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Abstract

B-Splines in general, and Non-Uniform Rational B-Splines in particular, have become indispens-
able modeling primitives in computer graphics and geometric modeling applications. In this paper
a novel high-performance architecture for the computation of uniform, non-uniform, rational and
non-rational B-Spline curves and surfaces is presented. This architecture has been derived through a
sequence of steps. First, a systolic architecture for the computation of the basis function values, the
basis function evaluation array (the BFEA), is developed. Using the BFEA as its core, an architec-
ture for the computation of non-uniform rational B-Spline curves is constructed. This architecture
is then extended to compute NURBS surfaces. Finally, this architecture is augmented to compute
the surface normals so that the output from this architecture can be directly used for rendering the
NURRBS surface.

The overall linear structure of the architecture, its small I/O requirements, its non-dependence
on the size of the problem (in terms of the number of control points and the number of points on
the curve/surface that has to be computed), and its very high throughput make this architecture
highly suitable for integration into the standard graphics pipeline of high-end workstations. Results
of the timing analysis indicate a potential throughput of one triangle with the normal vectors at its

vertices, every two clock cycles.

! An extended abstract of this paper appears in [12]



1 Introduction

The explosive growth of computer graphics over the last two decades has been greatly facilitated by
impressive hardware innovations: Raster graphics became popular due to the emergence of low-cost
semiconductor memories for the frame buffer. Graphics co-processors and graphics display con-
trollers designed with the goal of off-loading the graphics computation from the CPU resulted in
the widespread availability of quality graphics cards for personal computers. The Geometry Engine
[3] ushered in the era of high-performance graphics workstations. Successive generations of work-
stations have exploited increasing levels of pipelining and parallelism in the graphics pipeline (See
for example, the Reality Engine [1]). The graphics applications however, have constantly increased
their requirements so as to be continuously beyond the reach of available hardware capabilities. In
this evolution, more and more complex graphics abstractions have been made available to the main
processor: starting from simple lines, the current high-end systems support anti-aliased, Z-buffered,
Gourard-shaded, 24 bits of color per pixel triangles in hardware.

We believe that the next step in this evolution is the migration of parametric curves and surfaces
into hardware. An example of this trend is the recent microcode implementation of non-uniform
rational B-Splines (NURBS) in a graphics workstation [6]. In this paper we present a unified
architecture for the computation of various types of B-Spline curves and surfaces. We believe that

this architecture is significant because of the following factors:
e This is the first solution to handle all types of B-Spline curves and surfaces.

e The architecture is capable of very high performance: one triangle with the normals at its

vertices, every two clock cycles.

e The architecture has a linear structure that minimizes the number of pins required in a VLSI

implementation.

e The architecture is independent of the size of the curve/patch (in terms of the number of

control points, as well as the number of points on the curve/patch) to be computed.

e The above three features make this architecture highly suitable for integration into the graphics

pipeline of high-end workstations.

We are focusing on B-Splines rather than many other parametric curves and surfaces that have
been described in the literature, since NURBS has emerged as the modeling primitive of choice for the

geometric design community. Non-uniform rational B-Spline curves and surfaces have been an Initial



Graphics Exchange Specification (IGES) standard since 1983 [14]. Many commercial or in-house
modeling applications like Geomod and Proengineer are based on rational B-Spline representations.

The popularity of rational B-Splines is due to the following facts:

e They provide one common mathematical form for the accurate representation of standard
analytic shapes, especially conics, as well as free-form curves and surfaces. Thus unification of

all forms of curves and surfaces is done by NURBS.

e They offer an extra degree of freedom in the form of weights, apart from knot vector and

control points, which can be used in designing wide variety of shapes.

e They are projection invariant: That is, the projection of the curve is achieved by projecting

the control points and suitably modifying the weights of the control points.

Introduction to rational quadratic representation of conics can be found in [15]. Further infor-
mation about the NURBS representation of circles is in [21],[24].

A few hardware implementations of B-Splines have been reported in the literature. One of
the early papers in this direction is the work of T.Li et al.[16] where an architecture to generate
Bezier curves and patches was proposed. De Rose [7] et al., proposed a triangular architecture to
generate B-Spline curves using the deBoor-Cox algorithm. Mathias [17], has developed a similar
architecture for Bezier curves using the de Casteljau algorithm. He has also developed architectures
for B-Spline inversion and B-Spline generation [18]. Recently, Megson [19] has come up with a
design to calculate the basis functions required to generate B-Splines. He has also developed a
composite design to calculate B-Spline patches. All the architectures presented in the literature

have the following limitations that seriously restrict their practical implementation.

e the size of the hardware is tied to the size of the problem (the number of control points) that

1s to be solved.
e a large number of 1/O pins are needed.

The architecture proposed in this paper overcomes these limitations and in addition, as pointed
out earlier, provides a unified high-performance solution to the computation of B-Spline curves and
surfaces.

In the next section, the fundamentals of B-Splines are explained. The properties of all types of B-
Splines as well as their computation requirements are outlined in this section. An efficient algorithm

to compute basis functions and its hardware implementation are presented in Section 3. Using



Figure 1: B-Spline Curve

the above basis function calculating architecture, a unified architecture to calculate Uniform/Non-
Uniform Rational/Non-Rational B-Spline Curves and Surfaces is presented in Section 4. Finally,
the architecture presented in this work is compared with other similar solutions proposed in the

literature and is shown to be superior both in time and space efficiency.

2 Theory of B-Splines

The B-Spline curve is defined over a parameter u by the following equation

P(u) = ZPZ-NM(U) (1)

The curve is drawn for various values of u varying from upin t0 Umar. Typically wmin = 0
and umgey = 1. The point on the curve at the parametric value u is denoted by P(u). There are
(n + 1) control points denoted by P;. These control points are points in object space, using which
the shape of the B-Spline curve can be controlled. In geometric modeling applications, the position
of these control points are changed to achieve the required shape of the curve. The curve need not
pass through the control points, though B-Spline curves always lie within the convex hull of control
points. A typical B-Spline curve is shown in Figure 1. The basis function or the blending function is
denoted by Nj i (u). These basis functions will decide the extent to which a particular control point
controls the curve at a particular parametric value u. The parameter k is called the order (one more
than the degree) of the curve. For a cubic curve, k = 4.

The basis function N; x(u), depends on the parametric value and the order of the curve, and is

recursively defined as follows.

1 lf t <u<itip
Nia(u) = (2)

’ 0 otherwise



Figure 2: B-Spline Surface

Nig(u) = (u = t) Nie—1 () + (tik = W) Ni+1 -1 (u) (3)
tigk—1—1ti tivk —tip1

The constants t;s, called knot values, are specific instances of the parametric value u and are
strictly in non-decreasing order. There are (n + k + 1) knot values (tg to t,45). All the knot values
put together is called a knot vector. In section 2.1 we will see more about the knot vector and the
properties of the basis functions.

The properties of basis functions and B-Splines are discussed in detail in [22]. For further reading
on B-Splines [2][4][20] and [23] are suggested.

The extension of a B-Spline curve is the B-Spline surface given by

P(u,v) =Y > Py N (u)Nj i (v), (4)

i=0 j=0
where, P(u,v) is the point on the surface for the parametric values u and v. The grid of (n+ 1) x
(m + 1) control points is denoted by P;;. The basis functions in u and v directions are denoted by
N; i (u) and N;;(v). The variables k£ and ! denote the orders of the surface in the direction of u and
v respectively. For a bi-cubic patch, £ = = 4. Figure 2 shows a bi-cubic B-Spline patch.

A Rational B-Spline curve is a normalized result in 3D, of a 4D non-rational B-Spline curve,
defined by 4D control points. A Rational B-Spline curve is defined by the formula,
_ Yo PiwiNig(u)

im0 wilNig(u)

wiN; k(u)

The term w; denotes the weight of the 3D control point P;. The term z:ni denotes the

wiN; k

P(u)

(5)

=0
extent to which the control point P; has control over the curve. When w; tends to infinity, the curve

is pulled towards P; and when w; is zero, the control point P; does not have any influence over
the curve. Detailed study of rational B-Spline was carried out first by Versprille [26]. More details
about rational B-Splines can be found in [22], [24], [25].



A rational B-Spline surface is defined by the formula,

T.L_ m_ PzszZ u)N; (v
P(u,v) = ZZ_T?ZJ_HS JWij ,k( ) J,l( ) (6)
Yico 2 im0 Wig Nik(u) Ny (v)
wiiNik(w)N;i(v)
i Qg0 wiiNik (W)Nj1 (v)
point P;; on the patch. There is a grid of (n + 1) x (m + 1) control points for the surface and with

denotes the extent of influence of the control

Here again, the term <=
2.

every control point is associated the weight of that control point.

2.1 Basis Functions and Control Points

In this section, we point out a few interesting aspects of the basis functions and the control points.
These properties will be used later in this paper.

As the basis functions are dependent on the knot vector, we describe the knot vector in more
detail. Let the parameter u vary from 0 to 1. Let the knot vector be [0.0, 0.1, 0.13, 0.3, 0.35, 0.35,
0.35, 0.4, 0.6, 0.7, 0.9, 1.0], and let the order of the curve k£ be 4 (cubic curve). The basis function
curves, for this knot vector and order, is shown in Figure 3. As shown in the figure, the knot values
are specific instances of u as it varies from its minimum value to the maximum value. Note that
the knot values can be repeated as given in the example above, where t4 = t5 = t¢ = 0.35. The
basis function for the control point P, namely Ny 4 will be non-zero for the values of u between
to = 0.0 and ¢4 = 0.35. At all other values of u, this basis function will remain zero. The basis
function N; 4 will be non-zero only for the values of u from #; to ?5. In general, the basis function
N; 1 will be non-zero for the values of u from ¢; to t;4;. It can be shown that at any particular
value of u in the valid range, there will be £ and only & basis functions with non-zero values [8]. The
valid range of u is from t5_1 to t,41. In our example, the valid range is from v = 0.3 to u = 0.6.
Those basis functions with non-zero values for the value of u under consideration, are called useful
basis functions. We will use this concept of useful basis functions later in this section to reduce the
computational complexity of B-Splines.

We can now impose various restrictions on the knot vector. These restrictions give raise to various
kinds of B-Splines. If the knot vector is such that, t1 —tg = ta—1%1 = tg3—12 = -+ = tppk —tnyk-1
then the resultant B-Spline is called an Uniform B-Spline [8]. A typical uniform knot vector would
be [0.0, 0.1, 0.2, 0.3, -+, 0.9, 1.0]. Here we can see that the differences between the adjacent knot
values are equal. For a Uniform B-Spline all basis function curves are identical (Figure 4). Hence

it is enough to calculate the basis function curve only once, thus reducing the complexity of the
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Figure 3: Basis Function Curves for Non-Uniform Knot Vector

B-Spline computation to a large extent. Taking advantage of this fact, a VLSI architecture to solve
Uniform B-Spline curves has been proposed in [10] and a unified architecture to compute uniform
rational /non-rational B-Spline curves/patches is also proposed in [11].

In the uniform knot vector, if the first and the last knot values are repeated k times then the
resultant knot vector is called the Open knot vector. This forces the curve to start from the first
control point and end in the last control point.

If the knot vector does not conform to the above two conditions then it is called a Non-Uniform
knot vector and the B-Spline is called a Non-Uniform B-Spline. The example given in the beginning
of this section is a non-uniform knot vector. Unlike uniform B-Splines, the basis function values
for the B-Spline with non-uniform knot vector is to be computed for every value of the parameter.
The rationalized B-Spline curves and surfaces with Non-Uniform knot vector are called NURBS
(Non-Uniform Rational B-Spline) curves and surfaces.

Having described knot vectors and the types of B-Spline curves and surfaces, we now proceed to
analyze the properties of the basis functions. It is clear from the equations of B-Spline curves and

surfaces that only if the basis function value is non-zero, the corresponding control point controls
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Figure 4: Basis Function Curves for Uniform Knot Vector

the shape of the curve. As there are only k useful basis functions at any value of u, as discussed
earlier, only k control points contribute to the computation of the curve. These control points are
called active control points. In case of a B-Spline surface, there will be a grid of (k x {) active control
points.

If we know the useful basis functions at a particular value of u, we can compute only those
basis function values and compute the point on the curve. The other basis functions and their
corresponding control points need not be considered. Hence the complexity of the computation
of the curve is dependent only on k, the order of the curve, and not on n, the number of control
points of the curve. It should be noted that no approximations have been used in bringing down
the complexity from O(n) to O(k). Instead, a careful study of the basis functions has led to the
elimination of useless computations from the naive computation scheme.

So our problem boils down to finding the useful basis functions given the value of u. We use
the fact that the knot values are strictly in non-decreasing order and any value of u is thus, clearly
sandwiched between a pair of consecutive knot values. (This is a very important observation which
is used in unfolding the recursion in the basis function computation. This observation leads to the
conclusion that there is only one first order basis function with value 1, and the rest have value 0.)

If ¢; < u < t;41 then the k useful kth order basis functions are Nj_py1 5, Nicgpyon, - Nik.
Using the first subscript of these useful basis functions, the active control points can also be found.
In our example, if u = 0.5, then 1t lies between t7 = 0.4 and tg = 0.6, and the useful basis functions

are Ny a, N5 a, Ng 4 and N7 4, which have non-zero value. Thus the active control points are Py, Ps,



Ps and Py. If u crosses t;41, then the index i is incremented and the current useful basis functions
and the active control points are found.

Similarly, for a surface, with order k£ and [, there are k and [ useful basis functions for particular
values of u and v respectively. Here again, the grid of k x [ active control points can be found using

the above method.

3 VLSI architecture for Basis Function Generation

In the computation of a B-Spline curve or a surface, the basis function computation plays an im-
portant role. As seen from Equation 3, the basis function computation is recursive and apparently
requires 2 — 1 function calls to itself.

The calculation of one point on the curve, requires n + 1 basis function values. Hence the total
number of calls to the basis function routine would be (n + 1)(2¥ — 1). Using the discussion in
the preceding section that there are only k useful basis functions, the number of calls reduces to
k(2k —1).

There are two problems in using the recursive equation 3 for the computation of basis functions.
First, in the computation of these & basis functions, many lower order functions return zero. This
observation shows that there are few computations that can be eliminated. Second, if there are
multiple knots (such as, ¢; = ;41 = t;42 = ti43), then the denominator of the Equation 3 may
become zero for certain calls to the basis function routine (such as N; 1, Nit11, Nig21, Ni 2, Nij1,2,
N 3), leading to division errors.

The above two difficulties are overcome by using the following method ([4][5]), which computes
only those basis function values, including the lower order basis functions, which have non-zero
value. This algorithm just unfolds the recursion and identifies a directed acyclic graph (DAG) of
basis functions which have non-zero values. This DAG, while sorted in topological order, would give
the order of computation of basis function values that eliminates the above two difficulties.

From the discussion in the previous section, we know that, for a given value of u, only one basis
function of order one is non-zero, because one can find only one 7 such that ¢; < u < ;41 as the ;s
are in non-decreasing order.

From the Figure 5, we can see that from the non-zero first order basis function, k£ kth order
basis functions can be calculated. The multiplicative factor along the edges is given in the inset and

whenever two edges meet an addition is performed to get the basis function value at the meeting
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node.
In this method, every computation is indispensable and the denominator does not become zero.
In what follows, this method is used to develop a new systolic architecture for the computation of

basis functions.

3.1 Systolic computation of basis function

Figure 6 shows the systolic linear array for the computation of the basis function. The controller
pumps the required input for the computation of basis functions to the first cell in the Basis Function
Evaluation Array (BFEA). The design of BFEA and its input pattern are explained below.

Each cell in the BFEA computes one level in the DAG, shown in the Figure 5. The first level
which has only one element N; i (u) involves no computation as its value is always one for any ¢ such
that ¢; < u < #;41. This value is pumped by the controller to the first cell in the BFEA.

Starting from the second level, one processing element is assigned the job of computing one level
of the DAG. Hence it is required to have just £ — 1 processing elements. From the (k — 1)th cell of
the BFEA, the k basis functions of order k& are output.

=

From the Figure 5 and the method of computing the basis functions explained in the previous

10



section, it is clear that the first cell requires the knot pair ¢;,4;41. The second cell requires one
more pair #;_1,%;42 and so on. The k — 1th cell requires, apart from the k£ — 2 knot pairs used by
its preceding cells, the knot pair ¢;_k42,%;45—1. The last cell receives & — 1 knot pairs but outputs
k blending function values. Hence one dummy pair is input to make the number of input and the
output quantities the same. This dummy pair will follow the same path as that of other knot pairs.

Since this is a linear architecture, the data required by the cells downstream, has to be passed
on by the controller, through the cells upstream. Thus, the ¢th processing cell performs i + 1 steps
of computation and k —i — 1 steps of work to communicate the knot values to the cells downstream.
Thus the total work by each cell is k. The k—1th cell will output one useful basis function value every
clock cycle after the initial pipeline fill. Thus the whole process of computation and communication,
proceeds systolically, through this linear architecture.

The next section elaborates the issues involved in designing each cell in the above Basis Function

Evaluation Array.

3.2 Design of a cell in BFEA

One cell in the BFEA, with its functional units, is shown in Figure 7. We present below the
mathematics behind the design of the core components of this cell.

One cell in the BFEA| say (j — 1)th cell, computes basis functions - -- N;_1 ;, N; j, Nijt1;,---in
sequence after receiving - - N;_1 -1, N; j—1, Nig1;-1, - - and the knot pairs.

Hardware requirements of each cell can be greatly reduced by identifying the symmetry in the
calculation of basis functions and suitably modifying the algorithm. This can be done in the following

ways. We know that

Nio1p = (w—ti_1)Ni—1 k-1 (tigh—1 —u)Nyp_1 (7)
ti-}-k—? — 11 ti-}-k—l —1;
Nij = (u =) Ni -1 N (tivk — u)Nig1 k-1 (8)
tivk—1— tivk —tig1
Nipis = (u—tiy1)Nig1 p-1 n (tigr41 — u)Nigo 1 (9)
tivk —tip1 tivks1 — tigo

Let us consider the computation of N; ; (Equation 8). The first term in the RHS of Equation 8,

can be decomposed as follows.

11
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Figure 7: One Processing Cell of Basis Function Evaluation Array

(u—=ti)Nig—1  ((tigh—1 —ti) = (igh—1 —u))Ni g1
- (10)
Livk_1—1 tivk—1—1;

(titk—1 — W) N; k1
tivk—1— 1

(11)

1. It can be seen that the second term in the RHS of Equation 11, and the second term in

= Nijg-—1—

Equation 7 are the same. Further the first term in Equation 11 is computed prior to N; k.
Thus we can make use of pre-computed values, and get the first term of Equation 8, by just
one mathematical operation, instead of four. Similarly the first term in the RHS of Equation
9, is calculated using the second term in the RHS of Equation 8. The subtractor of the adder-
subtractor unit in Figure 7 computes the Equation 11 while Equation 8 is computed by the
adder.

2. If we communicate #;4x, ¢; and u to calculate (t;45 —¢;) and (u — ;) then we require two

subtractors. If (¢;45 —u) is sent instead of ¢, and u—t; is sent instead of ¢; and as (¢;4x—1;) =

12



(tiyk — u) + (u —t;), two subtractors can be reduced to one adder. Further a separate line

required to communicate the parametric value u is avoided.

From the data dependency analysis of the computation of basis functions it can be seen that
each cell requires a minimum of five stages. The above observations are faithfully implemented in
the processing cell. The design of the rest of the cell can be derived directly from the equation for
the basis function computation.

The input to various processing cells at different time units are shown in the Figure 8. The figure
shows the input to various cells for calculating k£ basis function values for two different values of u.
The row gives the data at a specific point in space, at various time intervals and the column shows
the data distribution in space at a specific time instant. Figure 8 has three data inputs for each cell:
one each for three inputs of the BFEA. The first row is the input to the line marked as N; ;(u) in
the Figure 7. The second and third row corresponds to the two inputs marked u —¢; and #;;; —u in
the Figure 7 respectively. The entry in the second and third rows just give the indices of the knots.
For example, the entry i — k + 1 in the second row refers to the input v —¢;_x41 and the entry i+ 1
in the third row refers to the input ¢;;1 — u. The pattern of input to the first cell at various time
instances is as shown in the Figure 9. The same pattern can be seen in Figure 8, for £ = 4, from
time 1 to 7 for input i, and from time 5 to 11 for input j. Note that the first order basis function is
1 only at that particular clock cycle when the indices ¢z and ¢ 4+ 1 coincide and it is zero at all other

times. The input to the first cell also includes ¢;_g4+1 and ¢;4, which are used as dummy inputs.

3.3 Time required for basis function generation

We assume for the sake of simplicity, throughout this paper, that all functional units take equal
amount of time, namely, one time unit.
Each cell has a delay of five time units. The time interval between the first input of a knot value

and the generation of the corresponding basis function value of order k is

Ty =k+5(k-1) (12)

The first term gives the time taken for the pumping of basis function of order 1. The second
term gives the delay involved in k — 1 cells before the first output.
Time required to get all the £ outputs is

Ty=2k+5(k-1)—1=Tk—6 (13)

13



ﬁ

N:ufem:o_sce
SiSeq BPIO YUNoy

H

TN =n Jojsuonouny
Siseq Bp.o yunoj ¢

)

néy iz

des 8w yioT e
B9 Y349 puoses
ayjoisindulse iyl

T+

'ZN pue TnsanfeA d11ewre fed Jus J8J}Ip OM] Joj 'suoipuny
SIseq JOP .0 U1IN0} JO S1BS 0M} 3INdWOD 03S! 1/eYd W SIY L

[

;vm:uv:“_ pue

Ty s mn=sh

.‘ T
T
\
1 \ 1
T I R A B B A y
1 B
(v7 vl vl ivel)i(v1 v ve ve)
v+l beHl Dzl DTl D gl el Dzel T4
[ el el ! Tl e I
0 el el ieel 0 €1 el g 0
pHlobetl bzl b THl oy
[ el € Z
0 0 fasl 0 0
P+ e+
IR Al T2l €l 1
0 0 0 0 0 T 0 0 0
ON PO
/#BpIO
9 iS¢ ivg i€ iz iTg 10z i60 i8 /T 9T iGT iyl i€ igl TT 0T 6 L 9 v € z T
awnL

ing cells of BFEA

10Us process

to var

ing

Input schedul

Figure 8

14



i-k+1| e . i-1 i

i+1 | i+2 . . i+k

Figure 9: Pattern of Input to the first cell of BFEA

Figure 8 shows the input pattern for the computation of two sets of basis functions of the same
order in succession. Such a case is true only in the computation of B-Spline curves. When a B-Spline
surface i1s calculated, the orders in different directions of the parametric value u and v, need not be
the same. If they are of different orders, the output is to be taken from two different cells of the
BFEA. In this case, the input is timed in such a way so as to ensure that the data in the output
line of the BFEA is not corrupted with two basis function values.

It can be seen from Figure 8 that the four useful basis functions are output for v = ul, from time
19 to 22. This is immediately followed by the second set of basis functions. Thus, one useful basis
function is output every clock cycle. This is the best we can achieve out of this linear architecture,
as there 1s only one output line.

Further, as BFEA forms the core of the NURBS architecture, the optimizations adopted in this
design, have a direct impact on the design of the final architecture. For example, we are computing
just the k non-zero useful basis functions, whereas, the solution proposed by Megson [19], computes
all the n+1 basis functions. As k << n, the time required to generate the curve/surface is drastically
reduced. Further, this fact, apart from making our architecture independent of the number of control

points (n), also renders the time taken to compute the curve/surface, independent of n.

4  VLSI architecture for NURBS curves and surfaces

We describe in this section how the BFEA is effectively deployed to compute curves and surfaces of

the most general form of B-Spline — the Non-Uniform Rational B-Spline.

4.1 NURBS curve computation

The NURBS curve computation is given by,

15
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The architecture proposed for its computation is as shown in Figure 10. As seen in the previous

(14)

section, the BFEA gives one useful basis function value every clock cycle after the initial set-up time.
The numerator and the denominator of Equation 14 are calculated simultaneously by multiplying
these useful basis function values with P;w; and w; separately, and summing these results indepen-
dently in the Accumulating Cell (AC). The control points P;s are active control points and w; are
their corresponding weights. Finally the division is performed within the AC itself and the point on
the curve 1s calculated. The product P;w; is performed beforehand and is called a weighted control
point. The weighted control points and w; are pumped by the controller to the AC, synchronizing
with the basis functions input.

To calculate the next point on the curve, the parametric value u is incremented, and the input
to the BFEA is changed appropriately. Whenever u crosses ¢;41, the index ¢ is incremented and
the new set of active weighted control points and their weights are sent to the AC. This process

continues until all the points on the curve have been computed.

16



4.2 Time required to calculate a NURBS curve

As seen from Equation 13 the time required to calculate all the basis functions is Tk — 6. Delay
involved in the AC for calculating the z coordinate is five time units. Hence the time required to

generate the z coordinate of the first point is
T3=(Tk—6)+5=Tk—1 (15)

In subsequent clock cycles, the y and z coordinates are output.
The z coordinate of the second point on the curve is output & clock cycles after the x coordinate
of the first point. If there are C' points to be calculated on the curve, the time at which the z

coordinate of the last point is output is
To=T3+k(C—-1)=k(C+6)—1 (16)

In subsequent clock cycles, the y and z coordinates of the last coordinate are also output. Hence

the total time required to calculate the whole curve 1s
Ts =Ty +2=k(C+6)+1 (17)

Note that the above equation is independent of the number of control points n.

4.3 NURBS Surface Computation

The above architecture for the curve computation can be easily extended to compute NURBS
surfaces. In Section 3, we started with an argument that the time taken to compute the basis
function is the dominant factor in the computation of the curve or surface when compared with the
inner product operation. However, in this section we will see that this inner product computation
i1s to be speeded up if it 1s to cope with the output rate of BFEA. It would also be obvious at the
end of this paper that the inner product computation cannot be speeded up arbitrarily, thus making

any more attempts to improve the basis function computation useless.

The Equation 6 can be rewritten as follows.

Plu,w) = ZT;HS(E?ZS PijwijNig(u))Nji(v) (18)

2 jmo(2imo Wi Nik (u)) Ny i (v)

The terms inside the parenthesis in the numerator and in the denominator are called virtual control

points, and the weights of the virtual control points respectively. The above equation can be viewed
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Figure 11: Algorithm for Surface generation

as the equation of a NURBS curve with the virtual control points and their weights playing the role
of control points and their weights. Hence the architecture presented here initially computes the
virtual control points and its weights. These values are used in the NURBS curve architecture to
compute the NURBS surface. The architecture to calculate a NURBS surface is shown in Figure 12.

The NURBS surface has two orders associated with it — &, in the direction of u, and I, in the
direction of v. Extending the arguments presented in Section 2, it is clear that for a given value of
the parameters u and v there are only k x [ active control points that correspond to the non-zero
basis function values. The entities involved in the computation of one point on the surface are shown
in Figure 11.

The grid of k x [ active control points is loaded in columns of [ values (as shown by the vertical
rectangular boxes in Figure 11) in to the Partial Accumulating Cells (PACs) of the Virtual Control
point Calculating Array (VCCA). The same BFEA is used to compute the basis function values for
both the parametric values. Initially the kth order useful basis function values in the direction of
u are calculated and are pumped to the VCCA (Figure 13), by the BFEA. As the name implies,
the VCCA, computes the virtual control points and its weights. The VCCA computes the virtual
control points by taking the dot product of a row of k& active weighted control points (shown by

horizontal dotted boxes in Figure 11) with the corresponding basis function values.
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Once the virtual control points and their weights have been computed the problem of calculating
a NURBS surface, boils down to a problem of computing a NURBS curve. The AC instead of getting
the curve control points from the controller, gets the virtual control points from the VCCA. With
these control points and the /th order basis functions directly from the BFEA, the AC calculates
the point on the surface.

The points on the surface are computed column by column. A column of points is an isopara-
metric curve on the surface for a constant value of u and all discrete values of v. As u is constant
for a particular column, the basis functions along u, once computed and stored in PACs, can be
reused. The active control point grid is found for every u-v pair, and the weighted control points
in the computed grid are sent to VCCA, for virtual control point computation. The lth order basis
functions for the new value of v are calculated by the BFEA. The basis functions and the virtual
control points are taken by the AC and the next point on the surface is generated. This process
continues until all the discrete values of v are considered and an isoparametric curve for a particular
value of u has been computed. Then the value of v is reset to its initial value and u is incremented.
The new set of basis functions for u are computed as before and stored in the internal registers of
PAC in VCCA. The above algorithm continues until all the discrete values of u have been considered.

Note that although every point on the surface requires the computation of both k& and ! basis
function values in the direction of u and v, the k& basis function values are computed only for every
new value of u. These values are stored and used for the whole curve drawn for a particular value

of u and for all values of v.

4.4 Time required to calculate a NURBS patch

The time required to generate a NURBS patch can be calculated with respect to the input to the
BFEA.

If basis functions of different orders say £ and [ are computed one after the other, then a delay of
[ 1s to be introduced in the input of BFEA to ensure that the output line of BFEA is not corrupted
with two basis function values. The following table shows the values of # and the delay in output

experienced under various conditions.
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Condition | Delay in the Delay in
Input g the Output
k<l 0 5(1—k)
k=1 0 0
k>1 6(k—1) 0

Further, when the second set of basis functions immediately follows the first set, there is a synchro-
nization problem in the AC between the virtual control points and the second set of basis functions.
This is because of the fact that the basis functions are computed earlier than the inner product
computation. Hence an additional delay of « is introduced in the input of the BFEA. The value
of a can be shown to be one when k£ > [, and zero otherwise. This shows that the performance of
the system now depends on the inner product computation and not on the computation of basis
functions.

Let us assume that ), represents the number of discrete values of u and C, the number of
discrete values of v. Thus there are C), isoparametric curves (constant u) with C, points computed
in each curve.

Time required to pump the input to the BFEA for the last point on the surface would be

Ts = Culk+a+ B+ Cl)+p(Cy —1) =1 (19)

Each isoparametric curve computation requires, k inputs for the kth order basis function generation,
followed by a delay of (a+ 3) time units, then C, times ! inputs for the generation of basis functions
of order [. The first term gives the time to compute C, such curves. The second term is the delay
introduced between the computation of these curves. This delay is introduced for C, — 1 times
during the calculation of the whole surface. These two terms put together would give the total time
taken for all the input including the last point on the surface. So to get the time at which the input
for the computation of the last point starts, [/ is subtracted from the above quantity.

From the time Ts the time taken to calculate the last point is given by 7/ + 2 (from the results

of T'— 3). Hence the total time required to calculate the whole surface is
Tr=Ts+Tl+2 (20)
=Culk+a+p+Cyl)+B(Cy —1)+61+1 (21)

It can be seen that the above equation is independent of the number of control points n and m.
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4.5 Computation of normals to a NURBS Surface

In the standard graphics pipeline, when primitives like triangles are pumped, the vertices with their
normal vector are required. These normal vectors are used in the lighting calculations. This section
extends the above architecture to include the computation of surface normals also. Thus the NURBS
surface can be tessellated into triangles, and the actual normal vectors at the vertices of the triangle
can be computed using this architecture.

To calculate the normal to the NURBS surface at a point P(ul, vl), the tangent vector of the
curve P(u',v) (= P'(u’,v")) with respect to v at the point v is computed. Then the tangent vector
of the curve P(u, vl) (= P“(ul, vl)) with respect to u at the point u’ is computed. The cross product
of the above two quantities would give the normal vector to the surface at the point P(ul,vl).

Clearly, from the equation of the NURBS surface, the tangent vector calculation would involve

the computation of the (first) derivative of the basis functions.

4.5.1 Computation of Basis Function Derivatives

As seen from the equation of the basis function, Equation 2, the derivative of first order basis
function is zero. Further as the sum of the basis function values at a particular parametric value is

one, the sum of their derivatives is zero. The derivative of the basis function is given by

' u—1; NZI _q1lu +Ni,k—1 t; k—UNZ»I _q(u) = N; 1,5—-1(u
N = Vi) (s = 0Ny (1) = Vi1 0)

(3

(22)

tivk—1—1; tivk —tig1
The new basis function evaluation cell, which calculates the derivatives of these basis functions

also, is shown in the Figure 14.

4.5.2 Computation of Tangent Vectors

The derivative at a point on the NURBS surface, for constant u (= ul), with respect to v is given

by,

D WN ()] (i XN 4 (v))]
[ (Xice WN;i(v))]
T o (e XN () (i W, (v))]
oo (ice WNji(v))]2

where W= (321 wij Nix(u)) and X = (320, Pijwi; Nik(u)).

PY(u,v) =
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The derivative of the point, for constant v (= vl), with respect to u is given by,

Do WN; ()] (i X Nja(v))]
oo (Xice WNji(v))]2
Do (0o XN ()] (O W Nj 1 (v))]
[ZT:O(E?:O WN;i(v))]?
where W = (7L wijN; (w)) and X* = (37, PyjwigN; 4 (u)).

P“(u,v) =

(24)

It can be seen that X and W are virtual control points and its weights respectively, and these
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quantities are computed by VCCA. As the form of the equations of W* and X" are same as that of
W and X, these quantities can also be computed by VCCA. Figure 15, shows the modified VCCA
to accommodate the computation of X* and W*". It contains an additional array of PACs for which
the derivative of the basis function is given as the input. Both the PAC arrays are given the same set
of control points. As a result, when X and W are calculated by the first PAC array, the values of X*
and W* are computed by the second array. These four values are pumped to three Accumulating
Cells as shown in the Figure 16. These accumulating cells are similar to the AC described earlier,

but without the functional unit for division. These cells, with the above four values and the values
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Figure 15: The Modified VCCA

of Nj;(v) and N]I-Vl(v) from the BFEA, compute all the quantities required to calculate the point on
the surface and its tangent vectors. After these tangent vectors are calculated, their cross product
is computed to complete the process. The output of the point and its normal are synchronized by
introducing delays in the path of the point. While calculating a point on the (3D) NURBS curve,
where there is no concept of normal, only the center AC, out of the three is used by the the controller
to send the weighted control points.

The performance loss due to the incorporation of the normal calculating hardware is very meager
as the delay introduced in the path of the point, which is around ten, is insignificant when the whole
surface is computed in thousands of clock cycles. Hence the performance is practically the same as

that of the architecture for the computation of the point alone.

4.6 The Controller

The Controller pumps the required data at the appropriate time to various functional units. The
controller itself can be divided into various functional modules as shown in the Figure 17. The

detailed design of the various modules of the Controller have been presented in [9].
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5 Performance Evaluation

The architecture presented above decouples the size of the problem to the extent possible. Every
computation/result computed in BFEA is indispensable. From the Equation 21 it is clear that the
coefficient of C, is large, making the timing more dependent on €, than on C,. Hence the proposed
architecture performs well when the number of discrete values of u 1s less than the number of discrete
values of v. Further, this architecture performs better when a whole curve or a surface is calculated
than when a few discrete points are needed. This is because the algorithm makes complete use
of inter-dependency and the information sharing between consecutive points on the curve/surface.
Thus this architecture outputs one triangle every two clock cycles after the initial pipeline fill.

We now compare the performance of this architecture with that of the architecture proposed
by Megson [19]. If the C, and C, are proportional to n and m, then the time required for the

computation of the curve/surface increases linearly when using the architecture proposed in this
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paper. As the computation of every point on the curve/surface is dependent on n and m, the time
required by the Megson’s architecture increases quadratically. This can be seen in Figure 18 and
Figure 19.

Analyzing the hardware complexity of the architecture proposed by Megson, it requires at most
Smaz(k,l)+3(maz(m,n)+1) inner product cell equivalents and 3(m+1)(n+J+2) memory registers
for surfaces with (m+ 1)(n + 1) control points and blending functions of degrees k& and ! and where
0 = 5|k — l|. The architecture presented in this paper requires utmost 7max(k,!) + 4 inner product
cell equivalents, maz(k,l) x (54 4(maz(k,!))) buffer registers and 4kl + k 4+ [ memory registers. It
can be seen that both the processing element requirements and the memory requirements are much
less than that of the Megson’s architecture. Note that the hardware requirements specified here for
this architecture is for the computation of NURBS whereas for Megson’s architecture it is for the

computation of just non-rational B-Splines.
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6 Summary

A unified architecture for the computation of B-Spline curves and surfaces has been presented. This
architecture is called a unified architecture since it can compute uniform, non-uniform, rational
and non-rational B-Spline curves and surfaces. We have considered the computations necessary for
NURBS in the above description. To compute a non-rational curve, all the control point weights
have to be set to unity. To compute a uniform curve no change is necessary since a uniform knot
vector is a special case of a general knot vector. This unified architecture has been derived through
a sequence of steps.

First, a systolic architecture for the computation of the basis function values, the BFEA, was
developed. Using the BFEA as its core, an architecture for the computation of non-uniform rational
B-Spline curves was constructed. This architecture was then extended to compute NURBS surfaces,
by introducing the concept of virtual control points and by reducing the computation of a surface
to the computation of a sequence of curves. Finally, this architecture was augmented to compute
the surface normals so that the output from this architecture can be directly used for rendering the
NURBS surface.

The overall linear structure of the architecture, the small number of data paths required by the
architecture, the non-dependence of the architecture on the size of the problem (in terms of the
number of control points and the number of points on the curve/surface that has to be computed)
and the very high throughput of this architecture make it highly suitable for integration into the
standard graphics pipeline of high-end workstations.

Results of the timing analysis indicate a potential performance of one triangle every two clock
cycles, with its normal vectors at its vertices. It has also been shown that the BFEA 1is considerably
better than the earlier solution for the basis function computation [19]. Further, improvements in
the basis function computation are not immediately warranted since as seen in section 4.4, the BFEA
has to be slowed down by the introduction of some delay so that its output can be utilized by the
inner product computation units. Improvement in the inner product computation part cannot be
done without compromising on the linear structure of the architecture. Hence further improvements
will require the use of multiple linear arrays or other such configurations.

We conclude by pointing out that this is the first complete hardware solution for the computation

of NURBS curves and surfaces.
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