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2.7 Exercises

Reinforcement

R-2.1

R-2.2

R-2.3

R-2.4

R-2.5

R-2.6

De<ribe,using pseudo-codeimplementiionsof the methodsinsertBefore(p, €),
insertFirst(e), andinsertLast(e) of thelist ADT, assuming thelist isimplemented
usng adoubly linked list.

Draw an expression tree that hasfour external nodes storing the numbersl,
5, 6, and7 (with eachnumberstored one per externalnodebut not necesarily
in this order),and hasthreeinternalnodes eachstoring an operationfrom the
sd {+,—, x,/} of binary arithmetc operaobrs, so thatthe value of therootis
21. The operabrs areassumedto return raonalnumbergnot integer9, andan
operabr may beussdmorethanonce(but we only store oneoperabr perinternal
node).

Let T beanorderedreewith morethanonenode.Isit possible thatthe preorder
traversalof T visits the nodesin the same orderas the pogordertraversa of T?

If so, give an exampke; otherwise, arguewhy this cannotoccur Likewise, isit

possible thatthe preordentraversal of T visits the nodesin the reverse order of

the postorder traversalof T? If so, give an example; otherwise, arguewhy this

cannotoccut

Answer the following quegionsso asto justify Theorem?.8.

a. Draw abinarytreewith height 7 and maximumnumberof externalnodes

b. What is the minimum numberof external nodesfor a binary tree with
heighth? Jugify youransver.

c. What is the maximum numberof external nodesfor a binary tree with
heighth? Judify youransver.

d. LetT beabinarytreewith height h andn nodes Show that

log(n+1)—1<h<(n-1)/2

e. For whichvaluesof n andh canthe above lowerand upperboundsonh be
attairedwith equality ?

Let T beabinary treesuchthatall the externalnodeshave the same deph. Let
De bethe sum of the depths of al the externalnodesof T, and let D; bethe sum
of the depths of al the internalnodesof T. Find congants a andb such that

De+1=ab; + bn,

wheren isthe numberof nodesof T.

Let T beab inary treewith n nodesandlet p bethe level numberngof the nodes
of T, asgivenin Section 2.3.4.

a. Show that, for everynodev of T, p(v) < 21)/2_1,
b. Show anexampk of a binary treewith atleas five nodesthat attains the
above upperboundon the maximum value of p(v) for somenodev.
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R-2.7 LetT beabinarytreewith nnodedhatisreaizedwith avecbr, S and let p bethe
level numberng of the nodesin T, as givenin Sectfion 2.3.4. Give pseudo-code
degriptionsof eachof themethodsoot, parent, leftChild, rightChild, isInternal,
isExternal, and isRoot.

R-2.8 lllustrate the performanceof the selecion-ort algorithm on the following input
sequence:(22,15,36,44,10,3,9,13,29,25).

R-2.9 lllustrate the performanceof the insertion-ort algorithm on the input sequence
of the previousproblem.

R-2.10 Giveanexampleof aworst-cag sequencavith n elementdor insertion-srt, and
show thatinsertioi-sart runsin Q(n?) time on sucha sequence.

R-2.11 Wheremay anitemwith larged key bestoredin aheap?

R-2.12 lllustrate the performanceof the heap-®rt algorithm on the following input se-
quence:(2,5,16,4,10,23,39,18 26,15).

R-2.13 Suppo® a binarytreeT is implementedusing a vectorS, as describedin Sec-
tion 2.3.4. If nitems arestoredin Sin satedorder, startirg with index 1, isthe
treeT aheap?

R-2.14 IsthereaheapT storing sevendistinct elementsuch thata preordertraversal of
T yieldstheelemensof T in sortedorder?How aboutaninordertraversal? How
abouta podordertraversl ?

R-2.15 Show that the sum S, logi, which appearsin the analyss of heap-srt, is
Q(nlogn).

R-2.16 Show the stepsfor removing key 16 from the heapof Figure2.41.
R-2.17 Show the stepsfor replacing 5 with 18in the heapof Figure2.41.

R-2.18 Draw an exampk of a heapwho<s keys are all the odd numbersfrom 1 to 59
(with no repeats),such that the insertian of an item with key 32 would cawse
up-heagbubblingto proceedall theway up to a child of theroot (replacingthat
child’s key with 32).

R-2.19 Draw the 11-item hashtalde resuting from hashng the keys 12, 44, 13, 88, 23,

94,11, 39, 20, 16, and5, using the has functon h(i) 2i 5 mod11 and
assuming cadllisions arehandledby chaining.

R-2.20 What is the resut of the previous exercise,assuning callisions are handled by
linearprobing?

R-2.21 Show theresut of ExerciseR-2.19, assuming callisions arehandledby quadratic
probing,up to the pointwherethe methodfails becaus no emptyslot isfound.

R-2.22 Whatis thereault of Exercise R-2.19assuming collisionsarehandledby double
hasing usingasecondanha$ functonh k 7 kmod7 ?

R-2.23 Giveapseudo-codalegriptionof aninsertioninto ahas table thatuses quadraic
probing to resdve collisions, assuming we alsouse the trick of redacing deleted
itemswith a special“deactivateditem” object.

R-2.24 Show the reault of rehasing the hash table shown in Figure2.55into atable of
size19usdng thenew hash funcionh k 2k mod19.
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C-21

C-22

C-23

C-24

C-25

C-2.6

C-2.7

C-28

C-29

De<ribe,in pseudo-codea link-hopping methodfor finding the middle nodeof

adoubly linked list with headerandtrailer seninels, andan odd numberof real
nodesbetweenthem. (Note: This method mug only use link hopping; it cannot
use acouner) Whatis the running time of this method?

De<ribe how to implementthe queueADT usng two stacks so that the amor-

tized running time for and is O 1, assuming that the stacks
supportcondant time , ,and methods Whatis the running time of
the and methodsin this cae?

Desribehow toimplementthe stackADT using two queuesWhatistherunning
time of the and metodsin thiscae?

Degribearecursve algorithm for enumeraig all permutiionsof the numbers
12 n . Whatistherunningtime of yourmethod?

De<ribethe structure andpseudo-coddor an array-bagd implementtion of the
vectorADT thatachiezesO 1 timeforinsertionsandremovalsat rankO, aswell
asinsertionsandremovals at the endof thevecbr. Yourimplemengtion should
also providefor a condant-time method.

In the children’s game*hot potato,” a groupof n childrensit in a circle passirgy
an object, called the “potato,” aroundthe circle (say in a clockwise direction).
The children continue pasing the potato until a leaderrings a bell, at which
point the child holding the potato mug |eave the game,andthe other children
close up the circle. This proces is thencontinueduntl thereis only onechild
remaning, who is declaredthe winner Using the sequenceADT, de<ribe an
efficient metod for implemening this game. Suppo® the leaderalways rings
the bell immediatelyafter the potatohas beenpased k times. (Determning
the lastchild remaining in this variation of hot potatois known asthe Josephus
problem.) Whatisthe runningtime of yourmetodin termsof n andk, assuming
the sequences implemenedwith a doubly linked list? What if the sequenceas
implementedwith anarray?

Usingthe ADT, descrite an efficiert way of putting a sequence rep-
reenting a deckof n cardsinto randomorder Use the function (n),
which returnsa randomnumberbetween0 and n 1, inclusve. Your method
should guaranéethat every possible ordering is equaly likely. Whatis the run-
ning time of your metod, if the sequencas implementdwith anarray? What
if it isimplementedwith alinkedlist?

Design an algorithm for drawing a binary tree, using quantities computedin a
treetraversal.

Dedgn algorithmsfor the following operatonsfor anodev in abinarytreeT:

v : returnthenodevisited aftervin a preordertraversal of T
v : returnthenodevisited aftervin aninordertraversal of T
v : return the nodevisited after v in a postorder traversal
of T.

What arethe worst-case running timesof your algorithms?
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C-2.10 Give anO n -time agorithm for computng the dept of al the nodesof atree
T, where n isthe numberof nodesof T.

C-2.11 Thebalancefactor of aninternalnodev of abinarytreeisthedifferencebetween
the heights of theright andleft subtreesof v. Show how to specializethe Euler
tourtraversal to print the balancefacorsof al the nodesof abinarytree.

C-2.12 Two orderedtreesT andT aresaid to be isomorphic if oneof the following
holds

BothT andT consst of asingle node
Both T andT havethe samenumberk of subtrees and the ith subtreeof
T isisomorphtto theith subtreeof T ,fori 1 k.

Desgn an algorithmthat teds whethertwo given orderedtreesareisomorphic.
Whatis the running time of your algorithm?

C-2.13 Letavisit acion inthe Euler tourtraversal be denoedby apair v a , wherevis
thevisited nodeanda is oneof left, below, or right. Dedgn an algorithm for per
forming operation v a , whichreturnsthevisit acion wb following

v a . Whatistheworst-cas running time of youralgorithm?

C-2.14 Show how to repregnt animproperbinary treeby meansof a properone.

C-2.15 Let T be abinary treewith n nodes Define a Roman node to beanodevin T,
such that the numberof dexendens in v's left subtree differ from the number
of desendensin V'sright subtreeby at mog 5. Describe a lineartime method
for finding eachnodev of T, suchthatv is not a Romannode,but all of v's
desendent are Romannodes

C-2.16 In pssudo-codedescribe a nonrecursre method for performing an Euler tour
traversdl of abinarytreethatrunsin lineartime and doesnot use a stack.

Hint: You cantell which visit acion to performatanodeby taking note of where
you arecoming from.

C-2.17 In pssudo-codegescribe anonrecurgsse methodfor performing an inordertraver-
salof abinary treein lineartime.

C-2.18 LetT beabinarytreewith nnodeg T mayor may notberealizedwith avector).
Give a lineartime method that usesthe methodsof the interfaceto
traverse the nodesof T by increasng valuesof the level numbering function p
givenin Secton 2.3.4. Thistraversal is known asthe level order traversal.

C-2.19 Thepath length of atreeT isthe sumof thedeptsof all thenodesn T. De<ribe
a lineartime method for computing the path length of a tree T (which is not
necesarily binary).

C-2.20 Definetheinternal path length, I T , of atree T to be the sum of the depths of
all theinternalnodesn T. Likewise,define the external path length, E T , ofa
treeT to bethe sum of the depths of all the externalnodesin T. Show thatif T
is abinarytreewith ninternalnodesthenE T | T  2n.
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C-2.21 LetT beatreewith nnodes Definethelowest common ancestor (LCA) between
two nodesv andw asthe lowed nodein T that hasboth v andw asdesendens
(wherewe allow a nodeto be a descendentof itself). Given two nodesv and
w, de<cribe an efficientagorithm for finding the LCA of v andw. Whatis the
runningtime of yourmethod?

C-2.22 LetT beat reewith n nodesand,for any nodevin T, let d, denot the deph of
vin T. Thedistance betwweentwo nodesrandwin T isd, d, 2d,, whereuis
the LCA u of v andw (asdefinedin the previousexercise). The diameter of T is
the maximum distancebetwveentwo nodesin T. Degribe an efficientalgorithm
for finding the diameter of T. Whatis therunningtime of your method?

C-2.23 Suppo® we are given acollecion Sof n intervalsof theform a; b; . Design an
efficient algorithm for computng the union of all theintervalsin S. Whatis the
runningtime of your metod?

C-2.24 Assuming the inputto the sorting problemis given in an array A, desribe how
to implementthe selecfion-grt algorithm using only thearrayA andatm ostsix
addiional (base-type)variables

C-2.25 Assuming the inputto the sorting problemis given in an array A, desribe how
to implementtheinsertion-sort algorithm using only the array A andat mog six
addtional (bas-type)variables

C-2.26 Assuming the inputto the sorting problemis given in an array A, de<ribe how
to implementthe heap-srt algorithm using only the array A and at mos six
addiional (base-type)variables

C-2.27 Suppo®thebinarytreeT usedto implementa heapcanbeaccesed using only
the methodsof the binarytreeADT. Thatis, we cannotasume T isimplemented
asavecbr. Givenareferenceo the currentlast node,v, desribe an efficient
algorithm for finding the insertion point (thatis, the new last node)usingjust the
methodof thebinarytreeinterface.Be sure andhandleall possible caes What
isthe running time of this method?

C-2.28 Shaw that, for any n, thereis a sequenceof insertionsin a heapthat requres
Q nlogn timeto process.

C-2.29 We canrepregnta pat from theroot to a nodeof a binary treeby meansof a
binary string, where0 means'go to the left child” and 1 means‘go to the right
child” Desdgn alogarthmic-time algorithm for finding the lag nodeof a heap
holding n elementdbasd on thethis repregntation.

C-2.30 Show thatthe problemof finding the kth smalleg elementin aheaptakes at leas
Q k timeintheworst ca%.

C-2.31 Develop an agorithm thatcompuesthe kth smalled elemenif aset of n distinct
integersin O n  klogn time.

C-2.32 Let T beaheapstoring n keys. Give an efficiert agorithm for reporting all the
keysin T that are smaller thanor equal to a given querykey x (which is not
necessarilyin T). For examplk, giventhe heapof Figure 2.41 and query key
X 7,thealgorithm should report4, 5, 6, 7. Note thatthe keys do not needto be
repored in sorted order. Idealy, your algorithm should runin O k time, where
k isthe numberof keys reportd.
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C-2.33 Thehas table dictionaryimplemengtion requiresthatwe find a prime number
betveena numberM anda number2M. Implementa method for finding such
a prime by usng the sieve algorithm. In this algorithm, we allocatea 2M cell
BooleanarrayA, suchthatcel i is asociatedwith theintegeri. Wetheninitialize
the array cellsto all be “true” and we “mark off” al the cellsthat aremultiples
of 2, 3,5, 7, andso on. This proces canstop after it reachesa numberlarger
than 2M.

C-2.34 Givethe pseudo-codalegription for performing aremoval from ahas tablethat
useslinear probing to resdve collisions wherewe do not use a special marker
to repregnt deletedelements Thatis, we mug rearrangethe contentsof the
has table so thatit appearghatthe removed item wasnever inserted in thefirst
place.

C-2.35 The quadraitc probing strategy hasa clugering problemthat relates to the way
it looks for opensglots whena collision occurs Namely whena collision oc-
curs at bucket h k , we check A hk f j modN, for f j j2, using
j 12 N 1.

a. Show that f j modN will assuneat most N 1 2 distinct values,for
N prime,asj rangesfrom1toN 1. As apartof thisjudificaion, note
thatf R f N R foral R

b. A better strategy is to choos a prime N such that N is congruentto 3
modub 4 andthento checkthe bucketsA hk j2 modN asj ranges
fromlto N 1 2, altermating betweenaddition and subtraction. Show
that this alternate type of quadraitc probing is guaranéedto checkevery
bucketin A.

P-2.1 Write a programthat takes as input a fully parenheszedarithmetic expresion
andconvertsit to abinaryexpresiontree. Your programshould display the tree
in someway and also print the value associated with the root For anaddiional
challerge, alow for the leavesto store variablesof the form x;, X, X3, and so on,
which are initially 0 and which canbe updatedinteractvely by your program,
with the correponding updat in the printed value of the root of the expression
tree.

P-2.2 Writeanappktor stand-abnegraphtal programthatanimatesaheap.Yourpro-
gramshould supportall the priority queueoperatonsandit should visualize the
operatonsof the up-heapnddown-heapbubbling procedures(Extra: Visualize
bottom-up heapconstruction as well.)

P-2.3 Perfam a comparative analysis that studiesthe collision ratesfor various hash
codesfor characer strings such as variouspolynomial hash codesfor different
values of the parametera. Use a hashtalle to determine collisions, but only
countcollisions wheredifferentstrings mapto the same has code(not if they
map to the sane location in this hashtable). Test thesehashcodes on text files
foundonthe Internet

P-2.4 Perform a comparaitve anaysis asin the previousexercise but for 10-digit tele-
phonenumberdnsteadof characer strings



