
2.7. Exercises 131

���������
	���
����������
R-2.1 Describe,usingpseudo-code,implementationsof themethods��������� �
!#"�$&%(' )+* p, - e. / ,01�2�3�4�5 6�7(8�9 :<;>=

e. ? , a0 nd @�ACB<D�E F�GIH(J<FLK e. M oN f thelist ADT, assumingthelist isimplemented
usO ing a doubly linked list.

R-
P

2.2 Dra
Q

w an expression tree that hasfour external nodes, storing the numbers1,
5,
R

6, and7 (with eachnumberstoredoneper externalnodebut not necessarily
in
S

this order),andhasthreeinternalnodes, eachstoring an operationfrom the
seT t U�V�WLXZY\[^]�_�` ofN binary arithmetic operators, so that the value of the root is
21.
a

Theoperators areassumedto return rationalnumbers(not integers), andan
operatN or maybeusedmorethanonce(but weonly storeoneoperator per internal
node).

R-2.3 Let T be
b

anorderedtreewith morethanonenode.Is it possible thatthepreorder
tra
c

versalof T
d

vie sits the nodesin thesameorderas thepostordertraversal of T
d

?
If
f

so, give an example; otherwise, arguewhy this cannotoccur. Likewise, is it
posg sible that the preordertraversal of T

d
vie sits the nodesin the reverse order of

th
c

e postorder traversalof T
d

? If so, give anexample; otherwise, arguewhy this
cannoth occur.

R-2.4 Answer the followingquestionsso asto justify Theorem2.8.

a.i Draw abinary treewith height7 andmaximumnumberof externalnodes.
b.
b

W
j

hat is the minimum numberof external nodesfor a binary tree with
hei
k

ghth
l
? Justify youranswer.

c.h W
j

hat is the maximum numberof external nodesfor a binary tree with
hei
k

ghth
l
? Justify youranswer.

d.
m

Let T b
b
eabinary treewith height h

l
andi nn nodes. Show that

lo
o

gp nn q 1 rCs 1 t h
l uwv

nn x 1 y{z 2
a |

e.} For whichvaluesof nn andi h
l

canh theabovelowerandupperboundsonh
l

be
b

attaini edwith equality?

R-
P

2.5 Let
~

T
d

be
b

a binary treesuchthatall the externalnodeshave thesamedepth. Let
D
�

e� be
b

the sum of the depthsof all the externalnodesof T
d

, a0 nd let D
�

i be
b

the sum
ofN thedepthsof all the internalnodesof T

d
. Find constantsa� andi b

�
sT uch that

D
�

e� � 1 � aD�
i � bn

� �
where� nn is thenumberof nodesof T .

R-2.6 Let T b
b
eab inary treewith nn nodes, andlet p, be

b
thelevel numberingof thenodes

ofN T ,0 asgivenin Section 2.3.4.

a.i S
�

how that, for everynodev� ofN T ,0 p, � v� �#� 2� n� � 1��� 2 � 1.
b.
b

S
�

how an example of a binary treewith at least five nodesthat attains the
aboi veupperboundon themaximumvalueof p, � v� � for somenodev� .
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R-
P

2.7 Let
~

T
d

b
b
eabinarytreewith nn nodes� thatisrealizedwith avector, S

�
, a0 nd let p, be

b
the

l
o
evel numbering of the nodesin T

d
,0 as givenin Section 2.3.4. Give pseudo-code

des
m

criptionsof eachof themethods� ����� ,0 ���I  ¡�¢C£ ,0 ¤�¥§¦&¨{©�ªC«�¬�­ ,0 ® ¯�°�±�²{³�´Cµ ¶�· ,0 ¸�¹Iº »�¼{½§¾ »�¿(À ,0Á�ÂIÃ�ÄÆÅ{Ç�È ÉCÊ(Ë
, a0 nd Ì�ÍIÎÐÏ�Ñ�Ò .

R-
P

2.8 Il
f

lustrate the performanceof the selection-sort algorithm on thefollowing input
sT equence:Ó 22

a Ô
15Õ 36

Ö ×
44
Ø Ù

10Ú 3Ö Û
9
Ü Ý

13Þ 29
a ß

25
a à

.

R-
P

2.9 Il
f

lustrate the performanceof the insertion-sort algorithm on the inputsequence
ofN thepreviousproblem.

R
P

-2.10 Gi
á

veanexampleof aworst-casesequencewith nn elements} for insertion-sort, and
shT ow that insertion-sort runs in Ω

â ã
nn 2
ä å

t
c
imeon sucha sequence.

R
P

-2.11 W
j

heremayanitem with largest key bestoredin aheap?

R-2.12 Il lustrate the performanceof the heap-sort algorithm on the following inputse-
quence:æ ç 2è 5R é

16ê 4ë 10ì 23í 39
Ö î

18ï 26ð 15ñ .
R-2.13 S

�
uppose a binary treeT is implementedusing a vectorS

�
,0 as describedin Sec-

tion
c

2.3.4. If nn items arestoredin S
�

in sortedorder, starting with index 1, is the
tree
c

T ai heap?

R-2.14 Is thereaheapT sT toringsevendistinct elementssuch thatapreordertraversal of
T yiò eldstheelementsof T in sortedorder?How aboutaninordertraversal? How
abouti a postordertraversal?

R-2.15 Sh
�

ow that the sum ∑
ó n�

iô 1 logi
õ
,0 which appearsin the analysis of heap-sort, is

Ω ö nn lognn ÷ .
R-2.16 S

�
how thestepsfor removing key 16 from theheapof Figure2.41.

R-2.17 S
�

how thestepsfor replacing5 with 18 in theheapof Figure2.41.

R-2.18 Draw an example of a heapwhose keys are all the odd numbersfrom 1 to 59
(with
ø

no repeats),such that the insertion of an item with key 32 would cause
up-heapO bubblingto proceedall theway up to a child of theroot (replacingthat
chh ild’skey with 32).

R-2.19 Draw the 11-item hashtable resulting from hashing the keys 12, 44, 13, 88, 23,
94,
Ü

11, 39, 20, 16, and5, using the hash function h
l ù

i
õ úüûþý

2i
õ ÿ

5
R �

mod11 and
assui ming collisionsarehandledby chaining.

R-2.20 Wh
j

at is the result of the previous exercise,assuming collisions arehandledby
linearprobing?

R-2.21 Sh
�

ow theresult of ExerciseR-2.19, assuming collisionsarehandledby quadratic
probing,g up to thepointwherethemethodfails becausenoemptyslot is found.

R-2.22 W
j

hat is theresult of ExerciseR-2.19assuming collisionsarehandledby double
hashing usingasecondaryhash function h

l ���
k
� ���

7
� 	�


k
�

mod7 � ?
R-2.23 Gi

á
veapseudo-codedescriptionof an insertion intoahash tablethatusesquadratic

pg robing to resolve collisions, assuming wealsouse thetrick of replacing deleted
itemswith aspecial“deactivateditem” object.

R-2.24 S
�

how the result of rehashing the hash table shown in Figure2.55 into a table of
sT ize19using thenew hash function h

l 

k
� ���

2k
�

mod19.
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#

2.1 Describe,in pseudo-code,a link-hoppingmethodfor finding the middle nodeof
ai doubly linked list with headerandtrailer sentinels, andan oddnumberof real
nodes� betweenthem. (Note: This methodmust only use link hopping; it cannot
usO ea counter.) What is the runningtime of thismethod?

C-
#

2.2 Describehow to implementthe queueADT using two stacks, so that the amor-
t
c
izedrunning time for $&%('&)*%+)*% andi ,(-&.*/*,+/*, is O

0 1
1 2 ,0 assuming that the stacks

sT upportconstant time 3*4&576 ,0 8:9<; , a0 nd =?> @+A methods. Whatis therunning time of
th
c

e B(C&D*E&B(E&B(F7G andi H&I(J&K*I+K*I+L?M methodsin thiscase?

C-
#

2.3 Describehow to implementthestackADT using two queues. Whatistherunning
tim
c

eof the N&O*P7Q&R?S andi T:U&V&W?X methodsin thiscase?

C-
#

2.4 Des
Q

cribea recursive algorithm for enumerating all permutationsof the numbersY
1Z 2a [?\7\?\^]

nn _ . Whatis therunningtime of yourmethod?

C-
#

2.5 Describethestructureandpseudo-codefor an array-based implementation of the
ve ectorADT thatachievesO

0 `
1 a time

c
for insertionsandremovalsat rank0, aswell

asi insertionsandremovalsat theendof thevector. Your implementation should
ali so providefor a constant-time b+cdb+egf�h+ikjml&n method.

C-
#

2.6 In
f

the children’s game“hot potato,” a groupof nn chh ildrensit in a circle passing
ani object, called the “potato,” aroundthe circle (say in a clockwise direction).
The children continue passing the potato until a leaderrings a bell, at which
poig nt the child holding the potato must leave the game,andthe other children
clh ose up the circle. This process is thencontinueduntil thereis only onechild
remaining, who is declaredthe winner. Using the sequenceADT, describe an
ef} ficient method for implementing this game. Suppose the leaderalways rings
the
c

bell immediatelyafter the potatohas beenpassed k
�

tim
c

es. (Determining
th
c

e lastchild remaining in this variation of hot potatois known asthe J
o

osephus
prp oblem.) What istherunningtimeof yourmethodin termsof nn andi k

�
,0 assuming

t
c
he sequenceis implementedwith a doubly linked list? What if the sequenceis
im
S

plementedwith anarray?

C-
#

2.7 Using
q

the rts+u*v&s(w&x(s ADT, describe an efficient way of putting a sequence rep-
resenting a deckof nn cardsh into randomorder. Use the function y{zm|&}*~<��� |&� (ø nn ),

�
whi� ch returnsa randomnumberbetween0 and nn � 1, inclusive. Your method
sT hould guaranteethat every possible ordering is equally likely. What is the run-
ning time of your method, if the sequenceis implementedwith anarray?What
if it is implementedwith a linkedlist?

C-
#

2.8 Desig
Q

n an algorithm for drawing a binary tree,using quantities computed in a
tree
c

traversal.

C-
#

2.9 Des
Q

ign algorithmsfor thefollowingoperationsfor a nodev� in
S

a binary treeT
d

:

� �����+�m���&�+�������:��� v� � : returnthenodevisited afterv� in
S

apreordertraversal of T
d

� �d�&�m���&�+�������: �¡ v� ¢ : return thenodevisited afterv� i
S
n aninordertraversal of T

d
£ ¤:¥<¦7§�¨m©�ª&«(¬®­�¯�°:±�² v� ³ : return the nodevisited after v� in

S
a postorder traversal

ofN T
d

.

W
j

hataretheworst-case runningtimesof youralgorithms?
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C
#

-2.10 Gi
á

ve an O
0 ´

nn µ -time algorithm for computing thedepth of all the nodesof a tree
T
d

, w0 herenn i
S
s thenumberof nodesof T

d
.

C
#

-2.11 The
¶

bal
·

ance factor ofN aninternalnodev� ofN abinarytreeisthedifferencebetween
t
c
he heights of theright andleft subtreesof v� . Show how to specializethe Euler
t
c
our traversal to print thebalancefactorsof all thenodesof abinarytree.

C
#

-2.12 T
¶
wo orderedtreesT

d ¸
andi T

d ¹ ¹
arei said to be i

º
somorphic i

S
f oneof the following

hol
k

ds:

» Bo
¼

th T
d ½

andi T
d ¾ ¾

consh ist of asinglenode¿ Both T À andi T Á Á havethesamenumberk
�

ofN subtrees, and the i
õ
t
c
h subtreeof

T Â is isomorphic to the i
õ
t
c
h subtreeof T Ã Ã , f0 or i

õ Ä
1Å?Æ7Æ?Æ?Ç k� .

Des
Q

ign an algorithmthat tests whethertwo given orderedtreesareisomorphic.
W
j

hat is the runningtimeof youralgorithm?

C
#

-2.13 Let
~

avisit action in theEuler tour traversal bedenotedby apair È v� É a� Ê , w0 herev� is
S

t
c
hevisited nodeanda� i

S
soneof left

Ë
,0 bel
·

ow, o0 r rigÌ ht. Design an algorithm for per-
formingoperationÍ�Î<Ï*Ð�ÑÓÒ�Ô:Õ�Ö v� × a� Ø ,0 which returnsthevisit action Ù wÚ Û b� Ü

followingÝ
v� Þ a� ß . Whatis theworst-case runningtimeof youralgorithm?

C
#

-2.14 S
�

how how to represent animproperbinary treeby meansof aproperone.

C
#

-2.15 Let
~

T
d

b
b
e a binary treewith nn nodes� . Define a R

à
oman node t

c
o bea nodev� in

S
T
d

,0
sT uch that the numberof descendents in v� ’s left subtreediffer from the number
ofN descendents in v� ’s right subtreeby at most 5. Describe a linear-time method
for finding eachnodev� ofN T ,0 such that v� is not a Romannode,but all of v� ’s
des
m

cendentsareRomannodes.

C
#

-2.16 In pseudo-code,describe a nonrecursive method for performing an Euler tour
t
c
raversal of a binarytreethat runsin lineartime anddoesnotusea stack.

Hi
á

nt: Y
â

ou cantell which visit action to performatanodeby takingnoteof where
youò arecoming from.

C
#

-2.17 In
f

pseudo-code,describeanonrecursivemethodfor performingan inordertraver-
salT of abinary treein lineartime.

C
#

-2.18 Let
~

T
d

b
b
eabinarytreewith nn nodes� (T

d
mayã or maynotberealizedwith avector).

Gi
á

ve a linear-time method that usesthe methodsof the äæådç*è(é�êìë�í�î+î in
S

terfaceto
t
c
raverse the nodesof T

d
by
b

increasing valuesof the level numbering function p,
giï ven in Section 2.3.4.This traversal is known asthe le

Ë
vel order traversal.

C
#

-2.19 The
¶

patp h length ofN atreeT
d

i
S
sthesumof thedepthsof all thenodesin T

d
. Describe

ai linear-time method for computing the path length of a tree T
d

(whi
ø

ch is not
neces� sarily binary).

C
#

-2.20 Define
Q

the i
º
nternal path length,0 I

ð ñ
T
d ò

, o0 f a tree T
d

to
c

be the sum of the depths of
ali l theinternalnodesin T

d
. Likewise,define theextó ernal path length,0 E

ô õ
T
d ö

, o0 fa
tree
c

T
d

t
c
o bethe sum of the depthsof all the externalnodesin T

d
. Show that if T

d
is
S

a binarytreewith nn i
S
nternal nodes, thenE

ô ÷
T
d ø�ù

I
ð ú

T
d ûýü

2
a

nn .
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C
#

-2.21 Let
~

T
d

b
b
eat reewith nn nodes� . Definethelo

Ë
west common ancestor (LC

ø
A) between

t
c
wo nodesv� andi wÚ asi the lowest nodein T

d
t
c
hat hasboth v� andi wÚ asi descendents

(where
ø

we allow a nodeto be a descendentof itself). Given two nodesv� andi
wÚ ,0 describe an efficient algorithm for finding the LCA of v� andi wÚ . What is the
runningtimeof yourmethod?

C
#

-2.22 Let
~

T
d

b
b
eat reew ith nn nodes� , and,for any nodev� in

S
T
d

, l0 et d
þ

vÿ denot
m

e thedepth of
v� in
S

T
d

. Thedi
�

stance bet
b

weentwo nodesv� andi wÚ in
S

T
d

is
S

d
þ

vÿ � d
þ

w � 2
a

d
þ

u, w0 hereu� is
S

th
c

eLCA u� ofN v� andi wÚ (as
ø

definedin thepreviousexercise). Thedi
�

ameter ofN T
d

is
S

t
c
he maximumdistancebetweentwo nodesin T

d
. Describean efficientalgorithm

fo
�

r finding the diameterof T
d

. Whatis therunningtimeof yourmethod?

C
#

-2.23 S
�

upposewe are given a collection S
�

ofN nn intervalsof theform � a� i � b� i � . Design an
ef} ficient algorithm for computing theunion of all the intervals in S

�
. What is the

runni� ngtimeof yourmethod?

C
#

-2.24 Assuming the input to the sorting problemis given in an array A,0 describehow
t
c
o implementtheselection-sort algorithm using only thearrayA ai ndatm osts ix
addii tional(base-type)variables.

C
#

-2.25 Assuming the input to the sorting problemis given in an array A,0 describehow
t
c
o implementtheinsertion-sort algorithm using only thearrayA andi at most six
addii tional(base-type)variables.

C
#

-2.26 As
	

suming the input to the sorting problemis given in an array A



,0 describehow
t
c
o implementthe heap-sort algorithm using only the array A



andi at most six

addii tional(base-type)variables.

C
#

-2.27 S
�

uppose thebinarytreeT
d

usO edto implementa heapcanbeaccessed using only
t
c
hemethodsof thebinarytreeADT. Thatis, wecannotassumeT

d
is
S

implemented
asi a vector. Given a referenceto the current last node,v� ,0 describe an efficient
ali gorithm for findingthe insertion point (thatis, thenew last node)using just the
methodsã of thebinarytreeinterface.Besureandhandleall possiblecases. What
is the runningtime of thismethod?

C
#

-2.28 Sho
�

w that, for any nn ,0 thereis a sequenceof insertions in a heapthat requires
Ω
â �

nn lo
o

gnn � tim
c

e to process.

C
#

-2.29 W
j

e canrepresenta path from the root to a nodeof a binary treeby meansof a
bi
b

narystring, where0 means“go to the left child” and 1 means“go to the right
chih ld.” Design a logarithmic-time algorithm for finding the last nodeof a heap
holdingnn elements} based on thethis representation.

C
#

-2.30 S
�

how that theproblemof findingthek
�
th
c

smallest elementin aheaptakesat least
Ω 
 k� � time

c
in theworst case.

C
#

-2.31 De
Q

velop an algorithm thatcomputesthek
�
th
c

smallest elementof aset of nn d
m
istinct

in
S

tegers in O
0 �

nn � k
�

lo
o

gnn � tim
c

e.

C
#

-2.32 Let
~

T
d

be
b

a heapstoring nn ke
�

ys. Give an efficient algorithm for reporting all the
key
�

s in T
d

t
c
hat are smaller thanor equal to a given querykey x� (whi

ø
ch is not

n� ecessarilyin T
d

).
�

For example, given the heapof Figure2.41 and querykey
x� � 7,

�
thealgorithm should report4, 5, 6, 7. Note thatthekeysdonotneedto be

report� ed in sorted order. Ideally, your algorithm should run in O
0 �

k
� �

time,
c

where
k
�

i
S
s thenumberof keys reported.
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C
#

-2.33 The
¶

hash table dictionaryimplementation requiresthatwe find a primenumber
bet
b

weena numberM
�

andi a number2M
�

. Implementa method for finding such
ai prime by using the siev� e algorithm. In this algorithm, we allocatea 2M

�
cellh

B
¼

ooleanarrayA



,0 suchthatcell i
õ
is
S

associatedwith theintegeri
õ
. Wethen initialize

th
c

e array cells to all be “ true” and we “mark off ” all the cells that aremultiples
ofN 2, 3, 5, 7, andso on. This process canstop after it reachesa numberlarger
th
c

an � 2M.

C
#

-2.34 Gi
á

vethepseudo-codedescription for performingaremoval from ahash tablethat
uO seslinearprobing to resolve collisions wherewe do not use a special marker
to
c

represent deletedelements. That is, we must rearrangethe contentsof the
has
k

h table so thatit appearsthat theremoved item wasnever inserted in thefirst
place.g

C
#

-2.35 The
¶

quadratic probing strategy hasa clustering problemthat relates to the way
it
S

looks for openslots whena collision occurs. Namely, whena collision oc-
cursh at bucket h

l �
k
� �

,0 we check A

 ���

h
l �

k
�  "!

f
# $

j
% &'&

modã N
( )

, f0 or f
# *

j
% +-,

j
% 2
ä
, u0 sing

j
% .

1/ 2a 021'12120 N( 3
1.

a.i Sh
�

ow that f
# 4

j
% 5

modN
(

will� assume at most 6 N( 7
1 8:9 2 distinct values,for

N
(

prime,g as j
%

rangesfrom 1 to N
( ;

1. As a part of this justification, note
th
c

at f
# <

R =?> f
# @

N
( A

R B for all R.
b.
b

A better strategy is to choose a prime N
(

sT uch that N
(

is congruentto 3
modulo 4 andthento checkthe buckets A C�D hl E k� FHG j

% 2 I modN
( J

asi j
%

ranges
from 1 to K N( L

1 M:N 2, alternating betweenaddition and subtraction. Show
t
c
hat this alternate type of quadratic probing is guaranteedto checkevery
b
b
ucket in A.

OQPSRUTWVUXZY\[
P-
]

2.1 W
j

rite a programthat takes as input a fully parenthesizedarithmetic expression
andi converts it to a binaryexpression tree.Your programshould display the tree
i
S
n someway and also print thevalue associatedwith the root. For anadditional
chh allenge, allow for the leavesto storevariablesof the form x� 1,0 x� 2,0 x� 3,0 andso on,
which� are initially 0 and which canbe updatedinteractively by your program,
wi� th the corresponding update in the printedvalue of the root of the expression
tree.
c

P-
]

2.2 W
j

riteanappletor stand-alonegraphicalprogramthatanimatesaheap.Yourpro-
gramï should supportall the priority queueoperationsandit should visualize the
operatN ionsof theup-heapanddown-heapbubbling procedures. (Extra: Visualize
b
b
ottom-up heapconstruction aswell.)

P-2.3 Perform a comparative analysis that studiesthe collision ratesfor various hash
codesh for character strings, suchas variouspolynomial hash codesfor different
ve alues of the parametera� . Use a hashtable to determine collisions, but only
counth collisions wheredif ferentstrings mapto thesame hash code(not if they
mã ap to the same location in this hashtable). Test thesehashcodes on text files
found
�

on the Internet.

P-2.4 Perform a comparative analysis asin the previousexercise but for 10-digit tele-
phoneg numbersinsteadof characterstrings.


