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Abstract

W e pro vide O ( n )-time algorithms for constructing the follo w-

ing t yp es of dra wings of n -v ertex 3-connected planar graphs:

� 2D con v ex grid dra wings with (3 n ) � (3 n= 2) area under the

edge L

1

-resolution rule;

� 2D strictly con v ex grid dra wings with O ( n

3

) � O ( n

3

) area

under the edge resolution rule;

� 2D strictly con v ex dra wings with O (1) � O ( n ) area under

the v ertex-resol utio n rule, and with v ertex co ordinate s rep-

resen ted b y O ( n log n )-bit rational n um b ers;

� 3D con v ex dra wings with O (1) � O (1) � O ( n ) v olume un-

der the v ertex-resolu tio n rule, and with v ertex co ordinates

represen ted b y O ( n log n )-bit rational n um b ers.

W e also sho w the follo wing lo w er b ounds:

� F or in�nitely man y n -v ertex graphs G , if G has a straigh t-

line 2D con v ex dra wing in a w � h grid satisfying the edge

L

1

-resolution rule then w ; h � 5 n= 6 + 
(1) and w + h �

8 n= 3 + 
(1).

� F or in�nitely man y b ounded-de gre e triconnected planar

graphs G with n v ertices, an y 3D con v ex dra wing of G m ust

ha v e v olume 2


( n )

under the angular resolution rule.

1 In tro duction and Ov erview

The researc h area of graph dra wing is concerned

with metho ds for automatically displa ying a graph

G so as to accen t fundamen tal prop erties of G , while

also optimizing imp ortan t aesthetic qualities of the

dra wing, suc h as its size. It is a researc h area that

com bines computational geometry and graph theory

to study in teresting theoretical questions concerning
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algorithms for dra wing graphs, as w ell as trade-o�s

for v arious geometric optimization criteria. Graph

dra wing algorithms ha v e signi�can t practical appli-

cations in computer graphics, soft w are engineering,

and databases.

In this pap er, w e in v estigate a classical geomet-

ric prop ert y in dra wings of graphs: c onvexity . A 2D

c onvex dr awing (see Fig. 1.a) is a planar straigh t-line

dra wing suc h that eac h face is a con v ex p olygon. A

2D strictly c onvex dr awing (see Fig. 1.b) is a pla-

nar straigh t-line dra wing suc h that eac h face is a

strictly con v ex p olygon. A 3D c onvex dr awing (see

Fig. 1.c) is a realization of the graph b y the sk ele-

ton of a 3D con v ex p olytop e. Con v ex dra wings are

imp ortan t in visualization applications b ecause of

their aesthetic app eal. They ha v e in trigued mathe-

maticians for more than a cen tury , with early w ork

on the sub ject b y Maxw ell [40 ], Steinitz [47 ], and

T utte [50 , 51 ].

Our w ork aims at c haracterizing the area/v olume

requiremen t of 2D/3D con v ex dra wings. Of course,

sp ecifying a 2D area or a 3D v olume b ound b egs the

question of ho w this is to b e measured, since one

could reduce dra wing dimensions b y scaling. In or-

der to prev en t it, w e will imp ose b ounds on the min-

im um distances b et w een v ertices and (noninciden t)

edges. W e de�ne the follo wing resolution measures:

vertex r esolution: minim um distance b et w een v er-

tices;

e dge r esolution: minim um distance b et w een an edge

and a non-inciden t edge or v ertex;

angular r esolution: minim um angle b et w een t w o

edges inciden t at the same v ertex.

In the ab o v e de�nition w e assume that the dis-

tance is measured with the Euclidean metric L

2

. F or

grid dra wings it is con v enien t to use the L

1

metric

instead of L

2

. In that case, w e will use the term

L

1

-r esolution to indicate that w e use L

1

metric.

With eac h of the ab o v e measures, w e asso ciate

the corresp onding r esolution rule . W e will restrict

our atten tion in this pap er to straigh t-line dra wings

that are dra wn so as to ac hiev e one of the follo w-

ing rules: The vertex (e dge) r esolution rule is that

the v ertex (edge) resolution is at least one. The



angular r esolution rule states that the v ertex reso-

lution is v eri�ed, and that the angular resolution is

at least � ( d ), where � ( d ) is a prede�ned function of

the maxim um degree of the graph.

The resolution rules mak e it p ossible to assign

a meaningful measure to the area of the dra wing.

The three rules are motiv ated b y the resp ectiv e aes-

thetic desires that eac h v ertex b e distinguished from

ev ery other v ertex, that eac h v ertex b e distinguished

from eac h non-inciden t edge, and that eac h edge in-

ciden t up on the same v ertex b e distinguished from

its neigh b ors. Note that the v ertex resolution rule

is strictly w eak er than requiring a grid dr awing (in-

teger co ordinates for the v ertices). Ho w ev er, the

edge-resolution and angular-resolution rules can b e

either more or less restrictiv e than grid dra wing re-

quiremen t, dep ending on the dra wing.

(b)

(c)

(a)

Figure 1: Con v ex dra wings of a triconnected pla-

nar graph: (a) 2D con v ex dra wing; (b) 2D strictly

con v ex dra wing; (c) 3D con v ex dra wing.

1.1 Previous Related W ork

In this section, w e o v erview previous related w ork on

dra wings of graphs, with sp ecial atten tion to their

area, v olume, and con v exit y requiremen ts. When

measuring the area (v olume) of a dra wing, w e con-

sider the smallest axis-parallel b o x co v ering the

dra wing, and often use the notation a � b ( a � b � c ),

referring to the length of the sides of the b o x. The

area/v olume requiremen t is a�ected b y the t yp e of

resolution rule adopted for prev en ting v ertices and

edges to b e placed arbitrarily close to one another.

2D Dra wings. Straigh t line dra wings of planar

graphs are a classic topic in Mathematics, b oth in

the plane [22 , 46 , 50 , 51 ] and in 3-dimensions [26 ,

47]. Unfortunately , when translated in to algorithms

the pro ofs to these classic theorems pro duce dra w-

ings with p o or resolution c haracteristics. Th us, re-

cen t atten tion has turned to area-e�cien t sc hemes

for straigh t-line planar graph dra wings, with the

�rst breakthrough coming from de F ra ysseix, P ac h,

and P ollac k [14 , 15], who sho w that an y planar tri-

angulation can b e dra wn as a straigh t line em b ed-

ding in an O ( n ) � O ( n ) in teger grid. Moreo v er,

Chrobak and P a yne [8] sho w that the approac h of

de F ra ysseix et al. can b e implemen ted in O ( n ) time.

Using a di�eren t and quite elegan t approac h, Sc hn y-

der [44 ] giv es an alternate linear-time sc heme for

pro ducing an O ( n ) � O ( n ) in teger grid dra wing of a

triangulated planar graph, whose edge resolution is

O (1 =n ). Since then, sev eral researc hers ha v e w ork ed

on extending and tigh tening these results in the in-

teger grid mo del [6 , 7, 34]. W e will refer to the

metho d from [14 , 15, 8], as the shift metho d , as it

w orks b y successiv ely adding v ertices to the dra w-

ing and shifting horizon tally parts of the existing

dra wing.

Sev eral researc hers ha v e also considered trade-

o�s in v olving the angular resolution (e.g., see [23 ,

24, 39]). F or example, Garg and T amassia [24 ]

sho w that the problem of dra wing a �xed-degree 3-

connected planar graph under angular resolution in

R

2

requires exp onen tial area. In addition, Di Bat-

tista, T amassia, and T ollis [17 ] pro v e an in terest-

ing lo w er b ound, whic h holds under an y \reason-

able" �nite-resolution rule, that there exist an in�-

nite family of planar acyclic digraphs suc h that for

an y digraph G in the class, an y up w ard (i.e., with

all edges \p oin ting up") planar straigh t-line dra w-

ing of G requires exp onen tial area. Our form ulation

of the ab o v e resolution rules for 3D graph dra wing

extends these resolution notions.

2D Con v ex Dra wings. T utte [50 , 51 ] sho ws that

ev ery triconnected planar graph admits a 2D strictly

con v ex dra wing, and that a 2D strictly con v ex dra w-

ing can b e constructed b y solving a certain sparse

system of linear equations. Eades and Garv an [20 ]

sho w that the dra wings pro duced b y T utte's metho d

ha v e exp onen tial area in the w orst-case, under the

v ertex resolution rule.

Com binatorial c haracterizations of the graphs

that admit 2D con v ex and strictly con v ex dra w-

ings are giv en b y T utte [50 , 51], Thomassen [48 , 49],

Chiba, Y amanouc hi, and Nishizeki [5 ], and Di Bat-

tista, T amassia, and Vismara [18 ]. Linear time

algorithms for constructing 2D con v ex dra wings

with real-v alued co ordinates are pro vided in [5 ].

This w ork is extended b y Chiba, Onoguc hi, and

Nishizeki [4 ] to construct 2D \quasi con v ex" dra w-



ings for planar graphs that do not admit 2D con v ex

dra wings. Bec k er, Hotz and Osthof [2 , 3 ] extend the

notion of con v ex dra wing to nonplanar graphs, and

generalize some results of T utte.

Kan t [34 , 33 ] presen ts a linear time algorithm for

constructing 2D con v ex dra wings with in teger co or-

dinates and (2 n � 4) � ( n � 2) area. Chrobak and

Kan t [6] and, indep enden tly , Sc hn yder and T rotter

[45 ] reduce the grid size to ( n � 2) � ( n � 2). Lin and

Skiena [35 ] (see also [1]) sho w that strictly con v ex

dra wings ma y require area 
( n

3

), since a strictly

con v ex dra wing of an n -v ertex cycle requires suc h

area. An on-line algorithm that tests whether a pla-

nar graph admits a 2D (strictly-) con v ex dra wing in

a dynamic en vironmen t where v ertices and edges are

incremen tally inserted is giv en in [18 ].

3D Dra wings. Due to the inheren t \
at" nature

of pap er and most displa y hardw are, it should come

as no surprise that the v ast ma jorit y of previous

graph dra wing researc h has fo cused on 2D dra w-

ings (e.g., see [16 ]). But recen t adv ances in 3-

dimensional visualization hardw are ha v e made 3D

dra wings tec hnically feasible, and a handful of re-

searc hers (and �lm mak ers

1

) ha v e b egun to explore

the p ossibilities of displa ying graphs using this new

tec hnology [9 , 13, 20, 21 , 27 , 32 , 36 , 42, 43].

3D Con v ex Dra wings. The w ell-kno wn Steinitz's

theorem sa ys that a graph admits a 3D con v ex dra w-

ing if and only if it is planar and triconnected [47 ]

(see also Gr • un baum [26 ]), prop erties that can b e

v eri�ed in linear time (see, e.g., [29 , 30 ]). In ter-

estingly , it is a easy exercise to deriv e from the

published pro ofs of Steinitz's theorem a cubic-time

metho d for constructing 3D con v ex dra wings in the

real-RAM mo del [41 ]. Unfortunately , this approac h

seems to require at least exp onen tial v olume and an

exp onen tial n um b er of bits to implem en t.

Maxw ell [40 ] (see also [10 , 12, 52]) describ es a

mapping that transforms a 2D con v ex dra wings with

a certain \equilibrium prop ert y" in to a 3D con v ex

dra wing. F urther results on this transformation are

giv en b y Hop croft and Kahn [31 ]. Eades and Gar-

v an [20 ] sho w ho w to construct 3D con v ex dra wings

b y com bining the ab o v e transformation with the 2D-

dra wing metho d of T utte [50 , 51]. They also sho w

that their dra wings ha v e exp onen tial v olume in the

w orst case. Smith (see [28 ]) claims a p olynomial -

time algorithm for constructing a 3D con v ex dra w-

ing inscrib ed in a sphere, with v ertex co ordinates

represen ted b y O ( n log n )-bit n um b ers, if a graph

1

An imp ortan t plot elemen t in the mo vie Jur assic Park

in v olv es a 3D virtual-reali t y tra v ersal of a tree represen tin g

a Unix �le system.

is kno wn to b e inscribable (whic h can b e tested in

linear time, e.g., for planar triangulations, due to

a result of Dillencourt and Smith [19 ]). Das and

Go o dric h [13] presen t a linear-time algorithm for

constructing a 3D con v ex dra wing of a maxima l pla-

nar graph suc h that the v ertex co ordinates are ra-

tional n um b ers that can b e represen ted with a p oly-

nomial n um b er of bits.

1.2 New Results

Let G b e a triconnected planar graph with n v er-

tices. W e pro vide e�cien t algorithms for construct-

ing the follo wing t yp es of dra wings of G :

� a 2D con v ex grid dra wing of G with (3 n ) � (3 n= 2)

area under the edge L

1

-resolution rule in linear time

(previous metho ds ac hiev ed 
( n

2

� n

2

) area);

� a 2D strictly con v ex grid dra wing of G with

O ( n

3

) � O ( n

3

) area under the edge resolution rule

in linear time (it w as not previously kno wn ho w to

ac hiev e p olynomial area);

� a 2D strictly con v ex dra wing of G with O (1) � O ( n )

area under the v ertex resolution rule, and with v er-

tex co ordinates represen ted b y O ( n log n )-bit ra-

tional n um b ers in O ( n

1 : 2

) time (previous metho ds

ac hiev ed 
( n � n ) area);

� a 3D con v ex dra wing of G with O (1) � O (1) � O ( n )

v olume under the v ertex resolution rule, and with

v ertex co ordinates represen ted b y O ( n log n )-bit ra-

tional n um b ers in O ( n

1 : 2

) time (it w as not previ-

ously kno wn ho w to ac hiev e p olynomial v olume).

W e also sho w the follo wing lo w er b ounds on the

area/v olume of 2D/3D con v ex dra wings under the

edge/angular resolution rule:

� F or in�nitely man y n -v ertex graphs G , if G has a

straigh t-line dra wing in a w � h grid satisfying the

edge L

1

-resolution rule then w ; h � 5 n= 6 + 
(1) and

w + h � 8 n= 3 + 
(1) (previously it w as kno wn that

w ; h � 2 n= 3).

� F or in�nitely man y b ounded-degree triconnected

planar graphs G with n v ertices, an y 3D con v ex

dra wing of G m ust ha v e v olume 2


( n )

under the

angular resolution rule (no non trivial lo w er b ound

w as previously kno wn).

In the sections that follo w w e outline the main

ideas b ehind eac h of the ab o v e results.

2 2D Con v ex Dra wings

W e b egin with our results in v olving 2-dimensional

con v ex dra wings.



2.1 Impro ving Resolution for 2D

Con v ex Dra wings

Previous metho ds for straigh t-line dra wings of pla-

nar graphs [8 , 14 , 15 , 44] use grids of size (2 n � 4) �

( n � 2) or ( n � 1) � ( n � 1), and their v ertex resolu-

tion is, ob viously , at least one. Ho w ev er, their edge

resolution for some graphs is only O (1 =n ), and un-

der the edge resolution rule they ma y require area

as large as 
( n

4

).

In this section w e sho w that further impro v e-

men t of the aestheticit y of straigh t-line dra wings of

planar graphs is p ossible, b y pro viding a new grid

dra wing algorithm that uses a (3 n � 7) � (3 n � 7) = 2

grid, and th us only quadratic area, under the edge

L

1

-resolution rule. W e �nd it in teresting, that b y

increasing the grid size b y a small constan t factor,

w e can increase the edge resolution b y an order of

magnitude.

W e use the concept of a canonical decomp osi-

tion, as in tro duced b y Kan t [33 , 34] whic h general-

izes canonical orderings de�ned b y de F ra ysseix et

al. [14 , 15 ] for triangulated graphs.

Canonical Decomp ositions. Let G b e an arbi-

trary , n -v ertex, 3-connected plane graph and ( v

1

; v

2

)

an edge on the external face of G . Let � =

( V

1

; : : : ; V

m

) b e a partition of V . By G

k

w e denote

the subgraph of G induced b y V

k

[ ::: [ V

m

, and b y

C

k

w e denote the external face of G

k

. W e sa y that �

is a c anonic al de c omp osition of G with b ottom e dge

( v

1

; v

2

) if it satis�es the follo wing conditions:

C.1. C

m

is a face of G , and eac h C

k

is a cycle con-

taining ( v

1

; v

2

).

C.2. Eac h G

k

is 2-connected and in ternally 3-

connected (that is, remo ving t w o in ternal v ertices

of G

k

do es not disconnect it).

C.3. F or ev ery k = 2 ; : : : ; m � 1, one of the follo wing

conditions holds:

(a) V

k

= f z g , for some z that b elongs to C

k

and

has at least one neigh b or in G � G

k

.

(b) V

k

= ( z

1

; : : : ; z

`

), where eac h z

i

has at least one

neigh b or in G � G

k

, z

1

and z

`

eac h ha v e ex-

actly one neigh b or on C

k +1

, and z

2

; : : : ; z

` � 1

ha v e no neigh b ors in G

k +1

.

If V

k

satis�es Condition C.3.a, w e call it a single-

ton ; if it satis�es Condition C.3.b, w e call it a chain .

By 3-connectivit y of G , V

1

m ust b e a singleton. The

follo wing lemma w as pro v en b y Kan t [33 , 34 ]:

Lemma 2.1: Ev ery 3-connected plane graph has a

canonical decomp osition, and it can b e constructed

in linear time.

Our algorithm, Con v exDra w , will add succes-

siv ely sets V

k

in rev erse order, adjusting the em-

b edding at ev ery step. By f ( v ) w e denote the cur-

ren t p osition of v ertex v on the grid, i.e., f ( v ) =

( x ( v ) ; y ( v )). By f ( u; v ) w e denote the em b edding of

edge ( u; v ), that is, the line segmen t that connects

f ( u ) with f ( v ). With eac h v ertex w w e will asso-

ciate a set of v ertices, U ( w ), that con tains v ertices

that ha v e to b e shifted righ t whenev er w is shifted

righ t. The set U ( w ) c hanges during the execution

of the algorithm. The general idea is that, unlik e

the previous approac hes [14 , 15 , 8, 44], at the time

when a new v ertex is installed w e shift all co v ered

v ertices to the righ t, ensuring that the are far from

noninciden t edges.

W e giv e the details for Con v exDra w in the full

v ersion, pro ving the follo wing theorem.

Theorem 2.2: Algorithm Con v exDra w dra ws con-

v exly ev ery 3-connected planar graph in a (3 n � 7) �

(3 n � 7) = 2 grid, under the edge L

1

-resolution rule,

and it can b e implemen ted in linear time.

Lo w er b ound. What is the minim um grid size

for grid dra wings under the edge resolution rule? It

is kno wn that a grid of size 2 n= 3 � 2 n= 3 ma y b e

necessary for some graphs, ev en if there are no re-

strictions on edge resolution. W e sho w the follo wing

lo w er b ound (the pro of will b e giv en in the full v er-

sion.)

Theorem 2.3: F or eac h n � 1 there exists a plane

graph G

n

on n v ertices suc h that if G

n

is em b edded

in to a w � h grid under the edge L

1

-resolution rule,

then h; w � 5 n= 6 + 
(1) and h + w � 8 n= 3 + 
(1) .

2.2 Strictly Con v ex Dra wings

In this section w e consider strictly c onvex dra wings

of 3-connected planar graphs. W e will sho w, using

the results from the previous section, that a grid of

size O ( n

3

) � O ( n

3

) is su�cien t.

W e assume w e use a grid whose left-b ottom cor-

ner is at (0 ; 0). If f = ( f

x

; f

y

) is a grid em b edding

of a 3-connected planar graph and D a p ositiv e in te-

ger, then D f is an enlargemen t of f with factor D ,

de�ned b y D f ( u ) = ( D f

x

( u ) ; D f

y

( u )). If f is con-

v ex (not necessarily strictly) than a strictly con v ex

dra wing g is called strictly c onvex D -adjustment of

f (or simply a D -adjustmen t) if f ( u ) = D g ( u ) for

all v ertices u at whic h f is strictly con v ex. Note that

f m ust b e strictly con v ex at three or more v ertices

on the external face.

Theorem 2.4: Let f b e a 3 n � 3 n= 2 grid em b ed-

ding of G pro duced b y Algorithm Con v exGridDra w.



Then there exists a D -adjustmen t of f for D = cn

2

,

if c is su�cien tly large. Consequen tly , G has a

strictly con v ex em b edding in to the O ( n

3

) � O ( n

3

)

grid.

Pro of: Let D = cn

2

, for some c large enough. F or

simplicit y , assume �rst that the external face of G is

a triangle; w e will deal with the general case later.

De�ne a str aight se gment to b e a maxim um -length

sequence of consecutiv e v ertices on a face b oundary

suc h that all edges in-b et w een form a straigh t line.

Initially , w e assume g = D f and then w e will p er-

turbate v ertices in the in teriors of straigh t segmen ts

of the faces of G . Note that, b y 3-connectivit y , eac h

v ertex can b elong to only one in terior of a straigh t

segmen t.

Algorithm Con v exDra w pro duces t w o t yp es of

straigh t segmen ts: \b ottom" segmen ts, whose slop e

is either 45

�

or � 45

�

, and \ceilings", whic h are hor-

izon tal segmen ts on the top b oundaries of faces.

These b oundaries of a face F are called c eiling ( F )

and b ottom ( F ). Eac h v ertex on F b elongs to

c eiling ( F ) or b ottom ( F ). W e also ha v e side edges

(left and righ t).

Pic k an arbitrary straigh t segmen t P =

u

0

u

1

: : : u

k

with slop e 45

�

. Let x

i

= f

x

( u

i

) and

de�ne �

i

= ( x

i

� x

0

)( x

k

� x

i

) for all i . F or

i = 1 ; : : : ; k � 1, c hange the y -co ordinates of u

i

to

g

y

( u

i

) := D f

y

( u

i

) � �

i

. Other straigh t segmen ts are

p erturb ed in a similar w a y , alw a ys in the direction

a w a y from the face (v ertically). Note that eac h v er-

tex is shifted b y at most � = n

2

= 4.

Since f satis�es the edge resolution rule, eac h

v ertex is at distance at least 1 from eac h edge. This

distance will b e � cn

2

in g . This implies the cor-

rectness of the em b edding, since no v ertex will cross

an y edge after p erturbation. In the full v ersion w e

sho w also that eac h face is strictly con v ex.

3 3D Con v ex Dra wings

3.1 Stress F unctions

Let G b e a 3-connected planar graph em b edded in

R

2

. Suc h an em b edding is c onvex if ev ery face of G

is con v ex. Let (1 ; 2 ; : : : ; n ) b e a listing of the v er-

tices of G and let p

i

= ( x

i

; y

i

) denote the p oin t in

the plane corresp onding to v ertex i . A str ess func-

tion de�ned on G is an assignmen t of w eigh ts w

i;j

so

that w

i;j

= w

j;i

, for all i 6= j , and w

i;j

= 0 if ( i; j ) is

not an edge in G . A stress function is c onvex if the

w eigh t of eac h in terior edge of G is (strictly) p ositiv e

while the w eigh t of eac h exterior edge is (strictly)

negativ e. A stress function is merely internal ly c on-

vex if the w eigh t of eac h in terior edge is p ositiv e. A

stress function w is at e quilibrium for G if, for all i ,

n

X

j =1

w

i;j

( p

i

� p

j

) = (0 ; 0) (1)

A stress function is at internal e quilibrium if Equa-

tion (1) is guaran teed to hold only for the in ternal

v ertices of G . A stress function w

0

is an external

extension of a function w if w

0

agrees with w on

eac h in ternal edge of G . T utte establishes an in ter-

esting connection b et w een these prop erties of stress

functions and the con v exit y of the em b edding for G :

Theorem 3.1 [51]: Let G b e a 3-connected pla-

nar graph em b edded in R

2

to ha v e a con v ex exter-

nal face. If there exists an in ternally-con v ex stress

function at in ternal equilibrium for G , then the em-

b edding of G is con v ex.

T utte sho ws ho w to use this theorem to dra w

G . His approac h is to em b ed con v exly the external

face of G , de�ne w

i;j

= 1 for eac h in ternal edge of

G , and then solv e the linear system determined b y

the b oundary p oin ts and Equation (1) to determine

the lo cations of all the in ternal v ertices. Unfortu-

nately , for our purp oses, this approac h do es not in

general pro duce nice dra wings, for Eades and Gar-

v an [20 ] sho w that suc h dra wings can require exp o-

nen tial area under the v ertex-resolution rule. Th us,

if w e are to ac hiev e p olynomial area using this ap-

proac h, w e m ust use a more \adaptiv e" approac h.

As a step in this direction w e note the follo wing

useful result of Hop croft and Kahn:

Lemma 3.2 [31]: Let G b e an em b edded planar

graph with triangular external face, and let w b e an

in ternally-con v ex stress at in ternal equilibrium for

G . Then there is an external extension w

0

of w that

is con v ex and at equilibrium for G .

By Equation (1), an external extension w

0

can b e

computed from w in linear time simply b y solving a

linear system de�ned b y the three external v ertices

(for there are only three undetermined v ariables).

3.2 3D Con v ex Dra wings

There is a w ell-kno wn dualit y b et w een con v ex stress

graphs and 3-dimensional con v ex p olyhedra, dat-

ing bac k to Maxw ell [40 ] (see also [10 , 12 , 52 ]). In

this subsection w e review the explicit form ulation of

Hop croft and Kahn [31 ] for this mapping.

Let G b e a con v ex em b edding of a 3-connected

planar graph and let G ha v e a con v ex equilibrium

stress w . With eac h face r in G asso ciate a lin-

ear function f

r

( x; y ) = a

r

x + b

r

y + c

r

. View G



as b eing em b edded in the plane z = 1 and c ho ose

an arbitrary reference p oin t p

�

= ( x

�

; y

�

; 1) that is

not collinear with an y edge of G . The set of func-

tions F = f f

r

g de�nes a w -c onsistent mapping if,

for eac h edge in G b et w een p oin ts ( p

i

; p

j

), inciden t

up on faces r and s ,

w

i;j

=

� ( r ; s )( f

s

( x

�

; y

�

) � f

r

( x

�

; y

�

))

[ p

i

; p

j

; p

�

]

; (2)

where [ p

i

; p

j

; p

�

] = det([ p

i

; p

j

; p

�

])) and � ( r ; s ) is the

orien tation co e�cien t, de�ned to b e +1 if v

i

pre-

cedes v

j

in a coun terclo c kwise ordering of the v er-

tices around r , and � 1 otherwise. Hop croft and

Kahn sho w that w -consistency is indep enden t of the

c hoice of reference p oin t p

�

(pro vided that it is not

collinear with an y edge of G ).

Equation (2) ma y not b y itself sp ecify a unique

w -consisten t mapping F . W e ma y �x suc h an F ,

ho w ev er, b y adding additional constrain ts implied

b y the top ology , suc h as f

r

( x; y ) = f

s

( x; y ) for an y

( x; y ) on the line segmen t joining p

i

and p

j

. Giv en

suc h F , de�ne a con v ex p olyhedron b y asso ciating

the plane z = 1 with the external face and the

plane de�ned b y f

r

with eac h in ternal face r in G .

Hop croft and Kahn [31 ] sho w the follo wing:

Theorem 3.3 [31]: If w is a con v ex equilibrium

stress for a con v ex em b edding G , then the p olyhe-

dron de�ned b y a w -consisten t mapping is strictly

con v ex.

Th us, w e ha v e a template for pro ducing 3-

dimensional strictly-con v ex dra wings of 3-connected

planar graphs:

1. Construct an em b edding of G with a con v ex equi-

librium stress w .

2. Find a w -consisten t mapping F to de�ne a 3-

dimensional con v ex p olyhedron P that has G as its

1-sk eleton.

This template forms a v ery high-lev el descrip-

tion of our approac h, as w ell as that of Eades and

Garv an [20 ]. Our algorithm di�ers from theirs sig-

ni�can tly in Step 1, ho w ev er.

Note that, under an y of our resolution rules, if

G has area A , then w e can dra w P to ha v e v ol-

ume A (b y scaling the range of z -v alues to the in-

terv al [0 ; 1]). Let us therefore no w concen trate on a

metho d for dra wing a 3-connected planar graph as a

small-area planar con v ex equilibrium stress graph.

3.3 Computing a Con v ex Em b edding

with an x -Equilibrium Stress

Hop croft and Kahn [31 ] sho w that there are con v ex

planar em b eddings that do not admit an equilib-

rium stress. Nev ertheless, they sho w that em b ed-

ded graphs that con tain x -monotone spanning trees

can b e w eigh ted to giv e a stress that satis�es Equa-

tion (1), for eac h i 2 f 1 ; 2 ; : : : ; n g , a condition w e

call x -e quilibrium . Still, their metho d w ould not,

in general, yield a con v ex stress. In this section

w e sho w that an y 3-connected planar graph can b e

dra wn as a small-area con v ex stress graph under the

v ertex resolution rule.

Let G b e a 3-connected planar graph with a tri-

angular external face ( v

1

; v

2

; v

n

). Supp ose further

that w e are giv en a con v ex em b edding of G in an

O ( n ) � O ( n ) in teger grid so that there are no v ertical

edges. This can b e ac hiev ed b y a simple mo di�ca-

tion of the 2-dimensional con v ex dra wing algorithm

of Chrobak and Kan t [6], whic h w e explore in the full

v ersion of this pap er. V ertices v

1

; v

2

; v

n

are mapp ed

in to the triangle with co ordinates (0 ; 0), (4 n; 0) and

(2 n; 2 n ). De�ne the x -c ost , c

i;j

, of an edge ( v

i

; v

j

)

to b e j w

i;j

( x

i

� x

j

) j .

Lemma 3.4: If G is an n -no de 3-connected pla-

nar graph con v exly em b edded as ab o v e, then one

can compute, in time O ( n ) , a con v ex x -equilibrium

stress on G so that eac h x -cost c

i;j

is a p ositiv e in-

teger with magnitude O ( n ) .

Pro of: Let us orien t eac h edge in G from left to

righ t (whic h is a w ell-de�ned notion, since G con-

tains no v ertical edges). Throughout this pro of,

( v

i

; v

j

) will denote an orien ted edge, that is an edge

of G suc h that x

i

< x

j

. By the assumptions of the

lemma, for eac h in ternal edge ( v

i

; v

j

), there exists a

directed path P

ij

from v

1

to v

n

that con tains ( v

i

; v

j

).

View the x -cost on eac h edge as a 
o w from left to

righ t (with the x -equilibrium equation serving the

role of 
o w conserv ation at eac h no de). W e do not

set an y capacit y constrain ts on edges, ho w ev er. The

initial 
o w is 0 on all edges. Then for eac h ( v

i

; v

j

),

increase b y 1 the 
o w along the path P

ij

from v

1

to

v

n

. Since w e main tain in ternal x -equilibrium with

eac h \augmen tation," this pro cedure will result in

an in ternally-con v ex stress function that is at in ter-

nal x -equilibrium. This can b e extended to a con v ex

stress at x -equilibrium b y Lemma 3.2. Moreo v er,

the 
o w on an y in ternal edge is increased b y 1 at

most 3 n times; hence, the x -cost on an y in ternal

edge is at most 3 n . By the pro of of Lemma 3.2, this

implies that all x -costs in G are in tegers b ounded

b y O ( n ).

The ab o v e metho d w orks in time O ( n

2

). In order

to ac hiev e a running time of O ( n ), w e carefully pic k

the augmen ting paths P

ij

. A t eac h v ertex pic k one

incoming edge. This de�nes a tree T

1

ro oted at v

1

.

Symmetrically de�ne tree T

2

ro oted at v

n

b y pic king

one outgoing edge from eac h v ertex. De�ne P

ij

as



the concatenation of the path from v

1

to v

i

in T

1

(that w e call the pre�x of P

ij

), edge ( v

i

; v

j

), and

the path from v

j

to v

n

in T

2

(called the su�x of

P

ij

).

Recall that the 
o w c

ab

on an edge ( v

a

; v

b

) is the

n um b er of augmen ting paths P

ij

that con tain this

edge, whic h can b e expressed as c

ab

= 1 + p

ab

+ s

ab

,

where p

ab

and s

ab

are, resp ectiv ely , the n um b ers of

pre�xes and su�xes of the augmen ting paths con-

taining ( v

a

; v

b

). W e ha v e p

ab

= 0 if ( v

a

; v

b

) =2 T

1

. T o

compute p

ab

for edges ( v

a

; v

b

) 2 T

1

, w e tra v erse T

1

in p ostorder. When bac ktrac king from v

b

to v

a

, w e

set p

ab

=

P

( v

b

;v

d

) 2 T

s

p

bd

+

P

( v

b

;v

d

)

1. The n um b ers

s

ab

are computed similarly using T

2

.

Th us, w e can tak e the ab o v e con v ex em b ed-

ding of a 3-connected planar graph G and in time

O ( n ) pro duce a con v ex x -equilibrium stress for G .

This stress function will in general not b e at y -

equilibrium, ho w ev er.

3.4 Computing a Con v ex Em b edding

with an Equilibrium Stress

Nev ertheless, w e can easily con v ert suc h a dra wing

in to a con v ex equilibrium stress graph. In partic-

ular, w e let Ax = b denote the linear system de-

�ned b y the w eigh t function, whic h ac hiev es x -

equilibrium, Equation (1), and the b oundary condi-

tions �xing the exterior triangle for G . Since all the

equations in this system in v olving x -co ordinates are

already satis�ed, solving the system Ax = b �nds

the y -co ordinates of the v ertices of G that pro duce

a con v ex equilibrium stress graph em b edding G

0

for

G , while k eeping the x -co ordinates unc hanged.

This algorithm clearly pro duces a con v ex em b ed-

ding of G in the plane together with a con v ex equi-

librium stress de�ned on this em b edding, b y The-

orem 3.1. Moreo v er, if w e start with G b eing em-

b edded in an O ( n ) � O ( n ) in teger grid, then G

0

will

b e a con v ex em b edding suc h that eac h x -co ordinate

is a p ositiv e in teger with magnitude O ( n ), and G

0

will ha v e no v ertical edges. In addition, b y w ell-

kno wn prop erties of rational-arithmetic linear sys-

tem solving, w e can guaran tee that the n um b er of

bits needed to represen t an y y -co ordinate, as a ra-

tional n um b er, is O ( n log n ). If w e scale the y -

co ordinates to lie in the in terv al [0 ; 1], then the

dra wing will still b e a con v ex equilibrium stress em-

b edding, but will ha v e area O ( n ) under the v ertex-

resolution rule. Th us, w e ha v e the follo wing:

Theorem 3.5: Giv en a 3-connected planar graph

G , one can pro duce a con v ex equilibrium stress

em b edding of G with O ( n ) area under the v ertex-

resolution rule. The running time needed to ac hiev e

this is O ( P ( n )) , where P ( n ) is the time needed to

solv e an n � n linear system de�ned b y planar con-

strain ts.

Note that this area b ound con trasts sharply with

the exp onen tial lo w er b ound of Eades and Gar-

v an [20] for the area of T utte dra wings under the

v ertex-resolution rule.

Inciden tally , there are fairly simple separator-

based metho ds [25 , 37, 38] for ac hieving an O ( n

1 : 5

)

b ound for P ( n ), while m uc h more sophisticated

metho ds allo w one to ac hiev e an O ( M ( n

1 = 2

)) b ound,

where M ( n ) is the time needed to m ultiply t w o

n � n matrices (the curren t b est b ound for M ( n )

is O ( n

2 : 375

) [11 ]). Th us, b y our template, w e ha v e

the follo wing:

Theorem 3.6: Giv en a 3-connected planar graph

G , in time O ( M ( n

1 = 2

) ) one can dra w G as a con-

v ex p olyhedron in R

3

using O ( n ) v olume under the

v ertex-resolution rule.

Th us, under curren t theoretical de�nition of

M ( n ) [11 ], w e can ac hiev e a running time of

O ( n

1 : 19

), but in practice the O ( n

1 : 5

) b ound is prob-

ably more realistic.

3.5 On Angular Resolution and V ol-

ume of 3D Dra wings

In this section w e sho w that under the angular res-

olution rule there are 3-connected planar graphs

that require exp onen tial v olume to dra w as 3-

dimensional con v ex p olyhedra. W e establish this

lo w er b ound via a reduction from the problem of

dra wing a �xed-degree 3-connected planar graph un-

der angular resolution in R

2

, whic h w as sho wn to

require exp onen tial area b y Garg and T amassia [24 ].

The main di�cult y in extending their pro of to

con v ex dra wings in R

3

is that the third dimension

allo ws a tremendous amoun t of extra dra wing free-

dom. F or example, a con v ex dra wing in R

3

can

ac hiev e angular resolution and y et ha v e man y 2-

dimensional pro jections that do not ac hiev e angular

resolution. The main idea of our lo w er b ound con-

struction is to demonstrate an n -no de 3-connected

planar graph G

n

suc h that an y 3D con v ex dra wing

of G

n

that ac hiev es angular resolution con tains a

connected subgraph of size �( n ) that pro jects to a

2D dra wing that also ac hiev es angular resolution.

By the lo w er b ound of Garg and T amassia [24 ], this

w ould establish an exp onen tial lo w er b ound on the

area of this pro jection, hence the v olume of this

dra wing w ould also b e at least exp onen tial.

W e de�ne G

n

algorithmical ly . W e b egin with

a 17-no de cycle P

17

, whic h will form a face in G

n

,



hence P

17

m ust b e dra wn in some plane in R

3

. So,

let P

0

17

b e a planar dra wing of P

17

as a con v ex p oly-

gon. Orien t eac h edge of P

0

17

in the clo c kwise di-

rection. F or a v ertex v on P

0

17

, let p ( v ) and s ( v )

resp ectiv ely denote the predecessor edge and succes-

sor edge inciden t up on v in this orien tation. De�ne

the external angle � ( v ) at v to b e the angle formed

at v b et w een an extension of p ( v ) (as a ra y with

p ( v )'s orien tation) and an extension of s ( v ). Also,

follo wing Gr • un baum [26 ], let us measure angles as

fractions of 1 (so that a righ t angle is 1 = 4).

Lemma 3.7: P

0

17

has t w o consecutiv e v ertices with

external angles less than 1 = 8 .

Pro of: In a con v ex p olygon P

n

w e ha v e

P

v 2 P

n

� ( v ) = 1. P

17

0

can ha v e at most 8 v ertices

with external angle at least 1 = 8. Th us, P

0

17

m ust

ha v e at least 9 v ertices with external angle less than

1 = 8. Moreo v er, b y a simple pigeon-hole argumen t,

t w o of these v ertices m ust b e consecutiv e.

Let us con tin ue, then, with our de�nition of G

n

.

Our next augmen tation is to add a v ertex v

�

that

is adjacen t to eac h v ertex on P

17

(so as to de�ne a

p yramid). Let Q denote this new graph. F or eac h

edge e of Q inciden t up on v

�

de�ne the external

angle , � ( e ), at e analogously to the planar external

angle at a v ertex. Sp eci�cally , de�ne � ( e ) to b e

the fraction of the sphere de�ned b et w een the t w o

planes inciden t up on e and orien ted in a clo c kwise

direction. De�ne an edge e to b e shal low if � ( e ) �

1 = 8. By Lemma 3.7, w e kno w that, no matter where

v

�

is placed, t w o consecutiv e edges inciden t up on v

�

m ust b e shallo w.

W e wish to force there to b e a triangle � in

Q with all three of its edges b eing shallo w. This

is b ecause an y subgraph placed in the in terior of

� and dra wn to ac hiev e angular resolution w ould

pro ject to the plane con taining � so as to ac hiev e

(2-dimensional) angular resolution. This w ould then

allo w us to complete the pro of b y placing the graph,

H

k

, used in the 2-dimensional lo w er b ound of Garg

and T amassia [24 ], in the in terior of � . Let us there-

fore augmen t Q with additional triangular faces in a

fashion that will allo w us to argue that there m ust

b e at least one triangular face with three shallo w

edges. If w e can accomplish this b y adding just a

constan t n um b er of additional edges to Q , then w e

can place G

k

in the in terior of eac h suc h face to

complete the pro of.

Let t b e the triangular face of Q with t w o shallo w

edges. If t actually has three shallo w edges, then w e

are done, so let us assume that the third edge of t

is not shallo w. Of course, it m ust nev ertheless ha v e

measure less than 1 = 2. De�ne the stel lation of a tri-

angular face s to b e the placemen t of a new v ertex in

the in terior of s whic h is then made to b e adjacen t

to the three v ertices of s . W e start with t and stel-

late it. This creates t w o triangular faces t

1

and t

2

that are inciden t up on v

�

and a triangular face that

is not inciden t up on v

�

. Let us therefore rep eat this

pro cedure, lik ewise stellating t

1

and t

2

. This creates

four new triangular faces inciden t up on v

�

and t w o

new edges inciden t up on v

�

as w ell. Let us con tin ue

to iterate this pro cedure, stellating all the triangular

faces inciden t up on v

�

in eac h iteration. W e rep eat

this pro cedure for a total of ` iterations, th us ob-

taining a subgraph S

t

. It is useful to note that the

planar dual of S

t

is a depth- ` complete binary tree

B with additional edges connecting the lea v es of B .

W e can sho w that there exists a su�cien tly large

in teger constan t ` suc h that at least one triangle �

of S

t

has three shallo w edges.

T o sum up, then, our construction of G

n

starts

with P

17

, adds v

�

to b e adjacen t to eac h v ertex of

P

17

, augmen ts eac h triangle inciden t to v

�

to b e-

come the subgraph S

t

, and then adds the lo w er-

b ound graph H

k

of Garg and T amassia [24 ] in the in-

terior of eac h triangle in a S

t

to complete the pro of.

If the resulting graph, G

n

, is dra wn as a con v ex

p olyhedron in R

3

so as to ac hiev e angular resolu-

tion, then, b y the ab o v e argumen t, at least one of

these H

k

's will pro ject to a plane so as to preserv e

angular resolution. But b y the lo w er b ound of Garg

and T amassia, suc h a pro jection m ust ha v e area at

least 2


( n )

; hence, the dra wing in R

3

m ust ha v e

v olume at least 2


( n )

. W e conclude:

Theorem 3.8: There is a �xed-degree n -no de 3-

connected planar graph G

n

that requires 2




( n ) v ol-

ume to dra w as a con v ex p olyhedron in R

3

under

the angular resolution rule, with � ( v ) > �

0

for an y

�xed constan t �

0

> 0 .
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