th us, w e can apply a Cherno� b ound (e.g., see [35 ],

p. 72) to deriv e the follo wing b ound:

Pr ( d

i

> c log

h

n ) � Pr ( j S

i

j > ch log

h

n )

� Pr

0

@

n

X

j =1

H

i;j

> 4 c ( k h= 4)

1

A

� 2

� ck h

� 2

� ch (log

h

n ) = 4

= n

� ch= 4 log

2

h

;

pro vided c � 2. This establishes the lemma.

Ev en though this lemma implies a high probabilit y

b ound for routing the searc hes in S through

^

T , it is

not su�cien t to imply a high probabilit y b ound for

our en tire computation. Since it dep ends up on the

size of the problem b eing solv ed, the probabilit y of

Lemma 3.2 degrades as w e recursiv ely solv e searc hes

using the approac h of Section 3.2. In the end it only

implies that the running time of routing the searc hes

in S is exp e cte d to b e O (log

h

n ). F ortunately , there is

a simple w a y to b o ost this probabilit y bac k to a high

probabilit y b ound.

3.5 Impro ving the Success Probabilit y via

F ailure Sw eeping. In the full v ersion w e sho w ho w

to apply a generalized v ersion of the failure sw eeping

paradigm [25 , 32 ] to impro v e the probabilit y of success

for routing all the searc hes in S through T in O (log

h

n )

comm unication rounds to b e at least 1 � 1 =n

c

for an y

constan t c � 1. The main idea b ehind this tec hnique

is to terminate recursiv e calls that go to o long, and

then replicate eac h of these \unluc ky" subproblems

at least O (log n ) times and apply our exp ected-time

computation on eac h of these subproblems (but no w

without an y failure sw eeping in the recursiv e calls).

W e can sho w inductiv ely , that the n um b er of suc h sub-

problems is small with high probabilit y; hence, w e will

ha v e enough resources to solv e all the replicated sub-

problems sim ultaneously . Since one of the copies of

eac h subproblem returns after O (log

h

n ) comm unica-

tion rounds, with high probabilit y , w e can establish

the follo wing:

Theorem 3.1: Giv en an balanced binary searc h tree

T , and a set S of searc hes de�ned for T , one can

sim ultaneously p erform the searc hes in S on T in a

BSP computer using O (log

h

n ) comm unication rounds,

with probabilit y 1 � 1 =n

c

for an y constan t c � 1 , where

n = j S j + j T j and h = d n=p e + 1 . The com bined

running time is O (( n log n ) =p + ( L + g ( n=p )) log

h

n ) ,

with probabilit y 1 � 1 =n

c

for an y constan t c � 1 .

There are a n um b er of immediate applications of

this problem to problems in computational geometry ,

suc h as searc hing in arrangemen ts, 2D-all-nearest-

neigh b or searc hing, and 3D-maxima, whic h w e explore

in the full v ersion of this pap er. W e describ e here



a no v el application to the 3-dimensional con v ex h ull

problem.

4 BSP Con v ex Hull Construction.

Let S b e a set of n p oin ts in I R

3

. The c onvex hul l

of S is the p olytop e de�ned b y the smallest con v ex

set con taining all the p oin ts of S . The con v ex h ull

problem, then, is to construct a represen tation of this

p olytop e. In this section w e sho w ho w to construct the

con v ex h ull of S in the BSP mo del.

4.1 2-dimensional con v ex h ull construction.

W e b egin b y giving a deterministic algorithm for 2-

dimensional con v ex h ulls that uses O (log

h

n ) com-

m unication rounds and com bined running time of

O (( n log n ) =p + ( L + g h ) log

h

n ), for h = d n=p e + 1.

Our metho d is a BSP adaptation of the EREW PRAM

algorithm of Miller and Stout [34 ].

W e b egin b y sorting the input p oin ts b y their

x -co ordinates. This can b e done in O (log

h

n ) com-

m unication rounds and com bined running time of

O (( n log n ) =p + ( L + g h ) log

h

n ), using the BSP sorting

algorithm of the author [26 ]. Without loss of gener-

alit y , w e concen trate on the problem of computing an

upp er h ull, i.e., those edges whose normals ha v e p os-

itiv e second comp onen ts. W e pro ceed as follo ws:

1. If all the input p oin ts are con tained on a single

pro cessor, compute the upp er h ull using an y

e�cien t sequen tial metho d (e.g., see [22 , 36 , 38 ]).

Let us therefore assume for the remainder of this

algorithm that n > h .

2. Divide the input in to O ( n

1 = 4

) con tiguous groups

of size O ( n

3 = 4

) eac h, and recursiv ely �nd the

upp er h ull of eac h set.

3. A tallah and Go o dric h [10 ] and Dadoun and Kirk-

patric k [16 ] describ e CREW PRAM metho ds for

�nding upp er common tangen ts b et w een t w o up-

p er h ulls in O (1) time using O ( n

�

) pro cessors,

for an y constan t � > 0. Let us apply a straigh t-

forw ard BSP sim ulation of one of these meth-

o ds to �nd the common upp er tangen ts b et w een

eac h pair of upp er tangen ts. The total n um b er

of comm unication rounds is O (log

h

n ) to imple-

men t this sim ulation.

4. F or eac h group i compute the maxim um-slop e

tangen t line t

r

to groups j > i and the minim um-

slop e tangen t line t

l

to groups j < i . If these t w o

tangen ts cross, then no p oin ts of h ull i are on the

upp er h ull. Otherwise, all the v ertices (inclusiv e)

on the upp er h ull i b et w een the tangen t p oin ts

for t

l

and t

r

, resp ectiv ely , are on the upp er h ull.

5. P erform a parallel pre�x computation to com-

press together all the p oin ts on the upp er h ull.

After the prepro cessing sorting step this metho d

will �nd the upp er h ull of the input set of p oin ts in

a n um b er of comm unication rounds b ounded b y the

recurrence relation

T ( n ) = T ( n

3 = 4

) + O (log

h

n ) ;

whic h implies that T ( n ) is O (log

h

n ). Th us, w e can

compute the con v ex h ull of n p oin ts in the plane in

O (log

h

n ) comm unication rounds and O (( n log n ) =p )

in ternal computation time on a p -pro cessor BSP com-

puter.

4.2 3-dimensional con v ex h ull construction.

Our metho d for 3-dimensional con v ex h ulls is based

up on using our m ulti-searc hing metho d to adapt the

EREW PRAM algorithm of Amato et al. [4] to the

BSP mo del. An outline of our algorithm is as follo ws:

1. Dualize the p oin ts in S to n planes in I R

3

,

thereb y con v erting the con v ex h ull problem to

that of determining the in tersection p olytop e P

of n halfspaces determined b y these planes and

the origin.

2. Select a random sample S

0

� S of size n

�

of

the halfspaces and construct their in tersection

p olytop e P

0

b y \brute force," where � > 0 is a

suitably-small constan t.

3. T riangulate the faces of P

0

and form a trian-

gular \cones" for eac h using the origin as ap ex

(thereb y constructing a simplicial cell complex

Chazelle refers to as the ge o de [14 ]).

4. Construct a searc h tree T for this geo de suc h

that eac h leaf of T iden ti�es for a plane h all the

cells of the geo de that h crosses.

5. P erform the m ulti-searc h of T using all the planes

dual to p oin ts in S as queries.

6. F or eac h tetrahedron � in the geo de, �nd the 2-

dimensional con tour of the in tersection b et w een

the b oundary of � and the �nal in tersection

p olytop e P using our 2-dimensional con v ex h ull

algorithm.

7. Use the \pruning" strategy of Amato et al. [4]

to eliminate from eac h subproblem determined

b y a tetrahedron � those halfspaces that cannot

con tribute an y v ertex to P inside � , using the 2-

dimensional con tours on the b oundary of � . This

also reduces the total problem size to b e O ( n ).



8. Recurse on eac h tetrahedron � in the geo de.

In the full v ersion w e describ e ho w to implemen t

eac h of the ab o v e steps in O (log

h

n ) comm unication

rounds, with high probabilit y . This implies that the

exp ected running time of the algorithm satis�es the

recurrence equation

T ( n ) � T ( n

1 � �

) + O (log

h

n ) ;

whic h implies that the exp ected v alue of T ( n ) is

O (log

h

n ). Moreo v er, in the full v ersion w e sho w that

w e can again apply failure sw eeping to this exp ectation

to deriv e the follo wing theorem:

Theorem 4.1: Giv en a set S of n p oin ts in I R

3

, one

can construct the con v ex h ull of S in O (log

h

n ) com-

m unication rounds and com bined exp ected running

time of O (( n log n ) =p + ( L + g ( n=p )) log

h

n ) in the BSP

mo del, with probabilit y 1 � 1 =n

c

for an y constan t c � 1 ,

for h = d n=p e + 1 .

Inciden tally , when p = n= 2 this result implies

the �rst O (log n )-time optimal-w ork EREW PRAM

metho d for 3-dimensional con v ex h ulls, whic h, with

high probabilit y , impro v es the time b ounds, w ork

b ounds, or mo del assumptions of sev eral previous

metho ds [4 , 5, 39 , 42 ].

5 Conclusion.

W e ha v e giv en a general algorithm for m ulti-searc hing

in the BSP framew ork and giv en examples of ho w

this metho d can b e used to deriv e fully-scalable w ork-

optimal parallel metho ds for sev eral computational

geometry problems, including 3-dimensional con v ex

h ull construction. Our framew ork is based up on

satisfying a set of searc hes de�ned for a binary searc h

tree T . There are a n um b er of additional applications

in parallel computational geometry that dep end up on

m ulti-searc hing directed acyclic searc h graphs (e.g.,

see [8, 23 ]). Th us, a p ossible direction for future w ork

w ould b e to extend our results to searc h dags.

Ac kno wledgemen ts. W e w ould lik e to thank Mikhail

A tallah for sev eral helpful commen ts regarding the

m ulti-searc hing problem, and w e w ould also lik e to

thank Sandeep Sen for sev eral helpful e-mail commen ts

concerning this problem as w ell.

References

[1] A. Aggarw al, A. K. Chandra, and M. Snir. Com-

m unication complexit y of PRAMs. The or etic al Com-

puter Scienc e , 71:3{28, 1990.

[2] A. Aggarw al, B. Chazelle, L. Guibas, C.

�

O'D � unlaing,

and C. Y ap. P arallel computational geometry . A l-

gorithmic a , 3:293{327, 1988.

[3] S. G. Akl and K. A. Ly ons. Par al lel Computational

Ge ometry . Pren tice-Hall, 1993.

[4] N. M. Amato, M. T. Go o dric h, and E. A. Ramos.

P arallel algorithms for higher-dimensional con v ex

h ulls. In Pr o c. 35th A nnu. IEEE Symp os. F ound.

Comput. Sci. , pages 683{694, 1994.

[5] N. M. Amato and F. P . Preparata. The parallel 3D

con v ex h ull problem revisited. Internat. J. Comput.

Ge om. Appl. , 2(2):163{173, 1992.

[6] M. J. A tallah. P arallel tec hniques for computational

geometry . Pr o c. IEEE , 80(9):1435{1448, Sept. 1992.

[7] M. J. A tallah, R. Cole, and M. T. Go o dric h. Cas-

cading divide-and-conquer: A tec hnique for designing

parallel algorithms. SIAM J. Comput. , 18:499{532,

1989.

[8] M. J. A tallah, F. Dehne, R. Miller, A. Rau-Chaplin,

and J.-J. Tsa y . Multisearc h tec hniques for imple-

men ting data structures on a mesh-connected com-

puter. In Pr o c. A CM Symp os. Par al lel A lgorithms

A r chite ct. (SP AA) , pages 204{214, 1991.

[9] M. J. A tallah and A. F abri. On the m ultisearc hing

problem for h yp ercub es. Researc h Rep ort 1990,

INRIA, BP93, 06902 Sophia-An tip olis, F rance, June

1993.

[10] M. J. A tallah and M. T. Go o dric h. P arallel al-

gorithms for some functions of t w o con v ex p olygons.

A lgorithmic a , 3:535{548, 1988.

[11] A. B• aumk er, W. Dittric h, and F. Mey er auf der

Heide. T ruly e�cien t parallel algorithms: 1-optimal

m ultisearc h for an extension of the BSP mo del. In

Pr o c. 3r d Eur op e an Symp osium on A lgorithms (ESA) ,

pages 17{30, 1995.

[12] A. B• aumk er, W. Dittric h, and A. Pietracaprina. The

deterministic complexit y of parallel m ultisearc h. In

Pr o c. 1996 Sc adanavian Workshop on A lgorithmic

The ory , page to app ear, 1996.

[13] G. Bilardi and F. P . Preparata. Lo w er b ounds to

pro cessor-time tradeo�s under b ounded-sp eed mes-

sage propagation. In Pr o c. 4th International Work-

shop on A lgorithms and Data Structur es (W ADS),

LNCS 955 , pages 1{12. Springer-V erlag, 1995.

[14] B. Chazelle. An optimal con v ex h ull algorithm in an y

�xed dimension. Discr ete Comput. Ge om. , 10:377{

409, 1993.

[15] D. E. Culler, R. M. Karp, D. A. P atterson, A. Saha y ,

K. E. Sc hauser, E. San tos, R. Subramonian, and

T. v on Eic k en. LogP: T o w ards a realistic mo del of

parallel computation. In Pr o c. 4th A CM SIGPLAN

Symp. on Princ. and Pr actic e of Par al lel Pr o gr am-

ming , pages 1{12, 1993.

[16] N. Dadoun and D. G. Kirkpatric k. Optimal parallel

algorithms for con v ex p olygon separation. T ec hnical

Rep ort 89-21, Dept. of Computer Science, Univ. of

British Colum bia, 1989.

[17] F. Dehne, X. Deng, P . Dymond, A. F abri, and A. A.



Khokhar. A randomized parallel 3D con v ex h ull

algorithm for course grained m ulticomputers. In

Pr o c. 7th A CM Symp. on Par al lel A lgorithms and

A r chite ctur es , pages 27{33, 1995.

[18] F. Dehne, A. F abri, and A. Rau-Chaplin. Scalable

parallel geometric algorithms for coarse grained m ul-

ticomputers. In Pr o c. 9th A nnu. A CM Symp os. Com-

put. Ge om. , pages 298{307, 1993.

[19] F. Dehne, C. Ken y on, and A. F abri. Scalable and ar-

c hitecture indep enden t parallel geometric algorithms

with high probabilit y optimal time. In Pr o c. 6th

IEEE Symp. on Par al lel and Distribute d Pr o c essing

(SPDP) , pages 586{593, 1994.

[20] X. Deng. A con v ex h ull algorithm on course-grained

m ulticomputer. In Pr o c. 5th A nnu. Internat. Symp os.

A lgorithms Comput. (ISAA C 94) , pages 634{642,

1994.

[21] O. Devillers and A. F abri. Scalable algorithms for

bic hromatic line segmen t in tersection problems on

coarse grained m ulticomputers. In Pr o c. 3r d Work-

shop A lgorithms Data Struct. , v olume 709 of L e ctur e

Notes in Computer Scienc e , pages 277{288, 1993.

[22] H. Edelsbrunner. A lgorithms in Combinatorial Ge o-

metry , v olume 10 of EA TCS Mono gr aphs on The or et-

ic al Computer Scienc e . Springer-V erlag, Heidelb erg,

W est German y , 1987.

[23] A. Gerb essiotis and C. Siniolakis. Comm unication

e�cien t data structures on the bsp mo del with ap-

plications in computational geometry . In Pr o c e e dings

of EUR OP AR'96 , August 1996.

[24] A. V. Gerb essiotis and L. G. V alian t. Direct bulk-

sync hronous parallel algorithms. J. of Par al lel and

Distribute d Computing , 22:251{267, 1994.

[25] M. Ghouse and M. T. Go o dric h. In-place tec hniques

for parallel con v ex h ull algorithms. In Pr o c. 3r d A CM

Symp os. Par al lel A lgorithms A r chite ct. , pages 192{

203, 1991.

[26] M. T. Go o dric h. Comm unication-e�cien t parallel

sorting. T ec hnical Rep ort, Dept. of Computer Sci-

ence, Johns Hopkins Univ erist y , 1995.

[27] T. Hagerup. F ast parallel generation of random

p erm utations. In A nnual International Col lo quium

on A utomata, L anguages and Pr o gr amming, LNCS

510 , pages 405{416. Springer-V erlag, 1991.

[28] J. J� aJ� a. A n Intr o duction to Par al lel A lgorithms .

Addison-W esley , Reading, Mass., 1992.

[29] R. M. Karp, A. Saha y , E. San tos, and K. E. Sc hauser.

Optimal broadcast and summation in the LogP

mo del. In Pr o c. 5th A CM Symp. on Par al lel A l-

gorithms and A r chite ctur es , pages 142{153, 1993.

[30] C. Krusk al, L. Rudolph, and M. Snir. A complexit y

theory of e�cien t parallel algorithms. The or etic al

Computer Scienc e , 71:95{132, 1990.

[31] Y. Mansour, N. Nisan, and U. Vishkin. T rade-

o�s b et w een comm unication throughput and parallel

time. In Pr o c. 26th A CM Symp osium on The ory of

Computing (STOC) , pages 372{381, 1994.

[32] Y. Matias and U. Vishkin. Con v erting high probab-

ilit y in to nearly-constan t time|with applications to

parallel hashing. In 23r d A CM Symp. on The ory of

Computing , pages 307{316, 1991.

[33] K. Mehlhorn and U. Vishkin. Randomized and de-

terministic sim ulations of PRAMs b y parallel ma-

c hines with restricted gran ularit y of parallel memor-

ies. A cta Informatic a , 9(1):29{59, 1984.

[34] R. Miller and Q. F. Stout. E�cien t parallel con-

v ex h ull algorithms. IEEE T r ans. Comput. , C-

37(12):1605{1618, 1988.

[35] R. Mot w ani and P . Ragha v an. R andomize d A l-

gorithms . Cam bridge Univ ersit y Press, New Y ork,

1995.

[36] J. O'Rourk e. Computational Ge ometry in C . Cam-

bridge Univ ersit y Press, 1994.

[37] C. P apadimitriou and M. Y annak akis. T o w ards

an arc hitecture-indep enden t analysis of parallel al-

gorithms. Pr o c. 20th A CM Symp. The ory Comp.

(STOC) , pages 510{513, 1988.

[38] F. P . Preparata and M. I. Shamos. Computational

Ge ometry: A n Intr o duction . Springer-V erlag, New

Y ork, NY, 1985.

[39] J. Reif and S. Sen. Optimal parallel randomized

algorithms for three-dimensional con v ex h ulls and

related problems. SIAM J. Comput. , 21(3):466{485,

1992.

[40] J. H. Reif. An optimal parallel algorithm for in teger

sorting. In Pr o c. 26th A nnu. IEEE Symp os. F ound.

Comput. Sci. , pages 496{504, 1985.

[41] J. H. Reif. Synthesis of Par al lel A lgorithms . Morgan

Kaufmann Publishers, Inc., San Mateo, CA, 1993.

[42] J. H. Reif and S. Sen. Erratum: Optimal parallel

randomized algorithms for three-dimensional con v ex

h ulls and related problems. SIAM J. Computing ,

23(2):447{448, 1994.

[43] J. H. Reif and S. Sen. Randomized algorithms for

binary searc h and load balancing on �xed connection

net w orks with geometric applications. SIAM J. Com-

puting , 23(3):633{651, 1994.

[44] L. G. V alian t. A bridging mo del for parallel compu-

tation. Comm. A CM , 33:103{111, 1990.

[45] L. G. V alian t. General purp ose parallel arc hitectures.

In J. v an Leeu w en, editor, Handb o ok of The or etic al

Computer Scienc e , pages 943{972. Elsevier/The MIT

Press, Amsterdam, 1990.


