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ABSTRACT

GOPIMEENAKSHISUNDARAM:
TheoryandPracticeof SamplingandReconstructiofior Manifoldswith Boundaries

(Underthedirectionof Prof. JackSnoeyink)

Surface samplingand reconstructionare usedin modeling objectsin graphicsand digital
archving of mechanicapartsin ComputerAided DesignandManufacturing(CAD/CAM). Sampling
involves collecting 3D pointsfrom the surface. Using thesepoint samplesa reconstructiorprocess
retuilds a surfacethat is topologically equivalent and geometricallycloseto the original surface.
Conditionsareimposedon samplingto ensurecorrectreconstructionFor a specialcaseof manifolds,
thereare theoreticallysoundalgorithmsfor samplingand reconstruction. The samplingconditions
for suchalgorithmsimposea minimum requiredsamplingdensity(maximumdistancebetweerclose
samples}o ensurecorrectreconstruction.

In this dissertation,| study the samplingand reconstructionof manifoldswith boundaries
For this classof surfaces,| shav that the conditionson minimum requiredsamplingdensity are
not sufcient to ensurecorrectreconstructionf only the point samplesare given as input to the
reconstructiomprocess. Additional informationlik e the smallestboundarysizein a model, though
sufcient to ensurecorrectreconstructionimposesuniform samplingdensitythroughoutthe model.
In thisdissertation| proposeanovel wayto usethevariationin thesamplingdensityacrosghesurface
to encodethe presenceof a boundary A samplingconditionis proposedbasedon this approach,
andthe reconstructiorprocessequiresno additionalinformation otherthanthe input setof sample
points. The reconstructioralgorithmpresentedn this dissertatiorfor reconstructingnanifoldswith

or withoutboundariess shovn to be correct,ef cient, andeasyto implement.
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CHAPTER1

INTRODUCTION

The eld of ComputerGraphicssinceits birth hasbeenstriving to achieze photo-ealismin computer
generatedmages,and physicalrealismin its simulationof environments. Objectmodeling where
real-world objectsin all theirintricatecompleity arerepresenteth computersis requiredto achieve
photo-ealism Physicalmodeling wherephysicalphenomenareaccuratelynodelledin computers,
is requiredto achiese physicalrealism

Objectmodelingis the proces®f representing physicalobjectin a suitablerepresentatiothat
is usefulfor theintendedapplication. Therearetwo broadapplicationareaswhereobjectmodeling
is used- the ComputeAided Designand Manufacturing (CAD/CAM) industry andthe Computer
Graphicsindustry In the CAD/CAM industry the computer(re)presentatiof objectsis usedto
manufcturephysicalmodels.In the computergraphicseld, in generalexisting physical objectsare
usedto get a computerrepresentation.Objectmodelingtools that have beendevelopedover mary
yearsare more successfuln aiding the userto presenta model(for the CAD/CAM industry) than
to representan object (for the computergraphicsindustry). This differenceis dueto substantially
different skill levels neededby the userfor the tasksinvolved in presentingand representinghe
models.

Recentlytechnologyto directly capturephysicalobjects boththeir geometryandtexture (color
andre ectanceproperties) hasbecomecommonplaceandthis hasgiven a tremendou$oostto the
modelingin computergraphics. Devices using this technologyinclude touch probe sensorsjaser
scanner3D stereasystemsegtc. With minimal humanintervention,thesedevicessamplethe surface
of theobjectin theform of pointsin 3D.

In additionto modelingfor computergraphicsapplicationsthetechnologyof samplingobjects

is widely usedfor “digital archiving'. Digital archiving is a processof storingthe modelsof objects



Figure 1.1: SurfaceReconstructiorProblem. Left: Samplingthe surface Middle: Samplepoints,
Right: Reconstructedurface

andtheir correspondinglocumentatiorin computersratherthanstoringthemasphysicalmodels,to
save spaceandretrieval/referencdime.

The setof pointsfrom the samplingprocess by itself, is one form of representatiorof the
underlyingobject. But this representatiors not very usefulfor bothphoto-ealism(visualization)and
physicalrealism(simulation). Visualizationrequiresthe representationf a surfaceto handletexture
mapping,to provide correctocclusionpropertiesto represenmultiple levels of detail, andto bring
outvisualrealism.Physicalsimulationandanalysisrequiresa continuoussurfacerepresentationkor
example,detectingcollision betweentwo modelsrepresentedising points, insteadof a continuous
surface, would produceunacceptablgesults. A continuous-sugce representationachiesed by
connectingthesepoints appropriatelyusing trianglesor other primitive surfacepieces,is a natural
representatiofor visualization physical simulation,andfor applicationdnvolving surfaceanalysis.

This problem of connectingthe sample points appropriatelyto reconstructthe surface is
commonlyknown assurfacereconstructiorin the computergraphicscommunity (Note thatin the
computevision community the procesof samplingthe objectto geta point setis termedassurface
reconstructiofFaugeras93) A well developedareain the eld of signal processings sampling
andreconstructingsignals. The word “reconstruction”in surfacereconstructionnds its rootin the
similarity betweerthe surfacereconstructiorandsignalreconstructiomproblems.

This dissertatioraddressethe problemof corverting a discretesetof pointsinto a continuous
surface.Figurel.1shovsthestepsof this corversion.The gure ontheleft shavs oneof thediscrete
datacapturingdevice, the touch sensorwhich is usedmanuallyto sampledatapointsfrom a real

world model. The middle picture shavs the datapoints sampledby this capturedevice. The right



pictureshovs acontinuougepresentationf this databy reconstructinghesurfaceusingthesesample
points.It canalsobeseerfrom theimageghatthecontinuousiatare ects morefaithfully theoriginal
real-world objectthanthe discretedatapoints. Therestof this dissertatiordescribesn depthonesuch

methodto reconstructontinuoussurfacesfrom discretedatapoints.

1.1 SurfaceReconstruction: Problem De nition and Issues

In this sectionl de ne the surfacereconstructiorproblem. Varioustermsusedin this sectionare
de ned andelaboratedn Chapter and3.

The surfacereconstructiorproblemcanbe statedasfollows: Givena setof points S that are
sampledroma surfaceM embeddedn R? , constructa surfaceF sud that the pointsof S lie on
F, andF approximatesM geometricallyandis equivalentto M topolagically. A variationof this
interpolatoryde nition, whereF passeshroughthe pointsin S, is onewhereF passesclose”to the
setof pointsS. In this dissertatiorwe considettheinterpolatoryversionof the surfacereconstruction
problem.

The choiceof underlyingmathematicaand computationatrepresentationf the reconstructed
surfaceis importantfor its applicability Themostcommonchoicesaretriangularandpolygonalmesh
representationsA triangularmeshallows usto expressthe topologicalpropertiesof the surface,and
it is themostpopularmodelrepresentatiofor visualizationandrenderingapplicationsHence|n this
dissertation] will useonly the piecevise linear triangularrepresentatiornf the surface. Further |
assumehatthepointsinputto the surfacereconstructioralgorithmaresampledrom a manifoldwith
or without boundaries.Therearevariouschallengedor surfacereconstructioralgorithmsincluding
reliability, robustnessyersatility, efciency, and quality of reconstruction. Here in this section,|
brie y discusssomeof theissueghatl addressn this dissertation.

A properreconstructiomf surfaceds possibleonly if they are“suf ciently” sampledHowever,
sufciency conditionsare dif cult to formulateand as a result, mostof the existing reconstruction
algorithmsignoreor do not specifytheir requirement®n samplingfor reliablereconstructionHence,
thesealgorithms can be classi ed as surface reconstructionheuristicsas opposedto algorithms.
Exceptionsinclude the work of [Attali97, Bernardini97, Amenta98lh.  These algorithms that
canreliably reconstructsurfaces(without boundariesyrovide sufciency conditionsfor sampling.
Assumingthat the set of samplepoints satis es thesesampling conditions, correctnesof these

algorithmsareensuredy theoreticaguaranteebasedn the samplingconditions.



In this dissertationl shav that the samplingconditionsrequiredto reconstructthe surfaces
without boundariesare not sufcient to reconstructsurfaceswith boundaries.As a result, none of
the reconstructiomalgorithmsavailable today can guaranteecorrectreconstructiorof surfaceswith
boundariesl provide the conditionsfor samplingsurfaceswith andwithoutboundariesandprove the
correctnessf areconstructioralgorithmbasedn thesesamplingconditions.

Speedof reconstructioris anotherissuethis dissertatiorwill address.Currently mostof the
surfacereconstructioralgorithmsthat guarantee “good” quality triangulationand aretheoretically
soundproducehigherdimensionalkimplices,like tetrahedrapr multi-sidedpolygons([Amenta01]).
A secondstageof thesealgorithmsremoves interior facetsor triangulateseachof the multi-sided
polygonsto producethe nal triangulation.Therefore thesealgorithmsusuallytake in the orderof a
few minutesto run on datasetsof moderatesizes(about20,000to 30,000points).

Finally, the quality of triangulation has to be addressedwhen using triangulation
representations.In mary applications,like graphicsrenderingand nite elementanalysis,“fat”
triangleswith largevertex anglesarepreferred. Theminimumanglein thetriangulation's onemeasure

of the quality of the triangulation. The reconstructioralgorithmpresentedn this dissertatiortriesto

maximizethe minimumanglein its triangulation.
1.2 ThesisStatementand Results

Thecentralclaim of thisresearchs:

Conditionson minimum requiredsamplingdensityare not sufcient to ensurereliable
reconstructiorof surfaceswith boundariegrom aninput setof pointsandnormalvectors

atthosepoints.

Therearea few waysto de ne sufcient conditionsto reconstructsurfaceswith boundaries.

Theseconditionsare discussedn detail in Section5.4.1. Following is an additionalclaim of this

research.

Conditionsonrelative minimumandmaximumsamplingdensitiesaresufcient to ensure

reliablereconstructiorof surfaceswith boundarieghattakesa setof pointsandnormal

vectorsat thosepointsasinput.

In summaryl presenin this dissertatiorthe following:



1. Samplingconditionsandtheir propertiego samplesurfaceswith andwithout boundaries.

2. An efcient reconstructioralgorithm called the LocalizedDelaunayTriangulation algorithm
thatgenerategoodquality triangulationsof the surfaceswith andwithout boundariegrom the

datapointssatisfyingthe conditionsin 1.
3. A de nition of GeometricTriangulation andits properties.

4. Propertiesof multicovering functions between simplicial complees and manifolds. In

particular therelationshipbetweermulticoveringandthe geometridriangulation.

5. A proof of correctnessof the Localized Delaunay Triangulation by shaving that the

reconstructedriangulationis a geometridriangulationof the original surface.
6. An implementatiorof the LocalizedDelaunayTriangulation.

Apartfrom theabove contritutions,| alsopresentinen normalestimationtechniqueat sample

pointsusingotherspatiallyclosepoints,anda fastVoronoineighborcomputatioralgorithm.

1.3 OQutline of this Dissertation

In Chapter2, | provide the necessarpackgroundnaterialfor betterappreciatiorof this dissertation.
Following this, in Chapter3, the work donetill now in the eld of surfacereconstructioris brie y
described.

In Chapte#, | describén detailmy algorithmfor surfacereconstructionThisalgorithm,called
theLocalizedDelaunayTriangulation,s ef cient, andcanreconstrucsurfacesbothwith andwithout
boundaries. Further in this chapter | elaborateon the implementationof the above triangulation
algorithm, analyzeits performanceandshaw the resultsof the algorithmon variousmoderate-sized
models. The following chaptersexplore the theoreticalfoundationfor this reconstructioralgorithm,
andprove thatthis algorithmproducesa correctreconstructiorof the surface.

In Chapter5, the theory of samplingsurfacesis explained. The basic differencebetween
sampling surfaces with boundariesand without boundariesis elucidatedwith examples. The
shortcomingf the familiar samplingtechniquesusing medial axes, when samplingsurfaceswith
boundariesjs also illustrated using examples. In this chapter | also explore the designspaceof

reconstructioralgorithmsthat usesadditionalinformation otherthanthe input setof samplepoints.



Finally, I usethe variationin the samplingdensityasanimplicit informationto encodethe presence
of boundariesand| prescribethis approacho designalgorithmsthat usesonly the samplepointsto
reconstrucsurfaceswith boundaries.

In Chapter6, | de ne the samplingconditionsfor surfacesbothwith andwithout boundaries.
Resultsfrom Chapter5 are usedto develop the requiredmathematicaformulation of the sampling
conditions. The samplingconditionsformulatedin this chapterensurethat the LocalizedDelaunay
Triangulationis a correcttriangulation.

In Chapter7, | developthetheoryof triangulation, rst by de ning triangulationsandlater by
enumeratinghe propertiesof a triangulation.In this contet, | introducethe conceptof a Geometric
Triangulation as opposedto a corventional Topolggical Triangulation to avoid multi-covering
triangulationof surfaces. Under certainassumptionsboutthe model, | prove the necessanand
sufcient conditionsfor a triangulationto be a geometrictriangulation. Finally, | prove that the
LocalizedDelaunayTriangulationis a geometridriangulationandhencea “correct” triangulation.

Finally, in Chapter8, | concludeandlist afew openproblemsandfuturedirections.



CHAPTERZ2

PRELIMIN ARIES

In this chapter de ne surfacescurvature,surfaceboundariessamplesyYoronoidiagramsDelaunay
triangulationsmedialaxes,andotherconceptghat arerequiredto understandhis dissertation.The
de nitions providedin this chapterarespeci c to the needsof this dissertation.Theseconceptdhave
moregeneralapplicability thanthe situationsthey areusedhere,andin a generalsetting,somehave

broadere nitions thanthe onesprovidedhere.

2.1 General Geometric Concepts

A few of thefollowing de nitions aretakenfrom [O'Neill97].

De nition: A vectory 2 R? is de ned by a startingpointp 2 R3, commonlyknown asthe origin,
andanendingpointq 2 R3. A vectoris representedsinga3-tuple,y = q  p, wheresubtractiorof
pointsis de ned ascomponentwiseélifference.

De nition: Thedotproductof vectorsy = (v1;Vo; v3) andw = (W1; W»; W) in R3 is thenumber
¥ W= ViWy + VoW + V3W3

If thedot-productis zero,thenthe two vectorsaresaidto be orthogonalto eachother or orthogonal
vectos.

De nition: TheEuclideamormof avectory is thenumber
kvk = (v w)'2

De nition: The Euclideandistancebetweenthe pointsp andq of R? is the norm of the difference

vectorkp gk.
d(p;q) = ko gk



De nition: If pisapointin R® and > 0is anumberthenthe -neighborhoodfp 2 R3 istheset
of all pointsq of R® suchthatd(p; q) <

De nition: A subseB of R? is openif eachpointof B hasan -neighborhoodhatis a propersubset
of B.

Opensetsareusedin topologyanddifferentialgeometryconcepts.

2.2 Topologyfor Surface Reconstruction

Thetopicsin topologyrequiredfor this dissertatiorarelimited to the conceptghatrelatesurfacesand

its triangulation.Many of thefollowing de nitions aretakenfrom [Edelsbrunner(Qil

2.2.1 Simplicesand Complexes

De nition: Then-dimensionahalf-spaceds
H" = fx = (Xy;X2;:::;%n) 2 R"jx1  Og;

or aspacethatcanbetransformedo H" by arigid transformation.

De nition: An n-dimensionabolytopeis theintersectionof a nite numberof n-dimensionahalf-
spacesvith non-emptyinteriorin R" . Thefacesof ann-dimensionapolytopeare(n 1)-dimensional
polytopes.

By de nition, a polytopeis corvex. Thatis, if pointsa andb arein the polytopethentheline
sgmentjoining a andb completelylies insidethe polytope.On the otherhand,a polyhedronwhose
facesarealso(n 1)-dimensionapolytopesneednotbecorvex.

De nition: The corvex hull, corv§ of a setof pointsS is the smallestpolytopethat containsall the
points.

De nition: An n-simple, , is thecorvex hull of n + 1 pointsin non-dgeneratgositionsin R™ ,
m n. If Sisthesetof thesen + 1 points,thenwewrite =corvS.

Thusanemptyset; isa 1-simplex, pointisa0-simple, alineis al-simple, atriangleis a2-simple
andsoon.

De nition: Let S beasetof n + 1 pointsin non-dgeneratgositionin R™ ,m n,and =corwvS
beann-simplex. Thel-simplex =corvT, T S consistingof | + 1 points,is calledanl|-faceof

andthis relationships denotedoy
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Figure2.1: LetX = fa;b;cg. Totheleft, = f; ;X ;fa;bg;fbg;fb;cgg. Similarly, isde nedin
themiddleandtheright. Notethat is a topolagy to theleft andto the middlebut notto theright as
it lacksthesetf a; bg.

De nition: A simplicial comple, K, is the collectionof facesof a nite numberof simplices,ary
two of which areeitherdisjoint or meetin acommonface. More formally, it is a collectionK such
that

@if 2 K and ,then 2 K, and

(b)if 2K and 2 K,then \ ;

Notethat; is afaceof every simplex andthusbelongsto K by Condition(a). A tetrahedron,
or a“book” wherethe pagesaretrianglesandall pagesareconnectedlongoneedgeat the “rib” of
the book, areexamplesof simplicial complees. A collectionof trianglesalongwith their edgesand

verticesde ne asimplicial comple« aslong asno two trianglesform animproperintersection.

2.2.2 TopologicalSpaces

De nition : A topolaogy on a set X is a collection of opensubsetsof X having the following

properties:

(1); andX arein

(2) Theunionof thesetsin ary subcollectiorof isin

(3) Theintersectiorof thesetsin ary nite subcollectiorof isin

De nition: A setX for whichatopology hasbeenspeci edis calledatopolagyical space Examples
of topologiesshavn in Figure 2.1 are taken from [Munkres79. Further a relevant factis that a

simplicial comple is atopologicalspace.

De nition: A topolggical subspacef thepair(X, x)isasubsely X togethemith thesubspace

topolagy v consistingof all intersectiondetweeny andopensetsof x , vy =fY\ AJA2 xag.



De nition: LetK beasimplicial complesin RY . Its underlyingspaceis the union of its simplices

togethewith the subspacéopologyinheritedfrom RY ,
iKi=fx2R%x2 2Kag

De nition: A topologicalspacss calledaHausdorf spaceif for eachpairx i, X2 of distinctpointsof
X, thereexist openneighborhood&); andU, of x4 andxy, respectiely, thataredisjoint.

De nition: A sepaation of atopologicalspaceX is apair U, V of disjoint nonemptyopensubsets
of X whoseunionis X .

De nition: ThespaceX is saidto beconnectedf theredoesnot exist a separatiorof X .

Another way of formulating the de nition of connectedness as follows. A spaceX is
connectedf andonly if the only subsetsof X that are both openand closedin X arethe empty
setandX itself.

De nition Given pointsx andy of the spaceX, apathin X from x toy is a continuousmapf :
[a;b] ! X of someclosedinterval in therealline into X, suchthatf (a) = x andf (b) = y. A space
is saidto be path connectedf every pair of pointsof X canbe joined by a pathin X. Every path

connectedpaceds connected.

2.2.3 Homeomorphismsand Triangulations of Spaces

In this sectionwe will seehow two topologicalspacesanbe comparedisinga mappingbetweerthe
spacesWe will alsodiscusghetopologicalde nition of triangulationusingthesemappings.

De nition: A functionf : X ! Y issaidto becontinuousf the preimageof every opensetin Y is
openin X . A continuoudunctionis calledamap

De nition: A mapf : X | Y betweerntopologicalspacess saidto be a homeomaorphisrif it is a
one-to-oneandonto continuoudunctionwhoseinverseis alsocontinuous.

De nition: Two topologicalspacesX andY areconsideredf the sametype or homeomorphidgf
thereexistsahomeomorphisnbetweerthem.Thisis denotecby X Y.

De nition: A topologicalspaceX is ak-manifoldif everyx 2 X hasaneighborhoodvomeomorphic
to R¥ .

De nition: A spaceX is a k-manifoldwith boundaryif every pointx 2 X hasa neighborhood
homeomorphido R¥ or to HX. The boundaryis the setof pointswith neighborhoochomeomorphic

to H¥, andis denotedby bdX . Theboundanyis alwayseitheremptyora(k  1)-manifold.
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A k-manifoldin (k + 1)-dimensionshastwo sides,onein the positive directionof the normal
vectorandtheotherin the negative direction. For example,if we considerapenry asa 2D disk, being
in our 3D world, it hastwo faces.

De nition: If thereexistsapathin X fromx 2 X to itself suchthatthe startingpointis on oneside
andtheendingpointis ontheothersideof themanifold,thenthe manifoldis saidto benon-orientable
If no suchpathexists,thenthemanifoldis saidto be orientable

De nition: A mapf : U! R™,whereU isopenin R™, is differentiableof classC' (oraC"-map if

f hascontinuouspartial derivativesof orderuptor. It is smoothor of classC?! , if it hascontinuous
partial derivativesof all orders.A mapf : X ! R™,whereX R" isarbitrary is of classC' if it

canbeextendedo aC" maponaneighborhooaf X .

De nition: A differentiablemapf : M ! N betweerdifferentiablemanifoldsis animmesionif the
derivative d hasmaximalrankat every pointp 2 M. If, in addition,f is ahomeomorphisnontoits

image,it is calledanembeddingandwe sayM is embeddedh N . In particular anembeddings a
one-to-oneémmersion.

No 2-manifoldembeddedh 3D canbenon-orientableThatis, theredoesnot exist amapfrom
anon-orientabl@-manifoldto R® whoserestrictionto theimageis ahomeomorphismOn the other
hand therearenon-orientable€-manifoldswith boundarieshatcanbe embeddedn R3 .

De nition: A (topological)triangulation of atopologicalspaceX is a simplicial comple« K whose
underlyingspacds homeomorphid¢o X, X  jKj.

In this dissertatiorwe areconcernednly with triangulationsof surfaces(de ned formally in
the next section)that are Hausdorf, orientable,connected2-manifoldswith or without boundaries
embeddedhn 3D.

2.3 Differ ential Geometryfor Surface Reconstruction

In this sectionwe review certainconceptsn differentialgeometnthatwill beusefulin describinghe
conditionsfor samplinga smoothsurface.

Surface reconstructionrequiresde nition of surfaces. In our case,as we are considering
surfaceswith boundarieswhich arespacecurvesin 3D, we needade nition of cunesalso.
De nition: A real-aluedfunctionf onR? is smoothf all partialderivativesof f , of all orders exist
andarecontinuous.

De nition: A curvein R® is adifferentiablefunction :1 ! R?2fromanopenintenall into R3 .

11



De nition: A differentialfunctionf : R" ! R™ is calledamappingfrom R" to R™ .

We canextendthe conceptof openintervals andcurvesto openregionsin R? andsurfacesin
RS . Beforegoinginto the de nition of a surface,l would like to informally de ne tangentvectors.
Tangentvectorsto R™ have two componentsa vectoranda point of applicationof thatvector
De nition: Letf : R"! R™ beamapping.If visatangentvectortoR" atp, letf (v) betheinitial
velocityof thecurvet ! f (p + tv). Theresultingfunctionf sendgangentvectorsto R" totangent
vectorsto R™ , andis calledthetangentmapoff .

De nition: A mappingf : R" ! R™ isregular providedthatatevery pointp of R" thetangenimap
f isone-to-one.

De nition: A coodinatepatchx : D! R?2 isaone-to-ongegularmappingof anopensetD of R?2
intoR3 .

De nition: A coordinatepatchx is a properpatd if theinversex ! is alsocontinuousovertherange
of x.

De nition: A surfacein R® isasubseM of R® suchthatfor eachpointp of M thereexistsaproper
patchin M whoseimagecontainsa neighborhooaf p in M .

This differential geometryde nition of a surfaceimplicitly de nes a parametrizatiorof the
surface. ThedomainD of the patchx is the parametespace.Further this de nition of M allows us
to considerthe parametespaceo beopen.

As the coordinatepatchx is aregular patch,thetangentspaceof D is mappednto thetangent
spaceonM . ThetangenspaceatapointpofM RS, denotedby Ty(M ), is aplanepassinghrough
p calledthetangentplane Thevectororthogonalto all the vectorsin this tangentplaneis calledthe
normalvectortoM atp2 M.

As two topologicalspacesare comparedisinga map,in generaltwo surfacesare compared
usinga mappingfunctionbetweerthem.

De nition: A map is saidto beadiffeomorphisnif is differentiable one-to-oneandonto,andits
inverse, 1isalsodifferentiable.

The topological analogueof diffeomorphismis homeomorphism The map needsto be
continuougo beahomeomorphisntut for it to bediffeomorphismthemapneedgo bedifferentiable

also.As every differentiablefunctionis continuousegvery diffeomorphisnis ahomeomorphism.
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Figure 2.2: TheDarbouxFrame

2.3.1 Frenetand Darboux Frames,and Principal Curvatures

Considera point p on a surfaceM asshawn in Figure2.2. Let the normalvectorto M atp be N.
Givenaunit vectorv onthetangentplaneatp, de neacurvec(t) : [ ; ]! M suchthatc(0) = p
andcY0) = v, wherec®is thederivative of c. The Darboux frame atp is de ned asthe orthonormal
differentialframeT = v, B = N T, andN. Figure2.2shavs the Darbouxframeon the surfaceof
acone.lt is easyto seethatfor surfaceswith awell de ned tangeniplaneeverywhere gvery pointon
the surfacehasa uniqueDarbouxframeassociatedvith it in agivendirectiony in thetangentplane.

FrenetFrame: TheDarbouxframeis de ned for curveson amanifold. If thecurvesarespace
curvesthat are not restrictedto be on the surface,thenthe normal N of the Darbouxframeis not
de ned. Hencea differentbut consistenframehasto be de ned for spacecurves. The derivative of
thetangentvectorT atapointonacurweis orthogonato thetangentvector This orthogonalectoris
de nedasthenormalN of thespacecurve. Thebi-normalB = N T, isasin theDarbouxframe.In
our applicationof surfacereconstructionthe boundarycurvesof the surfacecaneitherbe considered
asaspacecurve or acune restrictedby the surface.Sowe have anoptionof choosingeitherDarboux
framesor Frenetframesfor our computation.In this dissertation] considerthe boundarycurvesas
partof the surfaceanduseDarbouxframeswherever thereis a needfor a coordinaterame.

Surface curvature: Associatinga local differentialframeat every point on the surfaceallows
usto measuresomegeometricinvariantson the surface. If we walk in nitesimally alonga direction
¥, the changeof the surfacenormalin the direction¥ is called the normal curvatue, . As we
move along differentdirectionsin the tangentplane, the normal curvatue varies. The directions
with minimumandmaximumnormalcurvaturesarecalledprincipal directionsandthe corresponding

cunaturesn theseadirectionsarecalledprinciple curvatues Theseprincipaldirectionsareorthogonal
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xy-plane

Figure 2.3: Quadatic approximationof a surface

to eachother In therestof this dissertation] will referto the principal curvaturesas ; and » (or

min and max ).

2.3.2 SurfaceApproximation using Power Series

Considem2-manifoldM  R®andapointp 2 M asshavnin Figure2.3. Withoutlossof generality

we malke thefollowing assumptiongboutp andM .
p is theorigin,
thetangentplaneT,(M ) of M atp isthez = O plane,and
thetwo principaldirectionsof M atp arethecoordinateaxese; = (1;0; 0) ande, = (0; 1; 0).

It is easilyseenthattheseconditionscanbe achiezed by arigid transformatiorof M . In order
to proceedfurther, | make useof a resultfrom classicaldifferential geometry namelythe implicit

functiontheoremwhich | stateherewithout proof.

Theorem1 [O'Neill97] Thee existsa small neighborhoodw, of p 2 M sud that the map
(x;y;z) ! (x;y) is aone-to-onanapwith its image beingan opensetV, R2. Moreoverthemap

is a diffeomorphism.

The point (x;y;z) 2 M is a pointin the local neighborhoodf p andis de ned in a local
coordinatesystemat p.

Thefactthat is a diffeomorphismimpliesthat ! existsandthat and ! aresmooth
mappings.Thereforewe canapproximatehesurfacein theneighborhooaf p, denotedoy Wy, using

asmoothheightfunctionh as

Wp = (X y h(x;y) 1 (xy) 2 Vpg
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Further the tangentplaneof W, M atp= (0;0;0) is given by the basisvectors(@vaz@)IO =
(1;0; 2(0;0)) and(@YV,F@)IO = (0;1; 2(0;0)). Sincewe assumedhatthe tangentplaneatp is
thez = Oplane, & (0;0) = (0;0)= 0

Shapeoperator is a familiar conceptin differentialgeometry For an elaboratestudyon shape
operatorsteferto Chaptei5 of [O'Neill97]. Theshapeoperatomatapointp 2 M (denotedy Sp) is a
linearoperatothatmapsanelemenof Tp(M ) to anotherelemenin Tp(M ). If vy andvp, areasetof
basisvectorsfor T,(M ), Sp(avpr + bw2) = cvp + dvpz (@; b;c andd arerealvaluedscalars) For the
specialcaseof avectorv beingaprincipaldirection,Sy(v) = v, where is theprincipalcurvature.
In our particularcase the tangentplaneis spannedy e; ande,. The shapeoperatorappliedto the

vectorse; ande, aregivenby ([O'Neill97], Page207)

Syer) = g:;(p)eﬁ @@@/(P)ez
Sy(es) = @@@/(p)e gz(mez 2.1)

Sincee; and e, arethe principal directions,we can concludethat @@—gj(o; 0) = 0 andthat
%@(O; 0) and%@(o; 0) aretheprincipalcurvaturegdenotedoy 1 and » respectiely).

We now useTaylor's formulato expandh(x; y) aroundtheorigin (0; 0). Thus,

h(x;y) = h(0;0) + x— (O 0) + y@(O 0)

Z@h @h z@h
" New Y a7

+ hlgherorderterms

+ —(x

= %( 1x2+ ,y?) + higherorderterms

1
= 5( X2+ py?)

This shavs thatthe shapeof M nearp is approximatelythe sameasthat of thesurface
1
Wl y) = Xiyig( X+ 2y%)

andWs is calledthe quadiatic approximationof M nearp.
If we usethepolarform for theheightfunctionh(r; ), wherey = P x2+ y2and istheangle

thevector(x; y) makeswith thex-axis,then

h(r; ) = g( 108 + ,sin® ) (2.2)
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| usethe quadraticapproximatiorof the surfaceandthe derivativesof heightfunctionsin describing
andproving certainpropertiesof my samplingconditionsin Chapter6 of this dissertation.
2.3.3 Euler Equation

Thenormalcurvatue  atapointp onthesurfacein agivenunit directionw¥ onthetangentplaneis
de ned asthecurvatureof theintersectiorcurve of the surfacewith the planeformedby the vectorsy

andthesurfacenormalatp. Usingthe shapeopermator, it canbewritten as

v=Spv) ¥ (2.3)

We canrepresent in termsof the principal directions(v; andv,) as¥ = c0s ¥ + sSin ¥,

where istheanglev makeswith ;. Therefore

v = Sp(cos ¥ + sin ¥p) (COS ¥+ sin )

( 1cos ¥+ »sin w) (Cos ¥ + sin ¥)) (2.4)

1c08€ + ,sin?

The abore equationis also known asthe Euler equation It expresseghe normal curvature
at a point on the surfacein termsof the principal cunvaturesat that point. Using this resulton the
expressiorfor h(r; ) in Equation2.2,we get

ur?

h(r; )= — (2.5)

| usetheseequationsalsoin Chapter6.

2.3.4 Frenet-SerretEquationsfor Darboux Frame

I will now presentheequationghatgovernthebehaior of the Darbouxframefor curvesonasurface
M passinghroughp. Theseequationsareamodi ed form of thewell-known Frenet-Serretquations

[Koenderink890'Neill97].

>
I
@am ©

10 1
0 g v T
g O t§%3§ (2.6)
v t 0 N

W o
92 oR o8
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The entriesin the above matrix de ne the geometricalinvariantsat the point in consideration
where  is the componentof the acceleratioralong the curne tangent(normal curvatue), g (or
geodesiccurvatue) is the componenbf the acceleratiorin the tangentplane,andt (alsoknown as
geodesidorsion) measureshetwist alongthe N B plane.

It is now possibleto describethe behaior of the normalvectoralonga curve on a surfaceM

passinghrougha pointp. The equationbelov canbederivedfrom 2.6.

@
jaNj

v@T @B (2.7)

P 24 2@ (2.8)

The quantityIO 2+ t2 is calledthe total curvatue of the spacecurve throughp. | simplify
theabove equationfor the specialcaseof curvesthroughp for whicht is alwayszero. Thenthetotal
cunaturebecomes y, the normalcurvature. (Note thatthe torsionis zerofor the planarcurve used
in thede nition of normal curvatuee in the beginning of Section2.3.3). Hencethe modi ed rate of

changeof normalalonga particulardirectionis givenby,
jaj= @ (2.9)

Letmebrie y relatethe conceptsxplainedherewith the samplingof a surface. The condition
for samplingis relatedto the rate of changeof normalvector in otherwordsthe curvature,around
a point on the surface. Samplesshouldbe closeto eachotherin high curvatureregionsandcanbe
spreadbutin low curvatureregions. Sucha samplingboundsthe changeof normalbetweertwo close
sampleson the surface. Oneway to describethis samplingusingthe conceptdiscussedhereis as

follows. De ne aregionaroundevery pointonthe surfaceasall pointsthatsatisfytheinequality
v@ < constant (2.10)

and enforce“uniform sampling” acrosstheseregions, by which we would nd equal numberof
samplesin every region. The regionsde ned by the above inequality are small in high curvature
areasof the surfaceand large in the low curvatureareas. Uniform samplingacrosstheseregions
satis esourrequiremenbn samplingdensitymentionedabove.

Theseconceptawill beelaboratediponin Chapter6 devotedto samplingconditions.
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Closed Curve

Figure 2.4. Sampling: Left — Solid lines:\bronoi diagram, Dashedlines: Delaunaytriangulation,
Right— Medial axisof a closedcurve

2.4 Voronoi Diagram and Delaunay Triangulation

The Voronoidiagramof a collectionof disjoint geometricobjectsor sitesis a partition of spaceinto
cells, eachof which consistsof the pointscloserto a particularsetof sitesthanto ary others.In the
simplestcase thesesitesarepointsin space Sincedistancedave to be measuredndcomparedihe
conceptof Voronoi diagramrequiresa de nition of a distancefunction. Thereare variousVoronoi
diagramsdependingon the distancemetric used. In this dissertationwe discussonly the Voronoi
diagramdueto the Euclideanmetricin 2D or 3D. The boundariesof the Voronoi cell are madeup
of Voronoivertices,Voronoiedges2-dimensionaVoronoifaces(in 3D andhigherdimensions)and
higher dimensionalpolytopesin higher dimensionalspaces. Figure 2.4 shavs an example of 2D
Voronoidiagramfor a setof pointsites.

The Delaunaytriangulationis the dual of a 2D Voronoidiagram.In a setof point sites,if two
sitesare separatedy a Voronoi edgethenthey are connectedby a Delaunayedge. Whenno four
pointsareco-circular the Delaunaytriangulationis a triangulationof the given setof points. Figure
2.4 shavs anexampleof Delaunaytriangulationin 2D. In 3D, the Delaunaytriangulationof a setof

point sitesis atetrahedralizationf the points.

2.4.1 An Incremental Algorithm for DelaunayTriangulations

Herel describeonewell-knowvn incrementahklgorithmto computethe Delaunaytriangulationof a set

of points.As theDelaunaytriangulationis thedualof Voronoidiagram for every Voronoivertex there
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Figure 2.5: Recusionover suspecedges. p is thenew point. pA, pB, andpD are thenew (dashed)
edees. In this gure, edge AB failed the Incircle testand hencethis edge hasbeenswappeddotted
lines). Arrowsindicatethe propagationof suspecedges.

is acorrespondindpelaunaytriangle,andfor every Voronoiedge a Delaunayedge.A Voronoivertex
in 2D is a point which is equidistanfrom threepoint sites. In otherwords,a maximalemptycircle
centeredat a Voronoi vertex will touchthreepoint sites. Thesethreepointsform the verticesof the
dualDelaunaytriangle. Thereforeatriangleis a Delaunaytriangleif andonly if its circumcircledoes

notcontainary vertex. More speci cally, it canbe shavn that[EdelsbrunnerQil

Theorem 2 Givenatriangulationof n sitessuc thatfor everypair of adjacentrianglesabcandbcd

ais notin thecircumcircle of bcd thenthat triangulationis the Delaunaytriangulation.

Thisformsthe basisof theincrementablgorithm.

Let us assumeahatwe are given a function Incircle(a,b,c,d) thatreturnstrue if the pointd is
insidethe circumcirclede ned by the triangleabcandfalseotherwise.Let us alsoassumehe point
sitesarein non-dgeneratgositions thatis, no four pointslie onacircle. The basicideabehindthis
algorithmis to introducepoint sitesone by oneinto an alreadyexisting Delaunaytriangulationand
thencorrecttheresultingtriangulationto make it Delaunayagain. To startwith, assumea big enough
“dummy” trianglethatcontainsall theinput points. At the endof this algorithm,this dummytriangle

canberemovredandtheremainingtriangulationof only theinput point setwould still be Delaunay
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In the Delaunaytriangulationary edge(exceptthe boundaryedgeswhich aredummyedges
in our case)hastwo trianglesincidenton it. The verticesof thesetwo triangles,in order form a
quadrilateral Considertherecursve functionbelown (andreferto Figure2.5). This functionchecksf
anedgeAB of the quadrilaterabACB is a valid Delaunayedgebasedon Theorem2. If this edge
is not a valid Delaunayedge thenit is ipped to connectpC of the quadrilaterapAB C. It canbe

provedthatby suchrepeatedipping, Delaunaytriangulationcanbe constructed.

void CorrectSuspeqt( A, B)
f
%COMMENT: Trianglesincidenton AB: pAB andAB C
C = Vertex of thetriangleincidentontheedgeAB
If (Incircle(p, A, B, C))f
Remaoe edgeAB .
FormedgepC.
CorrectSuspegA, C);
CorrectSuspeqC, B);
g elsef

return;

Letp bethenew pointintroducedandletit lie insidethetriangleAB D of theexisting Delaunay
triangulation. Form edgespA, pB, pD. It canbe proved [EdelsbrunnerQilthattheseare Delaunay
edges.TheedgesAB , BD, andD A neednotbeDelaunayedgesarymore,andthey arecalledsuspect
edges To “acquit” themfrom this suspicion the function CorrectSuspeds calledfor eachsuspect
edgeAB , alongwith the newly introducedpoint p. Whenthe function returns,the triangulationis
acpin Delaunay Again, it canbe provedthateachedgeis considerecho morethanonceduring this
recursve ipping. Hencetherunningtime of this algorithmis O(n) for p andO(n?) in total, wheren
is thenumberof points.

In Chapter4, | presenta differentalgorithmto constructDelaunaytriangulationlocally by
identifying the Voronoi neighbors. This algorithmassumeshat all possibleVoronoi neighborsof a

pointareknown andthey areorderedaroundthe pointby angle.
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2.5 Medial Axis

The Medial Axis of ageometricobjectin 3D is de ned asthe setof the centersof sphereghattouch
atleasttwo pointsof thesurfaceof the object. More formally, the medialaxisof ashapédn Euclidean
spacas thelocusof centersf maximalinscribedspheresin generalthe 3D medialaxisis acollection

of two dimensionabkurfacesin 3D. Referto Figure2.4 for anexampleof 2D medialaxisfor acurve.

2.5.1 Medial Axis and Voronoi Vertices

In theVoronoidiagramof a setof sites,thepointsin theinterior of aVVoronoicell arecloserto onesite
thanthe other The pointson the boundarybetweentwo or more Voronoi cells are equidistanfrom
two or moresites.Let usconsidera 2D curwe. If every pointonthecurweis consideredsa site,then
every pointontheboundaryof Voronoicells of thesesiteswill be equidistanfrom atleasttwo points
onthecurve,whichis exactly the de nition of amedialaxis. In thelimit, the Voronoiverticeswhich
are equidistantrom threepointson the curve will lie onthe medialaxis. This factis usedin curve
reconstructioralgorithmspresentedn theliterature[Amenta98a].

In theVoronoidiagramof the samplepointsof a surfacein 3D, theremight be Voronoivertices
closeto the surfaceandaway from the medialaxis. This is becausef the presencef “slivers”. A
sliveris atetrahedromwith badaspectatio yetareasonablymallcircumradiudo shortesedgeratio,
suchasthetetrahedrorformedby four nearlyequallyspacedrerticesaroundthe equatorof a sphere.

The Voronoicenterof asliver canlie arbitrarily closeto the surface.

2.5.2 Restingand PassingCircles

Letusconsidethe2D curweillustratedin Figure2.6. Thecircle of curvature(alsocalledtheosculating
circle) of apointa is the smallestcircle thattouchesmorethanonepointin the smallneighborhood
arounda includinga (referto Figure2.6). | call a circle thattouchespointsin a small neighborhood
a“restingcircle”. Every circle smallerthanthe circle of curvatureat a, touchesonly a. Hencetheir
centerscannotlie on the medialaxis. But thereare exceptions. Theremay be a circle thattouches
pointsthatarenotin asmallneighborhoodbut distributedover differentpartsof the curve or cunes.
| call suchacircle a“passingcircle”. Its centerlies on the medialaxis,andit maybe smallerthanthe
circle of curvatureat its pointsof contact. Thesecasesareshawvn in Figure2.6. It canbe seenthat
therestingcirclescapturethe local featuresandthe passingcirclescapturethe global features.The

medialaxis capturedothlocal andglobalfeaturesof a curve asit consistf centersof bothresting
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Osculating Circle
(Resting circle touches p and

Passing circle touches g and r : : :
notin the neighborhood and its neighborhood points)

of each other

T~ Surface

Figure 2.6: Circle a is thecircle of curvatue at p, andits radiusis . Centes of a, andbarein the
medialaxis.

andpassingeircles. Thedistanceof a pointto the centersof its restingandpassingeircles,andhence
to the medial axis, is an indicator of the “featuresize' at that point. During the samplingprocess,
the smallerthe featuresize,the highershouldbe the densityof samplego geta goodapproximation
of the medialaxis by Voronoi boundariesof thesesamples.Theseconceptsare usedby Amentaet
al. [Amenta98aAmenta98b asdescribedn Chapter3. We alsousetheseconceptin Chapter6 to

compareour samplingwith thatof [Amenta98aAmenta98b].

2.6 Summary

In this chapten introducedvariousconceptsn topologyanddifferentialgeometryandthe concepts
of Voronoi diagrams,Delaunaytriangulations,and the medial axis. The important propertiesof
topologicalspacedike connectedness$jausdorf spacestc. werede ned. Toolsto comparetwo
topologicalspacesaising homeomorphisnwere provided. Intuition was given on how the concepts
in differential geometrycan be usedin samplingsurfaces. The propertiesof surfaces,including
orientability werede ned. In the sectionrelatedto Voronoi diagramsand Delaunaytriangulation,
| presentech well-known algorithmto construct2D Delaunaytriangulation. Further | alsodetailed
the relationshipbetweenthe Voronoi verticesand the medial axis andits potentialusein designing

robustsurfacereconstructioralgorithms.
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CHAPTER3

PREVIOUS WORK

The problem of surface reconstructionhas receved signi cant attention from researchersn
computationaeometryand computergraphics.In this chapter| discusshe previouswork donein
the eld. | categorizethereconstructioomethodsasalgorithmsf they guaranteeorrectreconstruction
whentheinput point samplessatisfysomespeci ed conditions,andthe heuristicsf they donot. The
reconstructiommethods both algorithmsand heuristics,usea combinationof techniquego do the
reconstructionA few of thecommontechniquesredescribedelow.

A few surfacereconstructioomethodsusespatial subdivisiontechniquesin thesetechniques,
the spaceboundingthe input set of pointsis subdvided into disjoint cells. Commonlyusedcell
subdvision techniquesnclude Delaunaytetrahedralizatiorand voxelization. Oncesubdvided, the
pointsin the adjoiningcellsareconnectedo arrive at the surface. Thesealgorithmsdiffer in the cell
selectionstratgiesfor nal reconstructionTheapproachesf [Algorri96, Hoppe92 Edelsbrunner94
Bajaj95 Attali97] fall underthis cateyory.

A few methodsuse distancefunctionsto decideon the nal connecwity betweenpoints.
The distancefunction might measurehe distanceof pointsfrom a local approximationof a surface
[Hoppe92 Hoppe93, from the medialaxis[Roth97, or from ary othercorvenientshape.

A few methodusedirectsurfacereconstructioriechniqueshatinterpolateor approximatehe
surfacedirectly from the input setof points,without ary intermediaterepresentatiotik e the medial
axisor a spatialsubdvision like a tetrahedralizatiomr voxelization. Worksin this cateyory include
[Boissonnat84Muller93] andthe algorithmpresentedn the dissertation.l describebelon a few of

themethodsn theliterature.



3.1 ReconstructionAlgorithms with Sampling Conditions

The samplingprocesschoosessamplepoints from the given object as input to the reconstruction
algorithm. Samplingconditionsaretherestrictionson the samplingprocessothatthereconstruction
algorithmwould work reliably on the giveninput setof points. Only a few algorithmsprovide such
samplingconditions.

Voronoi Filtering: One elegant sampling condition provided by Amenta et al. [Amenta98a,
Amenta98hAmenta99 is basedn the medialaxis. Theunderlyingtechniqueusedin this methodis
calledvoronoi Itering . Amenta,Bern,andEppsteifAmenta98akhavedthatthe Voronoiverticesof
adensesamplingof acurvein R? approximateshe medialaxis of the curve. The closestistanceof
apointon acurve to the medialaxis of the curve is calledthe featuie sizeof thatpoint. The sampling
conditionfor the reconstructioralgorithmstateshatfor ary point a on the curve, thereshouldexist
a samplepoint p at a distancethatis lessthana fraction of the featuresizeof a. If the valueof the
fractionis , thenthesamplingis saidto bean -samplingof thecurve. Theirreconstructioralgorithm
rst computeshe Voronoiverticesof the given samplepoints. Thenthe Delaunaytriangulationis
computedfor the setof pointsthatis the union of the input setof pointsandthe setof its Voronoi
vertices. Thoseedgesin this triangulationwhoseend pointsarein the input setof pointsform the
reconstructedurve.

This ideadoesnot extenddirectly to 3D, becausehe Voronoiverticesof pointsin 3D do not
necessariljie nearthe medialaxis of the object. Amentaet al. [Amenta98b]developedheuristicsto
remove the Voronoiverticesthatlie closeto the surface,assuminghatthosearethe VVoronoivertices
thatarenotnearthemedialaxis. Further this samplingandreconstructioris applicableonly to objects
without boundary In Chapters, | will shav thatin the caseof objectswith boundarynotall sections
of medialaxis arerepresentedby Voronoi vertices. Improvementsto [Amenta98l are presentedn
[Amenta00].

Reconstruction of Curveswith Boundaries: Therearea few algorithmsfor curve reconstruction
which guaranteesorrectreconstruction.One of themis basedon the Voronoi Itering asexplained
earlier The work that is relevant to us is the reconstructionof curves with boundariesithat is,
curves with endpoints. Dey et al.[Dey00] developedthe conservativecrust algorithm and justify
their reconstructiorof curveswith endpoints. The samplingconditionis again basedon the feature
size asin the Voronoi ltering algorithm. Insteadof prescribinga samplingcondition for correct

reconstructionthis methodprovesthatthereexistsa samplingconditionfor thecurve reconstructetyy
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thealgorithm.In otherwords,thereneednotexist asamplingconditionfor therequiredreconstruction,
but thereexists a samplingconditionfor the curve reconstructedby the conservativerustalgorithm.
Further this methodreconstructsa family of curveswith endpointsfrom the given samplepoints.
Consenrative crustalgorithm canbe madeto reconstructhe correct(required)andonly the correct
cune by providing additionalinformationasinput to the reconstructioralgorithm. This additional
informationcanbethevalueof if the samplingis an -samplingof the curve with endpoints.This
con rms the thesispresentedn this dissertatiorregardingthe samplingrequirementgor manifolds
with boundariegreferto Chapterb).

Power Crust: A new surface reconstructionalgorithm called the Paver Crust by Amentaet al.
[Amenta01 Amentd usesherelationshipbetweerthe Voronoiverticesandmedialaxisin a different
way. The medialaxisis the locusof the centersof largestempty spheregouchingary point on the
surface. The power diagram[Edelsbrunner9Bis the weightedVoronoi diagramof a setof weighted
points. The weightsof pointsrepresentheradiusof the spheresenteredat thosepoints. Combining
thesetwo conceptsthe Powver Crustmethodextractsthe reconstructedgurfaceasa powver diagram
of the largestempty spheresenterechat the Voronoi verticesof the given setof samplepoints. As
before,certainVVoronoi verticeswhich arefoundto lie closeto the surfaceare consideredo be not
on the medial axis andareremaoved. This is one of the mostelegant techniquedor reconstructing
surfacesasit coversthe spacebetweerthe algorithmsdesignedo reconstrucinterpolatorysurfaces
that assumethat the samplepoints do not have noise, and the onesto reconstructapproximating
surfaceghatassumehatthe samplepointsareprobabilisticestimate®f the underlyingsurface. This
property enablesthe Paver Crustalgorithmto toleratenoisein the input datasetand at the same
time reconstructhe surfacesasfaithfully aspossiblefrom the given setof points. The dravbacksof
this algorithmareits dependencen heuristicsto achiese this goal, its slowv speedandits needfor
triangulatingthe polygonsgeneratedby the power diagram.Again, themajorlimitation of thismethod
is thatit canbeusedonly for surfaceswith no boundaries.

Alpha Shapes: The alphashapesntroducedby Edelsbrunneiand Mueke [Edelsbrunner9dwere
primarily to de ne shape®f moleculesButthisconcepivaseffectively usedn surfacereconstruction
also.Givenasetof pointsin 3D, a Delaunaytetrahedralizatiors constructedor thisinputsetof points
in the rst step. In the secondstep,all tetrahedratriangles,and edgeswhoseradiusof the smallest
circumspherés greatetthana x edparameter areremovedto arriveatthe -shapeln thethird step,

thetrianglesthatbelongto thedesiredsurfaceareextractedoutof the -shapeausingthefollowingrule.
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Considethetwo possiblesphere®f radius throughall threepointsof atriangleof the -shapelf at

leastoneof thesedoesnot containary otherpoint of thepointset,thentrianglebelonggo thesurface.
Since is aglobalparametethe useris not swampedwith mary openparameterdhut the dravback

is thata variablepoint densityin samplingis not possiblewithout lossof detailin the reconstruction
andhencerequiresuniform sampling.

There are mary reconstructionalgorithms basedon  shapesthat inherit the sampling
requiremenfrom shapes.Guo et al. make useof -shapedor surfacereconstructiorbut they
proposea so-calledvisibility algorithmfor extractingthosetrianglesthatrepresenthe surfaceout of
the -shape.Teichmanretal. [Teichmann98lsedensityscalingandanisotropicshapingto improve
the resultsof reconstructiorusing -shapes.The Ball Pivoting Algorithm presentedy Bernardini
etal. [Bernardini99]again requiresuniform samplingof the object,asit usesanalgorithmsimilarto

-shapesThis algorithmassumes normalat every vertex, anddoesnot mentionhow to handletwo
closesurfaces.
Normalized Meshes: As for -shapesagain the Delaunaytetrahedralizations usedfor spatial
decompositiorin this approachof Attali [Attali97]. The normalizedmeshintroducedin this work,
which is containedin the Delaunaygraph, consistsof the edges faces,andtetrahedravhosedual
Voronoi elementintersectghe surfaceof the object. In two dimensionsgiven the samplepoint set
S takenfrom a curve c, the normalizedmeshof c consistf all edgesn the Delaunaytriangulation
whoseVoronoidualintersectg. If the curve belongsto a classof curvesof boundedcunaturecalled
ther-regularshapeghen,a boundon the samplingdensitycanbe given sothatthe normalizedmesh
retainsall the topologicalpropertiesof the original curve. During the reconstructiorof c, all edges
whosetwo Delaunaycircumcirclesintersectat an anglelessthan =2 are chosento be part of the
reconstructednesh.Theideabehindthis approachs thatthe Delaunaycircumcirclesendto become
tangento theboundanof theobject. If thesamplingdensityis sufciently high,thenthereconstructed
meshis the sameasthatof the normalizedmesh whichis the sameasc topologically

Thoughthe conceptof normalizedmesh,also calledasthe restrictedDelaunaytriangulation,
canbe extendedto 3D, the algorithmto constructnormalizedmeshcannotbe extended. Thereason
is the sameasthe oneencounteredh the Voronoi Itering methodof Amentaetal. [Amenta98h. A
few Delaunayspheresanintersectthe surfacewithout being approximatelytangentto the surface,
asin the caseof sliver tetrahedra. Two heuristicsare presentedn [Attali97] to accommodat8&D

samplepoints. The rst heuristicis to nd the normalizedmesh,andthenaddthe Delaunaytriangles
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that sharetwo or threeedgeswith the normalizedmesh. This approachdoesnot alwaysprovide the

expectedsolution,asmentionedn [Attali97]. Theseconcheuristicis avolumebasedapproactwhere

the Delaunaytetrahedraareaddedbasedon two rules. The rst rule preventsaddingthe tetrahedron
thatremaovesa triangle belongingto the normalizedmesh,andthe secondrule preventsaddingof a

tetrahedrorthat isolatesa point inside a volume. The boundaryof the volumeis consideredasthe

desiredsurface.This heuristichasbeenshowvn to work reasonablyvell on anumberof models.

Note that the obsenation that (most of the) Delaunaycircumspheresn three dimensions
intersectthe surfacetangentiallyis usedby Amentaet al. [Amenta01l,Amenta]in their powercrust
techniquéfor surfacereconstruction.

Stable Voronoi Edges: This curve reconstructioralgorithmby Weller [Weller97 usesthe concept
of stable\Voronoi edges Let S be a nite sequencef pointson a plane. The point setS°is an

-perturbationof S if d(p;; pd) holdsfor all p; 2 S; p 2 S%i = 1;:::;n. An edgep;p; is
calledstableif theperturbecéndpoints)P andpjO in every -perturbatiorarealsoconnectedby anedge
of the Delaunaytriangulation.It turnsout thatfor a sufciently sampledcurve in the plane,only the
edgesonnectingheadjacenpointsonthecure arethe stableedges.The stability of anedgecanbe
checledin time O(jVoronoiNeighbors).

The extensionto this approachto three dimensionsis not straightforvard again due to the
presencedf sliver tetrahedra- an experiencesimilar to that of Attali [Attali97], and Amentaet al.

[Amenta98b].

3.2 ReconstructionHeuristics without Sampling Conditions

Reconstructioralgorithmsthat do not specify the requiredsamplingor prove the validity of the
reconstructedurfaceare termedas surfacereconstructiorheuristics. In this section,| give a brief
suney of existing reconstructiorheuristics.

Algorri and Schmitt [Algorri96]: This methodis basedon voxel basedspatialsubdvision. In the
rst step,therectangulaboundingbox of the givendatasetis subdvided by a regularvoxel grid. In
thesecondstep thealgorithmextractsthosevoxelsthatareoccupiedoy atleastonepointof thesample
set.In thethird step,the“outer” quadrilateral®f theselected/oxelsaretakenasa rst approximation
of the surface. Thesequadrilateralsare subdvided into triangles,andthe verticesof thesetriangles
arewarpedappropriatelybasedon the positionof the samplepoints,to geta morepleasingsurface.

Clearly, identifying an “outer” quadrilateralis the mostimportantstepin this method. Unlessthe
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voxels that containthe samplepointsare next to eachotherandbounda volume,“outer” cannotbe
de ned. Further we canseethat this methodis applicableonly to datapointsthatlie on x ed grid
points,suchasmedicalimagingdata,andthe datapointshave to be sufciently closeto eachother
andthesizeof thevoxel appropriatelychosersothatthe setof voxelsboundavolume.

Hoppeetal. [Hoppe92,Hoppe93]alsouseavoxel-basedsubdiisionmethod. This methodcomputes
the signeddistanceof the verticesof the voxel from an estimatedsurfaceand chooseghosevoxels
which have verticesof oppositesigns. The surface passeghroughthesevoxels. The surfaceis
then reconstructedising marchingcubesalgorithm. The distanceof the voxel verticesfrom the
surfaceis estimatedasfollows. First the tangentplaneat every input point is estimatedusing the
k-nearesneighborsof the point. Thenthesenormalvectorsareconsistentlyorientedby constructing
a Riemanniargraphandpropagtingthedirectionof the normalvectorfrom onevertex to anothetin
thegraph.Oncethetangenplaneswith appropriatedirectionsof thenormalshave beenestimatedihe
signeddistanceof aquerypointfrom the surfaceis estimatedo bethedistancdo thetangentplaneat
the closesidatapoint.

Thereareafew algorithmsthatdecompos¢he spacento cells, remove thosecellsthatarenot
in the volume boundedby the sampledsurfaceand createthe surfacefrom the selectedcells. Such
worksinclude[Bajaj95, Boissonnat84yeltkamp9%.

Boissonnats Volume Oriented Approach [Boissonnat84 startswith the Delaunaytetrahedraliza-
tion of theinput setof points. Thenthetetrahedrahatsatisfycertainconditionsareremovedfrom the
boundaryof the corvex hull. The tetrahedrawith two faces, ve edgesandfour points,or oneface,
threeedgesandthreepointson the boundaryof the currentpolyhedronareeliminated. The algorithm
stopswhenall pointslie onthe surface. The orderof removal of tetrahedroris basedon decreasing
decisionvaluewhich is the maximumdistanceof a faceof thetetrahedrorio its circumsphereThe
reconstructiorof modelswith genusgreaterthanzerousingthis methodis not reliable. The method
proposedby Isselhard, Brunnett, and Schreiber [Isselhard97] improved Boissonnas methodto
reconstrucbbjectswith non-zerogenus by allowing a few moretypesof tetrahedrao be removed.
The methodintroducedby Bajaj et al. [Bajaj95], which uses -solids is a combinationof this
Boissonnat methodandEdelsbrunneetal.'s -shapes.

Boissonnats Surface Contouring Algorithm [Boissonnat84, which is an example of a direct
reconstructiortechnique,also usesa locally estimatedtangentplanefor the surfacereconstruction

like Hoppeetal. Thealgorithmstartswith anedge usuallytheshortesedgeamongall possibleedges
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betweertheinputsetof points. Thenatriangleis attachedo this edgeby choosinghethird vertex for
thistriangle. Thechoiceof thethird vertex is madeby projectingthepointsin theneighborhooaf this
edgeontotheestimatedangenplane.Thepointthatmakesthe maximumanglewhenconnectedo the
endpointsof thisedgeis choserto bethethird vertex of thetriangleincidentonthisedge.Thisprocess
continuestill thereis no free edge. This methodcanreconstruconly surfaceswith no boundaries.
Another methodsimilar to the one describedaborve is the Spiraling-Edge triangulation proposed
by Crossnoand Angel [Crossno9 This approachworks by creatinga starshapedtriangulation
betweerapointandits neighborsLik e otherheuristicsdescribedn this section thismethodalsodoes
not provide ary theoreticafoundationfor the actualtriangulationcomputedor expressary sampling
requirement for correcttriangulation.

OthernotableapproachemcludeVeltkamps[Veltkamp9% -indicator Bittar etal.'s[Bittar95]
surfacereconstructiorby medial axis, Roth and Wibowoo's [Roth97] voxel basedmethod,Mencl
andMuller's [Mencl95, Muller93, Mencl98a,Mencl988 methodbasedon the Euclideanminimum
spanningtree,and Fuaand Sanders [Fua91,Fua92aFua92b]methodon clusteringof points. The
approactof CurlessandLevoy [Curless9%is ne-tunedfor laserrangedata.This methodis alsowell
suitedfor handlingvery large organizeddatasets.

Warping-basedeconstructionechniquaedeformsaninitial surfaceto giveagoodapproximation
of the input point set. This techniquels particularly suitedif a roughapproximationof the desired
shapés alreadyknown. Terzopouloet al. [Terzopoulos8Busedeformablesupequadricsto t the
input datapoints. A differentapproacto warpingwith orientedparticleswassuggestedby Szeliski
etal. [Szeliski9g . By modelingtheinteractionbetweerthe particles(samplepoints),they construct
the surfaceusingforcesandrepulsion.

The work presentedn this dissertationcan be consideredas a direct methodfor surface
reconstruction.l alsoprovide the samplingconditionto reconstrucsurfaces,and mostimportantly
surfaceswith boundaries.Samplingconditionsnot only ensuretopologically correctreconstruction,
but also ensureminimum geometricdeviation of the reconstructedurfacefrom the original model.
Hence,the samplingconditionwould at leastdemanda minimum samplingto ensuretopologically
correctreconstructionandary additionalsamplingover this minimumrequirementvould male the
reconstructeanodela bettergeometricapproximationof the original model. This is true in caseof
modelswithout boundariesin Chapter5, we will seemoreaboutthis philosoply andprove thatthis

neednot betruewhenconsideringnodelswith boundaries.
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CHAPTER4

LOCALIZED DELAUNAY TRIANGULA TION

In the previouschaptemwe discussedarioussurfacereconstructioralgorithmsin theliterature.In this
chaptedl presenmy algorithmfor surfacereconstructiorcalledtheLocalizedDelaunayTriangulation.
Unlike existing algorithms this algorithmworksonamanifoldwith or withoutboundariesl shaw the
ef ciency of thisalgorithmusingempiricalresults.Further therequiredsamplingconditionsto ensure
correctsurfacereconstructiorusingthis algorithmis detailedin Chapter6. The algorithmdetailedin

this chapteranda preliminaryversionof the samplingconditionsarepresentedh Gopietal.[Gopi00].

4.1 Overview of the Algorithm

Our surfacereconstructioralgorithmtakesasinput, a setof unoiganized3D pointsS sampledrom a
manifoldM with or without boundarywith no otheradditionalinformationlike normalvector. The
outputof the algorithmis a setof triangles,which de nes a manifold L with or without boundary
passingthroughthe input setof points. In Chapter7, | prove that, undercertainassumptionsl. is
homeomorphi¢co M .

Thisreconstructioralgorithmusesa projection-plangéechniquavheretheneighborsof avertex
p in the nal triangulationarecomputedy projectingp's spatiallyclosepointsontothetangenfplane
atp, Tp. This canbe classi ed asalocal triangulationtechniqueasthe algorithmdoesnot take into
accountall theinput pointsatthetime of nding the neighborhooaf onesample.

Thesurfacereconstructioralgorithmgoesthroughsix major steps:collectcandidatgointsfor
normalestimation,normalestimation,candidatepoint selectionprojectionof candidatepointsonto
thetangentplane,Delaunayneighborcomputationand nally thetriangulation.This sectiongivesa

brief descriptionof eachthe above steps.
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Figure 4.1: Pipelineof the opemtionsof the LocalizedDelaunayTriangulationalgorithm.

CandidatePoints for Normal Estimation: (Stepl in Figure 4.1) The rst stepis to nd spatially
closeneighborsto every samplepoint. Using theseneighborsthe normalvectorat every sampleis

estimated.

Normal Estimation: (Step2 in Figure4.1) The next stepis to estimatethe unit normalat all sample
pointsin S. This stepalso consistentlyorientsthe normal vectorsof the samplepointsto getan

orientablemanifold. Stepsl and2 areperformedonly if the normalvectorinformationis not partof

theinput.

CandidatePointsSelection:(Step3in Figure4.1) Thisstepchooseshosepointsthatmightbepossible
neighborgo avertex in the nal triangulation.The candidatgpoint setfor every samplep is denoted
by Pp.

Projectionof CandidatePoints: (Step4 in the Figure4.1) Eachof thecandidatepointsin thesetPp is

mappedntothetangeniplaneatp, Tp. The mappingis doneby a simplerotationof the vectorfrom

p to acandidatepointaboutawell de ned axis. Theaxisof rotationfor acandidatepointq is theline

onTp thatis perpendiculato thevectorfrom p to g. The setof thesemappeccandidatepointson the

tangentplaneis denotedby Pg .

DelaunayNeighborComputation:(Step5 in Figure4.1)In this step,the2D local Delaunayneighbors
of every samplep is computedrom thesetPg in its tangentplane, Tp.

Triangulation: (Step6 in Figure4.1) The nal surfacetriangulationis determinedrom the Delaunay
neighborhoodelationshiparoundeachsampledeterminedn thepreviousstep. Careis takento avoid

certaininconsistenton gurationsto arrive atthe nal triangulation.
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4.2 Estimation of Vertex Normal

The rst stepin our algorithmis to nd the unit normal,andthusthe tangentplaneof the surface,at
every samplepoint p, if the normalvectorinformationis not partof theinput. The normalvectoris
computedusingthe k-neaestneighborsof p (Stepl in Figure4.1). The Euclideanmetricis usedto
measuralistancedo collectthe k-neaestneighbors.Givenonly a setof pointsaroundp, we needto
de ne avectorthatis agoodrepresentatie of thenormalto the surfaceM atp.

De nition:  The normalvectorNp is the unit vectorthat minimizesthe varianceof the dot product
betweeritself andthe vectorsfrom p to its k-neaestneighborslf Dj is thedot productbetweerNp

andthevectorfrom p to theith closesieighborthenNp minimizes

P P_k D; 2
<, (Di
k

Let mejustify the above de nition of the normal. Let us call the point p at which the normal
hasto be found asa refeencepoint Therearetwo extremecon gurationsof samplepointsin the
local neighborhoodroundthe referencepoint p. Onecon guration makesp avertex with very high
curvature andtheothercon gurationmakesp avertex with zerocurvature.If thereferencgointwith
high curvatureis theapex of aconeandthe neighborsareonthecircularrim of thebasetheexpected
normalattheapex is thedirectionof theconeaxis. If thereferencgointwith zerocurvatureis partof
aplanethenthereferencegpoint's normalis the normalto the plane.Underboththesecasestheabove
de nition of normalvectorde nes the expectednormal. Let us seehow to computesucha normal
(Step2in Figure4.1).

If thek-neaestneighborsareq, to q,, thenthe vectorsfrom p to its k-neaestneighborsare

Vi=q p,1 i k.Wewantto nd Np suchthatit minimizes
P Kk P K D 2
i=1 (Di ':& I)
4.1
k (4.)
whereD; = Np V;. Remwing thescalefactorl=k, we get
0 .1
P © 2
X K Np V
mn@  Np ¥ %‘O' A (4.2)
i=1
0)« P, v-! 1,1
= min @ v —=L2 Np A (4.3)

i=1
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ThevectorsV; canbeviewed asthe coordinate®f the k-neaestneighborswith p astheorigin. If p
P
is the origin, the centroidof the k-neaestcandidatepointsis C = :‘:1 Vi =k. Thus,theabore

expressiorcanberewritten as |

" !
min (¥ C) Np)? (4.4)
i=1

If Aisak 3 matrixwhereV; C de nestherow vectorsthentheabove expressiorreduces

to (ignoringthe square)

min(kAN pk,) (4.5)

Thusthis minimizationproblemcanbe solved usingsingularvaluedecompositiofGolub89].
Theeigervectorwhich correspondto thesmalleseigervalueof A is thenormalvectorthatminimizes
the above equation. Hoppeet al. [Hoppe92]proposedhe useof principal componentnalysisof a
covariancematrix to determinghe normals.Eventhoughour formulationis different,it turnsoutthat

theresultingnormalvectorscomputecdby bothmethodsarethe same.

4.2.1 Propagationof Normal Direction

Thenormalvectorfoundby theabove processs correctonly upto sign. To nd aconsistenorientation
of thesurface,we x theorientationof oneof the normalsandpropagtethis informationto therest
of thepoints.

We usethe techniqueproposedoy Hoppeet al. [Hoppe92]to do the propagtion. Hoppeet
al. posethis problemasa minimum spanningtree problem,wherethe verticesof the modelarethe
verticesof the graph,andthe edgesof the modelarethe edgesn the graph. Theweightof the edge
betweertheverticesi andj is assignedobe (1 jN; ij), whereN; ande arethe normalsat the
verticesi andj estimatedisingthemethodgivenin the previoussection.The minimumspanningree
of this graphwould give the propagtion sequencef normalsfor the consistenbrientability of the
model. An arbitraryvertex of the graphis assumedo be the root andthe normalis propagtedto its
childrenrecursvely. Whenthe normaldirectionis propagtedfrom vertex i to vertex j, if Nj Nj is

negative, thenthedirectionof Nj is reversedjtherwiseit is left unchanged.
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4.3 Candidate Point Selection

This stepis similar to clusteringstepsusedby othertriangulationscheme$Hoppe92 Heckel98]. The
candidatepointschoserfor a referencepoint p arepossibleneighborsof p in the nal triangulation.
Incorrectchoiceof candidategoint setmightleadto incorrecttriangulation. The samplingconditions
presentedn Chapters ensurethatthe candidatgpointschosenasdescribedn this sectionis correct.
This sectiondescribesa methodto ef ciently choosea correctcandidatepoint set.

In the rst stage,we uselL; metricto pruneour searchfor candidatepointsin the spatial
proximity of p. In this step, our algorithm takes an axis-alignedbox of appropriatedimensions
centeredat p andreturnsall the samplesinsideit. The way we decidethe size of this bounding
box, andthedatastructureusedfor this pruningareexplainedlater Section4.3.1.

Thesecondstageuseseithera Euclideanmetricor anothedistancefunctionQ to furtherprune
theresultof the rst stageto arrive atthe nal setof candidatepointsof p, Pp.

DistanceFunction Q: Thedistanceof g from p, Qp(q), is de ned as

Qp(a) E*(p;q) + T5(q)

whereE (p; q) is the Euclideandistancebetweerp andq, andTp(q) denoteghe distanceof g from
thetangentplaneat p (asdetermineddy the normalvectoratp). This distancefunctionis explained
in moredetailin Section6.3.2.

Clearly, the normalvectorinformationis requiredto computeQ. If the normalvectoris not
givenaspartof theinput, thenthe Euclideanmetric(referto Chaptei6) is usedto measurehedistance
betweentwo samplepoints, otherwiseQ is usedfor the purpose. All pointslessthana particular
distancearoundp measuredisingthe Euclideanmetric will be inside a sphee of in uence, andif
Q wasusedto measurdalistancesthenthesepointswill lie insidean ellipsoid of in uence. As we
discussecarlier the secondstageof pruningremovespointsthatlie outsidethe sphergellipsoid) of
in uence aroundp from the candidatesetgot afterthe rst stepof pruning. The following section
discussegheimplementatiordetailsandthe dimensionof the axisalignedboundingbox ( rst stage

of pruning)andthe sphergellipsoid) of in uence (secondstageof pruning).

4.3.1 Implementationof CandidatePoint Selection

Our datastructurefor the rst stageof pruningis a depthpixel array similar to the dexel structure

proposedn [Hook86]. The dexel datastructureconsistsof a 2D pixel array wherein eachpixel
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multiple pointscanbe storedin a sortedorder Giventhe axisalignedboundingbox of the complete
input sampleset, the dexel array can be consideredas the discretization(pixelization) of the face
perpendiculato the z-axis. All datapointsareorthographicallyprojectedin the positive Z direction.
Thepointsmappedn to the samepixel aresortedby their depth(z) values.

By usingthis datastructure the searchfor candidatepointsis limited to the pixels aroundthe
pixel wherep is projected.The sizeof the boundingbox for choosingthe candidategointsusingl ;
metricandthe radiusof the sphee (or ellipsoid) of in uence usedin the secondstageof pruningare
determinedy thedistanceo theclosesipointfrom p. Let s bethedistancdo theclosessamplepoint
from p asmeasuredy a distancefunction,thenthe boundingbox andsphere(ellipse3houldenclose
all pointsthatareat a distancdessthanm s from p. The constanim is 2:0 if Euclideanmetricis
usedandis P 5:83(referto Theoreni7, Equation6.27)if Q is used andthis determineshedimension
of thesphere(ellipsoiddf in uence. Thedimensionof theaxisalignedboundingbox (cube)centered
atp is 2ms.

Thepointsthatareinsidethe sphergellipsoid) of in uence arepossibleDelaunayneighborsof
p in thetangeniplaneof p, Tp.

Note: If the distancefunction Q (Chapterb) is used,the candidatesetof p is prunedfurther after
rejectingthe pointsthatare outsidethe ellipsoid of in uence aroundp. A samplepointq is rejected
from the candidatesetof p if the distanceQp(q) is greaterthan La + Lasinz( ) + %Lf) +

2LpLg(sin( ) + cos( )), whereLfJ and La are distanceto the closestsamplesirom of p andq

respectrely, and istheanglebetweerthe normalvectorsatp andq (referto Equation6.23).

After the secondstageof pruning,theremight be a casewherea samplep is in the candidate
setof a sampleq, but g is notin the candidatesetof p. Consisteng betweenthe candidatesetsis
essentiafor the consisteng of resultsof subsequendtepsin this reconstructioralgorithm(alsorefer
to Theorem7). To make the candidatesetsPp andPq consistentthe sampleq is addedto Pp. The

nal candidatesetof eachsamplepointis got afterthis sharingof candidatesetinformationbetween

the samplepoints.

4.4 Projection of Candidate Points

Thenext stepis to projectthe candidatesetPp of eachvertex p foundin Section4.3 ontothetangent
planeatp, Tp. ThetangentplaneTp is de ned by thenormalvectorestimatedn Section4.2. Let V;

bethe vectorfrom p to theith candidatepoint. The mappingof candidatepointsonto Tp is doneby
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Figure4.2: Letthehomaeneousoorinatesof g be(x; y; z; 1) with respecto the coodinatesystem
at the origin O. The coorinate of g with respectto the local coodinate systemat p is given by
A (xyz1)T,wheerA is a 4x4matrix computedasshownin Sectiord.4.1.

rotatingthevectorV; aboutp with theline on Tp thatis perpendiculato V; astheaxis. ThevectorV;
will sweepa sectorof adisk on the planede ned by thenormalNp andV;, dueto this rotation. The
rotationof V; retainsits lengthon thetangentplane. The setof all candidatepointsof p projectedin
this way ontoits tangentplaneis denotecoy Pg .

This rotationoperationcanbe considereds attening the surfacearoundp onto Tp suchthat
the distancesf pointson the surfacefrom p remainsthe sameafter the attening. The inverseof
this mappingis calledthe exponentialmapin the RiemannianGeometryliterature[O'Neill97]. The
Voronoi diagramsand Delaunaytriangulationare de ned for ReimanniarsurfacesLeibon00]. The
rotationoperation(inverseexponentialmap),insteadof an orthogonalprojection,makesthe Voronoi
diagramof thepointsin PFT, andp onthetangentplaneabetterapproximatiorof the projectionof the
Voronoidiagramof the candidatepointsof p onthe Riemanniarsurfacedescribedn [Leibon00]. To
bepreciseconsidertthe VoronoicurvesVc onthesurfacearoundp separating andthe pointsin Pp,
andtheir mappingonto Tp usingtheinverseexponentialmap. Let the mappedcurveson Tp beVCT.

The Voronoiedgeson thetangentplanebetweerp andpointsin Pg aretangentgo VJ .
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4.4.1 Implementationof Projectionof CandidatePoints

Let the global coordinatesystemin which the input setof pointsis representedbe (X;Y;Z) (refer
to Figure4.2). The rst stepisto nd thelocal coordinatesystemsay(X ¢ Y© 29, atthereference
point p. The normalvectorat p is the Z “axis. Any vectoron the tangentplaneat p canbe chosen
asthe X Laxis, andbasedon this choice,the Y “axisis computedasthe crossproductof Z “axis and
X Qaxis. The X Laxisis computedasfollows.

Let the unit Z %vector be (z[0]; z[1]; z[2]) with respectto the global coordinatesystem. Let
d= 1=p z[OP + z[1P. TheX %vector(x[0]; x[1]; x[2]) = (z[1] d; z[0] d;0). It canbeseerthat
X Qis aunitvector andX ©® z%= 0.

Any point g with homogeneousoordinategx; y; z; 1) in the global coordinatesystemcanbe
representeth thelocal coordinatedy a lineartransformation.Thetransformatiomrmatrix A is given
by 0 1

x[0] x[1] x[2]  (X° p)
A= ylo] yi1l yi21 (Y° p) 4.6)
z[0] z[1] z[2] (Z° p)
0 0 0 1
Thelocal coordinate®f g are(x®y%z%1) = A (x;y;z;1)".

Rotatingthe vectorpgq to thetangentplaneof p is sameasprojectingq ontothetangeniplane
of p orthogonallyandthenscalingthevectorfrom p to the projectedooint to thelengthequalto j pg;].
Thelocal coordinate®f the orthogonallyprojectedpoint of g ontothetangeniplaneof p is (x% y© 0).

Theimageof g aftermappingontothetangentplaneby rotationis givenby

s
o (x0y%29 (xPy0z9
~ (x%00) (x%y0)

(x%°0)

4.5 DelaunayNeighborhood Computation

Thenext stepisto nd the Delaunayneighborsof eachvertex thatarepreferredneighbordn the nal
triangulationof the surface. To computethe Delaunayneighbors,rst the projectedcandidatepoints
PFT, onthetangentplaneareorderedby anglearoundp. Thena fastDelaunayneighborcomputation

is doneusingthis ordering. Thesetwo stepsaredescribedelow.
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Voronoi Edges

o La

Figure 4.3: Finding Delaunayneighbos. GivenpointsA, B andC, chedk whetherB is a Delaunay
neighborof p. Thethick edgesare thelocal Voronoiedgesaroundp.

4.5.1 FastOrdering by Angle

Thecandidatgointsaretransformedo thelocal coordinatesystemandaremappedo Tp asexplained
in the previous section. Thesepoints have 2D coordinateswith animplicit de nition of coordinate
axes. The setPg is partitionedon the basisof the quadrantwherethe pointslie on Tp in the local
coordinatesystem. The pointswithin eachquadrantare orderedby angleusinga simple methodas
explainedbelow.
The squareof the sine of the angle can be computedwithout arny use of square-rootor

trigonometricdfunctions,asx 2=(x® + y®). Pointsin eachquadranin theprojectionplaneareordered
separatelysingthesquareof thesinevaluesand nally meigedto getthecompleteorderingof points

aroundp.

4.5.2 DelaunayNeighborComputation

This sectiondescribeshedetailsof nding theneighbordor thereferencepointp from thecandidate
point setusing 2D local Delaunaytriangulation. The Delaunayneighborsof p is found from the
angle-orderea¢andidateverticesaroundp asfollows. The basicfunction of the algorithmtakesthe
referencepoint andthreeconsecutie pointsin angleorderedset,A, B, andC, to checkwhetherthe
middle point (B) couldbea Delaunayneighborof p in the presencef A andC. Figure4.3explains

this algorithmpictorially.

bool CheckDelaunay| A, B, C)
f
L o = Perpendiculabisectorof theline segmentpA.

Lg = Perpendiculabisectorof theline sgmentpB .
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L ¢ = Perpendiculabisectorof theline sggmentpC.
I ac = Intersectiorpointof L o andL ¢.
L,g =Line parallelto L g, andpassinghroughl ac .
Mg = Mid pointof theline sgmentpB .
If bothp andM g lie onthesamesideof L, g, then
B is alocal Delaunayneighborto p whencomparedvith A andB .
returnTRUE.
else
B is nota Delaunayneighborto p.
returnFALS E.

If g4 ::: g, aretheorderedorojectedcandidatepointsof p, thentheabove functionis calledfor
everytripletg; 1;0Q;;041 . If thetestpassesthenthenext triplet q;; g;,1 ; ;4> IS tested.But, if the
testfails, theng; is rejected andthealgorithmbacktrackswith thecallq; »;0; 1;0;+; tore-evaluate
g; 4 forits validity. As theorderingof the verticesis by angle,andhenceis cyclic, ary pointcanbe
choserasthe rst pointq,. We chooseheclosespointto p asq,, asit is alwaysaDelaunayneighbor
We alsouseq; asaterminatingconditionfor the backtrackingstep.Theimplementatiorof theabove
algorithmis optimizedfor speedandeachcall to the above functiontakeslessthan35 mathematical

operations.

4.6 Triangulation

TheDelaunayneighborsof eachvertex arefoundandstoredin alist orderedby angle.VerticesA, B,
andC form atriangleif andonlyif fB, Cg, fC, Ag, andf A, B g areconsecutie Delaunayneighbors
in the orderedneighborlists of A, B, andC respectiely (referto Section7.3.1for justi cation and
moredetail). Therearea few degeneratecasesand problemsarisingout of impropersampling,and
dueto the projectionontodifferent,thoughclose tangenplanes.

In the triangulationstageof our algorithm,assumeahatA, B, C, andD form a quadrilateral
asshaowvn in Figure4.4. Theremight be a casewherebothB D andAC areDelaunayedgedorming
overlappingtriangles. Theremight also be a casewhereneitherBD nor AC is a Delaunayedge

formingahole (referFigure4.4).
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Figure 4.4: Left: AC andBD are Delaunayneighbos of ead other Right: NeitherAC nor BD
are Delaunayneighbos of eat other

In the rst caseasimplecontentiondetectionandremoval methodis usedto disambiguatehe
triangulation.For example,in ourimplementationthetriangulationarounda vertex with lowestindex
(sayA) is given preferencdo completethe triangulation,and hencetrianglesAB C andACD are
chosen.

In the seconccasewherethe holeis left dueto lack of Delaunayedgeswe have to justify that
theholeis dueto theinconsistenDelaunayneighborhoodelationshigratherthananactualholein the
model. The samplingconditionsdescribedn Chapter6 ensureghatthe non-adjacenpointson the
boundaryarenot candidateneighborsof eachother If the boundarypointsof the hole are candidate
neighborsof eachother thenthe holeis dueto theinconsistenDelaunayneighborhoodelationship.
Suchholesare lled usingasimplepolygontriangulationalgorithmafterprojectingthesepointsalong
theboundaryto a planede ned by the averageof normalvectorsat thesepoints.

As the Delaunaytriangulationis computedocally in 2D, a dimensionlower thanthe onein
whichthesurfaceexists,this methodof constructinghetriangulationis calledthe LowerDimensional

LocalizedDelaunayTriangulation

4.7 Results

We rantheimplementatiorof this algorithmon variousmodels andtheresultshave beendocumented
in Table4.1. All timings are measuredn an SGI-Oryx with an R10000processorunningat 194
MHz. The color platesat the end of this dissertationshov the resultsof our algorithm on a few
models. The graphin Figure 4.5 shawvs that the performanceof our algorithmis nearlylinear with

respecto thenumberof pointsin theinput set. Thecomputatiorof normaltakesaroundhalf thetotal
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No. of No. of | NormalComp.Time | TriangulationTime | Total Time
Model points | Triangles (in secs) (insecs)| (insecs)
Face 12837 25438 1.85 2.55 4.42
Club 16864 33643 2.40 2.30 4.75
Foot 20021 39862 2.88 3.30 6.22
LowerJav | 25362 49061 3.50 2.70 6.26
UpperJav | 27830 54458 3.91 2.95 6.92
Oil Pump | 30937 61772 4.37 7.30 12.80
Bunry 34834 69630 5.03 5.00 10.64
Skidoo 37974 75364 5.25 4.58 9.85
Phone 83034| 165981 12.18 13.40 25.67
Table 4.1: Performanceof our algorithm

A

27

24

21

Total Time
18 +
Time 157
in secs °
9+
6 ° Normal Computation Time
3 —

|

10

20 30

40 50

60 70

80 90

Number of Points (x10 )3

Figure 4.5: Graph showsthe total computationtime and the computationtime of the normal vector
with respecto the numberof pointsin theinput model.
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time. Thecandidatgointselectiorprocessisingthedexel arrayis dependendnthedepthcompleity
of the modelin the projectiondirection. This hashadits effect on the total time (referto Oil-pump
model)of reconstruction.

Thetotal reconstructiortime of our algorithmis in termsof numberof secondswhereaghe
running time on a similar platform for otherimplementationof algorithmsthat guaranteecorrect
reconstructionis in termsof numberof minutes. Further our algorithm and implementationare
modularandaresuitablefor parallelizatiorwith minor changes.

It is importantto note that none of the models are sampledspecially for our algorithm.
Speci cally, the inside-looking-outlaser scandata of the Car and Room models (CourtesyLars
Nyland) have a lot of noiseandperturbationsn the locationof the samples.Further the Carmodel
is ameigeddatasetof four differentlaserscans.Thesemodelshave beenreconstructedatisactorily,

thoughwith a numberof smallboundaries.

4.8 Summary

| have presenteda fast and reliable surface reconstructionalgorithm, the Localized Delaunay
Triangulationalgorithm. This algorithm canreconstrucsurfacesboth with andwithout boundaries.
Further using empirical results, this algorithm is shovn to be efcient and have a near linear
performanceln the ensuingchapterd developthetheoryof sampling,andthe samplingrequiredby
this algorithmto producecorrectresults. Further | prove thatthe LocalizedDelaunayTriangulation

presentedhn this chaptetlis a correcttriangulation.
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CHAPTERS

THEORY OF GEOMETRIC SAMPLING

5.1 Intr oduction to Sampling

Samplingis a processof discretizinga continuoussurface or a curve into discretesamples. The
reconstructiorprocesausesthesesamplego reconstructhe original continuoussurface. To ensure
correctreconstructiorof the original surface, certainrestrictionsare imposedon the discretization
processTheserestrictionsarecalledsamplingconditionsor criteria.

For example,in signal processingpne of the well knovn samplingcriterion is the Nyquist
criterionto sampleacontinuoussignal,andthisis usedn digitizationof audio,video,andis applicable
toimagesalso.Accordingto theNyquisttheoren{S.84 B.89, thediscretdime sequencef asampled
continuousband limited signal V (t) containsenoughinformation to reproducethe function V (t)
exactly provided that the samplingrateis at leasttwice that of the highestfrequeng containedin
theoriginal signalV (t). To develop sucha samplingconditionfor geometricsamplingof curvesand
surfaces,we have to identify the parametein curvesandsurfacesthatis equivalentto frequeng in
signals.

The reconstructiorof a signalthatis sampledbasedon the Nyquist frequeng is dependent
on Fourier transforms. By this transformand appropriateband-passlters, it can be proved that
the reconstructedignalis exactly the sameasthe original signal, and not an approximation. This
dissertationdealswith geometricsamplingof a surfaceand reconstructiorof the surfacefrom the
samplepoints. The reconstructedurfaceis a correctsurfaceif it is topolagically equivalentand
geometricallycloseto the original surface. In otherwords, we are not reconstructingexactly the
sameoriginal surface,thoughsuchreconstructiormight be possibleundervariousassumptionsibout
the surface. Becauseof thesereasonsandthe naturaldifferencesbetweensignalsand surfaces,we

cannotdirectly relatethe Nyquist samplingand Fourier signalreconstructionwith the samplingand
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Figure5.1: Samplingof a SpaceCurve

reconstructiorof a surface. Nevertheless| try to drawv ananalogybetweensignalsandsurfaces.To

simplify further, | usecurvesinsteadof surfacesin this analogy

5.1.1 Signalsand Curves

Cunaturehasbeenusedsuccessfullyn differentialgeometryto studytheshapeof anobject.Henceto
geta geometricallycloseapproximatiorof the curve, we needmoresamplesn high curvatureregion
andlesssamplesn low cunatureregion.

Cunatureis animplicit propertyanddoesnot captureanexplicit feature Jik e self-intersection,
thatis dueto the spacein which the curve is immersedor embedded.Thoughwe assumehat the
mappings anembeddingwhich eliminatesself-intersectiomyve have to addressheissueof capturing
certainexplicit featuredor topolagically correctreconstruction.

Reconstructiorof a curve connectsadjacentsamples.Henceadjacenyg relationshipetween
sampledave to be establishedinambiguouslyor correctcurve reconstructionin the caseof signals
thereis animplicit temporalorderingof samples.In the caseof cunes,in the absencef explicit
orderingof samplesyariousheuristicsareusedto nd anorderingusingspatialproximity of samples.
Whentwo differentpartsof thecurve arespatiallycloseto eachotherasin Figure5.1,theseheuristics
mightfail if thedistancebetweeradjacensampless greateithanthedistancebetweerdifferentparts
of thecurve. Spatialproximity of differentpartsof the curve is measuredisingexplicit curvatuee.

De nition: Explicit curvatue at a point p on the curveis de ned asthe reciprocalof the positive
minimal radiusof a circle centeredat p whoseintersectionwith the curve is not homeomorphido
realline. Notethe similarity of this de nition with the de nition of (implicit) curvature whichis the

reciprocalof theradiusof the osculatingcircle.
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The sampling density should be proportionalto the explicit curvature as well as implicit
cunatureat ary region of the curve. In summarythe “frequeng' of a signalcanbe consideredo

beananalogyto the explicit andimplicit curvaturesatthe pointsonthe spacecurve.

5.2 Medial Axesand Curvatures

One of the best indicators of local explicit and implicit curvaturesis the medial axis of the

curve/surfice sinceit uni es boththeseconceptsTheclosestistanceof a pointonthe surfaceto the

medialaxisis lessthanthe minimum of thereciprocalsof the implicit andexplicit curvaturesat that
point. This factis exploited by Amentaet al. [Amenta98aAmenta98h for providing the sampling
conditionfor reliable reconstructiorof curvesand surfaces. The samplingcondition of Amentaet

al. saysthatfor every pointa onthe curve or surface,thereshouldexist a samplepoint at a distance
lessthana fraction of the closestdistanceof a to the medialaxis. This samplingconditionyields a

samplingdensitythatis proportionalto the maximumof theimplicit andexplicit curvatures.

During the reconstructiorprocessthe medialaxis of a curve or a surfacecannotbe computed
with just a setof samplepoints. In their reconstructioralgorithm,Amentaet al. usethefactthatthe
Voronoi verticesof the sampledie closeto the medial axis of the denselysampledcurve (referto
Chapter3). A few morealgorithms[Amenta01 Amentg Amenta0Q have beendesignedecentlyon
the samdlines, but all thesealgorithmsusethe sameunderlyingrelationshipbetweerthe medialaxis
andthe Voronoivertices. In the next section,l shav thatthereis a classof surfacesfor which these
algorithmscannotbe used astherelationshipbetweerthe medialaxisandVoronoiverticescease$o

existin thesesurfaces.

5.3 Medial Axesand Voronoi Vertices

Algorithmsthatusemedialaxisfor samplingrely on the estimationof medialaxisfor reconstruction.
The 3D medialaxiscomputatioralgorithmsaresouncommorthatthereareonly a few for polygonal
models[Culver00] and noneif only the samplepointsof the modelaregiven. The only estimation
techniquefor medial axis from samplepoints usesVoronoi vertices,and is applicableonly when
samplesare taken from closedmodels. In this sectionl shav that this estimationtechniqueis not

reliablewhenthe samplepointsaretakenfrom objectswith boundaries.
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Figure 5.2: Medial axis of a plane: Left— Wthout Boundary Right— Wth Boundary

All Voronoiverticesof a samplesf a 2D curwe lie closeto the medialaxis (MA) if thecurve
is sufciently sampled.For samplesf a 3D object,it is shavn in the literaturethat theremight be
Voronoiverticescloseto thesurfaceof themodelandfarawvay fromthe MA. Basednsomeheuristics,
suchVoronoiverticesareremovedby thereconstructioralgorithms.Thesealgorithmsassumeéhatthe
underlyingsurfaceis a closedsurface,andall sectionsof theMA arewell representedly the Voronoi
vertices(Figure5.2).

Whenwe considera surfacewith boundaryit is not only true thatnot all Voronoiverticeslie
closeto the MA, but alsothatnot all sectionsof the MA arerepresentedy the VVoronoivertices.For
example consideraplanarregion andits sampling(Figure5.2). TheMA of this planearetwo parallel
planesatin nity , oneabove andanothembelown thegivenplane.If thereis acircularholein theplane,
thenaline of theMA passeshroughthehole connectinghetwo planesatin nity . Howeverdensehe
samplingis alongthe boundaryandthe givenplane therewill beno Voronoivertex in this connecting
line. Evenif therearea few Voronoiverticeson this connectingine dueto perturbationof points
in the boundarythe reconstructioralgorithmscannotdistinguishtheseverticesfrom the onesthatlie
closeto the surfaceandfar away from the MA, andhencewill beremoved.

Hence,for a surfacewith boundarythe relationshipbetweenthe Voronoi verticesof samples
andthemedialaxisof thesurfaceceaseso exist, andary algorithmrelying onthisrelationshipcannot
reliably identify or reconstructhe boundaryof the surface. Thenext sectionfurtherexplorestheclass

of surfaceswith boundaries.
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Figure 5.3: Sampling:Left—Wthout Boundary Right— Wth Boundary

5.4 Sampling Surfaceswith Boundaries

Conditionsfor samplinga surfacedependon the reconstructioralgorithmused. The few algorithms
that specify sampling conditionsfocus on surfaceswith no boundaries. In this sectionl showv
that samplingsurfaceswith no boundariess mathematicallydifferentfrom samplingsurfaceswith
boundaries.

Almost all of the reconstructioralgorithmsdesignedill todayhave the “Nyquist philosopty”
thatthe densetthe sampling,the closerthe approximationof original surfacewith the reconstructed
surface.Hencethe samplingconditionsdirectly or indirectly specifythe maximumdistancebetween
closesamplesor the minimumrequiredsamplingdensity

For differentreconstructioralgorithmstherewill be someminimum distancebetweersample
pointson a surfaceboundaryfor which thealgorithmwill correctlyreconstructhe boundary We call
this the boundarysize,andits de nition is basedon the reconstructioralgorithmused.For example,
in termsof the samplingconditionsprescribedyy [Amenta98a Amenta01l]the boundarysizeis the
minimum distanceof boundarypointsto the medialaxis. In termsof alphashapesthe boundarysize
is the minimal value of alphathat cannotreconstruct topologically correctandgeometricallyclose

surface.

Theorem 3 Conditionsontheminimumrequiredsamplingdensityare notsufcient to designreliable
algorithmsthatreconstrucsurfaceswith boundarieausingonly thepointsamplesandnormalvectos

asinput.

Proof: Let us assumewe are given a hypotheticalsurfacereconstructioralgorithm A that claims

to reliably reconstructsurfacesboth with and without boundaries.Let A be basedon a sampling
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conditionC thatdirectly or indirectly speci esjustthe maximumdistanceboetweersamplesn agiven
region. Let be the maximumdistancebetweenthe closestsamplesdemandedy C in a speci c
region on M (Figure5.3). If we considera boundaryB on a surfaceM of sizelessthan (and
greaterthananotherconstantsay ), thenthe samplingdemandedvould not be ableto capturethe
featureB. HenceC is forcedto demanda densersamplingin the region aroundthe boundaryB.
Let the new limit on maximumdistancebetweenclosestsamplesbe which is lessthan . Since,
by the new samplingcondition, the distancebetweenclosestsampless lessthanboth and , the
samplingsatis esthe conditionsrequiredto sampleM bothwith andwithoutthe boundaryB . With
no additionalinformation aboutthe presenceor absenceof boundary the algorithm A hasno way
to nd outwhetherthe given setof samplepointsareof a surfacewith or without boundary Hence
conditionson justthe minimum requiredsamplingdensityis not sufcient for reliablereconstruction

of M with B whenonly the samplepointsareusedduring reconstruction. }

5.4.1 Analysisof the Algorithm DesignSpace

Reconstructioralgorithmscanreliably reconstrucionly manifolds (without boundaries)f only the
conditionson minimumrequireddensitywereusedfor sampling.Considerthediagramin Figure5.4.
We needto designalgorithmsto reconstrucall instance®f the classof orientablemanifoldswith and
withoutboundaries.

Let us analyzethe designspaceof reconstructionalgorithms. Thereare two stagesto the
reconstructiornprocess the samplingstageand the reconstructiorstage. To handlesurfaceswith
boundaries either the samplingcondition should be strengthenedn the samplingstage,or more
information should be provided apartfrom just the samplepoints during the reconstructiornstage.
In this dissertationwe do not allow ary additionalinformation otherthanthe samplepointsto the
reconstructiorprocessandhencetake the approactof strengtheninghe samplingconditions.But let
us rst analyzethe optionof providing moreinformationto thereconstructiorstage.

Trivial (and maximum) additional information for correct reconstructionis the complete
connectvity information, which | do not considerin this dissertationfor obvious reasons. A
“medium-sized” additional information can be in the form of tags for all the boundarypoints.
All taggedpoints can be usedasinput to a curve reconstructioralgorithm that would reconstruct

closedboundarycurves. The restof the connectity canbe found using present(closed)surface
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Set A: Manifolds with
boundary size > d

Manifolds with
Boundaries

Set B: Manifolds
without boundaries

-

Set C: Space of Orientable Manifolds with and without Boundaries
Figure 5.4: Solutionspacefor differentsamplingconditions.

reconstructioralgorithmswith minor modi cation. This approactmeeddurtherinvestigationwhich
this dissertatiorwill notaddress.

The minimum additionalinformationthat canbe provided is one number andlet that be the
smallesboundarysize,say , of themodel.A reconstructiorsolutioncanuseexisting (closed)surface
reconstructioralgorithmsand,asa postprocessingremove all edgeswith lengthlargerthan . The
samplingshouldbe denseenoughsuchthatthe requirededgesareensuredo have lengthlessthan .
This approacltcanreconstructhe instance®f surfacesbothin setsA andB in Figure5.4. Reducing
thevalueof allowsthereconstructioralgorithmto handlesetB andasupersetbf setA, butincreases
the requiredsamplingdensity In thelimit, to reconstructll instance®f setC, in nite samplingis
required,makingit theoreticallyuninteresting.Neverthelessthis approachs suitablefor datasets
from uniform, minimally controlled,andautomaticsamplingprocessesandwherethereconstruction
stageis well controlled. For example,large datasetsof roomsandoutdoorsfrom laserscannergan
be handledusingthis approachAgain, this optionis notinvesticatedin this dissertation.

In orderto changghesamplingto dynamicallyadaptto boundary-sizegonditionson sampling
shouldbe strengthenedSincewe arenot allowing ary otherinformationotherthanthe samplepoints
for the reconstructiorstage,we encodethe presenceof boundaryusing the variationin sampling
density To accomplishthis, herel establisha relationshipbetweenthe samplingdensityand the

presencef boundary
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5.4.2 SamplingConditionfor Surfaceswith Boundaries

To represenboundarieswe have to prevent the addition of certainsimplices(triangles)that close
holesin the nal triangulation. Intuitively, we would not connecttwo pointsp andg thatare“far”
away. The conceptof “farness’is relative, and dependson how closeotherpointsareto p andq.
This leadsus to our proposedsolution. The distanceto the farthestpoint that canbe connectedo,
say p shouldbe relatedto the distanceto the closestpoint of p andvice-versa. If the distanceto
the farthestandthe nearesieighborsare indicatorsof minimum and maximumsamplingdensities
respectiely, thenthis agumentshows thatthe boundarycan beidenti ed usingsamplingconditions
which expressesgelativeminimumand maximunsamplingdensities Notein Sectiond.3.1a constant
m, theratio betweertheminimumandmaximumsamplingdensitiesywasusedto collectthecandidate
neighborsof a referencepoint. The samplingshouldensurethatthis relationbetweerminimumand
maximumsamplingdensitiesis satis ed for correctcandidatepoint selection,and hencea correct
triangulationof the sampledsurface.

Non-Monotonic Sampling: A samplingconditionfor signalsor closedsurfacegrescribesnly
the minimum requiredsamplingdensity Any additionalsamplingover this minimum requirement
would not affect the reconstructionprocess. For a surface with boundary let us assumethat a
samplingof a model as demandedyy the samplingconditionis provided. Any additionalsample
might violate the relationshipbetweenthe distancedo the nearestaindfarthestneighbor andhence
would be a prohibitedsample Prohibitedsamplingwould leadto ambiguityin decidingthe presence
of boundaryandhencewould triggerthe needfor moresamplego disambiguatéhe situation. After
the introductionof more points, the samplingagain becomesa valid sampling. Sincethe stateof
the samplingmay changebetweenvalid and prohibitedby increasingthe numberof samples] call
this samplingconditiona non-monotonicsamplingcondition Samplingconditionsfor surfaceswith

boundariesequiresuchnon-monotonicity

5.5 Classi cation of Surface ReconstructionAlgorithms

Basedntheabove analysisof thedesignspaceof thesurfacereconstructiomlgorithms herel classify
thesealgorithms.The classi cationis basedn the changesn the two stagesthe samplingstageand
the reconstructiorstage,over its basicrequirements.In the samplingstage,the basicrequirement

for a samplingconditionis to specifythe minimum requiredsamplingdensity In the reconstruction
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Class| Change Change Characteristics/Features

Sampling| Reconstruction

A No No Cannotreconstrucsurfaceswith boundaries
B No Yes Imposeauniform samplingdensity

C Yes No Non-monotonicsampling

D Yes Yes Notexploredyet

Table5.1: Classi cationof surfacereconstructioralgorithms.

stagethebasicinputis the setof samplepoints. Changesn thesestagesncludestrengtheningf the
samplingconditionin the samplingstageand providing additionalinformationto the reconstruction
stage.The Table5.1 enumeratethe classi cation.
All classesof algorithms, except ClassA, can reconstructsurfaceswith boundaries. The
algorithmsof [Amenta98a Amenta98b,Attali97] belongto ClassA. The algorithmsbasedon
-shapeshelongto ClassB. Thevalueof canbe usedasadditionalinformationto reconstruct
surfaceswith boundaries. The methodusedfor reconstructingaserscandataof large areasalso
belongto ClassB, astheboundarysizeis usedasadditionalinformation. Thealgorithmpresentedn

this dissertatioris a ClassC algorithm.Algorithmsin ClassD algorithmsareyetto be explored.

5.6 Conclusion

In this chapterl analyzedhefailure of Voronoiverticesin its usein approximatinghe medialaxis of
surfaceswith boundariesandhenceconcludedhatalgorithmsthatusethis relationshiparelessuseful
in reconstructingsurfaceswith boundaries.Further | also proved that the conditionson minimum
requiredsamplingdensityarenot sufcient to reconstrucsurfaceswith boundariegeliably. Analysis
of thedesignspaceof thesurfacereconstructiorlgorithmdedto theclassi cationof thesealgorithms.
In the process] eliminatedthe methodshatrequireadditionalinformationotherthansamplepoints
for reconstruction.If no additionalinformationis provided, a corvenientparameteito encodethe
presenceof boundaryis the variationin the samplingdensity This encodingcan be achieved by
specifyingthe relative minimum andmaximumsamplingasa samplingcondition. A consequencef
sucha conditionis that the samplingis non-monotonic.The next chapterdiscusse®ne suchsetof

non-monotonicsamplingconditionsfor a ClassC algorithmpresentedn Chapterd.
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CHAPTERG

SAMPLING CONDITIONS

6.1 Intr oduction

In the previous chapter arguedthatsamplingconditionsfor reliablereconstructiorof surfaceswith
boundarieshouldnot only mentionthe minimum requireddensityof sampleshut alsoshouldspell
outthemaximumalloweddensityof sampleslf theseminimumandmaximumsamplingdensitiesare
de ned usingabsoluteguantities thenthe samplingwill have two problems.First, the samplingwill
notbeableto adaptto the changingfeaturesizeof the givenmodel. Secondadditionalconstraintsare
requiredto make surethatthe minimum requireddensityis actuallylessthanthe maximumallowed
densityfor the conditionsto be logically sound.An alternateapproachs to describeheseboundsin
relative terms. In otherwords,the maximumallowed density which decideshow closetwo sample
pointscanbein a region, shouldbe describedn termsof minimum requireddensitywhich decides
how far two samplepointscanbein thatregion. This approackeliminatesthe above two problemsof
absolutede nition of samplingdensitiesIn thischapteyl describeonesuchsetof samplingconditions

for samplingsurfaceswith boundaries.

6.1.1 SamplingRegionand Cover Region

The samplingconditionspresentedn this dissertatiorare basedon two neighborhoodsa sampling
region andacoverregion, de ned aroundpointsonthegivensurface.

For every point a on the surface,l will de ne a samplingregion S(a). Eachsamplingregion
must contain at leastone samplepoint. This indirectly restrictsthe maximum distancebetween

samplesandthusimposesa minimumrequiredsamplingdensityin aregion.



For every samplepointp, | will de ne acoverregion C(p), thatmustcontainno othersample.
Eachpointof thesurfacemustlie in somecaoverregion. Thisrestrictsthe (relatve) minimumdistance
betweersamplesandhencethe maximumallowed samplingdensityin aregion of the surface.

Therestof the chapterformally de nesthe samplingandcover regionsusingvariousdistance
functionsand establishesheir properties.| rst approximatethe local region of the surfaceusing
guadraticpatchesanddevelop the requiredtheorybehindthesedistancefunctions. We rely on some
of the differentialgeometrybackgroundntroducedin Chapter2. Referto Table 6.1 for the list of

termsandnotationsusedin this chapter

6.2 Quadratic Approximation F of a SurfaceM

LetabeapointonthesurfaceM with awell de ned normaland,henceatangentplane.Thenormal
at a, togetherwith the principal directionson thetangeniplaneat a, de ne alocal coordinatesystem
with a asthe origin. | make useof theimplicit functiontheorem(Theoreml) to expressthe surface
in the neighborhoodf a pointa asa heightfunction(Referto Equation2.2) in termsof the principal
curvatures(Referto Section2.3.2). Let x andy axesbe the principal directionsand 1 and ; be
the principal curvaturesalongthosedirections,respectrely. | representhe heightfunctionfrom the

tangeniplaneto thesurfaceM in thislocal coordinatesystemas

z(x;y) =3( 1x2+ y?)+ higherorderterms

%( X2+ oy?)
HencethesurfaceM canbeapproximatedtandarounda by theimageof
A | 2 2
FOGY) = (yi 50 X7+ 2y9)) (6.1)

Thisis calledthe quadmatic approximationof the surfaceM at a.

6.2.1 Computationof Normal Vectors

Theunit normalatary pointF (x; y) onthe quadraticapproximatiorof the surfacecanbe computed

usingthe partialderivativesof F with respecto x andy asfollows:
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D,Q
Bx (& )

X,Y,Z

1, 2

Surface

Quadraticapproximatiorof M

Sampleset

Boundaryof X

Closureof X

Pointson M

Threeaxesof anellipsoid

Samplepointson M

SamplingRegion arounda
CoverRegionaroundp 2 Sin M
CoverRegionaroundp 2 Sin R®
NormalBasedRegion arounda

of angledeviation

CunvatureBasedRgyion arounda
SheetBasedRegionarounda
Closestsamplego a basedn thedistanceunctionQ
Tangentplaneor tangentvector

atpof M orbd(M)

Tangentvectoratp2 bd(M)
Normalvectoratp of M orbd(M ). Since
the Darbouxframeis used,surfaceandcurve
normalvectorsaresamefor a boundarypoint
Distancefunctions

Ball of radius measuredising
thedistanceunctionX aroundthe pointa.
CoordinateAxes

Principalcurnvatures 1 > »)

Curvaturealongthedirectionv.

Table 6.1: Termsusedin this chapter
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Curve of constant Cylinder C

Normal Deviation Ellipsoid El
Region of F
Enclosed in El

Figure 6.1: Thenormalvectorata 2 F is N andthe tangent planeis T. The curve of constant
normaldeviationis theintersectioncurveof anelliptical cylinder(C) andF . Two of thethreeaxesof
theellipsoidEl arede nedsucdthatElI\ T = C\ T.
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6.2.2 Curve of ConstantDeviationof Normal

We cancomputethe anglebetweenthe normalat the origin andthe normalata point F (x; y) onF.
Theunit normalattheorigin F (0; 0) = p is (0; 0; 1). Thecosineof theangle, , betweerthe normal

atF (x; y) andthenormalatF (0O; 0) is givenby theinnerproductof thesevectors.

1
cos()=p 6.3
0= Py (6.3)

Considerthe locusof pointson F with the samevalueof cos( ). The projectionof this locus

ontothexy planeis anellipsegivenby

t5 =1 (6.4)

where = tan( ).
In otherwords, this ellipseon F is the curve of intersectionof an elliptical cylinder with F
(referto Figure6.1). The crosssectionof the elliptical cylinderis givenby equation6.4, andthe axis

of thecylinderis the z-axis(normalat the origin).

55



If we assumdhatj 1j > | 2j, the maximumheightof F (x; y) from the tangentplaneabove

the ellipseoccurswherethis ellipsereacheghe maximaat the major axis or minor axis. This canbe

computedas
1 co()_ ?
Zmax = m 2, (6.5)
Let usconsidera solid ellipsoid,El (a) arounda, de ned by theequation
X2 y2 22
o2t 22t oz 1 (6.6)
2 1 1

Thehalf lengthsof its threeorthogonakymmetryaxesarea= = ;b= 5 1j;andc= I 4j.

Whenwe compareEquations6.4 and 6.6 we can seethat the intersectionof El (a) andthe
tangentplaneat a is actually the projectionof the constant-normal-déation curve on the tangent
plane.Further every pointin EI (a) \ F hasnormaldeviation lessthan from the z-axis. We geta
family of suchellipsoidsfor variousvaluesof . | call theseellipsoidscurvatue ellipsoidsasthey are
de ned basednthecurvatureatapointandtheir shapecaptureghe cunaturevariationata. They are

elonagatedin thedirectionof low curvatureandthe minor axisis alongthedirectionof high cunature.

6.2.3 CurvatureEllipsoidsand ScaledEllipsoids
Let usseemoreaboutellipsoidsin generalandcunatureellipsoidsin particular

De nition 1 The eccentricity e, of the an ellipse givenby x?=a®> + y?=iF = 1is de ned as
P 1 ©?=a2. For anellipsoidgivenby x?=a% + y?=I7 + z2=c = 1 there are two eccentricities,

P 1 pP=a andp 1 =&

Since,in the curvatureellipsoid, two of the axes have samelengths,we have to considerjust one
eccentricity
P 49—
e= 1 == 1 3=2%
Notethatthe eccentricityis nolongerdependenbn , but only ontheprincipal curvaturesat a point.
If 1= 2,a= b= cande= 0. For example,thecunatureellipsoidsde ned on pointson a plane,
pointson a spheresharpcorners,or at ary umbilic pointin general have the eccentricitye = 0 as
1=  atthesepoints.
Now we have anothemway of de ning anellipsoid. Insteadof representinghe ellipsoidsusing

the half lengthsa, b, andc, we canrepresenthe sameellipsoid with a andtwo eccentricitiesor, in
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caseof the curvatureellipsoid,a (= I »j), ande. Leta’beavariable0 a° a. For various
valuesof a° we geta family of ellipsoidswith the propertythatthe ellipsoid with larger a® contains

thesmallerone.| call this family of ellipsoidsscaledellipsoidswith varyingscalefactors.

De nition 2 TheScaledellipsoid EI™ with scalefactor m, is de ned with the axesdimensions® =

m, andb’= = mpl e.

Note thatthe curvatureellipsoidis a scaledellipsoidwith m = =5 ,j. In fact,the cunature
ellipsoidsandthe scaledellipsoidsaretwo differentrepresentationsf the sameellipsoid. In certain
caseswherethe curvatureis zero, cunatureellipsoid is not de ned, whereaghe scaledellipsoid is

de ned. Thescaledellipsoids,lik e the curvatureellipsoids,capturethe curvaturevariationat a point.

Curvature and ScaledEllipsoids for Boundary Curves

We de ned scaledand cunatureellipsoidsaroundpointsin the interior of a surface. As we allow
surfaceswith boundariesywe have to de ne theseellipsoidsfor curvesalso. For a curve on a surface,
the standardDarbouxframeis usedto de ne the normal. Referto the de nitions of tangentnormal,
andbi-normalof a curve in Chapter2. Let the derivativesof normal,tangent,andbi-normalof the
boundarycurve be N, T, andB-respectiely.

Thedimension®f the curvatureellipsoidEl (a) aroundapointa ontheboundaryof asurface,
aredened by a = =Bj alongthedirectionof B_whichis in the planede ned by T andN, b =

=N alongthedirectionof N-whichis in theplanede nedby T andB, and nally c= =Tj along

thedirectionof Twhichis in theplanede nedby B andN .

The ellipsoid arounda point on a boundaryhastwo eccentricitiesasall its axeshave different

lengths. Theseeccentricitiesaree; = P 1 =22, ande, = P 1 c?=a&. The scaledellipsoid

EI™ with scalefactorm, at a point on the boundaryis de ned with the axes dimensionsa® = m,

= mp 1 € andc® = mp 1 €5. Again, the cunatureellipsoid for a pointin the boundaryis
oneof thescalecdellipsoids.
Thesede nitions of scaledellipsoidsaroundpointson the surfaceandits boundaryareusedin

Section6.4.2.
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6.3 DistanceFunctionsD and Q

In this sectionl de ne two distancefunctionsD and Q. The distancefunction D is relatedto the
curve arounda point p with constaninormaldeviation, andto the local feature sizewhich is based
on the medialaxis, introducedoy Amentaet al. ThedistancefunctionQ is easyto evaluatefrom the
positionalinformationof pointsandthe normalvectorsat thesepoints. In this chapterd shav thatthe

functionQ andD arerelated,andthusjustify theuseof Q in samplingandreconstruction.

6.3.1 DistanceFunction D

Let F bethequadraticapproximatiorof the surfaceM , asbefore. Let a bethe origin. The distance
function D is de ned for the pointson F at closeproximity to the origin a. Let b be a point close
to a, andthe directionvectorfrom a to b bew. The distanceD of b from a is the productof the
normalcurvature (@) in thedirectionof theorthogonabrojectionof ¥ onthetangentplane,andthe

EuclideandistanceE fromatob.

D(b) | v(8)E] (6.7)

Note thatboth» andE aredependenbn the positionof b with respecto a. Further we can

relatethis distancefunctionwith Equation2.9and2.10.

DistanceFunction D and the Curve of ConstantNormal Deviation

In this sectionl shav the relationshipbetweenthe distancefunction D and the curve of constant
normaldeviation explainedin 6.2.2. | usea slightly modi ed distancefunction D° (de ned belaw)
insteadof D for this purpose.

Let usapproximatehedistanceE from ato b by r, whichis thegeodesidistanceon F from
ato b. Let this approximatedlistancefunction be representeehsDO. Sphericalapproximationof
the curve from a to b with curvature , would showv thatthe arclengthdistancer = =, andthe
EuclideandistanceE = 2sin( =2)= . Substitutingthesevaluesin the equationsof the distance
functions,D0 = andD = 2sin( =2). For smallvaluesof ,D < D° < 2D. Henceboth are
equvalentfunctions.| useD " in this sectionto relatethe curve of constanhormaldeviation andD .

Letusconsiderall thepointsonthesurfacethatareatadistance from apointa onthesurface

asmeasuredy D°. Thisis aclosedcurve arounda, sayC (a).
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Lemma 1l Thedeviationof thenormalvectorat pointsaroundainsideC (a) fromthenormalvector

atais bounded.

Proof: | usethe equation®.7-2.9to shawv therelationshipbetweenC (a) andthe curve of constant
normal deviation. | repeatthoseequationsherefor the sale of completenessin theseequations,
@W denoteghe changeof normalbetweera andb, @ denoteghe arclengthdistancebetweerthese

points,t is thetorsionfactor T is thetangentvectorof the curve from a to b, andB is the bi-normal

vector
@ = BT t@B (6.8)
p—
jaNj = i+ 2@ (6.9)
jaj = | @ (6.10)

SinceC (a) containsall pointswith distanceneasurecmsingDobeinglessthan from a,
jaNj=] @< : (6.11)

Substitutingthis in Equation6.8 andsettingt = 0, asin Equation6.10for a planarcurve, we get

@¥ < T inthedirectionof T. With somealgebraicmanipulationwe can nd thatthe deviation of

thenormalof the pointsinsideC (a) fromthenormalatais lessthan = arccos{lzp 1+ 2). }
Furtherthis shawvs thatall pointsin El (&) \ F (Equation6.6) arein the region boundedby

C (a) where < tan(arccos(lzp 1+ 2)).

DistanceFunction D and the -SampledSurface

The distancefunction D captureghe cunaturevariationof the surlaceand, asexplainedat the end
of Section2.3.4,canbe usedin de ning the requiredsamplingof the surface. For example,if we
enforce“uniform” samplingaccordingto this distancefunction, then indirectly we are enforcing
densersamplingin high curvatureregionsandsparsesamplingin low cunatureregions. Undersuch
a samplingcondition,in planarregionsalmostno samplesarerequired,andin sharpedgesn nitely

mary samplesarerequired. This is similar to the behaior of the samplingconditionof Amentaet
al.JAmenta98b]. Conditionsof Amentaet al. alsorequirealmostno sampleson planarregionsand
in nitely mary samplesatsharpedgesTherestof thissectionis devotedto formalizethisrelationship

betweerthe conditionsbasedn D andthe samplingconditionof Amentaetal.
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Thoughl have not yet formally introducedany samplingcondition, let me give the intuition
behindthe useof D by relatinga samplingconditionbasedon D with that of Amentaet al. The
samplingconditionof Amentaet al. is basedon local feature size andD is basedon the radiusof
curvature(1= ). So rst | will relatetheradiusof curvatureandthelocal featue size beforerelating
thesamplingconditions.

The local featue size LFS@), of a point a on a surfaceis its closestdistanceto the medial
axis(referto Section2.5). As we aretrying to comparehe radius(of circle) of curvature,(whichis a
restingcircle), with theLFS, | consideronly thosecurvesin whichtheclosesipointonthe medialaxis
to ary pointa onthecurve is the centerof arestingcircle of a. | call suchcurvesrestingcurves and
for all theargumentsin this section,l consideronly restingcurves For arestingcure, the centerof
thecircle of cunatureis in the medialaxis,andhence LFS@)= , where is theradiusof cunature
ata. We will usethis obsenationto amguethatthe distancefunctionD hasrequiredpropertieso be
usedin sampling by relatingit to the samplingconditionof Amentaetal.

Amenta etal.'ssampling: A samplingof asurfaceis a setof pointssampledrom thatsurface.
A samplingof a surfaceis saidto bea samplingif for every point a on the surface,thereexists a
samplepoint p suchthatthe Euclideardistancebetweera andp, E(a;p) < LFS@). Thede nitions
of theLFSand -samplingareusedin Amentaetal. andareapplicablefor curvesalso.

Let ahypotheticalsamplingconditionbasedn D bethefollowing.

Sampling Condition: For every point a on the curwe, thereexists a samplepoint p suchthat
D(p) < froma, where isaconstant.

In the caseof curves,the curvature ata is usedin the de nition of D insteadof directional
cunvature . Thoughwe usethis hypotheticalsamplingconditionjust to relatethe distancefunction
with themedialaxis,we usethis conditionin aslightly differentform asour actualsamplingcondition

laterin this chapter
Lemma2 A samplingof a restingcurve thatsatis esthe samplingconditionabove isa -sampling

Proof: Letabeapointonthecurve,andp beasamplepoint satisfyingthe samplingconditionaround
a. Let E (p; @) denotethe Euclideandistancebetweera andp, bethecunature,and betheradius
of cunatureat a. By the samplingcondition, E (a;p) < , sSOE(a;p) < < LF S(a). By
this obseration,andthede nition of -samplingwe concludethatif thesamplingsatis estheabove
samplingcondition,thenit isa -sampling. }

This shavs thatthe abose samplingconditionbasedon D captureghelocal featuesof a curvein the
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sameway asthe conditionof Amentaetal., which is basedon the medialaxisandlocal featuresize.
Laterin this chapterwe de ne conditionsthatcapturethe global featuesalso.

We provedtheusefulnes®f D in samplinga curve. Theseargumentscanbe extendeddirectly
to surfaces,exceptthat the distancefunction D hasto be modi ed to usethe maximumprincipal
curvatue, 1, insteadof  in its de nition. But in this dissertationrwe use  insteadof ; and
hencehesamplingconditionsare“anisotropic”(differentin differentdirections)asagainst“isotropic”

(uniformin all directions)samplingconditionsof Amentaetal.

6.3.2 DistanceFunction Q

If 1 usethe distancefunction D in the samplingprocess,I might have to use D again in the
reconstructiorprocesso measurehe distancebetweensamplepoints. But this function hasnormal
curvaturecomponentshataredif cult to computewith just the samplepoints. Further althoughD
capturesthe cunaturevariation of the surfacethatis requiredfor a good samplingcondition, it is
anisotropicand requirestheoreticallyno samplepoint alongthe direction of zero cunature. Soto
alleviate thesetwo problemsl introduceanotherdistancefunction Q, and establishits relationship
with D.

The distancefunction Q is de ned on a setof samplepointswith normalvectorinformation
at eachpoint andnot on othersurfaceparameterdjk e curvature,thatwould have to be estimatedor
interpolated.

Let Ta(b) denotethe distanceof b from thetangentplaneata, Ta(b) = jNg (b a)j, where
Na is the unit normalvectorata. Let E (a;b) denotethe Euclideandistancebetweena andb. The

distancdunctionQg is de ned as
Qa(b) E*ab)+ TA(b) (6.12)

If aistheorigin then,on a quadraticapproximatiorof a surface(equationé.1) with N g asthe
z-axis, Ta(b) is justthe z-coordinateof b.
Hence,

Qa(b) = (x*+ y?+ 2%) + (2%) = x*+ y* + 22%; (6.13)

whereb = (x;y; 2).
Now | shav how thedistancdunctionsD andQ arerelatedandthusjustify theuseof Q instead

of D in thereconstructiorprocess.
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De nition 3 LetX andY betwodistancefunctionsona spaceV, andBx (X; ) denotethesetof all
pointsin V thatare at a distancelessthan fromx whenmeasuedusingX . ThefunctionsX andY
are saidto be equvalent in the sensehat they geneate the sametopolagy, if givenanyx 2 V and

> 0,thereexists 1 > 0and , > Osudthat,Bx (x; 1) By(X; ),andBy(X; 2) Bx(Xx; ).
Lemma3 Givenanya 2 F and > 0, thereexists > 0 sud that,

Bo(a ) Bp(a )

Proof: Withoutlossof generalitylet usassumehatj 1j > j . Dene = 2= 2
b2Bo(a ) ) x2+y*+222 < = 2=2
) X2+ y2+ 22 < 2= 2
) 2 x2+y?+ 72 < 2
) 1y <
) b2Bp(a)
) Bo(a ) Bo(x)
Forevery > 0,a > Oisde ned,andtheabove derivationis truefor ary a. }

It canbeprovedthatBp (a; ) 6 Bg(a; ), especiallywhen ; = 0. Wehaveto nd a > 0
suchthatall pointsin Bp (a; ) arecontainedn Bg(a; ) for agiven > 0. Thisis not possibleas

Bp (a; 0) containsall pointsonthesurfacewhen 1 = 0.

De nition 4 LetG bea distancefunction.For everypointa onthesurface if there existsa samplep
sud thatG(a; p) < , thensud a samplingis calleda samplingof the surfaceusingthe distance

functionG.
Theorem4 In a compacturface -samplingusingQ yieldsa -samplingof the surfaceusingD.

Proof. The proof follows directly from Lemma3. Onemore questionthat remainsto be answered
is the countabilityof numberof samplesvhenQ is used,sinceatrivial solutionof in nite sampling
would prove this lemma. De ne representedegion of a samplep asall pointson the surfacefrom

whichp is atadistancdessthan . Assumetherepresentedegionsof the samplepointsareopenand
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non-empty The union of representedegionscover the surface. As the surfaceis compactarny open
cover of thesurfacehasa nite subcwer. Hencea nite numberof samplesarerequiredto samplethe
surfaceusingthedistanceunctionQ. }
The above theoremshows the usefulnesof Q in sampling. Further asQ canbe computed
betweerary two pointsin theinput setwith justtheir positionandnormalinformation,it is a distance
functionthatcanbeapplieddirectly ontheinputsetwithoutary furtherestimatiorof otherparameters

like curvature.Now, | shav thatQ is equivalentto our familiar EuclideandistancefunctionE.
Theorem5 ThedistancefunctionsQ andE are equivalentunctions.

" P— .
Proof: For ary positveconstant,dene ;= 2and = =2. It is now easyto shov that

Bo(a, 1) Be(a; ); and

Be(a 2) Bo(a; )

Lemma4 El= fbjQa(b) = ; b2 R3gisanellipsoid.

Proof: Leta betheorigin, andthepointsin spaceberepresenteds(x; y; z). Fromtheequation6.13,

thesetEl containsall pointsthatsatisfy

QO
QD
—~
O
~
1

|
+
|
+
|
=

(6.14)

Equation6.14represents “pan-cale” shapecellipsoid whosecross-sectiomlongthe xy planeis a
circle. Thediameterof this circle is twice its total thicknessalongthe z-axis. }
Variations of Q for DistanceBetweenBoundary Points

ThedistancgunctionQ asgivenin Equation6.12canbeusedfor pointsin theinterior of the surface,
sinceatangenplaneis de ned atthesepoints.For apointin theboundaryof thesurface thefollowing

de nition of Q is used.

a2 bd(M);b2 R% Qa(b) = E?(a;b) + T4(b) (6.15)
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Figure 6.2: Squae of the distancefrom the tangent vectoris the sumof the squaesof the distance
fromthetangentplaneandthedistancefromthebi-tangentplane

whereTg is thetangentvectorof theboundarycurve ata. We have beenusingT g to represenboth
thetangenfplaneandthetangentvector But for this sectionwe useT g to representhetangentplane
andTjg to representhetangentvector

Let uscompareghedistanceunctionsQg de nedfora2 M anda 2 bd(M). SinceT, N, and
B form an orthogonalcoordinatesystem the tangentvectoris the intersectionof the tangentplane
Ta de ned by thenormalvectorN', andthe bi-tangenfplaneB Ta, de ned by the binormalvectorB.

Hencethevalueof T3(b) canbefurtherbrokendown into two componentgreferto Figure6.2) as
Ta(b) = T4(b) + BTA(b):

Hence,the Q distanceof a pointb from a pointa 2 bd(M) is alwaysgreaterthanequalto the Q
distancerom a if a wereconsideredaninterior point of the surface.

Now let us considervariationsof Q when normal vector information or tangentvector
informationis not givenor notknown. If tangentvectorsat the pointson the boundaryarenot given,
thenthe pointsontheboundaryaretreatedaspointson theinterior of the surfacefor de ning Q, and
Equation6.12will beused.If the normalvectorsat the pointson the surfacearenot known thenthe

Equation6.12reducego
Qa(b) = E*(a;b):
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6.4 DistanceFunctionsand Regions

Let us summarizethis chaptertill now and seewherewe are going from here. In Section6.3, we
de nedtwo distancdunctionsD andQ. Wealsode nedtwo ellipsoidsin Equations.6(thecurvature
ellipsoid) and6.14 (ellipsoid dueto distancefunction Q). We discussedhreeregions,the region of
boundednormal deviation and two regions of boundeddistanceas measuredisingD and Q. We
proved the relationshipbetweenthesethreeregions (Lemmal, Theorem4). We also shaved the
relationshipbetweerthe ellipsoidsandtheseregions(Lemma4, Section6.2.2,Lemmal) asfollows.
The region of the surfaceenclosednside the curvature ellipsoid of Equation6.6 is containedin a
region of boundechormaldeviation andboundeddistancemeasuredyy D . Further theregion inside
theellipsoid of Equation6.14is aregion of boundedlistanceasmeasuredy Q.

Therelationshipbetweerthe threeregions,boundediormaldeviation region andthe bounded
distanceregionsof D andQ, wereestablisheanly underthe assumptiorthatthe underlyingsurface
is a quadraticsurface. As mostof the realworld surfacesdeviate from this assumption| treatthese
regionsasindependentegionsandmalke useof the ellipsoidsto de ne theseregionson a surface.

In thissection) formally de ne theNormalBasedRegionU , theCurvatue BasedRegion UE,
andthe SheeBasedRagion US, with additionalconstraintson the topologyof theseregions. Using
theseregions,| de ne the SamplingRegion S(a), andthe Cover Region C(p), thatareusedto de ne
the samplingconditions.

In all thefollowing de nitions, M is consideregsa smoothsurfacewith or withoutboundary

andS M isthesetof samplepoints. Theboundaryof M is denotedby bd(M ).

6.4.1 Normal BasedRegion

For every pointaonM , theregion arounda basedn the normaldeviationis de ned asfollows.
U@=fb2MjéNaN,< g
whereN g andN|, arenormalvectorsto M ata andb respectiely. If a2 bd(M ) then
U(a)=fb2bdM)jeNaNp< ;6TaTy< ¢

whereTg andTy, aretangentvectorsto bd(M ) ata andb respectiely.
As we usethe Darbouxframeat the boundarycures,the normalto the curve andthe normal

to thesurfacearesameWe x to belessthan12 (0.2radians)or variousproofsin this chapter
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6.4.2 CurvatureBasedRegion

Let usconsiderthe scaledellipsoidsde ned in Section6.2.3,arounda pointa. Let usintersectthese
scaledsolid ellipsoids with variousvaluesof thescalefactorm, with thesurfaceM ,R = M\ EI™ (a).
We would like R to containpointsthatarecloseto a in termsof having a similar curnvature.Naturally,
we expect R to have a single componentand not have multiple disconnecteccomponents. For
monotonidncreasen thevalueof m, thenumberof componentin R mightincreaseanddecreasa a
non-monotonievay. A maximalellipsoidwith scalefactorm = | isonewhoseR is justoneconnected
componentandfor all scalefactorsl + , with ! 0, R hasmultiple disconnectedcomponents.
Theremightbemary suchmaximalellipsoidsin this family of ellipsoidsfor varyingvaluesof m. The
smallestof themall is de ned asfollows. The shrinkfactort usedbelaw is afractionthatshrinksthe

smallestmaximalellipsoid.

Denition 5 Leta= 5 ,j = tan( )5 »j. TheLimit ellipsoidis a scaledellipsoid with the scale
factor

a2 M; ly(a)=supfnjO0 n a;8m<?;EIm(a)\ M g

whee meanshomeomorphito an opendiskor half disk.

Herewe limit the maximumvalue of m to be a, the major axis of the cunvatureellipsoid (refer to
Equation6.6). Thevalueof is sameasthe oneusedin Section6.4.1. We have to de ne the scale

factorof theLimit ellipsoidfor pointson theboundaryalso. The scalefactoris,
a2bd(M); I1(a) = supfnjO n a;8m g;EIm(a)\ bd(M) g

where meanshomeomorphit¢o anopenintenal. Theshrinkfactort,0 t 1 will be x edat

the endof this chapter
De nition 6 TheCurvatureBasedRegionUE is de nedas

UE (a)

fbjb2 El'*(a)\ Mgifa2 M; and (6.16)

UE(a) fbjb2 El'(a)\ bd(M)g; if a2 bd(M): (6.17)
6.4.3 SheetBasedRegion

TheregionRg aroundapointa2 M (or bd(M)) is de ned asfollows.

Rg(a) = fb2 M jQa(b) mg

66



Similar to the previous sectionwherewe de ned thelimit ellipsoidasthe smallestmaximalellipsoid
containingjustonecomponenbf theregion, we again de ne suchalimit regionbasednthedistance

functionQ.

Thelimit regionaroundapointa2 M is R'Sz(a) where
l2(a) = supfnj8m< %;Rg‘(a)\ M g

Thevalueoft is thesameasusedin thede nition of thelimit ellipsoid andwill be x edattheendof

this chapter Hereagain, M is substitutecdoy bd(M ) if a2 bd(M ).

De nition 7 TheSheetBasedRggion US isde nedas,

US(a) fbjb2 R'Sz(a)\ Mgifa 2 M; and (6.18)

US(a)

fbjb2 RE(a)\ bd(M)gifa 2 bd(M): (6.19)

6.4.4 SamplingRegion

De nition 8 Thesamplingregion is an openin uence region aroundany pointa 2 M (or bd(M))
andis de nedas

S(a)= U (a)\ UE(a)\ US(a) (6.20)

For the purposeof enablingour proofs, < 0:2 radians.

Theclosureof S(a) is denotedby cl(S(a)).

6.4.5 Cover Region

GiventhesamplingS of M , theneaestneighborset U"(a), of any pointa2 M is de ned astheset

of closessamplep 2 S fag asmeasuredisingthedistancefunctionQ.

U'(@)=fp2S fagj8g2S fagQa(p) Qala)g

Note thatthis de nition is valid for all samplesn S also,andU"(p), for ary p 2 S is the set
of closesneighborof pin S.

Thedistancdromato U"(a), Qa(U"(a)), is theclosestdistanceof a to ary of the elementof
un(a).
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Cover Regions e

Figure 6.3: Thesamples, b, andc are visiblefromead other whereasa andd are notvisiblefrom
ead othereventhoughtheir coverregionsintersect.

De nition 9 Thecoverregion, C(a), of apointa2 M is de nedas

C(a)=fb2M jQa(b) Qa(U"(a)g

Similarly, theclosestregionin R® thatis closesto a is de nedas
CR(a)= fb2 R®*jQa(b) Qa(U"(a)g

Eventhoughwe have de ned the cover region for ary pointin M, we will be primarily usingcover
regionsfor samplepointsin S. In the next section,the samplingandcover regionsde ned hereare

usedto developthe samplingconditions.

6.5 Sampling Conditions

In this section,| develop the conditionsfor samplingsurfaceswith boundaries. Theseconditions
exhibit therequiredpropertiefor samplingsurfaceswith boundarieshatwereintroducedn Chapter
5. In other words, the conditionsrestrict the maximum distanceand relatve minimum distance
betweensamplesin a region. Further theseconditions enablethe reconstructionalgorithm to
reconstructsurfacesthat are topologically equivalent, and geometricallyclose to the underlying
sampledsurface.

Given the sampleghat satisfy the samplingconditions,the reconstructiorprocessconstructs

a piecevise linear interpolationof thesepointsto approximatethe underlyingsurface. Theremight
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be casesvhenthe reconstructedurfaceis topologicallyequivalentbut is notin any way closeto the
surface both in geometryand appearance.Veri cation of geometricclosenessan be done using
operationslike containmentand intersection For example, it is easyto checkin 2D whethera
line segmentis containedcompletelywithin a region, or whethertwo line segmentsintersect. By
repeatingsuch operationswe can verify whetherthe reconstructedurfaceis closeto the original
surfacegeometrically Theseoperationamight not make sensdn caseof a 2D surfaceembeddedn
3D. For example,containmentf aline segmentin a surfaceembeddedn 3D, andintersectiorof two
line sggmentdan 3D aremoreof achancehanof arule. Hencetheseoperation$iave to berede nedfor
curveson surfaceg(ratherthanline segments)or their applicabilityon 2D surfacesembeddedn 3D.
Thisrede nition makestheseoperationdessusefulfor veri cation duringthereconstructiomprocess,
asnode nition of surfaceexistsduringthis processFor thisreason] useprojectionof regionsof the

surfaceontoa 2D planefor oneof thede nitions below, andextensiely in thereconstructiorstage.

De nition 10 Let Pg(b) denotethe orthogonal projectionof b ontothe tangentplaneat a. Sample

pointsp;gq 2 S are said to be visible from eachother, if the projection of the line sgmentpq,

Pp(pa) Pp(C(p) [ C(a)) andPq(pa) Pq(C(p) [ C(a)).

Further if p;q 2 bd(M), thenp andq are saidto be visible if they are visible as per the abose
de nition or if thereis a pathbetweenp andqg alongbd(M)\ (C(p) [ C(q)) thatdoesnot pass
throughary othersamplepoint (ReferFigure6.3).

Condition 1: Every samplingregion hasa sample:

8a2 M;S(a)\ S6 ;

Condition 2: If the samplingregion S(a), a 2 M, hasnon-emptyinterior (thatis, a is not a sharp

corner)thenthe closureof S(a) containghe nearessamplesf a.

U@ cl(S(a)

Condition 3: Thecover regionsof the samplesoverthesurface:

C(p)=M
p2s

Condition 4: If the 3D cover regions of boundarypointsintersectthenthey arevisible from each
other(ReferFigure6.3). Thatis, if p;q 2 bd(M) andCR(p)\ CR(q) 6 ; thenp andq arevisible

from eachother
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Cover Region of r

M = C(p) U C(a) _
Cover Region of gq

7 Cover Region of p
/\

Cover Region of p

Cover Region of gq

Region of M not covered by the
[ ] cover regions of p,q, or r, but by the
cover regions of boundary points.

Figure 6.4: In this example theinterior samplegp andq are notvisiblefromead othereventhough
their coverregionsintersect.Anytriangulationthatconnectg andq mightbeatopolagically correct
triangulation, but mightnot be a visually pleasingtriangulation. Onesolutionis to introduceanother
point, sayr, asshownin theright.

Condition 5: If thecoverregionsof two interior samplesp, g2 M, intersectthenp andq arevisible
from eachother

The condition2 is usefulwhenthe objectshave sharpedgeshetweerfaces.By this condition,
the nearestsamplepoint of ary pointin onefaceis in thatfaceor in the boundary(edge)between
faces.

We know thatall the givensamplepointsbelongto a 2-manifold. We canmake useof thefact
to avoid forming higher dimensionalsimpliceswhile reconstructinghe surface. This allows us to
imposefewer restrictionson theintersection®f the cover regionsC(p) for theinterior of thesurface.
But for the boundaryof the surface,if additionaldetails,like the binormalor the tangentvectoror
atagindicatingwhethera samplepoint belongsto boundary are not given, thenwe have to impose
additionalrestrictionson samplingthe boundarylike Condition4 above.

Let meillustrate a casewhere Condition 5 is used. Let us considera hypotheticalsituation
illustratedin Figure 6.4. The surfacewith boundary M , is just the union of the two cover regions
of p andg. Thereareadditionalsamplesalongthe boundarysuchthatno two cover regionsof two
non-adjacenboundarysamplesntersect.Further thesampleg andq arenotvisible from eachother
If ary triangulationof M connect$ andg, theedgewould cutacrosgheboundariesn the projection.
Thoughthis triangulationwould be topologicallyequivalentto M , it would not have the samevisual
quality asthat of M. So, to improve the geometricclosenesof triangulationto M, | introduce

Condition5 asone of the samplingcondition. Further the reconstructioralgorithm introducedin

70



Chapter4 relieson the non-intersectiorof edgesin the projectionto arrive at a triangulationof M .
Hence,Condition5 canalsobe consideredasan artifact of the reconstructioralgorithmusedin this
dissertation.

If thesamplingdoesnotsatisfyCondition5, asolutionwould beto introducenew samplepoints
in the region of intersectiorof the cover regions(of p andq in Figure6.4) andstill satisfyingall the
samplingconditions.For example,in Figure6.4, afterintroducingthe sampler, the cover regionsof
p andq shrink. The unionof p, g, andr no longercoversM , but the union of cover regionsof all

samplesncludingtheboundarysamplesoversM , thussatisfyingCondition3.

6.6 Analysisof the Sampling Conditions

In thissection,| analyzethe effectsof thede nitions of samplingandcover regions,andthe sampling
conditions.In the previous chapter| provedthatto reliably reconstrucsurfaceswith boundariesthe
samplingcondition shouldspecify the minimum requiredsamplingand also the relative maximum
allowed sampling. In otherwords, the conditionshave to imposerestrictionson maximumdistance
betweensamplesand relatve minimum distancebetweensamples. In this sectionl amgue that the
de nition of samplingregion and Condition 1 of the samplingconditionsrestrict the maximum
distancebetweensamples,and the de nition of cover region and Condition 3 restrict the relative

minimumdistancebetweersamples.

6.6.1 SamplingRegionsand the Maximum DistanceBetweenSamples

Let usassumehatthe surfaceM is boundedandhenceall regions,includingthe samplingandcover
regions,arebounded.Considera samplepoint p thatlies insidethe samplingregionof a2 M, thus
satisfyingCondition 1 of the samplingconditionfor the point a (refer to Figure 6.5). The point p
mightlie in mary othersamplingregionsof pointscloseto aonM . Let usconsiderall suchpointson
M, in whosesamplingregionp lies. Thisde nesaregionaroundp, andlet uscall thistherepresented
regionofp (for whichp is arepresentatie samplepoint). Notethatp belonggo therepresentedegion
of p. Sincethe samplingregionsareboundedtherepresentedegionis alsoboundedLet usconsider
apoint, sayc, arbitrarily closeto, but outsidetherepresentedegion of p. To satisfyConditionl1, there
existsa samplepoint g in the samplingregion of ¢. Sinceboth samplingandrepresentedegionsare
boundedthedistancebetweerp andg areboundedandrestrictedby thesizeof samplingregions. The

size of the samplingregion dependson the local curvaturevariationon M andhencethe maximum
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Sampling Regions

Represented Region of p "=~ -~

Figure6.5: Thesamplep liesin theboundedsamplingregionsof aandb. Therepresentedegionofp
is bounded.Thesamplingregion of c is representedy anothersampleg. Boundedsamplingregions
boundsthe maximundistancebetweerthe sampleg andq.

distancebetweensamplesis determinedoy local curvaturevariation. This analysisagain justi es
our intuition behindthe samplingconditionsandthe samplingregion thatin low curvatureregion the

samplepointscanbespreadbut andin high curvatureregion the samplesareclosetogether

6.6.2 Cover Regionsandthe Relative Minimum DistanceBetweenSamples

Considera 2D problemof samplinga curve asshavn in Figure6.6. Assumewe have a setof samples
satisfyingthe samplingconditionasshawn in the top of the gure. An additionalsamplepoint, r,
arbitrarily closeto p makesthe cover region of p shrink, uncovering a portion of the surface. This
violatesCondition 3 which requirescovering of the surfaceby cover regions. Due to this violation,
thereconstructioralgorithmdoesnot connecisamplegp andq astheir cover regionsdo notintersect,
thusleaving themasboundarypoints.

Analysis of this situationleadsto the following question: how closecanthe sampler beto
p sothatq is consideredloseenoughto be a neighborof p in the reconstructed¢urve? The answer
depend®nhow farq is from p, andthesizesof coverregionsof p andg. Whaterer maybetheanswey
the questionby itself revealsthe factthatr cannotbe arbitrarily closeto p, andit hasto maintaina
minimum distancefrom p basedon (or relative to) the distancebetweerp andg andthe sizesof the
cover regions. Thusthe Condition3, alongwith the de nition of coverregion, imposerestrictionson
relative minimumdistancebetweersampledor correctreconstructiorof the surface.

Recallfrom Section5.4.2thatnon-monotonicsamplingis neededor surfaceswith boundaries.

The exampleillustratedusing Figure 6.6 shawvs thatthe samplingconditionsdiscussedn the chapter
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Uncovered Region

Boundary Points

Figure 6.6: Thetop picture showsthat the cover regions of samplepoints cover the surface An
additionalsamplgr) arbitrarily closeto p uncorerssomeof thesurfaceandthusviolatesthesampling
condition.Resultingreconstructedurfaceleavesp andg asboundarypoints.

are non-monotonicsamplingconditions In summary any samplingconditionfor ClassC surface
reconstructioralgorithmsfor reliablereconstructiorof surfacesvith boundarieswill becharacterized

by non-monotonicity

6.6.3 Existenceof SamplingSatisfyingthe SamplingConditions

Thesamplingconditionspresentedh this chapterarevalid only if thereexistsasamplingthatsatis es
theseconditions.Let usassumehatthesurfaceM is compactndpiecavise smooth.Thereare nite

numberof smoothpatchesn M andthesepatchesreattachedo eachotherontheboundariesHence
the boundariesare consideredo be part of both the patches.A “dent” on a smoothsurfacemay be
a sharpedgeor a vertex in the interior of a smoothpatchandnot necessarilya closedcurve between
patchesThedentsareconsideredo bein the“closure” of the smoothpatchin whichit resides Each
smoothpatchis consideredhsa closedsetalongwith their boundariesand“dents”. For this setting,

let usprove thefollowing theorem.
Theorem 6 Thee existsa nite samplingof M thatsatis esthe samplingconditions.

Proof: This proof usesthe de nition of representedegion givenin Section6.6.1. Eachpatchis a

closedsubsetof M, and hencecompact. Eachpatchis sampledsatisfyingcondition 1, assuming
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that the boundariesand dentsare part of a smoothsurfaceandnot curves. Let us assumehat the
representedegion of a pointis anopenset.

The union of all representedegions cover M. SinceM is compact,there exists a nite
numberof representedegionsthatcover M . The correspondingamplepointssatisfythe sampling
condition1. Now the boundarycurves,edgesanddentsaresampledusingthe theorydevelopedfor
cunvesin this chapter This setof curvesis a closedsubsebf M andhencecompactgexceptthatthe
constituentcurnves have lower dimension. Again the sameargumentcan be usedto choosea nite
numberof samplepointsto cover the boundarycurves,edgesdents,andvertices.Theunionof these
two nite setsof samplepointsis nite andthey satisfyconditionl of the samplingconditions. Let
this nite setof sampledeS;.

Now theabove samplepointsshouldsatisfycondition2 wherefor every pointin M , the closest
samplepointis in the closureof its samplingregion.

De ne theclosestsamplingregionof a2 M asCgs(a) = C(a)\ S(a), whereC(a) andS(a)
arethe cover region andsamplingregion of a respectrely. (Note eventhoughwe usecover regions
for samplepoints,it is de ned for ary pointonthesurface).

LetN = fa2 M j69p 2 S\ cl(Cs(a))g. ThesetN containsthosepointsin M for which
samplingcondition2 is notsatis ed. LetM, = cl([ aon Cs(@)). M2 is compactanddoesnotcontain
ary samplepointfrom S;. AssumingCs(a) asthesamplingregion, nite numberof samplesareused
to sampleM ; in thesameway asM wassampled.Let this nite setof sampledeS,. The samples
in theunionof thesetsS; [ S, satisfyConditionsl and2.

If the cover regions of the samplepoints S; [ S, cover the surfacethen the proof is done.
Assumethatthe cover regionsof the abore samplepointsdo not cover the surface. Placea sample
point g in the uncoveredregion. Sinceq is notin ary cover region, no cover region is affected(no
cover region shrinks).Pointq hasits own cover region. Repeathe above operatiortill no partof M
is uncovered. Sincecover regionsareopen,the unionof cover regionscover M , andM is compact,
thereare nite numberof cover regionsthatcover M , andhence nite numberof samplepointsthat
sampleM accordingto the samplingconditions1-3. It is dif cult to prove the nitenessof sample
pointswith conditions4 and5 asthey involve projectionsof the cover regionsto thetangentplanes.

Sol ignorethelasttwo conditionsin this proof. }
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6.7 Toolsfor Reconstruction

In this section,| developafew mathematicaloolsthatcanbeusedduringthereconstructiorprocess.
In the LocalizedDelaunayTriangulationalgorithmpresentedn Chapted, we collectedthe candidate
neighborsfor eachsamplepoint. Neighborsof a samplepointin the nal triangulationare chosen
from thesecandidatepoints. Hencechoosingcandidatepointsis animportantstepin the algorithm.

Thefollowing is theformal de nition of candidateneighbors.

De nition 11 If the cover regions of two samplepointsp and g intersect,thenthey are candidate

neighborsof ead othet

Hencethecoreof thereconstructioralgorithmis to detectintersectiorof coverregions.But the
coverregions,andhenceheirintersectionaredescribedisingthesurfacede nition, whereasye have
to usethe intersectiorof cover regionsto nd the surfacede nition. To breakthis interdependeng
we assumehatif the ellipsoidsthat containthe cover regions, CR, intersectthenthe cover regions,

C, intersect Theotherdirectionholdsbecaus€(p) CR(p).
Lemmab5 If C(p)\ C(q) 6 ; thenCR(p)\ CR(q) 6 ;.
Assumption1 If CR(p)\ CR(q) 6 ; thenC(p)\ C(q) 6 ;.

Now the problemis to nd if two ellipsoidsintersect.We cancomputethe intersectionusing
classicalvariableeliminationtheory By mostof thetechniquesthe problemof nding whethertwo
ellipsoidsintersecboilsdownto nding theactualintersectiorcurve, or atleastapointof intersection.
This is time consuming,andwe preferto nd fast, evenif approximateway to determineif two
ellipsoidsintersect.

For the sale of brevity in notation,in thefollowing theorem] useL p to denotep Qp(Un(p)),

thedistanceo the closestsamplepoint from p.

Theorem?7 Letp andq betwo samplepointswith L p andL ¢ astheir distancego their respective
closestsamplepoint. Thesedistancesie ne theellipsoidsCR (p) andCR(q). If CR(p)\ CR(q) 6 ;

then

Qp(a) Lp+ Ly + 2p 2LpLgq; or (6.21)

Qq(p) Lo+ Ly + zp 2LpLq (6.22)
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Figure6.7: Con gurationto nd themaximunQp(g) whenCR(p) andCR(q) intersect.

Proof: Let us assumea conserative con guration of the ellipsoidsaroundp andq suchthat the
distanceQp(q) is maximized. For easeof computation,| considera rectangulamox aroundthe
ellipsoidaroundp andassumehattheellipsoidaroundq touchegheboxasshovnin Figure6.7. The
Qp(q) is maximizedat this con gurationfor aparticularvalueof . Withoutlossof generalitylet us

assumehatL p> Lq.

Qp(a) = Tj(a) + E*(p;q) |
L, 2 » L, 2
= quin()+7p + Lp + Lqcos() “ + quin()+?p
= La + Lasinz( ) + ng% + 2Lqu(sin( ) + cos()) (6.23)
Theright handsideof 6.23maximizesat = =4, when
3 p_
Qp(a) > Lf)+ La + 2 2lplg: (6.24)

}

Let the anglebetweerthe normalvectorsatp andg be . Theminimumvalueof is inthe
above equation.In theequation6.23,if we substitute = = 0:2 radiansthevaluewe assumedn
Section6.4.1,thenwe get

Qp(g) < 122 Lp + Lq *: (6.25)

If the ellipsoidaroundq wasactuallytouchingtheright endof the ellipsoid aroundp, instead

of thetip of therectangulabox, thenwe getabetterboundas,

Qp(@) Lp+Lq’: (6.26)

If the coverregionwasa circle on a plane,thenwe getexactly the sameboundasaborve.

76



6.7.1 The Shrink Factort

We usedthe shrinkfactort in Sections6.4.2and6.4.3to shrinkthe curvatue basedregion andsheet
basedregion of M . The neighborsof a samplepointin the nal triangulationlie in theseregionsof
M . Theseregions,andhenceheneighborsarefoundduringthereconstructioprocessy estimating
thedistanceo thefarthestieighbor Incorrectestimationof farthestistancdeadsto incorrectchoice
of neighborswhichin turnwill leadto incorrecttriangulationof M . Theshrinkfactort canbeviewed
asasafetyfactorin searchingor neighborssuchthatevenwith theworstcaseestimateof distanceto
thefarthesteighborthe correctnessf thetriangulationis not affected.In this sectionl x thevalue

of t for its usein the samplingprocess.

n o
Lemma6 Thespacecoveredbytheset aja2 M; Qp(a) < Lf):t is homeomorphito a disc.

Proof: Follows from the samplingcondition2 andthede nition of the samplingregion. }
Aswediscussedh theprevioussection, nding theintersectiorbetweerellipsoidsis expensve.
Hence we aregoingto assumehatthecorverseof the Theorem? is true. In essenceye areassuming
thatif thedistanceof g fromp is Iessthan% L|23 + La + 2p inLq thentheellipsoidsCR (p) and
CR(q) intersect.Suchsampledik e q arepossibleneighborf p in the nal triangulation.Assuming

Lp > Lq asbefore,Equation6.24becomes
Qp(q) 5:83Lp (6.27)

Lemma7 If a shrinkfactor0 < t < 0:17is usedin the samplingprocessthenthe reconstruction

will bereliable

Proof: All points within the distanceof 5:83 Lf) from p are possibleneighborsin the nal
triangulation. Hencethe region coveredby them needto be homeomorphido a disc. Further by

Lemmas, all pointswithin a distanceof L2=t are homeomorphito adisk. Hence,

583LH < Lp=t (6.28)
t < 017 (6.29)
Furthert hasto bepositive to avoid the needfor in nite humberof samples. }
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6.8 Summary

In this chapter| introducedthe curvatuee ellipsoidsat a point a on the quadraticapproximatiorof a
surface. Theregion of the surfaceenclosedvithin this solid ellipsoid hasboundedhormaldeviation
from the normalvectorat a. Basedon the cunatureellipsoids,l de ned afamily of ellipsoidscalled
scaledellipsoids Theseellipsoidswereusedin de ning thecurvatue basedregion.

This was followed by the introductionof a distancefunction D. Relationshipbetweenthe
region of boundednormaldeviation arounda andthe distancefunction D wasestablished Further
to justify this distanceunction,a hypotheticalsamplingconditionbasedn D wasshowvn to have the
samepropertiesasthe samplingconditionsdueto Amentaet al.[JAmenta98b].

Computatiorof D requiregheknowledgeof normalcurvatureandprincipaldirectionsat every
samplepoint. As thisis not practical,anotheristanceunction Q wasintroducedandits relationship
with D wasestablished.The distancefunction Q wasusedto de ne threemoreregions,the sheet
basedregion, the samplingregion, andthe cover region. Apart from the above four regions,normal
basedregion, whichis basedn anglebetweemormalvectorswasalsointroduced.

Basedon these ve regions, ve samplingconditionswere developedand analysisof these
samplingconditionswere presented.Tools were developedfor the reconstructiorprocesso make
useof theresultsandeffectsof the samplingconditions. Theseresultsensurethatthe reconstruction
processindeedproducesyeometricallyclose and topologically correcttriangulationof the surface.

Theproof of this correctnesss presentedh the next chapter
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CHAPTERY

THEORY OF SURFACE RECONSTRUCTION

In the previous chapter| de ned conditionsfor samplingthatsatis edtherequirementgor sampling
surfaceswith boundariepresentedn Chapters. In this chapterl de ne triangulation,propertiesof
triangulation andtherelationshipbetweerthetriangulationgeneratedrom the samplepointsandthe
surface.

In this chapterthefollowing notationis used.The surfacethatis sampleds denotecoy M and
the setof samplepointsby S. Let M be a 2-manifoldfor initial aguments.Later| will extendthe
discussiorto 2-manifoldwith boundaries.Triangulationof M is denotecby L K, whereK isa
simplicial complex whoseverticesarein S. Thetangentplaneata pointa will bedenotedoy Ta.
Outline of this chapter: In this chapter | de ne triangulations, topological and geometric
triangulations,of M. | also de ne a multicovering of M, and derive conditions when this
multicoveringcanbeatriangulationof M . Thenl constructafunctionf fromthelLocalizedDelaunay
TriangulationL, to M thatsatis estheseconditions to prove thatL is homeomorphid¢o M . Finally,
| relatea few conceptsand resultspresentedn the literature relatedto the triangulationwith the
conceptpresentedn this dissertation. This includesthe cover region, nerve andthe extraction of

triangulation.

7.1 De nitions

De nition: A triangulationL of asurfaceM is apiecaviselinearrepresentationf M usingtriangles,
whosetopologyis sameasthatof M .

For L to have thesametopologyof M , thereshouldexist ahomeomorphisnbetweerl. andM .

De nition 12 Atopologicaltriangulationof (M ; S) is a triangulationof M with vertex setS.



For our application,the triangulationverticesare exactly the points sampledfrom the surface. This
de nition of topologicaltriangulationallows certainrepresentationsf the surfacethatareundesirable
as a faithful representatiomf the shapeor geometryfor its usein visualizationapplications. The
following exampleshavs sucha case.

For the sale of simplicity, let usdiscussanexamplein two dimensionsConsiderthe sampling
of acircle, andlet therebe odd numberof samplepoints. “T riangulation”of the circle is a piecavise
linear representatiorof a circle, which is a closedpolygon with the samplepoints as its vertices
(referto Figure7.1lawithout the vertex V andits incidenttriangles).If we connectalternatesample
points,we cango aroundthecircle twice andstill canconstructa closedpolygon,thoughnotasimple
polygon. This non-simplepolygonis homeomorphido the circle, making it a valid topological
triangulationof the circle. The sameexamplein 3D would be the triangulationthat covers a torus
morethanonce andstill is homeomorphito atorus.As suchatriangulationcoversanobjectmultiple
times, it is calleda multi-covering of an object. This is not a goodrepresentationf the shapeof the
objectfor visualizationapplicationsl de ne triangulationin a differentway, which | call ageometric

triangulation to eliminatesuchundesirableases.

De nition 13 LetL bea simplicial complex whosevertex setis S. If there existsa homeomorphism

g:jLj! M sudthatg(p) = pforall p 2 S, thenL isageometridriangulationof M .

The known geometricrelationshipbetweenL andM is thatthe verticesin L arethe sample
pointson M . A geometrictriangulation is a topolagical triangulation wherethe homeomorphism
takes the verticesof L to itself, asthey are also elementsof M. In the restof the chapterby

“triangulation” we mean‘geometrictriangulation”.

De nition 14 Amulticoveris asimplicialcomplexL andamapf :jLj! M sudthattherestriction

of f tothestarof everyvertexp 2 S isanembedding
De nition 15 A multicover(L; f) is calleda geometrianulticoverif f (p) = p; 8p 2 S.

De nition 16 Letabc 2 L beatriangleandd 2 S; d 6 a;b;cbeavertexinL. Henced 2 M . If

d 2 f (abc), thend is calledtheinternal vertex of thetriangle abc.
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(@) (b)

Figure 7.1: (a) If a functionf mapsthe star of the vertex V to the planeof the paperretainingthe
order of edgesaroundV asshownabove thenf is nota multicover asthe mappingof a star is not
an embedding(b) Pieceof multicoveringtriangulationof a sphee. If themappingfunctionisf asin
(a), notethat manytriangleshaveinterior samples.

7.2 Multicovering and Geometric Triangulation

In this chapterwe prove thefollowing theorem.
Theorem: If f : jLj ! M is a geometric multicover with no internal vertex, thenf is a
homeomorphismandhencel is a geometrictriangulationof M .

Thefollowing aretheassumptionandnotationsusedin this proof.

1. L isa nite simplicial comple, jL| is acompactconnectednanifold.

N

. M is acompactconnectednanifold.

w

. jLjandM areHausdorf spaces(Referto Section2.2.2for thede nition of Hausdorf spaces).
4. f :jLj! M isacontinuousmap.

5. S2 M is asetof samplepointsandis thevertex setof L.

(o2}

. Pointsx andy arein jLj, pointsa andb arein M, pointsp andq aresamplepointsbelonging

to bothjLj andM .
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Thefollowing is the outline of the proof. | prove in Lemma9 thatthereexistsanopensetB g
aroundevery point a in theimageof jLj in M suchthat the numberof pre-imageof ary pointin
the setis greaterthanor equalto the numberof pre-imagesf a. In Lemmall, | prove thatwithin
this opensetB g, the setA containingthe pointswith strictly greatemumberof pre imagesthanof
ais closedin Ba. Thisleadsto theresultin Lemmal0 thatthe multicover mapf fromjLjto M is
onto. Thenin Theorem8, | prove that A is emptyandhenceall pointsin M have samenumberof
pre-images.The multicover f is a homeomorphisnif andonly if the numberof pre-imageds one
(Lemmal?2). Therelationshipbetweertheinternalvertex, andthe numberof preimagess established
in Lemmal3. All theseresultsare put togetherto prove the nal theorem,Theorem9, thattiesthe

conceptf geometridriangulation geometrionulticover, andtheinternalvertex.

7.2.1 Theoremsand Proofs

Lemma8 Letf :jLj! M beamulticover Theeexists > Osudithat8x 2 jLj,f (B(x; )) isan
embedding

Proof: Forall p 2 S, Starp) is open. Sincef is a multicover, f (Starp)) is an embeddingand
henceopen. For every x 2 jLj, thereexistsp 2 L suchthatx 2 Star), sincethe union of stars
coversjLj. Foreveryx 2 jLj, thereexists x > O suchthatB(x;2 x)  Starf) for somep 2 L,
sincea staris open. Further the unionof opensets| x,; jB(X; x) coversjLj. SincejLj is compact,

thereexists nite numberof x suchthat[ y, pite seB (X; x) coversjLj. Further we canchoose

= minX2f Xl;Xz;:::;Xngf x0.
Foreveryy 2 jLj, thereexistsx; suchthat,B(y; ) B(Xi; x + ) B x + x) =
B(xi;2 x,) Starfp), forsomep 2 L. Hence8y 2 jLj;f (B(y; )) isanembedding. }

De nition 17 Thepre-imagdndex of a2 M, denotedby PI(a), is the numberof distinctpre-images

ofainjLjunderf . Thatis, Pl(a) =jf 1(a)j wheef 1(a)= fx 2 jLjjf(x) = ag.

Theabove de nition is valid only if thenumberof pre-image®fary a2 M is nite whichistrueas

L isa nite simplicialcompl&, andtheimageof a staris anembedding.

Lemma9 Foreverya?2 f (jLj), thereexists g > Osuhthat8b 2 B(a; a),Pl(b) Pl (a).
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Proof: For ary point a 2 f(jLj) thereis a nite numberof pre-images. Let f (a) =

fX1;X2;::::%Xn0, SOX; 2 jLj arethe distinct pre-imagesof a. By Lemmas8 thereexists > 0

suchthatf (B(x;; )) is anembeddingn M . Further asjLj is a Hausdorf spacethereexists open
setsUq; Uy;:::; U, suchthatx 2 U; B(xj; ), andfor everyi 6 j, Ui\ U; = ;. Theset
\'1 i nf(Uj) 6 ; sinceit containsa = f (x;). Thisintersectionset,\ 1 ; »f (U;j), is openasthere
are nite numberof U;sandf (U;) areopenasf is anembeddingThisshavsthatthereexists g > 0
suchthat8b 2 B(a; ga) \f(Uj); PI(b) PI(a). FurtherastheU;'saredisjoint,thepre-images

of b aredistinct. }
Lemma 10 Multicoverf :jLj! M isonto.

Proof: ThespacegLj andM arecompactconnectednanifolds.A topologicalspaceM is saidto be
connectedf theredoesnot exist nonemptydisjoint opensetsthatcover M . SincejL j is compactand
f isamap,B= f(jLj)) M isalsocompactandhenceclosedandbounded.ThesetC= M B is
opensinceB is closedandM is compact.Forallb 2 B, P1(b) > 0, andforallc 2 C,PI(c) = 0.
By LemmaJ, for everyb 2 B= f (jLj), thereexists |, > O suchthatforalld 2 B(b; ), PI(d)

P1(b). Henceforallb 2B, B(b; p\ C= ;. ThesetD= [ ,,gB(b; p)isopen,B D,D\ C
= ;,andD[ C= M implying thatM is not connecteda contradiction.HenceeitherD = ; or C

;. AsjLj 6 ; ingeneralf (jLj) = B D6 ; andhenceC = ;. Thereforethereexistsnoc2 M

suchthatP|I (c) = 0, andeveryc 2 M hasapre-imageThemapf isonto. }

Lemmall Leta2 M and g > Osudthatforallb 2 B(a; g);Pl(b) Pl(a) asgivenby
Lemmad. ThesetA = fbjPI(b) > Pl(a);b 2 B(a; g)gisclosedin B(a; a).

existopensetsUy; Up; i@, Uy suchthatx; 2 Ui B(X;; ), Ui\ U; =;,i6 j.FurtheyB(a; a)

\'1 i nf(Uj). Considerthe closedsetX = jLj [1 i nUj. Theimageof X, f (X) M is
closedasthe imageof a closedsetis closedundera continuousfunction. All pointsc 2 B(a; a)
with P1(c) = PI(a) will now have Pl (c) = 0inf(X), andotherpointsb 2 A B(a a) with
Pl (b) > PI(a) will now have Pl (b) > 0. By de nition, A = B(a; a)\ f(X). Thesetf (X) is
closedB(a; a)isopen.ThereforeB(a; a) f(X)isopenandB(a; a) (B(a a)\ f(X))is
open.AsB(a; a) AisopenandA B(a; ag),Aisclosedin B(a; a). }
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Theorem8 LetL bea nite simplicialcomple, andjLj andM becompactconnectednanifolds.If
f :jLj ! M isamapin which theimage of everyopenstar of L is anembeddingn M , thenevery

a2 M hassamenumberof pre-imagesin jLj underf .

Proof: By Lemma9 everya 2 f (jLj) hasa g > O suchthat8b 2 B(a; a); PI(b) Pl (a),
andby Lemmalo,f (jLj) = M. Furtherby Lemmall,A = fbj PlI(b) > Pl(a);b 2 B(a a)g
is closedin B(a; g). ThesetB(a; 3) A 6 ; asa 2 B(a, g) anda 2 A. If A 6 ;, then
B(a; a)\ A 6 ; andthisimpliesthatthereis apointc 2 B(a; g) \ A thatis alimit point of
B(a; a) A. Thereexistst 2 B(c; ¢)\ (B(a; a) A) andhencePlI (t) P1(c) whichis
acontradictionasPI (t) = Pl(a) < PI(c). This shaws thattheredoesnot exist ¢ with the above
criterion,andhenceA = ;. Thereforeall pointsin B (a; a) have samenumberof pre-imagesFurther
dueto Lemmal0, Lemma9 canberewordedasfollows. Foreverya 2 M thereexistsa g > 0such
thatforallb 2 B(a; a), Pl (a) = PI(b).

Considenll opensetsB (a; g),foralla2 M. Theunionof all theseopensets| aom B(a; a),
covers M. Since M is compact,there exists a nite numberof open setswhose union, say
[1i nB(a; a).@ 2 M, coversM. DenoteB; = B(a; g).1f Bi\ B; 6 ; thenallb 2 B; [ B
have samenumberof pre-imagesDe ne anequivalencerelationbetweerntheseopensetsasfollows.
TheopensetsB; andB; arerelatedto eachother denotedasB;RBj, if andonlyif Bj\ B; 6 ; or
thereexistsanl suchthatB;R B, andB|R B; . Thisshavsthatall pointsbelongingto opensetsin one

partitionhave samenumberof pre-imagesNow it remaingo be shovn thatthereis only onepartition

this equivalencerelation. Thenfor s 6 t, theintersectiorof ary two opensets B; 2 Ps andB; 2 Py,
is empty Let theunionof all theopensetsin onepartitionP; beV;. ThenthesetV; = [ Bj; Bj 2 P
isopen.Further[ Vi = M andfori 6 j; Vi\ V, = ;. ThisshavsthatM is notconnectedwhichis
acontradiction.Thereforethereis only onepartitionof M dueto this equivalencerelation,andhence

all pointsin M have samenumberof pre-images. }

De nition 18 The Multicover Index of a multicoverf : jLj ! M, M1 (f) is the numberof pre-

imagesof at leastonepointx 2 M.

Theabore de nition is justi ed by thefactthatall pointsin M have pre-imagegby Lemmal0) and

all thesepointshave samenumberof pre-imagegby Theorem3).
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Lemmal2 A functionf : jLj ! M is a homeomorphisnif and only if f is a multicover with

MI(f) = 1.

Proof: () ) Sincef is a homeomorphisnit is an one-to-oneand onto continuousfunction whose
inverseis alsocontinuous.Hencef is amapwheretheimageof astarin jLj is anembeddingn M
andevery pointin M hasonly onepre-image Hencef is amulticoverwith M | (f) = 1.

(( ) By Lemmalo, f is onto. By Theorem8, if M1 (f) = 1, thenevery pointin M has
a uniquepre-imageandhencef is one-to-one.Sincef is a map,f is continuous.jLj is compact
andM is aHausdorf space.A continuousfunctionfrom a compactspaceto a Hausdorf spaceis a

homeomorphisniMunkres73. Thereforef is ahomeomorphism. }
Lemma 13 A geometricmulticoverf :jLj! M hasnointernalvertexif andonlyif M1 (f) = 1.

Proof: () ) Letf beamulticoverwith nointernalvertex, andletM | (f ) > 1. Sincef is ageometric
multicover, f (p) = p for all samplepointsp 2 S. Letf 1(p) = x; x 6 p; x 2 jLj beoneof the
pre-image®f p. Thereexistsaqg 2 S suchthatx 2 Star@y). Thisshavsthatthereexistsatriangleqrs
in thestarof q suchthatx is in theinterior of this triangleor onthe edgesyr or gs, or x is the vertex
g. (If x isontheedgers oris thevertex r or s, thenx belongsto the starof r and/ors andnot of q).
Letx = g, andby assumptiorearlierx 6 p andhenceq 6 p. Sincex = q,f (x) = g andf (x) 6 p,
whichis a contradiction.Thereforex 6 q. Asf hasnointernalvertex, x cannotlie ontheinterior of
ary triangleor edge. Hencethereexistsnox 6 p suchthatf 1(p) = x. Thereforef 1(p) = fpg
whichimpliesthatP| (p) = 1. By Theorem8, thisimpliesthatfor everya 2 M;PI(a) = 1 andby
thede nition of multicoverindex, M1 (f) = 1.

(( )The functionf is a geometricmulticover impliesthatf (p) = p) p 2 f (p). As
M1 (f) = 1, p doesnot have ary otherpre-imageotherthanp itself andhencep is notaninternal

vertex of ary triangle. Sincep is anarbitrarysamplepoint, no samplepointis aninternalvertex under

f }

Theorem9 LetL bea nite simplicial comple, andjLj andM be compact,connectednanifolds.
Further, letthevertexsetofL, S, bea subsebf M . (L,f) is a geometrictriangulationof M if andonly

if f :jLj! M isamapwiththefollowing properties:
i. theimage of everyopenstarof L is anembeddingn M ,

i. f(p)=p;8p2S,and
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iii. f hasnointernalvertex.

Proof: () ) Since (L,f) is a geometric triangulation, property (ii) is satised, and f is a
homeomorphismSincef is ahomeomorphismhy Lemmal2,f is a multicoverwith M1 (f) = 1.
Further f is a geometricmulticover dueto property(ii). Sincef is a geometricmulticover with
M1 (f) = 1, it satis esproperty(i) (by thede nition of multicover) andproperty(iii) (by Lemmal3).

(( )Dueto propertieq(i) and(ii), f is ageometricmulticover anddueto property(iii) andby
theLemmal3, M I (f) = 1. By Lemmal2,if MI(f) = 1thenf is ahomeomorphismAs the

homeomorphisnii satis esproperty(ii), (L,f) is ageometridriangulationof M . }

7.3 Geometric Triangulation and Localized Delaunay Triangulation

In this section,| prove thatthe LocalizedDelaunayTriangulationis homeomorphido the underlying

surface.l de ne afew termsusedin this sectionandstateanassumptiorbeforeproving this result.

De nition 19 “Projection” of a point b meansthe following opemtion. A point b is projected
orthogonally to the plane xed at an origin, saya. Let the projectionof b be b® The vectorab®

is scaledto thelengthof the vectorab.

Thelengthis measuredisingthe Euclideanmetric.

Assumption2 Theprojectionsof a triangulationof M arounda vertexa 2 S andtheneighborhood

ofain M to thetangentplaneTg are one-to-oneand continuous.

De nition 20 Letabcbeatriangle,andd 2 S fa; b; cg bein a candidateneighborof a. Consider
theprojectionof abcandd to Ta. If d projectsto theinterior of the projectionof abc thend is called

aninterior sampleof thetriangleabc.

Theorem 10 TheLocalizedDelaunayTriangulation, L, is homeomorphido the underlyingsurface
M.

Proof: The Localized DelaunayTriangulationalgorithm choosesthe candidatepoint aroundthe
referencepoint using the samplingconditionspresentedn the previous chapter Thesesampling
conditions ensurethat the triangulationarounda referencepoint using thesecandidatepoints is

homeomorphido a disk. Further the Delaunaytriangulationon the tangentplaneof the reference

86



Figure 7.2: Theline segmentsonnectinghe centoids of thetriangle with the midpointsof theedges
de ne a region around a sample The planesare constructedperpendicularto the triangles, and
passingthroughtheseline sggments. Theseplanesintersectthe surfaceabove and de ne another
region onthe surfacearoundthe samplepoint.

pointensureshattheprojectionof the starof thereferencepointto its tangeniplaneis one-to-onexnd
thereis nointerior vertex in the projectionof this star

Chooseéhemid pointsof the edgesandthe centroidsof thetrianglesincidenton eachreference
point. Connectthesecentroidsand mid pointsaroundeachsamplepoint, p, in order usingstraight
lines. Thisresultsn aclosedpolygononthetriangulationenclosingaregion containingp (Figure7.2).
Let thisregionbeRp. Notethatthereis no samplepointin Rp otherthanp, and[ p2sRp coversthe
triangulation.Further theintersectiorof theinteriorsof ary two regionsRp andRq, p 6 g is empty

Considettheboundaryof theregionRp. Thisis madeup of two edgeson eachtriangleincident
onp (Figure7.2). For eachedge constructa planepassinghroughit andperpendiculato thetriangle
in which the edgelies. Sincethe projectionof the triangulationto the tangentplaneis one-to-one,
theseplanesintersectthe tangentplaneof p and this intersectionyields a simple polygon on the
tangenplane.Further sincetheprojectionof theneighborhooaf p in surfaceM to thetangenplane
of p is one-to-onetheseplanesintersectM andform a simple closedcurve on M . Let the region
de ned by this closedcurve be Pp. Clearly Pp containsp. Thereis a one-to-onecorrespondence

betweertheedgesf Rp onthetriangulationandcurve segmentsof Pp, andtheorderof edgesof Rp
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/‘\ Hole in the triangulation
! not in the surface
,‘
\
/\

L

Hole in the triangulation
and in the surface
Cc

Figure 7.3: (a) A boundaryin themiddleof theobjectis allowedby the propertiesof thetriangulation
eventhoughthere is no boundaryin theactualmodel. Thisis avoidedby consideringa triangle abc if
there existedgesab, be, andca. (b) If there were an actualholeabc in the model,thenaccoding the
samplingconditions,there needso be a samplepoint representingead edge of this triangle. Final
triangulationwith theseverticeson edgesis alsoshown which retainsthat hole

aroundp is preseredin Pp. Further thereis no samplepointotherthanp in Pp. By constructionthe
intersectiorof theinteriorsof ary two regionsPp andPq, p6 g, is empty

Constructamapf :jLj ! M suchthatf (Rp) = Pp andf (p) = p 8p 2 S. Themapf
embedsStarf), 8p 2 S. By constructionf doesnothave ary interior vertex andmapsevery sample
pointto itself. By Theorem9, f is a homeomorphisnbetweenLj andM , andhencethe Localized

DelaunayTriangulation L , is ageometricriangulationof M . }

7.3.1 Triangulation for Surfaceswith Boundaries

Theresultspresentedn the previous chapterhold for triangulationof manifolds. We have to extend
theseresultsto manifoldswith boundariesalso. By the samplingconditionspresentedn the previous
chapterthe cover regionsof the boundarysamplepointsdo not intersectif they arenot visible from
eachother Hence,in general,therewill be only onetriangle incidenton an edgeconnectingtwo
boundarypoints,leadingto missingtrianglesin thediskaroundaboundarysample Usingthisfeature,
we canidentify all theboundarypoints. Theremight be casesvhenanedgeconnectingwo boundary
pointshastwo trianglesincidentonit, whenthe boundarypointsareconnectedisinganinternaledge
(Edgeacin Figure6.3). Let usanalyzethis case.

Considera hypotheticalcaseasshavn in the left of Figure7.3. Assumethatthereis no hole
abcin theactualmodel. During triangulation this holeis allowedasthe edgesab, bc, andca connect

boundarypoints,andtherecanbe a missingtriangle alongtheseedges. To avoid this situation,we
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assumehe presencef atriangleabc if thereexist edgesab, bc, andca irrespectie of whetherthey
are boundarysamplesor not. This may leadto a conclusionthat we cannothave a triangularhole
asin Figure7.3. But accordingto the samplingcondition, if therewasa triangularhole, thereneed
to be sampleson eachedgedueto the following reason. The samplingregion of any point on the
edgedoesnotincludethe verticesof the triangleasanglebetweerthe tangentvectorsalongthe edge
andthe vertex is morethanthe tolerance.The samplingunderthis condition,andits corresponding
triangulationis shavn in theright of Figure7.3.

Thus,the boundarypointsandthetriangulationof boundarycanbeidenti ed consistentlyand
is supportedy appropriatesamplingconditionspresentedh the previouschapter Oncethe boundary
samples,and the edgesconnectingthem are identi ed, the resultsof the previous sectioncan be

directly extendedo surfaceswith boundaries.

7.4 Cover Regions,Nerve, and the Triangulation

In this sectionl will discussaboutotherrelatedwork on triangulationsthat canbe usedfor proving
the homeomorphisnibetweenthe triangulationandthe surface. | will alsodiscussabouta few gaps
thathaveto be lled for theirapplicabilityto our problem.

In the previous chapterwe de ned the cover regions of the samplepoints and the ellipsoids
CR(p) arounda samplepoint p basedon distancefunction Qp. Furtherin Section6.7 we shaved
the importanceof estimatingthe intersectionof cover regionsfor the nal triangulation. We also
developedtheory to approximately nd the intersectionof ellipsoids. In this section,l usethese
intersectionpatternsto constructa simplicial complex K, which is also called the nerve of the
ellipsoidalintersections.

Thecomple K hasthe setof samplesS asits vertex set. An edgeis constructedetweertwo
sampledf their ellipsoidsintersect,anda triangleis formedif the ellipsoidsof threesamplepoints
intersectin a commonregion. Any higherdimensionalsimplex is removed asthey are not of ary
interestto uswith respecto surfacereconstructionTheresultingcomplex is calledthe nerveinduced
by theintersectiorpatternof theellipsoids.

We alsoassumedn the previous chapterthatwhentwo ellipsoidsCR (p) andCR(q) intersect
their cover regionsC(p) andC(q) alsointersect.Sothe nere canbe assumedo be inducedby the

intersectiorpatternof the cover regionsin R3 .
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OnceK is constructedthe next stepis to nd the geometrictriangulationL of M thatis
asubsebf K . Before nding atriangulation,we have to talk aboutthe existenceof a triangulation.
EdelsbrunneandShahEdelsbrunner97shavedthatif the (cover)regionsintersecin apseudo-disk
con guration,wherethe boundarie®f two regionsintersecteitherat zeroor two points,thereexistsa
triangulationof the underlyingspacen thenene. In our case] conjectureghatthe coverregionsona
smoothsurfaceintersecin a pseudo-diskcon guration,andtheabove resultholdsgoodon surfaces.

AssumingthatthetriangulationL existsin K , we have to extractL from K . But this problem,

in its generaketting,is provedto be NP-Complete.

Theorem 11 Lloyd [Lloyd77] hasprovedthat the following triangulation extraction problemis NP-
complete Thetriangulationexistenceproblemis: LetV bethesetof vertices.Let P bethesetof all
straight line sggmentsbetweerthe verticesin V. GivenV, andthe setof edgese P, doesthere

existasubseEs E, sudthatEg is atriangulationof V ?

Lemma 14 Thetriangulationproblem’Let V bethesetof vertices.LetK bethesetof all triangles
betweertheverticesin V. GivenV, andthesetof trianglesT K, doesthere existasubsel. T

sudhthatL is atriangulationof V?” is NP-complete

Proof: Problemasstatedn Theoreml1 canbereducedo theproblemspeci edin thislemma.Given
thesetof edgestheinputsetis corvertedto thesetof all possiblerianglesformedby the givensetof
edgesn O(n®) usingan exhaustve searchalgorithm. Then,oncethe setof trianglesthattriangulate
V is found, its edgesetde nesthe solutionto the original problem. Further given a setof triangles,
it canbeveri ed in polynomialtime whetherthis setis a solutionto the given problemor not. Hence,
giventhevertex setV, andthe setof trianglesT, the problemof nding asubsel. T suchthatL
is atriangulationof V, is NP-Complete. }

But this resulthasbeenproved in a generalsetof edges(triangles). It still remainsopento
seewhetherthe problemof nding thetriangulationfrom a specialsetof edgeswith propertiesfor
exampleif theedgesarefrom anene comple, is NP-complete.

As veri cation of a solutionfor an NP-completeproblemcan be donein polynomial time,
| presenteda direct method,the Localized DelaunayTriangulation,to constructa triangulationin

Chapterd, andearlierin this chapteyveri ed thatthis triangulationis ageometridriangulationof M .
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7.5 Conclusion

| presentedthe de nition of a geometrictriangulation and multicovering. The de nition of
multicovering is basedon a local propertythat the mappingof a starof a sampleis an embedding.
Basedon this local de nition, | proved a few global results on the sufciency conditions for
a multicavering function to be a homeomorphism. | also establishedhe relationshipbetween
multicoveringandgeometridriangulation.

Above resultswere effectively usedin constructinga homeomorphisnf with the required
properties,betweenthe Localized DelaunayTriangulation,L, andthe surfaceM , thusleadingto
the conclusionthat L is a geometrictriangulationof M . | alsojusti ed the approachof directly
constructingthe triangulation, rather than extracting a triangulation from the nerne due to the

intersectiorof cover regions,usingthe existing resultslik e [Edelsbrunner97and[Lloyd77).
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CHAPTERS

CONCLUSION

Themaincontrikution of this dissertatioris theanalysisof theproblemof samplingandreconstruction
of surfaceswith boundariesThis analysidedto theclassi cationof surfacereconstructioralgorithms
andto therealizationthatthe conditionson minimumrequiredsamplingdensityarenot sufcient for
correctreconstructiorof surfaceswith boundaries. Till now the variationin the samplingdensity
wasusedto maximizethe numberof sampledo capturethe complex geometricfeaturesvhereever
neededandminimize the numberof samplesn featurelessegions. Hencethe variationin sampling
densityis seenasanoptimizationof the samplingandreconstructiormethodratherthana necessary
requirementln this dissertationa novel way of usingthevariationin samplingdensityto encodethe
boundarywaspresentedThis samplingapproacttapturedoththegeometriandtopologicalfeatures
of the surfaceandrequiresno additionalinformationotherthansamplepointsfor the reconstruction
process. Basedon this analysisand results,an ef cient algorithm called the Localized Delaunay
Triangulationalgorithmwasalsointroduced.

Many fundamentaland interestingresultsin topology were presentedn this dissertation.
This includesthe de nition of geometrictriangulation,global propertiesof multicovering functions
using just the local de nition of multicovering, and relationshipbetweengeometrictriangulation
and multicovering. Using theseresults,it was proved that the LocalizedDelaunayTriangulationis

homeomorphid¢o the sampledsurface.

8.1 OpenProblems

This dissertatioralsoopenedup a few interestingproblemsin geometryandtopology | list a few of

theproblemshere.



1. Theexampleof a surfacewith boundaryin Section5.3, prove thatthe Voronoiverticesthatlie
closethe connectindine will beremovedby the pole algorithmfrom consideration[Probably

useperturbatiorof samplepointsalongthe boundary].

2. What are the conditions in which the intersectionof cover regions form a pseudo-disk

con guration?

3. There exists a triangulation in the nerne of a pseudo-diskcon guration on a plane
[Edelsbrunner97a Doesthereexist a triangulationwhenthe pseudo-diskcon gurationis ona

2-manifold?

4. s thereary polynomialtime algorithmto extracta triangulationfrom the nene?

8.2 FutureWork

Thisdissertatiomasopenedipthe eld of samplingandreconstructiomf surfaceswith boundariegor
furtherresearchAt thesametime, this haslaid thetheoreticafoundationandintroduceda framevork
for variousalgorithmsto be developed. The ideaof usingvariationin the samplingdensityasan
encodingmechanisntanbe usedin informationencodingon geometricobjectsfor visualizationand
analysis.

The sample points obtained by the presentgeometric sampling devices are probabilistic
estimatesof the positions of the points, and hencenoisy Interpolatory surface reconstruction
algorithms(where the surface passeghroughthe samples)fail to reconstructthe correctsurface,
andthe refugeis to rely on approximatingsurfacereconstructioralgorithms(wherethe surfaceis
guidedby the samples). Sinceapproximatingalgorithmsassumethat the samplesare probabilistic
estimatesconceptuallythe “information content”of eachsampleis alsoreducedo a fraction of its
value.Amentaetal.[Amenta01 Amentd have proposedhePawver Crustalgorithmto handlesamples
of manifolds (with no boundariesWwith noise. This is the bestcombinationof interpolatoryand
approximatingalgorithmsdesignedill now. In my opinion,thisalgorithmcanbeseenasdynamically
assigningvarying “probabilistic information content”to eachsampleto decidewhetherthe surface
shouldpassthroughthe sampleor guidedby the sample.

Thereare a few problemsdue to noisewhen surfaceswith boundariesare considered. The
samplingdensityis basedon the positionsof points. As the positionsareinaccuratedueto noise,

the estimatesof samplingdensitywill not be accurate.If the approachof encodingthe presencef
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boundaryusingthevariationin samplingdensityis used the samplingandreconstructiorshouldtake
into accountheinaccuratesamplingdensityestimateslso. Anotherproblemis whenthe size of the
boundaryis comparabléo the noiselevel. Hencethe eld of samplingandreconstructiorof surfaces
with boundariesn the presencef noiseis openfor futureresearchl believethatClassD algorithms
(referto Section5.5)will beusefulin addressinghis problem.

Boundariesarefeaturesof a model,andmoreinformationhasto be providedto presere these
features.Noiseis a “feature” of the samplingprocessand more informationhasto be provided to
nullify this “feature”. The following questionis worth investicgating. Cana featureof a model be
substitutedoy a featureof the samplingprocessusingthe techniguegliscussedn this dissertation?
In otherwords,cannew algorithmsbhe designedor surfaceswith no boundariesut with noisein the

samplesusingtheframework givenin this dissertation?
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