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Abstract

Space curve sketching using 2D user interface is a chal-
lenging task and forms the foundation for almost all sketch
based modeling systems. Since the inverse projection from
2D to 3D is a one to many function, there is no unique so-
lution. In this paper, we propose to interpret the given 2D
curve to be the projection of the 3D curve that has mini-
mum curvature among all the candidates in 3D. We present
an elegant algorithm to efficiently find a close approxima-
tion of this minimum curvature 3D space curve. We also
compare with many other 2D to 3D curve generation tech-
niques to show that the curve generated by our method is
the one of the most “intuitive” and easy to compute. Fix-
ing the space curve to be the minimum curvature curve
does not restrict the user from getting high-curvature space
curve, if desired. We analyze the complete behavior of our
space curve generation algorithm in order to provide sim-
ple sketching rules to achieve the curve that the user wants,
even the high-curvature space curve, with no change in our
algorithm.

1. Introduction

Space curve sketching using 2D user interfaces is a chal-
lenging and active research problem in the field of inter-
active sketch based modeling. These non-planar 3D curves
are fundamental component of surface generation [7, 20] for
3D models. Space curves are also used as input for specify-
ing implicit surfaces and also for manipulating and mod-
ifying object deformations [16, 6]. The problem of find-
ing the 3D space curve from a 2D sketch is mathematically
indeterminable and has many possible solutions; it is well
known that the fundamental difficulty is in choosing the ap-
propriate one. Most of the sketch-based modeling tools try
to avoid addressing this fundamental problem directly due
to its complexity. These systems provide a fixed canvas to
the user to draw the 2D curve, thus fixing the 3D curve to be
on the canvas. They provide tools to change the shape of the
canvas to enable the user to draw non-planar curves [8]. One
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Figure 1. Given an orthographic projection of a 2D curve
(gray curves on the planes) and the depth range (red and
blue transparent planes), our algorithm computes the 3D
space curve (red curve) that minimizes the maximum cur-
vature and projects onto the given 2D curve. Though our
method generates a low curvature curve, by reducing the
range of depth values, space curves of arbitrarily high cur-
vatures (b) can be generated.

of the clever uses of this canvas method was by Igarashi et
al. [7] where the system provides a planar canvas first and
the user starts with a planar closed curve. A rotund object is
generated using that planar closed curve and from then on,
the generated object becomes the canvas for all future curve
drawings. Often, curves that are not drawn on the canvas are
interpreted as gestural inputs for viewpoint or object manip-
ulation. In spite of all the successes that have been achieved
in the field of sketch based modeling, the fundamental prob-
lem of space curve determination still remains to be a chal-
lenging one.

In our paper, we attempt to provide an intuitive and math-
ematically elegant insight into this problem of 3D space
curve determination from a 2D curve. We propose that the
3D curve corresponding to the given 2D curve to be the
one that minimizes the maximum normal curvature in 3D.
Curvature minimizing interpolation approaches have been
previously used in the study of visual perception to create
seamless color smoothing for overlapping multi-projector
displays [12], indicating a relationship between curvature
minimization and perception of desirability and intuitive-



ness. In this paper we take a similar approach to address the
following problem: given a 2D curve, the projection para-
meters, and the depth range, find the 3D space curve within
the given depth range that has the minimum curvature and
matches with the 2D curve under the given projection.

Specifically, following are the main contributions of this pa-
per:

1. We prove the existence of the curvature minimizing
space curve for an orthographic 2D projection of a
polynomial curve.

2. Given only a sequence of 2D curve points as input, we
present an efficient algorithm to best approximate the
curvature minimizing 3D space curve, from that view-
point.

3. To the best of our knowledge, this is one of the earli-
est works on providing mathematical insight to the do-
main of generating intuitive 3D free-form space curves
from 2D points. We would like to note that a lot of
work has been done using learning approaches for in-
terpreting 2D sketches for mechanical CAD drawings
with straight line edges.

4. We use Laplacian filter effectively along with our ap-
proach to achieve the desired result of curvature mini-
mizing depth interpolation.

2. Related Work

The different endeavors in the field of 3D curves focus ei-
ther on curve manipulation methods or on 2D to 3D curve
generation methods. The approach mentioned in this paper
belongs to the latter category.

Existing space curves can be manipulated indirectly in
many commercial packages like Maya, 3DStudioMax and
most other CAD tools, by modifying the curve parameters
such as spline control points or knot values. Spline curves
can also be manipulated directly as described in [4, 5]. Mod-
ifying existing curves by over-sketching was initially pre-
sented by Baudel [1]. This approach has been adopted for
curve modification and manipulation by several other re-
searchers in this field [2, 3]. Cohen et al. [2] used the cor-
relation between the curve and its shadow as a visual cue
to help the user compute and modify the shape of the 3D
curve. Karpenko et al. [9] take a multi-view sketching ap-
proach using epipolar lines as cues to deduce shape infor-
mation. Their method uses perspective projection and can
determine the 3D values only when drawn from two differ-
ent view points. The epipolar geometry approach works for
simple cases but fails to give desirable results for more com-
plex objects due to the nature of their algorithm.

In the recent past, there has been some research devoted to
extract depth information from 2D curves and strokes di-
rectly. Most of the existing literature on space curve gen-
eration relies on the domain specific knowledge. The edge-
vertex graph method have been utilized to extract the depth
information in systems best suited for architectural designs
and CAD type applications in [10, 14]. Furthermore, [11]
use an interesting domain specific learning based approach
using geometric correlation to deduce the 3D model that is
again more suitable for CAD tools. The underlying assump-
tion behind this learning technique is that the input sketch
comprises of straight lines and thus does not account for
free-from curves. It also follows from the paper that the hu-
man ability to perceive the 3D information from 2D sketch
is based on prior knowledge about the drawn object or scene
and human perception fails to reconstruct random objects.
Learning based methods are also non-interactive and are
computationally expensive.

One of the earliest example of constructing free-form space
curves is the 3-Draw system [13] that extracts the 3D co-
ordinate information by using a tracker-based system. Ijiri
et al. [8] utilize the input sketch to generate a curved can-
vas where the drawn curve essentially becomes an extruded
surface from a given viewpoint providing the user the capa-
bility of drawing non-planar curves on that surface. Tolba et
al. [18] use the approach of oriented projective representa-
tions of 2D points. This allows “3D-like” perspective view-
ing, object manipulation and rendering of the 2D points, but
they do not generate actual 3D values from 2D points.

To the best of our knowledge, most of the existing ap-
proaches about space curve generation are based on heuris-
tics and there is no literature on research that performs do-
main independent mathematical treatise to generate intu-
itive free form space curve. Our paper attempts to address
this issue by using curvature minimizing depth interpola-
tion. We present an interpolation method to generate artis-
tic and expressive 3D curve from a single 2D curve in-
put. It is obvious that one cannot provide the exact curve
that user has in mind, just from a single 2D sketch. Hence,
any curve manipulation technique can be used thereafter to
modify our computed 3D curve. We believe that the need
for such manipulation will be minimal since our user study
shows that, in most cases, the initial guess of curvature min-
imizing curve is very close to user’s expected result. The
method discussed empowers the user by simplifying the
user-interface, quickens the system learning time of the user
and overall time to sketch the object.

3. Curvature Minimizing Curve

We repeat the problem statement for the sake of comple-
tion. Given a 2D curve, the orthographic projection para-
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Figure 2. Illustration of our approximation algorithm to generate curvature minimizing space curve. At every iteration the critical points
of the distance function from the line joining the first and last points of the curve segment is chosen for further curve subdivision. The
recursion ends when the curve segment can be approximated well by the line joining its end points.

meters, and the depth range, the problem is to find from all
the possible 3D space curves within the given depth range
and that matches with the 2D curve under the given projec-
tion, the curve that minimizes the maximum curvature. The
given 2D curve is assumed to be a polynomial curve. Since
any polynomial basis can be converted to and from a Bern-
stein basis, we can convert the given polynomial curve into
a 2D Bezier curve. We state, prove and use a theorem in-
volving the control points of Bezier curves to come up with
a solution for the stated problem.

Theorem 1 Given a 2D Bezier curve with a known depth
range, the depth of the control points of curvature minimiz-
ing 3D Bezier curve is monotonically and equally spaced
within the given depth range.

Proof: (Sketch) For the sake of simplicity of mathematical
proof, we assume that the given plane is parallel to the XY
plane and the viewing direction is the Z axis. Let us also as-
sume that the range denotes the depth value of the first and
the last control point of the Bezier curve.

Let the control points of the 2D Bezier curve be denoted by
Pi = (xi,yi), 0≤ i≤ n, where n is the order of the curve. The
Bezier curves are orthographic projection invariant. Hence
the 3D curve will have the same number of control points
as its 2D projection, and the control points of the 2D curve
are actually the projection of the 3D curve control points.
Since it is an orthographic projection, the control points of
all the candidate 3D space curves will have the same x and
y coordinates. Let the 3D control points be Qi = (xi,yi,zi).
The curve is,

Q(u) = Σ
n
i=0

n!
i!(n− i)!

Qiui(1−u)n−i

Differentiating, we get

Q′(u) = nΣ
n−1
i=0

(n−1)!
i!(n−1− i)!

[Qi+1 −Qi]ui(1−u)(n−1−i)

and the second derivative is given by,

Q′′(u) = (n)(n−1)Σn−2
i=0

(n−2)!
i!(n−2−i)! [Qi+2 −2Qi+1 +Qi]ui(1−u)(n−2−i)

The normal curvature κ is given by |Q′×Q′′|
|Q′|3 . Intuitively, to

minimize the maximum curvature, we need to minimize the
maximum value of Q′′ and maximize the minimum value of
Q′.

With respect to Q′, larger the differences in depth values
of the control points, larger the denominator and hence the
minimum value has no maxima. Hence, minimizing curva-
ture depends only on the magnitude of Q′′. This can also be
seen from the fact that since curvature is an implicit char-
acteristic of a curve, for an equivalent arc-length parame-
terization, the curvature is controlled by its second deriv-
ative. Based on the above argument, our goal is to mini-
mize the magnitude of the 3D vectors (Qi+2 −2Qi+1 + Qi)
for all i. Since the x and y coordinates of Qi are fixed by
the input 2D Bezier control points, and the z coordinates
of the first and last control points are fixed by the given
depth range, the only free parameters are the z coordinates
of the intermediate control points Qi, 1 ≤ i ≤ (n−1). Min-
imizing |zi+2 − 2zi+1 + zi| would minimize the magnitude
of the required vector. Since the z0 and zn are known, set-
ting zi+2 − 2zi+1 + zi = 0 for all i provides a set of recur-
rence equations. The solution for this set of equations is

zi = z0 +
zn − z0

n
i.

If we use this theorem to construct the 3D curve from the
2D sketch, it will have seemingly two drawbacks: it can pro-
duce only monotonic curves and low curvature curves. In
the problem of going from 2D to 3D, it is obvious that we
have to constrain the problem to fix one solution from infi-
nite number of solutions. Monotonicity from a given view
point is a natural constraint that is required by a mathemat-
ically convincing choice of the solution – minimum cur-
vature curve. At the same time, the generated curve can
be non-monotonic in every other viewing direction and
hence is not a limitation. Second, the curvature is minimized
within certain constraints - the given depth range and the 2D
projection. Smaller depth ranges provide less space to re-
duce the curvature. Hence arbitrarily high curvature curves



can be created by using appropriately small depth ranges
(Figure 1(b)).

4. Our Algorithm

The 2D curves drawn in sketching applications are not usu-
ally Bezier curves, but a sequence of edge connected points.
Hence, we have to adapt our stated theorem for the depth
extraction for a generic 2D curve. One way to adapt our re-
sult on curvature minimizing depth interpolation is to fit a
Bezier curve to the input point sequence and interpolate the
depth of this 2D Bezier curve. This is a computationally ex-
pensive operation and most importantly, the error in curve
fitting will provide a distracting and unexpected feedback to
the user.

In this section we provide an alternative method for find-
ing the depth of the sketched 2D curve points that approx-
imates the minimum curvature 3D curve. We use the fol-
lowing fundamental observation of the 3D Bezier curve
chosen in the previous section (but not true in a generic
Bezier curve): since the depth values of the control points
are equally spaced, the closest point on the curve from any
control point has the same depth value as the control point.
Hence if we identify these key points on the curve that are
closest to the control points and space their depth values
equally, we will have the first approximation of the space
curve. Since we do not have these 3D Bezier curve con-
trol points and hence of its 2D projection, identifying even
the correct number of key points is difficult, let alone the ac-
tual key points. Every lower degree polynomial curve can
be represented using a function of higher degree with more
than required control points. In the limit every point on the
curve can be used as a control point and our interpolation
scheme will boil down to an arc-length based linear interpo-
lation scheme. Hence there is no upper bound on the num-
ber of control points that represents a polynomial curve. On
the other hand, we can use the following theorem to find the
lower bound on the number of control points (key points).

Theorem 2 Every non-degenerate critical point of the dis-
tance function from a Bezier curve to the line joining the
first and the last control points of the curve corresponds to
a unique control point of the curve.

In other words, even though we do not have explicit Bezier
representation of the 2D sketched curve, the number of crit-
ical points in the curve is the lower bound on the number
of control points of the hypothetical Bezier representation
of the same curve. Proof of this theorem is given in the
appendix. The critical point need not be the closest curve
point (key point) to the corresponding control point. How-
ever, these critical points are in fact very close to the key
points as shown by our empirical studies. The fundamen-
tal source of approximation in our algorithm for curvature

minimizing depth interpolation comes from the fact that we
assume that these critical points are key points.

The second source of approximation comes from the fact
that, in general, the converse of the above theorem is not
true: there need not be a critical point corresponding to
every control point. Hence all the required control points
cannot be found by just one sequence of critical points.
We solve this issue by subdividing the original 2D curve
at the initial critical point (key point) locations. If we per-
form a deCasteljau subdivision of the Bezier curve at the
key points, the above theorem still holds good for each of
the subdivided curve segments. In this process, we increase
the total number of control points (sum of the control points
of the subdivided curve segments) and hence the possibil-
ity of more critical points. Using this observation, we re-
peat the process of finding the critical points recursively
within each 2D segment between the initial sequence of crit-
ical points up till a threshold in terms of linearity of the
curve segment. We show empirically that we can extract the
required number of critical points for faithful representa-
tion of the sketched curve. Since we assume that all these
critical points are representatives of key points, we assign
equally spaced depth values within the range to the critical
points. The depth of all other points on the 2D curve is com-
puted by linearly interpolating the depth between the criti-
cal points based on the curve length parameterization.

The resulting 3D space curve, though a very close approxi-
mation of the curvature minimizing curve, has non-smooth,
high frequency transitions of the depth values across the
critical points. Laplacian filtering is used in image process-
ing applications to remove high frequency components for
edge detection, morphological smoothening and contrast
enhancement [15] and for smooth surface generation by re-
moving the high curvature regions from noisy meshes in
geometric modeling [17, 19]. There are other smoothing
techniques like subdivision approach and Lagrange inter-
polation. We chose the Laplacian low-pass filter as it is ex-
tremely fast and simple as required by interactive sketching
applications. But it is a known fact that this filter produces
shrinkage effect for geometric primitives. In our algorithm,
the shrinking of curves is prevented by keeping the depth at
the curve end points constant. We apply a few iterations of
this smoothening filter only to the interpolated depth values
of all the interior points on the curve, as zi′ = zi + λ (∆zi)
where ∆zi = ((zi−1 + zi+1)/2)− zi and λ < 1.0 for a low-
pass filter, . This produces an excellent approximation of
the curvature minimizing curve. In Figure 3 we show a few
examples of actual curvature minimizing Bezier curves and
the corresponding space curves produced by our algorithm.

The summary of the algorithm for finding the curvature
minimizing curve is given as pseudo-codes in Algorithms 1
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Figure 3. (a) Effect of filtering. Blue curve shows the interpo-
lation before filtering and the red curve shows the curve af-
ter filtering. (b) shows reconstruction of space curves using
our approximate method for different Bezier curves. The ac-
tual curvature minimizing Bezier curve as suggested in The-
orem 1 is shown in gray. Our approximate curve follows the
actual curve closely. Notice in (b) that even from a view-
point where projections are self intersecting in 2D, the recon-
structed curvature minimizing curve follows the actual Bezier
curve.

and 2. An illustration of this algorithm is shown in Figure 2.

Algorithm 1 ReturnCriticalPoints(Curve C)
{Function: Find the Critical Points of the 2D curve C.}
{Given: Sample points of a 2D curve C}
L = Line between the first and the last sample points of
C.
CS = Sequence of all the critical points of the distance
function of C from L.
R = Subset of CS, that is within a user-defined threshold
distance from L.
CS = CS−R.
if CS == φ then

return; {Terminating condition.}
end if
CriticalList = CS
CheckList = {First point of C} ∪ CS ∪ {Last point of C}
for every curve segment Ci between consecutive points
in CheckList do

CriticalList = CriticalList ∪ ReturnCriticalPoints(Ci) {
Insert into CriticalList, the critical points of Ci in order
of their appearance in C.}

end for
return CriticalList;

4.1. Implementation

Here we elaborate on the implemetation aspect of our ap-
proach that are mentioned in Algorithms 1 and 2. The input
to the algorithm is a sequence of points that represents a 2D
curve, the values of which are discrete since they are gener-
ated from the pixel values. This would create a lot of local-

Algorithm 2 CurvatureMinimizingCurve(Curve C, Depth
z0, Depth z1)
{Function: Curvature Minimizing Interpolation of
Depth}
{Given: Sample points of a 2D curve C; depth values of
the first and the last points of C, z0 and z1. }
CriticalList = {First point of C} ∪ ReturnCritical-
Points(C) ∪ {Last point of C}
Let DepthInterpC be the points in C with unset depth val-
ues.
Interpolate the depth value linearly between z0 and z1
among all points of CriticalList and set their values in
DepthInterpC.
for every curve segment Ci between consecutive points
in CriticalList do

Interpolate the depth value based on curve length pa-
rameterization and set their values in DepthInterpC.

end for
CurvMinC = LaplacianFilter(DepthInterpC)
return CurvMinC

ized extremas while computing the critical points. Hence,
in order to make the algorithm more efficient and robust to
the nature of the input, we choose only one extrema that
is the maximum for that iteration and use it as the critical
point. This process is repeated until a terminating condi-
tion is reached. Here it needs to be mentioned that the ter-
minating condition of the algorithm is one of the open pa-
rameters that is a user-defined maximum allowable devia-
tion of the 2D curve from the line joining the end-points
of the curve. For implementation purposes, iterations con-
tinue till the critical point’s deviation is less than this user-
defined threshold that is given in number of pixels. For all
the results presented in this paper, we used a 3-pixel thresh-
old.

Once all the key-points are identified, they are linearly inter-
polated within the z-range between the start and end points
of the curve. In order to achieve a smoother curve, we ap-
ply a low-pass Laplacian filter. In our implementation, we
used 25 iterations for filtering with λ = 0.25. The result-
ing space curves before (blue curve) and after (red curve)
filtering is shown in Figure 3.

5. Evaluation

In the previous section, we proposed a curvature minimiz-
ing approach to generate a feasible 3D space curve from
a 2D curve. In this section we evaluate our proposed solu-
tion to the problem from various perspectives. First, we ana-
lyze the effectiveness of our algorithm in approximating the
curvature minimizing space curve using error analysis. Sec-
ond, we evaluate the performance of our approximating al-
gorithm in terms of its efficiency and appropriateness of its
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Figure 4. The actual curvature minimizing Bezier curves are shown in gray. Our approximation method for curvature minimizing curve
is shown in red, depth interpolation based on curve length is shown in blue, and the space curve produced by the distance based depth
interpolation is shown in green.

use in interactive sketching applications using standard per-
formance analysis. Third, we validate our hypothesis that
the curvature minimization is an intuitive measure for depth
interpolation using user studies.

5.1. Analysis of Error in Approximation

We have proposed an approximate method to generate a cur-
vature minimizing 3D space curve. Hence, it is only logical
that in order to evaluate the error in the approximation, we
compare our reconstructed curve with the actual curvature
minimizing curve. The inputs to our error analysis are the
3D Bezier curve whose control points are equally spaced in
depth from the given view point (as proved in Section 3),
and the 3D curve generated using our interpolation algo-
rithm. The distance between these curves is the measure of
error in approximation.

As seen from Figures 3 and 4, the reconstructed curve fol-
lows the actual Bezier curve closely which visually verifies
our claim that our approach produces a curvature minimiz-
ing curve in 3D. In order to empirically verify our claim,
we computed the maximum relative distance between the
points in our reconstructed curve from the actual curve to
the depth range of the entire curve. In other words, we com-
puted the following function as the measure of error:

Error = max
d(u,B)
z1− z0

where d(u,B) is the closest distance between a point u in
the reconstructed curve to the given Bezier curve B, and
(z1− z0) is the given depth range of the entire curve.

The error analysis was carried out with 50 different curves.
The proposed method consistently gave an error of less than

0.1%. The shape of the curve is controlled by the number
of critical points and the smoothness of the curve is deter-
mined by the density of sample points constituting the input
curve.

The number of critical points usually stabilize after a cer-
tain density of sample points and hence the error rate is not
dependent on the number of sample points in the projected
curve. Under exactly the same experimental conditions, dis-
tance based interpolation scheme exhibited an error of about
30% and curve-length based interpolation had more than an
order of magnitude error than our method.

5.2. Timing Analysis

The algorithm should be time efficient in order to be useful
for interactive applications like sketch based modeling. The
algorithm takes less than 30 ms to compute the space curve
from a 2D curve consisting of around 200 sample points.
Our method has linear time complexity in terms of the num-
ber of sample points, as shown in Figure 5. The experiments
were conducted using a variety of curve configurations on a
2.4GHz Pentium platform with 512MB memory.

5.3. User study

We hypothesize that the depth interpolation that minimizes
the maximum curvature generates one of the most intuitive
space curves. In order to validate this claim, we conducted a
preliminary user study in which, from the 2D curve chosen
by the user, space curves were reconstructed using differ-
ent interpolation techniques, including the one described in
this paper. Most of the existing space curve generation tech-
niques use either a planar canvas or a pre-defined canvas.
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Figure 5. The graph shows the execution time for depth inter-
polation for input curves of varying sizes.

There has been no significant research for generating a free-
form space curve directly from a single viewpoint. Thus, in
our experiments, we compare our approach with two com-
mon interpolation techniques based on curve-length para-
metrization and distance ratios. Given the depth values at
the end points of the curve,

1. Curve Length Parametrization technique linearly in-
terpolates and computes the depth of a point based on
the ratio between the curve length up till the point and
the total curve length;

2. Distance Ratio technique linearly interpolates and
computes the depth of a point based on the ratio be-
tween the distances of that point from the end points
of the curve.

The space curves generated by the above two interpolation
techniques and the proposed technique were presented to
the user. The user was allowed to view these space curves
from different view points in order to get acquainted with
the system and also familiarize with the 3D space in which
the curves exist. The chosen 2D curve was also shown on
transformed projection planes in order to help the user to
orient him/herself using familiar markers. Then the users
were asked to choose the curve that was most intuitive and
that best conveyed their expected interpolation. All the users
most emphatically (91%) chose the curve generated by our
method as the most intuitive curve. The user study was car-
ried out with more than a dozen users. Around 100 different
curves were generated and every user was allowed to exper-
iment with at least 6 different curves.

6. Conclusion

In this paper we have addressed the difficult problem of gen-
erating an intuitive and aesthetic space curve from a single
view of a 2D curve without using any additional cues. We

Figure 6. A snapshot of our preliminary sketch-based free-
form modeling system.

believe that the mathematical rigor used to explain the intu-
itiveness would find its use in perceptual studies. Further,
the results of this work can be used to effectively quan-
tify the quality of curve and surface generation in free-form
modeling and used extensively for a better surface genera-
tion for 3D models in sketch based modeling applications.
The proposed method in this paper for generating intuitive
3D curves from 2D input is being utilized in a sketch-based
free-form modeling system that we are currently develop-
ing. A snap-shot of our preliminary free-form sketching sys-
tem is shown in Figure 6.
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Appendix: Proof of Theorem 2

Theorem 2: Every non-degenerate critical point of the dis-
tance function from a Bezier curve to the line joining the
first and the last control points of the curve corresponds to
a unique control point of the curve.

Q0

Q3

Q2Q1

(a)

R0=Q1-Q0

R2=Q3-Q2

R1=Q2-Q1Origin

V=Q3-Q0

Critical Point

(b)

Figure 7. Illustration of the proof for Theorem 2. (a) Bezier
curve Q(u) with four control points. (b) Bezier curve Q′(u)
which represents tangent vector at each point of Q(u). The in-
tersection point corresponds the parameter value of the criti-
cal point in the original curve.

Proof: For a Bezier curve Q(u) in Figure 7, let~L denote the
vector between the first and the last control points Q(0) and
Q(n). Let us find the ranges of the parametric values within
which the curve reaches the critical distances (maximas and
minimas) from the line L. The extremas will have their tan-
gent vectors parallel to ~L. The locus of the tangent vectors
at every point on Q(u) is also a Bezier curve as shown be-
low.

Q′(u) = nΣ
n−1
i=0

(n−1)!
i!(n−1− i)!

[Qi+1 −Qi]ui(1−u)(n−1−i)

= (k +1)Σk
i=0

k!
i!(k− i)!

Riui(1−u)k−i

where k = n−1 and Qi+1 −Qi = Ri

Computing the critical points on Q(u) at which the tangent
vector is parallel to~L is same is computing the intersection
points of Q′(u) with ~L. The number of intersection points
of~L and Q′(u) will be no more than the number of intersec-
tions of~L with the control polyline of Q′(u), due to the vari-
ation diminishing property of the 2D Bezier curves. It can
be shown that if the line L intersects Q′(u) at u = ut , where

i
n−1 ≤ ut ≤ i+1

n−1 for some 0 ≤ i ≤ (n−1), then it intersects
the line RiRi+1 of the control polygon. Since two line seg-
ments, L and RiRi+1, can intersect at most once, there can
be at most one intersection point ut within the given range
due to the variation diminishing property. It can be observed
that i

n−1 < (ui = i
n ) < i+1

n−1 , for 0 < i < n, where ui is the
parametric value at which the control point Qi has maxi-
mum control over the curve and hence the closest point on
the curve. Since there is at most one critical point and ex-
actly one control point of the original curve corresponding
to each range, we correspond the critical point to the unique
control point that share the same range of parametric val-
ues.


