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ABSTRACT

GOPIMEENAKSHISUNDARAM:

TheoryandPracticeof SamplingandReconstructionfor Manifoldswith Boundaries

(Underthedirectionof Prof. JackSnoeyink)

Surface samplingand reconstructionare used in modeling objects in graphicsand digital

archiving of mechanicalpartsin ComputerAidedDesignandManufacturing(CAD/CAM). Sampling

involvescollecting3D pointsfrom the surface. Using thesepoint samples,a reconstructionprocess

rebuilds a surface that is topologically equivalent and geometricallyclose to the original surface.

Conditionsareimposedonsamplingto ensurecorrectreconstruction.For aspecialcaseof manifolds,

thereare theoreticallysoundalgorithmsfor samplingandreconstruction.The samplingconditions

for suchalgorithmsimposea minimumrequiredsamplingdensity(maximumdistancebetweenclose

samples)to ensurecorrectreconstruction.

In this dissertation,I study the samplingand reconstructionof manifoldswith boundaries.

For this classof surfaces,I show that the conditionson minimum requiredsamplingdensityare

not suf�cient to ensurecorrect reconstructionif only the point samplesare given as input to the

reconstructionprocess.Additional information like the smallestboundarysizein a model, though

suf�cient to ensurecorrectreconstruction,imposesuniform samplingdensitythroughoutthemodel.

In thisdissertation,I proposeanovel wayto usethevariationin thesamplingdensityacrossthesurface

to encodethe presenceof a boundary. A samplingcondition is proposedbasedon this approach,

andthe reconstructionprocessrequiresno additionalinformationotherthanthe input setof sample

points. Thereconstructionalgorithmpresentedin this dissertationfor reconstructingmanifoldswith

or withoutboundariesis shown to becorrect,ef�cient, andeasyto implement.
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CHAPTER1

INTRODUCTION

The�eld of ComputerGraphicssinceits birth hasbeenstriving to achievephoto-realismin computer

generatedimages,andphysicalrealismin its simulationof environments. Objectmodeling, where

real-world objectsin all their intricatecomplexity arerepresentedin computers,is requiredto achieve

photo-realism. Physicalmodeling, wherephysicalphenomenaareaccuratelymodelledin computers,

is requiredto achievephysicalrealism.

Objectmodelingis theprocessof representingaphysicalobjectin asuitablerepresentationthat

is usefulfor the intendedapplication.Therearetwo broadapplicationareaswhereobjectmodeling

is used– the ComputeAided DesignandManufacturing(CAD/CAM) industry, and the Computer

Graphicsindustry. In the CAD/CAM industry, the computer(re)presentationof objectsis usedto

manufacturephysicalmodels.In thecomputergraphics�eld, in general,existing physicalobjectsare

usedto get a computerrepresentation.Objectmodelingtools that have beendevelopedover many

yearsaremoresuccessfulin aiding the userto presenta model(for the CAD/CAM industry) than

to representan object (for the computergraphicsindustry). This differenceis due to substantially

different skill levels neededby the user for the tasksinvolved in presentingand representingthe

models.

Recently, technologyto directlycapturephysicalobjects,boththeirgeometryandtexture(color

andre�ectanceproperties),hasbecomecommonplace,andthis hasgivena tremendousboostto the

modelingin computergraphics. Devices using this technologyinclude touch probesensors,laser

scanner, 3D stereosystems,etc. With minimal humanintervention,thesedevicessamplethesurface

of theobjectin theform of pointsin 3D.

In additionto modelingfor computergraphicsapplications,thetechnologyof samplingobjects

is widely usedfor `digital archiving'. Digital archiving is a processof storingthemodelsof objects



Figure 1.1: SurfaceReconstructionProblem. Left: Samplingthe surface, Middle: Samplepoints,
Right: Reconstructedsurface.

andtheir correspondingdocumentationin computers,ratherthanstoringthemasphysicalmodels,to

savespaceandretrieval/referencetime.

The set of points from the samplingprocess,by itself, is one form of representationof the

underlyingobject.But this representationis notveryusefulfor bothphoto-realism(visualization)and

physicalrealism(simulation).Visualizationrequirestherepresentationof a surfaceto handletexture

mapping,to provide correctocclusionproperties,to representmultiple levels of detail, andto bring

out visualrealism.Physicalsimulationandanalysisrequiresa continuoussurfacerepresentation.For

example,detectingcollision betweentwo modelsrepresentedusingpoints, insteadof a continuous

surface, would produceunacceptableresults. A continuous-surface representation,achieved by

connectingthesepointsappropriatelyusing trianglesor otherprimitive surfacepieces,is a natural

representationfor visualization,physicalsimulation,andfor applicationsinvolving surfaceanalysis.

This problem of connectingthe samplepoints appropriatelyto reconstructthe surface is

commonlyknown assurfacereconstructionin the computergraphicscommunity. (Note that in the

computervision community, theprocessof samplingtheobjectto geta point setis termedassurface

reconstruction[Faugeras93].) A well developedareain the �eld of signal processingis sampling

andreconstructingsignals.Theword “reconstruction”in surfacereconstruction�nds its root in the

similarity betweenthesurfacereconstructionandsignalreconstructionproblems.

This dissertationaddressestheproblemof convertinga discretesetof pointsinto a continuous

surface.Figure1.1shows thestepsof thisconversion.The�gure on theleft showsoneof thediscrete

datacapturingdevice, the touchsensor, which is usedmanuallyto sampledatapoints from a real

world model. The middle pictureshows the datapointssampledby this capturedevice. The right

2



pictureshowsacontinuousrepresentationof thisdataby reconstructingthesurfaceusingthesesample

points.It canalsobeseenfrom theimagesthatthecontinuousdatare�ectsmorefaithfully theoriginal

real-world objectthanthediscretedatapoints.Therestof thisdissertationdescribesin depthonesuch

methodto reconstructcontinuoussurfacesfrom discretedatapoints.

1.1 SurfaceReconstruction: ProblemDe�nition and Issues

In this sectionI de�ne the surfacereconstructionproblem. Varioustermsusedin this sectionare

de�ned andelaboratedin Chapters2 and3.

Thesurfacereconstructionproblemcanbestatedasfollows: Givena setof pointsS that are

sampledfrom a surfaceM embeddedin R3 , constructa surfaceF such that the pointsof S lie on

F , and F approximatesM geometricallyand is equivalentto M topologically. A variationof this

interpolatoryde�nition, whereF passesthroughthepointsin S, is onewhereF passes“close” to the

setof pointsS. In this dissertationwe considertheinterpolatoryversionof thesurfacereconstruction

problem.

Thechoiceof underlyingmathematicalandcomputationalrepresentationof the reconstructed

surfaceis importantfor its applicability. Themostcommonchoicesaretriangularandpolygonalmesh

representations.A triangularmeshallows usto expressthetopologicalpropertiesof thesurface,and

it is themostpopularmodelrepresentationfor visualizationandrenderingapplications.Hence,in this

dissertation,I will useonly the piecewise linear triangularrepresentationof the surface. Further, I

assumethatthepointsinput to thesurfacereconstructionalgorithmaresampledfrom amanifoldwith

or without boundaries.Therearevariouschallengesfor surfacereconstructionalgorithmsincluding

reliability, robustness,versatility, ef�ciency, and quality of reconstruction.Here in this section,I

brie�y discusssomeof theissuesthatI addressin thisdissertation.

A properreconstructionof surfacesis possibleonly if they are“suf�ciently” sampled.However,

suf�ciency conditionsaredif�cult to formulateandasa result,mostof the existing reconstruction

algorithmsignoreor donotspecifytheir requirementsonsamplingfor reliablereconstruction.Hence,

thesealgorithmscan be classi�ed as surface reconstructionheuristicsas opposedto algorithms.

Exceptionsinclude the work of [Attali97, Bernardini97,Amenta98b]. These algorithms that

can reliably reconstructsurfaces(without boundaries)provide suf�ciency conditionsfor sampling.

Assumingthat the set of samplepoints satis�es thesesamplingconditions,correctnessof these

algorithmsareensuredby theoreticalguaranteesbasedon thesamplingconditions.

3



In this dissertationI show that the samplingconditionsrequiredto reconstructthe surfaces

without boundariesarenot suf�cient to reconstructsurfaceswith boundaries.As a result, noneof

the reconstructionalgorithmsavailable todaycanguaranteecorrectreconstructionof surfaceswith

boundaries.I provide theconditionsfor samplingsurfaceswith andwithoutboundariesandprove the

correctnessof a reconstructionalgorithmbasedon thesesamplingconditions.

Speedof reconstructionis anotherissuethis dissertationwill address.Currently, mostof the

surfacereconstructionalgorithmsthat guaranteea “good” quality triangulationandaretheoretically

soundproducehigherdimensionalsimplices,like tetrahedra,or multi-sidedpolygons([Amenta01]).

A secondstageof thesealgorithmsremoves interior facetsor triangulateseachof the multi-sided

polygonsto producethe�nal triangulation.Therefore,thesealgorithmsusuallytake in theorderof a

few minutesto runondatasetsof moderatesizes(about20,000to 30,000points).

Finally, the quality of triangulation has to be addressedwhen using triangulation

representations.In many applications,like graphicsrenderingand �nite elementanalysis,“f at”

triangleswith largevertex anglesarepreferred.Theminimumanglein thetriangulationis onemeasure

of thequality of thetriangulation.Thereconstructionalgorithmpresentedin this dissertationtriesto

maximizetheminimumanglein its triangulation.

1.2 ThesisStatementand Results

Thecentralclaimof this researchis:

Conditionson minimum requiredsamplingdensityarenot suf�cient to ensurereliable

reconstructionof surfaceswith boundariesfrom aninputsetof pointsandnormalvectors

at thosepoints.

Therearea few waysto de�ne suf�cient conditionsto reconstructsurfaceswith boundaries.

Theseconditionsare discussedin detail in Section5.4.1. Following is an additionalclaim of this

research.

Conditionsonrelativeminimumandmaximumsamplingdensitiesaresuf�cient to ensure

reliablereconstructionof surfaceswith boundariesthat takesa setof pointsandnormal

vectorsat thosepointsasinput.

In summary, I presentin thisdissertationthefollowing:

4



1. Samplingconditionsandtheirpropertiesto samplesurfaceswith andwithoutboundaries.

2. An ef�cient reconstructionalgorithmcalled the LocalizedDelaunayTriangulation algorithm

thatgeneratesgoodquality triangulationsof thesurfaceswith andwithout boundariesfrom the

datapointssatisfyingtheconditionsin 1.

3. A de�nition of GeometricTriangulation, andits properties.

4. Propertiesof multicovering functions betweensimplicial complexes and manifolds. In

particular, therelationshipbetweenmulticoveringandthegeometrictriangulation.

5. A proof of correctnessof the Localized Delaunay Triangulation by showing that the

reconstructedtriangulationis ageometrictriangulationof theoriginal surface.

6. An implementationof theLocalizedDelaunayTriangulation.

Apart from theabovecontributions,I alsopresentanew normalestimationtechniqueatsample

pointsusingotherspatiallyclosepoints,anda fastVoronoineighborcomputationalgorithm.

1.3 Outline of this Dissertation

In Chapter2, I provide thenecessarybackgroundmaterialfor betterappreciationof this dissertation.

Following this, in Chapter3, the work donetill now in the �eld of surfacereconstructionis brie�y

described.

In Chapter4, I describein detailmy algorithmfor surfacereconstruction.Thisalgorithm,called

theLocalizedDelaunayTriangulation,is ef�cient, andcanreconstructsurfacesbothwith andwithout

boundaries.Further, in this chapter, I elaborateon the implementationof the above triangulation

algorithm,analyzeits performanceandshow the resultsof the algorithmon variousmoderate-sized

models.The following chaptersexplore the theoreticalfoundationfor this reconstructionalgorithm,

andprove thatthisalgorithmproducesacorrectreconstructionof thesurface.

In Chapter5, the theory of samplingsurfacesis explained. The basicdifferencebetween

sampling surfaceswith boundariesand without boundariesis elucidatedwith examples. The

shortcomingsof the familiar samplingtechniquesusingmedialaxes,whensamplingsurfaceswith

boundaries,is also illustratedusing examples. In this chapter, I also explore the designspaceof

reconstructionalgorithmsthat usesadditionalinformationotherthanthe input setof samplepoints.
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Finally, I usethevariationin thesamplingdensityasan implicit informationto encodethepresence

of boundaries,andI prescribethis approachto designalgorithmsthatusesonly thesamplepointsto

reconstructsurfaceswith boundaries.

In Chapter6, I de�ne thesamplingconditionsfor surfacesbothwith andwithout boundaries.

Resultsfrom Chapter5 areusedto develop the requiredmathematicalformulationof the sampling

conditions. The samplingconditionsformulatedin this chapterensurethat the LocalizedDelaunay

Triangulationis acorrecttriangulation.

In Chapter7, I developthetheoryof triangulation,�rst by de�ning triangulations,andlaterby

enumeratingthepropertiesof a triangulation.In this context, I introducetheconceptof a Geometric

Triangulation, as opposedto a conventional Topological Triangulation, to avoid multi-covering

triangulationof surfaces. Under certainassumptionsabout the model, I prove the necessaryand

suf�cient conditionsfor a triangulationto be a geometrictriangulation. Finally, I prove that the

LocalizedDelaunayTriangulationis ageometrictriangulation,andhencea “correct” triangulation.

Finally, in Chapter8, I concludeandlist a few openproblemsandfuturedirections.
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CHAPTER2

PRELIMIN ARIES

In this chapterI de�ne surfaces,curvature,surfaceboundaries,samples,Voronoidiagrams,Delaunay

triangulations,medialaxes,andotherconceptsthatarerequiredto understandthis dissertation.The

de�nitions providedin this chapterarespeci�c to theneedsof this dissertation.Theseconceptshave

moregeneralapplicability thanthesituationsthey areusedhere,andin a generalsetting,somehave

broaderde�nitions thantheonesprovidedhere.

2.1 GeneralGeometricConcepts

A few of thefollowing de�nitions aretakenfrom [O'Neill97].

De�nition: A vector~v 2 R3 is de�ned by a startingpoint p 2 R3, commonlyknown astheorigin,

andanendingpointq 2 R3. A vectoris representedusinga 3-tuple,~v = q � p, wheresubtractionof

pointsis de�ned ascomponentwisedifference.

De�nition: Thedotproductof vectors~v = (v1; v2; v3) and ~w = (w1; w2; w3) in R3 is thenumber

~v � ~w = v1w1 + v2w2 + v3w3

If thedot-productis zero,thenthetwo vectorsaresaidto beorthogonal to eachother, or orthogonal

vectors.

De�nition: TheEuclideannormof avector~v is thenumber

k~vk = (~v � ~v)1=2

De�nition: The Euclideandistancebetweenthe pointsp andq of R3 is the norm of the difference

vectorkp � qk.

d(p; q) = kp � qk



De�nition: If p is a point in R3 and� > 0 is a number, thenthe� -neighborhoodof p 2 R3 is theset

of all pointsq of R3 suchthatd(p; q) < � .

De�nition: A subsetB of R3 is openif eachpointof B hasan� -neighborhoodthatis apropersubset

of B.

Opensetsareusedin topologyanddifferentialgeometryconcepts.

2.2 Topologyfor SurfaceReconstruction

Thetopicsin topologyrequiredfor thisdissertationarelimited to theconceptsthatrelatesurfacesand

its triangulation.Many of thefollowing de�nitions aretakenfrom [Edelsbrunner01].

2.2.1 SimplicesandComplexes

De�nition: Then-dimensionalhalf-spaceis

Hn = f x = (x1; x2; : : : ; xn ) 2 Rn j x1 � 0g;

or aspacethatcanbetransformedto Hn by a rigid transformation.

De�nition: An n-dimensionalpolytopeis the intersectionof a �nite numberof n-dimensionalhalf-

spaceswith non-emptyinteriorin Rn . Thefacesof ann-dimensionalpolytopeare(n� 1)-dimensional

polytopes.

By de�nition, a polytopeis convex. That is, if pointsa andb arein thepolytopethenthe line

segmentjoining a andb completelylies insidethepolytope.On theotherhand,a polyhedron,whose

facesarealso(n � 1)-dimensionalpolytopes,neednotbeconvex.

De�nition: Theconvex hull, convS, of a setof pointsS is thesmallestpolytopethatcontainsall the

points.

De�nition: An n-simplex, � , is theconvex hull of n + 1 pointsin non-degeneratepositionsin Rm ,

m � n. If S is thesetof thesen + 1 points,thenwewrite � = convS.

Thusanemptyset; is a� 1-simplex, pointis a0-simplex, aline isa1-simplex, atriangleisa2-simplex

andsoon.

De�nition: Let S bea setof n + 1 pointsin non-degeneratepositionin Rm , m � n, and� = convS

beann-simplex. Thel-simplex � = convT, T � S consistingof l + 1 points,is calledanl-faceof �

andthis relationshipis denotedby � � � .
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a b c a b c a b c

Figure 2.1: Let X = f a;b;cg. To the left, � = f; ; X ; f a; bg; f bg; f b;cgg. Similarly, � is de�ned in
themiddleandtheright. Notethat � is a topology to theleft andto themiddlebut not to theright as
it lacksthesetf a; bg.

De�nition: A simplicial complex, K , is the collectionof facesof a �nite numberof simplices,any

two of which areeitherdisjoint or meetin a commonface.More formally, it is a collectionK such

that

(a) if � 2 K and� � � , then� 2 K , and

(b) if � 2 K and� 2 K , then� \ � � � ; � .

Note that ; is a faceof every simplex andthusbelongsto K by Condition(a). A tetrahedron,

or a “book” wherethepagesaretrianglesandall pagesareconnectedalongoneedgeat the“rib” of

thebook,areexamplesof simplicial complexes. A collectionof trianglesalongwith their edgesand

verticesde�ne asimplicial complex aslongasno two trianglesform animproperintersection.

2.2.2 TopologicalSpaces

De�nition : A topology on a set X is a collection � of opensubsetsof X having the following

properties:

(1) ; andX arein � .

(2) Theunionof thesetsin any subcollectionof � is in � .

(3) Theintersectionof thesetsin any �nite subcollectionof � is in � .

De�nition: A setX for whichatopology� hasbeenspeci�edis calledatopological space. Examples

of topologiesshown in Figure 2.1 are taken from [Munkres75]. Further, a relevant fact is that a

simplicial complex is a topologicalspace.

De�nition: A topological subspaceof thepair (X , � X ) is asubsetY � X togetherwith thesubspace

topology � Y consistingof all intersectionsbetweenY andopensetsof � X , � Y = f Y \ AjA 2 � X g.
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De�nition: Let K bea simplicial complex in Rd . Its underlyingspaceis theunionof its simplices

togetherwith thesubspacetopologyinheritedfrom Rd ,

jK j = f x 2 Rdjx 2 � 2 K g:

De�nition: A topologicalspaceis calledaHausdorff spaceif for eachpairx1, x2 of distinctpointsof

X , thereexist openneighborhoodsU1 andU2 of x1 andx2, respectively, thataredisjoint.

De�nition: A separation of a topologicalspaceX is a pair U, V of disjoint nonemptyopensubsets

of X whoseunionis X .

De�nition: ThespaceX is saidto beconnectedif theredoesnotexist aseparationof X .

Another way of formulating the de�nition of connectednessis as follows. A spaceX is

connectedif and only if the only subsetsof X that are both openand closedin X are the empty

setandX itself.

De�nition Given pointsx andy of the spaceX , a path in X from x to y is a continuousmapf :

[a; b] ! X of someclosedinterval in therealline into X , suchthatf (a) = x andf (b) = y. A space

is saidto be path connectedif every pair of pointsof X canbe joined by a pathin X . Every path

connectedspaceis connected.

2.2.3 HomeomorphismsandTriangulationsof Spaces

In thissectionwewill seehow two topologicalspacescanbecomparedusingamappingbetweenthe

spaces.Wewill alsodiscussthetopologicalde�nition of triangulationusingthesemappings.

De�nition: A functionf : X ! Y is saidto becontinuousif thepreimageof every opensetin Y is

openin X . A continuousfunctionis calledamap.

De�nition: A mapf : X ! Y betweentopologicalspacesis saidto bea homeomorphismif it is a

one-to-oneandontocontinuousfunctionwhoseinverseis alsocontinuous.

De�nition: Two topologicalspacesX andY areconsideredof the sametypeor homeomorphicif

thereexistsahomeomorphismbetweenthem.This is denotedby X � Y .

De�nition: A topologicalspaceX is ak-manifoldif everyx 2 X hasaneighborhoodhomeomorphic

to Rk .

De�nition: A spaceX is a k-manifoldwith boundaryif every point x 2 X hasa neighborhood

homeomorphicto Rk or to Hk . Theboundaryis thesetof pointswith neighborhoodhomeomorphic

to Hk , andis denotedby bdX . Theboundaryis alwayseitheremptyor a (k � 1)-manifold.
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A k-manifold in (k + 1)-dimensionshastwo sides,onein thepositive directionof thenormal

vectorandtheotherin thenegativedirection.For example,if weconsiderapenny asa2D disk,being

in our3D world, it hastwo faces.

De�nition: If thereexistsa pathin X from x 2 X to itself suchthatthestartingpoint is on oneside

andtheendingpoint is ontheothersideof themanifold,thenthemanifoldis saidto benon-orientable.

If nosuchpathexists,thenthemanifoldis saidto beorientable.

De�nition: A mapf : U ! Rm , whereU is openin Rm , is differentiableof classC r (or aCr -map) if

f hascontinuouspartialderivativesof orderup to r . It is smooth, or of classC1 , if it hascontinuous

partialderivativesof all orders.A mapf : X ! Rm , whereX � Rn is arbitrary, is of classC r if it

canbeextendedto aC r maponaneighborhoodof X .

De�nition: A differentiablemapf : M ! N betweendifferentiablemanifoldsis animmersionif the

derivative df hasmaximalrankat every point p 2 M . If, in addition,f is a homeomorphismontoits

image,it is calledanembedding, andwe sayM is embeddedin N . In particular, anembeddingis a

one-to-oneimmersion.

No 2-manifoldembeddedin 3D canbenon-orientable.Thatis, theredoesnotexist amapfrom

a non-orientable2-manifoldto R3 whoserestrictionto theimageis a homeomorphism.On theother

hand,therearenon-orientable2-manifoldswith boundariesthatcanbeembeddedin R3 .

De�nition: A (topological)triangulationof a topologicalspaceX is a simplicial complex K whose

underlyingspaceis homeomorphicto X , X � jK j.

In this dissertationwe areconcernedonly with triangulationsof surfaces(de�ned formally in

the next section)that areHausdorff, orientable,connected2-manifoldswith or without boundaries

embeddedin 3D.

2.3 Differ ential Geometry for SurfaceReconstruction

In thissection,wereview certainconceptsin differentialgeometrythatwill beusefulin describingthe

conditionsfor samplingasmoothsurface.

Surface reconstructionrequiresde�nition of surfaces. In our case,as we are considering

surfaceswith boundaries,whicharespacecurvesin 3D, weneedade�nition of curvesalso.

De�nition: A real-valuedfunctionf onR3 is smoothif all partialderivativesof f , of all orders,exist

andarecontinuous.

De�nition: A curvein R3 is adifferentiablefunction� : I ! R3 from anopeninterval I into R3 .
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De�nition: A differentialfunctionf : Rn ! Rm is calledamappingfrom Rn to Rm .

We canextendtheconceptsof openintervalsandcurvesto openregionsin R2 andsurfacesin

R3 . Beforegoing into thede�nition of a surface,I would like to informally de�ne tangentvectors.

Tangentvectorsto Rm have two components:avectorandapointof applicationof thatvector.

De�nition: Let f : Rn ! Rm beamapping.If v is a tangentvectorto Rn atp, let f � (v) betheinitial

velocityof thecurvet ! f (p + tv). Theresultingfunctionf � sendstangentvectorsto Rn to tangent

vectorsto Rm , andis calledthetangentmapof f .

De�nition: A mappingf : Rn ! Rm is regular providedthatateverypointp of Rn thetangentmap

f � is one-to-one.

De�nition: A coordinatepatch x : D ! R3 is aone-to-oneregularmappingof anopensetD of R2

into R3 .

De�nition: A coordinatepatchx is aproperpatch if theinversex� 1 is alsocontinuousover therange

of x.

De�nition: A surfacein R3 is asubsetM of R3 suchthatfor eachpointp of M thereexistsaproper

patchin M whoseimagecontainsaneighborhoodof p in M .

This differential geometryde�nition of a surfaceimplicitly de�nes a parametrizationof the

surface.ThedomainD of thepatchx is theparameterspace.Further, this de�nition of M allows us

to considertheparameterspaceto beopen.

As thecoordinatepatchx is a regularpatch,thetangentspaceof D is mappedinto thetangent

spaceonM . Thetangentspaceatapointp of M � R3, denotedby Tp(M ), is aplanepassingthrough

p calledthetangentplane. Thevectororthogonalto all thevectorsin this tangentplaneis calledthe

normalvectorto M atp 2 M .

As two topologicalspacesarecomparedusinga map,in general,two surfacesarecompared

usingamappingfunctionbetweenthem.

De�nition: A map� is saidto beadiffeomorphismif � is differentiable,one-to-one,andonto,andits

inverse,� � 1 is alsodifferentiable.

The topological analogueof diffeomorphismis homeomorphism. The map needsto be

continuousto beahomeomorphism,but for it to bediffeomorphism,themapneedsto bedifferentiable

also.As everydifferentiablefunctionis continuous,everydiffeomorphismis ahomeomorphism.
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Figure2.2: TheDarbouxFrame

2.3.1 FrenetandDarbouxFrames,andPrincipal Curvatures

Considera point p on a surfaceM asshown in Figure2.2. Let the normalvectorto M at p be ~N .

Givena unit vector~v on thetangentplaneat p, de�ne a curve c(t) : [� �; � ] ! M suchthatc(0) = p

andc0(0) = ~v, wherec0 is thederivative of c. TheDarboux frame at p is de�ned astheorthonormal

differentialframe ~T = ~v, ~B = ~N � ~T, and ~N . Figure2.2shows theDarbouxframeon thesurfaceof

a cone.It is easyto seethatfor surfaceswith a well de�ned tangentplaneeverywhere,everypointon

thesurfacehasauniqueDarbouxframeassociatedwith it in agivendirection~v in thetangentplane.

FrenetFrame: TheDarbouxframeis de�ned for curvesonamanifold. If thecurvesarespace

curves that arenot restrictedto be on the surface,then the normal ~N of the Darbouxframe is not

de�ned. Hencea differentbut consistentframehasto bede�ned for spacecurves. Thederivative of

thetangentvector~T atapointonacurve is orthogonalto thetangentvector. Thisorthogonalvectoris

de�nedasthenormal ~N of thespacecurve. Thebi-normal ~B = ~N � ~T, is asin theDarbouxframe.In

our applicationof surfacereconstruction,theboundarycurvesof thesurfacecaneitherbeconsidered

asaspacecurveor acurverestrictedby thesurface.Sowehaveanoptionof choosingeitherDarboux

framesor Frenetframesfor our computation.In this dissertation,I considertheboundarycurvesas

partof thesurfaceanduseDarbouxframeswherever thereis aneedfor acoordinateframe.

Surfacecurvature: Associatinga local differentialframeat every point on thesurfaceallows

us to measuresomegeometricinvariantson thesurface. If we walk in�nitesimally alonga direction

~v, the changeof the surfacenormal in the direction~v is called the normal curvature, � v . As we

move along different directionsin the tangentplane, the normal curvature varies. The directions

with minimumandmaximumnormalcurvaturesarecalledprincipal directionsandthecorresponding

curvaturesin thesedirectionsarecalledprinciplecurvatures. Theseprincipaldirectionsareorthogonal
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Vp

Figure2.3: Quadratic approximationof a surface

to eachother. In the restof this dissertation,I will refer to theprincipalcurvaturesas� 1 and� 2 (or

� min and� max ).

2.3.2 SurfaceApproximation usingPower Series

Considera2-manifoldM � R3 andapointp 2 M asshown in Figure2.3.Without lossof generality,

wemake thefollowing assumptionsaboutp andM .

� p is theorigin,

� thetangentplaneTp(M ) of M atp is thez = 0 plane,and

� thetwo principaldirectionsof M atp arethecoordinateaxese1 = (1; 0; 0) ande2 = (0; 1; 0).

It is easilyseenthattheseconditionscanbeachievedby a rigid transformationof M . In order

to proceedfurther, I make useof a result from classicaldifferentialgeometry, namelythe implicit

functiontheorem,which I stateherewithoutproof.

Theorem1 [O'Neill97] There exists a small neighborhoodWp of p 2 M such that the map � :

(x; y; z) ! (x; y) is a one-to-onemapwith its image beingan opensetVp � R2. Moreover themap

� is a diffeomorphism.

The point (x; y; z) 2 M is a point in the local neighborhoodof p and is de�ned in a local

coordinatesystematp.

The fact that � is a diffeomorphismimplies that � � 1 exists and that � and � � 1 aresmooth

mappings.Therefore,wecanapproximatethesurfacein theneighborhoodof p, denotedby Wp, using

asmoothheightfunctionh as

Wp = f (x; y; h(x; y)) : (x; y) 2 Vpg
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Further, the tangentplaneof Wp � M at p= (0; 0; 0) is given by the basisvectors(@Wp=@x)p =

(1; 0; @h
@x (0; 0)) and(@Wp=@y)p = (0; 1; @h

@y (0; 0)). Sincewe assumedthat the tangentplaneat p is

thez = 0 plane,@h
@x (0; 0) = @h

@y (0; 0) = 0.

Shapeoperator is a familiar conceptin differentialgeometry. For anelaboratestudyon shape

operators,referto Chapter5 of [O'Neill97]. Theshapeoperatoratapointp 2 M (denotedby Sp) is a

linearoperatorthatmapsanelementof Tp(M ) to anotherelementin Tp(M ). If vp1 andvp2 areasetof

basisvectorsfor Tp(M ), Sp(avp1 + bvp2) = cvp1 + dvp2 (a; b;c andd arerealvaluedscalars).For the

specialcaseof a vectorv beinga principaldirection,Sp(v) = �v , where� is theprincipalcurvature.

In our particularcase,the tangentplaneis spannedby e1 ande2. Theshapeoperatorappliedto the

vectorse1 ande2 aregivenby ([O'Neill97], Page207)

Sp(e1) =
@2h
@x2 (p)e1 +

@2h
@x@y

(p)e2

Sp(e2) =
@2h

@x@y
(p)e1 +

@2h
@y2 (p)e2 (2.1)

Sincee1 and e2 are the principal directions,we can concludethat @2h
@x@y (0; 0) = 0 and that

@2h
@x2 (0; 0) and @2h

@y2 (0; 0) aretheprincipalcurvatures(denotedby � 1 and� 2 respectively).

Wenow useTaylor's formulato expandh(x; y) aroundtheorigin (0; 0). Thus,

h(x; y) = h(0; 0) + x
@h
@x

(0; 0) + y
@h
@y

(0; 0)

+
1
2

(x2 @2h
@x2 + 2xy

@2h
@x@y

+ y2 @2h
@y2 )

+ higherorderterms

=
1
2

(� 1x2 + � 2y2) + higherorderterms

�=
1
2

(� 1x2 + � 2y2)

Thisshows thattheshapeof M nearp is approximatelythesameasthatof thesurface

W
0

p(x; y) =
�

x; y;
1
2

(� 1x2 + � 2y2)
�

;

andW
0

p is calledthequadratic approximationof M nearp.

If weusethepolarform for theheightfunctionh(r; � ), where,r =
p

x2 + y2 and� is theangle

thevector(x; y) makeswith thex-axis,then

h(r; � ) �=
r 2

2
(� 1 cos2 � + � 2 sin2 � ) (2.2)
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I usethequadraticapproximationof thesurfaceandthederivativesof heightfunctionsin describing

andproving certainpropertiesof my samplingconditionsin Chapter6 of thisdissertation.

2.3.3 Euler Equation

Thenormalcurvature � v at a point p on thesurfacein a givenunit direction~v on thetangentplaneis

de�ned asthecurvatureof theintersectioncurveof thesurfacewith theplaneformedby thevectors~v

andthesurfacenormalatp. Usingtheshapeoperator, it canbewrittenas

� v = Sp(~v) � ~v (2.3)

We canrepresent~v in termsof the principal directions(~v1 and~v2) as~v = cos� ~v1 + sin � ~v2,

where� is theangle~v makeswith ~v1. Therefore

� v = Sp(cos� ~v1 + sin � ~v2) � (cos� ~v1 + sin � ~v2)

= (� 1 cos� ~v1 + � 2 sin � ~v2) � (cos� ~v1 + sin � ~v2)

= � 1 cos2 � + � 2 sin2 �

(2.4)

The above equationis alsoknown as the Euler equation. It expressesthe normalcurvature

at a point on the surfacein termsof the principal curvaturesat that point. Using this resulton the

expressionfor h(r; � ) in Equation2.2,weget

h(r; � ) �=
� vr 2

2
(2.5)

I usetheseequationsalsoin Chapter6.

2.3.4 Frenet-SerretEquationsfor DarbouxFrame

I will now presenttheequationsthatgovernthebehavior of theDarbouxframefor curvesonasurface

M passingthroughp. Theseequationsareamodi�ed form of thewell-known Frenet-Serretequations

[Koenderink89,O'Neill97].

0

B
B
B
@

@~T
@s

@~B
@s

@~N
@s

1

C
C
C
A

=

0

B
B
B
@

0 g � v

� g 0 t

� � v � t 0

1

C
C
C
A

0

B
B
B
@

~T

~B

~N

1

C
C
C
A

(2.6)
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The entriesin the above matrix de�ne the geometricalinvariantsat the point in consideration

where� v is the componentof the accelerationalong the curve tangent(normal curvature), g (or

geodesiccurvature) is the componentof the accelerationin the tangentplane,andt (alsoknown as

geodesictorsion) measuresthetwist alongthe ~N � ~B plane.

It is now possibleto describethebehavior of thenormalvectoralonga curve on a surfaceM

passingthroughapointp. Theequationbelow canbederivedfrom 2.6.

@~N = � � v@s~T � t@s~B (2.7)

j@~N j =
p

� 2
v + t2@s (2.8)

The quantity
p

� 2
v + t2 is calledthe total curvature of the spacecurve throughp. I simplify

theabove equationfor thespecialcaseof curvesthroughp for which t is alwayszero.Thenthetotal

curvaturebecomes� v , thenormalcurvature. (Note that the torsionis zerofor theplanarcurve used

in the de�nition of normal curvature in thebeginningof Section2.3.3). Hencethe modi�ed rateof

changeof normalalongaparticulardirectionis givenby,

j@~N j = � v@s (2.9)

Let mebrie�y relatetheconceptsexplainedherewith thesamplingof a surface.Thecondition

for samplingis relatedto the rateof changeof normalvector, in otherwordsthe curvature,around

a point on the surface. Samplesshouldbe closeto eachotherin high curvatureregionsandcanbe

spreadout in low curvatureregions.Suchasamplingboundsthechangeof normalbetweentwo close

sampleson the surface. Oneway to describethis samplingusingthe conceptsdiscussedhereis as

follows. De�ne a regionaroundeverypointon thesurfaceasall pointsthatsatisfytheinequality,

� v@s < constant (2.10)

and enforce“uniform sampling” acrosstheseregions, by which we would �nd equalnumberof

samplesin every region. The regions de�ned by the above inequality are small in high curvature

areasof the surfaceand large in the low curvatureareas. Uniform samplingacrosstheseregions

satis�esour requirementonsamplingdensitymentionedabove.

Theseconceptswill beelaborateduponin Chapter6 devotedto samplingconditions.

17



Closed Curve

Medial Axis

Figure 2.4: Sampling: Left – Solid lines:Voronoi diagram, Dashedlines: Delaunaytriangulation,
Right– Medialaxisof a closedcurve.

2.4 Voronoi Diagram and DelaunayTriangulation

TheVoronoidiagramof a collectionof disjoint geometricobjectsor sitesis a partitionof spaceinto

cells,eachof which consistsof thepointscloserto a particularsetof sitesthanto any others.In the

simplestcase,thesesitesarepointsin space.Sincedistanceshave to bemeasuredandcompared,the

conceptof Voronoi diagramrequiresa de�nition of a distancefunction. TherearevariousVoronoi

diagramsdependingon the distancemetric used. In this dissertation,we discussonly the Voronoi

diagramdueto the Euclideanmetric in 2D or 3D. The boundariesof the Voronoi cell aremadeup

of Voronoivertices,Voronoiedges,2-dimensionalVoronoi faces(in 3D andhigherdimensions),and

higher dimensionalpolytopesin higher dimensionalspaces. Figure 2.4 shows an exampleof 2D

Voronoidiagramfor asetof point sites.

TheDelaunaytriangulationis thedualof a 2D Voronoidiagram.In a setof point sites,if two

sitesareseparatedby a Voronoi edgethenthey areconnectedby a Delaunayedge. Whenno four

pointsareco-circular, theDelaunaytriangulationis a triangulationof thegivensetof points. Figure

2.4 shows anexampleof Delaunaytriangulationin 2D. In 3D, theDelaunaytriangulationof a setof

point sitesis a tetrahedralizationof thepoints.

2.4.1 An IncrementalAlgorithm for DelaunayTriangulations

HereI describeonewell-known incrementalalgorithmto computetheDelaunaytriangulationof aset

of points.As theDelaunaytriangulationis thedualof Voronoidiagram,for everyVoronoivertex there
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Figure 2.5: Recursionover suspectedges.p is thenew point. pA, pB , andpD are thenew (dashed)
edges. In this �gur e, edge AB failed the Incircle testandhencethis edge hasbeenswapped(dotted
lines).Arrowsindicatethepropagationof suspectedges.

is acorrespondingDelaunaytriangle,andfor everyVoronoiedge,aDelaunayedge.A Voronoivertex

in 2D is a point which is equidistantfrom threepoint sites. In otherwords,a maximalemptycircle

centeredat a Voronoi vertex will touchthreepoint sites. Thesethreepointsform theverticesof the

dualDelaunaytriangle.Therefore,a triangleis aDelaunaytriangleif andonly if its circumcircledoes

notcontainany vertex. Morespeci�cally, it canbeshown that[Edelsbrunner01],

Theorem2 Givena triangulationof n sitessuch that for everypair of adjacenttrianglesabcandbcd,

a is not in thecircumcircleof bcd, thenthat triangulationis theDelaunaytriangulation.

This formsthebasisof theincrementalalgorithm.

Let us assumethat we aregiven a function Incircle(a,b,c,d), that returnstrue if the point d is

insidethecircumcirclede�ned by the triangleabcandfalseotherwise.Let usalsoassumethepoint

sitesarein non-degeneratepositions,that is, no four pointslie on a circle. Thebasicideabehindthis

algorithmis to introducepoint sitesoneby oneinto an alreadyexisting Delaunaytriangulationand

thencorrecttheresultingtriangulationto make it Delaunayagain. To startwith, assumea big enough

“dummy” trianglethatcontainsall theinput points.At theendof this algorithm,this dummytriangle

canberemovedandtheremainingtriangulationof only theinputpoint setwouldstill beDelaunay.
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In the Delaunaytriangulationany edge(exceptthe boundaryedges,which aredummyedges

in our case)hastwo trianglesincidenton it. The verticesof thesetwo triangles,in order, form a

quadrilateral.Considertherecursive functionbelow (andreferto Figure2.5). This functionchecksif

an edgeAB of the quadrilateralpAC B is a valid Delaunayedgebasedon Theorem2. If this edge

is not a valid Delaunayedge,thenit is �ipped to connectpC of the quadrilateralpAB C. It canbe

provedthatby suchrepeated�ipping, Delaunaytriangulationcanbeconstructed.

void CorrectSuspect(p, A, B )

f

%COMMENT: TrianglesincidentonAB: pAB andAB C

C = Vertex of thetriangleincidenton theedgeAB

If (Incircle(p, A, B, C))f

RemoveedgeAB .

FormedgepC.

CorrectSuspect(p,A, C);

CorrectSuspect(p,C, B );

g elsef

return;

g

g

Letp bethenew pointintroduced,andlet it lie insidethetriangleAB D of theexistingDelaunay

triangulation.Form edgespA, pB , pD . It canbeproved [Edelsbrunner01] that theseareDelaunay

edges.TheedgesAB , B D, andDA neednotbeDelaunayedgesanymore,andthey arecalledsuspect

edges. To “acquit” themfrom this suspicion,the function CorrectSuspectis calledfor eachsuspect

edgeAB , alongwith the newly introducedpoint p. Whenthe function returns,the triangulationis

again Delaunay. Again, it canbeprovedthateachedgeis consideredno morethanonceduring this

recursive �ipping. Hencetherunningtimeof thisalgorithmis O(n) for p andO(n2) in total,wheren

is thenumberof points.

In Chapter4, I presenta different algorithm to constructDelaunaytriangulationlocally by

identifying the Voronoi neighbors.This algorithmassumesthat all possibleVoronoi neighborsof a

pointareknown andthey areorderedaroundthepointby angle.
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2.5 Medial Axis

TheMedial Axis of a geometricobjectin 3D is de�ned asthesetof thecentersof spheresthattouch

at leasttwo pointsof thesurfaceof theobject.More formally, themedialaxisof ashapein Euclidean

spaceis thelocusof centersof maximalinscribedspheres.In general,the3Dmedialaxisisacollection

of two dimensionalsurfacesin 3D. Referto Figure2.4for anexampleof 2D medialaxisfor acurve.

2.5.1 Medial Axis andVoronoi Vertices

In theVoronoidiagramof asetof sites,thepointsin theinteriorof aVoronoicell arecloserto onesite

thantheother. Thepointson theboundarybetweentwo or moreVoronoi cellsareequidistantfrom

two or moresites.Let usconsidera 2D curve. If every point on thecurve is consideredasa site,then

everypointon theboundaryof Voronoicellsof thesesiteswill beequidistantfrom at leasttwo points

on thecurve,which is exactly thede�nition of a medialaxis. In thelimit, theVoronoiverticeswhich

areequidistantfrom threepointson the curve will lie on themedialaxis. This fact is usedin curve

reconstructionalgorithmspresentedin theliterature[Amenta98a].

In theVoronoidiagramof thesamplepointsof asurfacein 3D, theremightbeVoronoivertices

closeto the surfaceandaway from the medialaxis. This is becauseof the presenceof “slivers”. A

sliver is a tetrahedronwith badaspectratioyeta reasonablysmallcircumradiusto shortestedgeratio,

suchasthetetrahedronformedby four nearlyequallyspacedverticesaroundtheequatorof a sphere.

TheVoronoicenterof asliver canlie arbitrarily closeto thesurface.

2.5.2 RestingandPassingCircles

Letusconsiderthe2Dcurveillustratedin Figure2.6.Thecircleof curvature(alsocalledtheosculating

circle) of a point a is thesmallestcircle that touchesmorethanonepoint in thesmallneighborhood

arounda includinga (refer to Figure2.6). I call a circle that touchespointsin a smallneighborhood

a “restingcircle”. Every circle smallerthanthecircle of curvatureat a, touchesonly a. Hencetheir

centerscannotlie on the medialaxis. But thereareexceptions.Theremay be a circle that touches

pointsthatarenot in a smallneighborhood,but distributedover differentpartsof thecurve or curves.

I call suchacirclea “passingcircle”. Its centerlieson themedialaxis,andit maybesmallerthanthe

circle of curvatureat its pointsof contact.Thesecasesareshown in Figure2.6. It canbe seenthat

the restingcirclescapturethe local featuresandthepassingcirclescapturetheglobal features.The

medialaxiscapturesboth local andglobal featuresof a curve asit consistsof centersof bothresting
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Figure 2.6: Circle a is thecircle of curvature at p, andits radiusis � . Centers of a, andb are in the
medialaxis.

andpassingcircles.Thedistanceof a point to thecentersof its restingandpassingcircles,andhence

to the medialaxis, is an indicatorof the `featuresize' at that point. During the samplingprocess,

thesmallerthefeaturesize,thehighershouldbethedensityof samplesto geta goodapproximation

of the medialaxis by Voronoi boundariesof thesesamples.Theseconceptsareusedby Amentaet

al. [Amenta98a, Amenta98b] asdescribedin Chapter3. We alsousetheseconceptsin Chapter6 to

compareoursamplingwith thatof [Amenta98a,Amenta98b].

2.6 Summary

In this chapterI introducedvariousconceptsin topologyanddifferentialgeometry, andtheconcepts

of Voronoi diagrams,Delaunaytriangulations,and the medial axis. The importantpropertiesof

topologicalspaceslike connectedness,Hausdorff spacesetc. werede�ned. Tools to comparetwo

topologicalspacesusinghomeomorphismwereprovided. Intuition wasgiven on how the concepts

in differential geometrycan be usedin samplingsurfaces. The propertiesof surfaces,including

orientability, werede�ned. In the sectionrelatedto Voronoi diagramsandDelaunaytriangulation,

I presenteda well-known algorithmto construct2D Delaunaytriangulation.Further, I alsodetailed

the relationshipbetweenthe Voronoi verticesandthe medialaxis andits potentialusein designing

robustsurfacereconstructionalgorithms.
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CHAPTER3

PREVIOUS WORK

The problem of surface reconstructionhas received signi�cant attention from researchersin

computationalgeometryandcomputergraphics.In this chapter, I discussthepreviouswork donein

the�eld. I categorizethereconstructionmethodsasalgorithmsif they guaranteecorrectreconstruction

whentheinput point samplessatisfysomespeci�edconditions,andtheheuristicsif they do not. The

reconstructionmethods,both algorithmsandheuristics,usea combinationof techniquesto do the

reconstruction.A few of thecommontechniquesaredescribedbelow.

A few surfacereconstructionmethodsusespatialsubdivisiontechniques.In thesetechniques,

the spaceboundingthe input set of points is subdivided into disjoint cells. Commonlyusedcell

subdivision techniquesincludeDelaunaytetrahedralizationandvoxelization. Oncesubdivided, the

pointsin theadjoiningcellsareconnectedto arrive at thesurface.Thesealgorithmsdiffer in thecell

selectionstrategiesfor �nal reconstruction.Theapproachesof [Algorri96, Hoppe92,Edelsbrunner94,

Bajaj95, Attali97] fall underthiscategory.

A few methodsuse distancefunctionsto decideon the �nal connectivity betweenpoints.

The distancefunctionmight measurethe distanceof pointsfrom a local approximationof a surface

[Hoppe92,Hoppe93], from themedialaxis[Roth97], or from any otherconvenientshape.

A few methodsusedirectsurfacereconstructiontechniquesthatinterpolateor approximatethe

surfacedirectly from the input setof points,without any intermediaterepresentationlike themedial

axisor a spatialsubdivision like a tetrahedralizationor voxelization. Works in this category include

[Boissonnat84,Muller93] andthealgorithmpresentedin thedissertation.I describebelow a few of

themethodsin theliterature.



3.1 ReconstructionAlgorithms with SamplingConditions

The samplingprocesschoosessamplepoints from the given object as input to the reconstruction

algorithm.Samplingconditionsaretherestrictionson thesamplingprocesssothatthereconstruction

algorithmwould work reliably on thegiven input setof points. Only a few algorithmsprovide such

samplingconditions.

Voronoi Filtering: One elegant sampling condition provided by Amenta et al. [Amenta98a,

Amenta98b, Amenta99] is basedon themedialaxis.Theunderlyingtechniqueusedin this methodis

calledVoronoi �ltering . Amenta,Bern,andEppstein[Amenta98a]showedthattheVoronoiverticesof

a densesamplingof a curve in R2 approximatesthemedialaxisof thecurve. Theclosestdistanceof

a point on a curve to themedialaxisof thecurve is calledthefeature sizeof thatpoint. Thesampling

conditionfor thereconstructionalgorithmstatesthat for any point a on thecurve, thereshouldexist

a samplepoint p at a distancethat is lessthana fractionof the featuresizeof a. If thevalueof the

fractionis � , thenthesamplingis saidto bean� -samplingof thecurve. Their reconstructionalgorithm

�rst computesthe Voronoi verticesof the given samplepoints. Thenthe Delaunaytriangulationis

computedfor the setof pointsthat is the union of the input setof pointsandthe setof its Voronoi

vertices. Thoseedgesin this triangulationwhoseendpointsare in the input setof points form the

reconstructedcurve.

This ideadoesnot extenddirectly to 3D, becausetheVoronoi verticesof pointsin 3D do not

necessarilylie nearthemedialaxisof theobject.Amentaet al. [Amenta98b]developedheuristicsto

remove theVoronoiverticesthat lie closeto thesurface,assumingthatthosearetheVoronoivertices

thatarenotnearthemedialaxis.Further, thissamplingandreconstructionis applicableonly to objects

without boundary. In Chapter5, I will show thatin thecaseof objectswith boundary, not all sections

of medialaxis arerepresentedby Voronoi vertices. Improvementsto [Amenta98b] arepresentedin

[Amenta00].

Reconstruction of Curveswith Boundaries: Therearea few algorithmsfor curve reconstruction

which guaranteescorrectreconstruction.Oneof themis basedon theVoronoi �ltering asexplained

earlier. The work that is relevant to us is the reconstructionof curves with boundaries,that is,

curves with endpoints. Dey et al.[Dey00] developedthe conservativecrust algorithm and justify

their reconstructionof curveswith endpoints.The samplingconditionis again basedon the feature

size as in the Voronoi �ltering algorithm. Insteadof prescribinga samplingcondition for correct

reconstruction,thismethodprovesthatthereexistsasamplingconditionfor thecurvereconstructedby
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thealgorithm.In otherwords,thereneednotexist asamplingconditionfor therequiredreconstruction,

but thereexistsa samplingconditionfor thecurve reconstructedby theconservativecrustalgorithm.

Further, this methodreconstructsa family of curves with endpointsfrom the given samplepoints.

Conservative crustalgorithmcanbe madeto reconstructthe correct(required)andonly the correct

curve by providing additionalinformationas input to the reconstructionalgorithm. This additional

informationcanbe thevalueof � if thesamplingis an � -samplingof thecurve with endpoints.This

con�rms the thesispresentedin this dissertationregardingthe samplingrequirementsfor manifolds

with boundaries(referto Chapter5).

Power Crust: A new surface reconstructionalgorithm called the Power Crust by Amentaet al.

[Amenta01,Amenta] usestherelationshipbetweentheVoronoiverticesandmedialaxisin adifferent

way. The medialaxis is the locusof the centersof largestemptyspherestouchingany point on the

surface.Thepower diagram[Edelsbrunner93] is theweightedVoronoidiagramof a setof weighted

points.Theweightsof pointsrepresenttheradiusof thespherescenteredat thosepoints.Combining

thesetwo concepts,the Power Crustmethodextractsthe reconstructedsurfaceasa power diagram

of the largestemptyspherescenteredat the Voronoi verticesof the given setof samplepoints. As

before,certainVoronoi verticeswhich arefound to lie closeto the surfaceareconsideredto be not

on the medialaxis andareremoved. This is oneof the mostelegant techniquesfor reconstructing

surfacesasit coversthespacebetweenthealgorithmsdesignedto reconstructinterpolatorysurfaces

that assumethat the samplepoints do not have noise,and the onesto reconstructapproximating

surfacesthatassumethatthesamplepointsareprobabilisticestimatesof theunderlyingsurface.This

propertyenablesthe Power Crust algorithm to toleratenoisein the input dataset and at the same

time reconstructthesurfacesasfaithfully aspossiblefrom thegivensetof points. Thedrawbacksof

this algorithmareits dependenceon heuristicsto achieve this goal, its slow speed,andits needfor

triangulatingthepolygonsgeneratedby thepowerdiagram.Again,themajorlimitation of thismethod

is thatit canbeusedonly for surfaceswith noboundaries.

Alpha Shapes: The alphashapesintroducedby Edelsbrunnerand Mueke [Edelsbrunner94] were

primarily to de�ne shapesof molecules.But thisconceptwaseffectively usedin surfacereconstruction

also.Givenasetof pointsin 3D,aDelaunaytetrahedralizationis constructedfor thisinputsetof points

in the �rst step. In the secondstep,all tetrahedra,triangles,andedgeswhoseradiusof the smallest

circumsphereis greaterthana�x edparameter� areremovedto arriveat the� -shape.In thethird step,

thetrianglesthatbelongto thedesiredsurfaceareextractedoutof the� -shapeusingthefollowing rule.
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Considerthetwo possiblespheresof radius� throughall threepointsof atriangleof the� -shape.If at

leastoneof thesedoesnotcontainany otherpointof thepointset,thentrianglebelongsto thesurface.

Since� is a globalparametertheuseris not swampedwith many openparameters,but thedrawback

is thata variablepoint densityin samplingis not possiblewithout lossof detail in thereconstruction

andhencerequiresuniformsampling.

There are many reconstructionalgorithms basedon � shapesthat inherit the sampling

requirementfrom � shapes.Guo et al. make useof � -shapesfor surfacereconstructionbut they

proposea so-calledvisibility algorithmfor extractingthosetrianglesthat representthesurfaceout of

the� -shape.Teichmannet al. [Teichmann98]usedensityscalingandanisotropicshapingto improve

the resultsof reconstructionusing� -shapes.The Ball Pivoting Algorithm presentedby Bernardini

et al. [Bernardini99]again requiresuniform samplingof theobject,asit usesanalgorithmsimilar to

� -shapes.This algorithmassumesa normalat every vertex, anddoesnot mentionhow to handletwo

closesurfaces.

Normalized Meshes: As for � -shapes,again the Delaunaytetrahedralizationis usedfor spatial

decompositionin this approachof Attali [Attali97]. The normalizedmeshintroducedin this work,

which is containedin the Delaunaygraph,consistsof the edges,faces,and tetrahedrawhosedual

Voronoi elementintersectsthe surfaceof the object. In two dimensions,given the samplepoint set

S takenfrom a curve c, thenormalizedmeshof c consistsof all edgesin theDelaunaytriangulation

whoseVoronoidualintersectsc. If thecurve belongsto a classof curvesof boundedcurvaturecalled

ther -regularshapesthen,a boundon thesamplingdensitycanbegivensothat thenormalizedmesh

retainsall the topologicalpropertiesof the original curve. During the reconstructionof c, all edges

whosetwo Delaunaycircumcirclesintersectat an anglelessthan � =2 arechosento be part of the

reconstructedmesh.Theideabehindthisapproachis thattheDelaunaycircumcirclestendto become

tangentto theboundaryof theobject.If thesamplingdensityis suf�ciently high,thenthereconstructed

meshis thesameasthatof thenormalizedmesh,which is thesameasc topologically.

Thoughthe conceptof normalizedmesh,alsocalledasthe restrictedDelaunaytriangulation,

canbeextendedto 3D, thealgorithmto constructnormalizedmeshcannotbeextended.Thereason

is thesameastheoneencounteredin theVoronoi �ltering methodof Amentaet al. [Amenta98b]. A

few Delaunayspherescanintersectthe surfacewithout beingapproximatelytangentto the surface,

as in the caseof sliver tetrahedra.Two heuristicsare presentedin [Attali97] to accommodate3D

samplepoints.The�rst heuristicis to �nd thenormalizedmesh,andthenaddtheDelaunaytriangles
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thatsharetwo or threeedgeswith thenormalizedmesh.This approachdoesnot alwaysprovide the

expectedsolution,asmentionedin [Attali97]. Thesecondheuristicis avolumebasedapproachwhere

theDelaunaytetrahedraareaddedbasedon two rules. The�rst rule preventsaddingthetetrahedron

that removesa trianglebelongingto the normalizedmesh,andthe secondrule preventsaddingof a

tetrahedronthat isolatesa point insidea volume. The boundaryof the volumeis consideredasthe

desiredsurface.Thisheuristichasbeenshown to work reasonablywell onanumberof models.

Note that the observation that (most of the) Delaunaycircumspheresin three dimensions

intersectthesurfacetangentiallyis usedby Amentaet al. [Amenta01,Amenta]in their powercrust

techniquefor surfacereconstruction.

Stable Voronoi Edges: This curve reconstructionalgorithmby Weller [Weller97] usesthe concept

of stableVoronoi edges. Let S be a �nite sequenceof points on a plane. The point set S0 is an

� -perturbationof S if d(pi ; p0
i ) � � holdsfor all pi 2 S; p0

i 2 S0, i = 1; : : : ; n. An edgepi pj is

calledstableif theperturbedendpointsp0
i andp0

j in every� -perturbationarealsoconnectedby anedge

of theDelaunaytriangulation.It turnsout that for a suf�ciently sampledcurve in theplane,only the

edgesconnectingtheadjacentpointson thecurvearethestableedges.Thestabilityof anedgecanbe

checkedin timeO(jVoronoiNeighborsj).

The extensionto this approachto threedimensionsis not straightforward again due to the

presenceof sliver tetrahedra– an experiencesimilar to that of Attali [Attali97], andAmentaet al.

[Amenta98b].

3.2 ReconstructionHeuristics without SamplingConditions

Reconstructionalgorithmsthat do not specify the requiredsamplingor prove the validity of the

reconstructedsurfaceare termedassurfacereconstructionheuristics. In this section,I give a brief

survey of existing reconstructionheuristics.

Algorri and Schmitt [Algorri96]: This methodis basedon voxel basedspatialsubdivision. In the

�rst step,therectangularboundingbox of thegivendatasetis subdividedby a regularvoxel grid. In

thesecondstep,thealgorithmextractsthosevoxelsthatareoccupiedby atleastonepointof thesample

set.In thethird step,the“outer” quadrilateralsof theselectedvoxelsaretakenasa�rst approximation

of the surface. Thesequadrilateralsaresubdivided into triangles,andthe verticesof thesetriangles

arewarpedappropriatelybasedon thepositionof thesamplepoints,to geta morepleasingsurface.

Clearly, identifying an “outer” quadrilateralis the most importantstepin this method. Unlessthe
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voxels that containthe samplepointsarenext to eachotherandbounda volume,“outer” cannotbe

de�ned. Further, we canseethat this methodis applicableonly to datapointsthat lie on �x ed grid

points,suchasmedicalimagingdata,andthe datapointshave to be suf�ciently closeto eachother

andthesizeof thevoxel appropriatelychosensothatthesetof voxelsboundavolume.

Hoppeetal. [Hoppe92,Hoppe93]alsouseavoxel-basedsubdivisionmethod.Thismethodcomputes

the signeddistanceof the verticesof the voxel from an estimatedsurfaceandchoosesthosevoxels

which have verticesof oppositesigns. The surfacepassesthrough thesevoxels. The surface is

then reconstructedusing marchingcubesalgorithm. The distanceof the voxel verticesfrom the

surfaceis estimatedas follows. First the tangentplaneat every input point is estimatedusing the

k-nearestneighborsof thepoint. Thenthesenormalvectorsareconsistentlyorientedby constructing

a Riemanniangraphandpropagatingthedirectionof thenormalvectorfrom onevertex to anotherin

thegraph.Oncethetangentplaneswith appropriatedirectionsof thenormalshavebeenestimated,the

signeddistanceof aquerypoint from thesurfaceis estimatedto bethedistanceto thetangentplaneat

theclosestdatapoint.

Therearea few algorithmsthatdecomposethespaceinto cells,remove thosecellsthatarenot

in the volumeboundedby the sampledsurfaceandcreatethe surfacefrom the selectedcells. Such

worksinclude[Bajaj95,Boissonnat84,Veltkamp95].

Boissonnat's Volume Oriented Approach [Boissonnat84] startswith the Delaunaytetrahedraliza-

tion of theinputsetof points.Thenthetetrahedrathatsatisfycertainconditionsareremovedfrom the

boundaryof theconvex hull. The tetrahedrawith two faces,� ve edgesandfour points,or oneface,

threeedgesandthreepointson theboundaryof thecurrentpolyhedronareeliminated.Thealgorithm

stopswhenall pointslie on thesurface. Theorderof removal of tetrahedronis basedon decreasing

decisionvaluewhich is themaximumdistanceof a faceof the tetrahedronto its circumsphere.The

reconstructionof modelswith genusgreaterthanzerousingthis methodis not reliable. Themethod

proposedby Isselhard, Brunnett, and Schreiber [Isselhard97] improved Boissonnat's methodto

reconstructobjectswith non-zerogenus,by allowing a few moretypesof tetrahedrato be removed.

The methodintroducedby Bajaj et al. [Bajaj95], which uses� -solids, is a combinationof this

Boissonnat'smethodandEdelsbrunneretal.'s � -shapes.

Boissonnat's Surface Contouring Algorithm [Boissonnat84], which is an example of a direct

reconstructiontechnique,alsousesa locally estimatedtangentplanefor the surfacereconstruction

likeHoppeetal. Thealgorithmstartswith anedge,usuallytheshortestedgeamongall possibleedges
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betweentheinputsetof points.Thenatriangleis attachedto thisedgeby choosingthethird vertex for

thistriangle.Thechoiceof thethird vertex is madeby projectingthepointsin theneighborhoodof this

edgeontotheestimatedtangentplane.Thepointthatmakesthemaximumanglewhenconnectedto the

endpointsof thisedgeis chosento bethethird vertex of thetriangleincidentonthisedge.Thisprocess

continuestill thereis no free edge. This methodcanreconstructonly surfaceswith no boundaries.

Anothermethodsimilar to the onedescribedabove is the Spiraling-Edge triangulation proposed

by Crossnoand Angel [Crossno99]. This approachworks by creatinga star-shapedtriangulation

betweenapointandits neighbors.Likeotherheuristicsdescribedin thissection,thismethodalsodoes

not provide any theoreticalfoundationfor theactualtriangulationcomputedor expressany sampling

requirementa for correcttriangulation.

OthernotableapproachesincludeVeltkamp's[Veltkamp95] 
 -indicator, Bittar etal.'s[Bittar95]

surfacereconstructionby medial axis, Roth and Wibowoo's [Roth97] voxel basedmethod,Mencl

andMuller's [Mencl95,Muller93, Mencl98a,Mencl98b] methodbasedon the Euclideanminimum

spanningtree,andFuaandSander's [Fua91,Fua92a,Fua92b]methodon clusteringof points. The

approachof CurlessandLevoy [Curless96] is �ne-tunedfor laserrangedata.Thismethodis alsowell

suitedfor handlingvery largeorganizeddatasets.

Warping-basedreconstructiontechniquedeformsaninitial surfacetogiveagoodapproximation

of the input point set. This techniqueis particularlysuitedif a roughapproximationof the desired

shapeis alreadyknown. Terzopouloset al. [Terzopoulos88] usedeformablesuperquadricsto �t the

input datapoints. A differentapproachto warpingwith orientedparticleswassuggestedby Szeliski

et al. [Szeliski92] . By modelingtheinteractionbetweentheparticles(samplepoints),they construct

thesurfaceusingforcesandrepulsion.

The work presentedin this dissertationcan be consideredas a direct methodfor surface

reconstruction.I alsoprovide the samplingconditionto reconstructsurfaces,andmostimportantly,

surfaceswith boundaries.Samplingconditionsnot only ensuretopologicallycorrectreconstruction,

but alsoensureminimum geometricdeviation of the reconstructedsurfacefrom the original model.

Hence,the samplingconditionwould at leastdemanda minimum samplingto ensuretopologically

correctreconstruction,andany additionalsamplingover this minimumrequirementwould make the

reconstructedmodela bettergeometricapproximationof the original model. This is true in caseof

modelswithout boundaries.In Chapter5, we will seemoreaboutthis philosophy andprove that this

neednotbetruewhenconsideringmodelswith boundaries.
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CHAPTER4

LOCALIZED DELAUNAY TRIANGULA TION

In thepreviouschapterwediscussedvarioussurfacereconstructionalgorithmsin theliterature.In this

chapterI presentmy algorithmfor surfacereconstructioncalledtheLocalizedDelaunayTriangulation.

Unlikeexistingalgorithms,thisalgorithmworksonamanifoldwith or withoutboundaries.I show the

ef�ciency of thisalgorithmusingempiricalresults.Further, therequiredsamplingconditionsto ensure

correctsurfacereconstructionusingthis algorithmis detailedin Chapter6. Thealgorithmdetailedin

thischapterandapreliminaryversionof thesamplingconditionsarepresentedin Gopietal.[Gopi00].

4.1 Overview of the Algorithm

Oursurfacereconstructionalgorithmtakesasinput,asetof unorganized3D pointsS sampledfrom a

manifoldM with or without boundary, with no otheradditionalinformationlike normalvector. The

outputof the algorithmis a setof triangles,which de�nes a manifold L with or without boundary,

passingthroughthe input setof points. In Chapter7, I prove that, undercertainassumptions,L is

homeomorphicto M .

Thisreconstructionalgorithmusesaprojection-planetechniquewheretheneighborsof avertex

p in the�nal triangulationarecomputedby projectingp'sspatiallyclosepointsontothetangentplane

at p, Tp. This canbeclassi�ed asa local triangulationtechniqueasthealgorithmdoesnot take into

accountall theinputpointsat thetimeof �nding theneighborhoodof onesample.

Thesurfacereconstructionalgorithmgoesthroughsix majorsteps:collectcandidatepointsfor

normalestimation,normalestimation,candidatepoint selection,projectionof candidatepointsonto

thetangentplane,Delaunayneighborcomputation,and�nally thetriangulation.This sectiongivesa

brief descriptionof eachtheabovesteps.
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Project Candidate
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Estimation
Normal Vector

1 2 3
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Figure4.1: Pipelineof theoperationsof theLocalizedDelaunayTriangulationalgorithm.

CandidatePoints for Normal Estimation: (Step1 in Figure 4.1) The �rst stepis to �nd spatially

closeneighborsto every samplepoint. Using theseneighbors,the normalvectorat every sampleis

estimated.

NormalEstimation: (Step2 in Figure4.1) Thenext stepis to estimatetheunit normalat all sample

points in S. This stepalso consistentlyorientsthe normal vectorsof the samplepoints to get an

orientablemanifold. Steps1 and2 areperformedonly if thenormalvectorinformationis not partof

theinput.

CandidatePointsSelection:(Step3 in Figure4.1)Thisstepchoosesthosepointsthatmightbepossible

neighborsto a vertex in the�nal triangulation.Thecandidatepoint setfor every samplep is denoted

by Pp.

Projectionof CandidatePoints: (Step4 in theFigure4.1)Eachof thecandidatepointsin thesetPp is

mappedontothetangentplaneat p, Tp. Themappingis doneby a simplerotationof thevectorfrom

p to acandidatepointaboutawell de�ned axis.Theaxisof rotationfor acandidatepointq is theline

onTp thatis perpendicularto thevectorfrom p to q. Thesetof thesemappedcandidatepointson the

tangentplaneis denotedby P T
p .

DelaunayNeighborComputation:(Step5 in Figure4.1)In thisstep,the2D localDelaunayneighbors

of everysamplep is computedfrom thesetP T
p in its tangentplane,Tp.

Triangulation: (Step6 in Figure4.1)The�nal surfacetriangulationis determinedfrom theDelaunay

neighborhoodrelationshiparoundeachsampledeterminedin thepreviousstep. Careis takento avoid

certaininconsistentcon�gurationsto arriveat the�nal triangulation.
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4.2 Estimation of Vertex Normal

The�rst stepin our algorithmis to �nd theunit normal,andthusthetangentplaneof thesurface,at

every samplepoint p, if thenormalvectorinformationis not partof the input. Thenormalvectoris

computedusingthek-nearestneighborsof p (Step1 in Figure4.1). TheEuclideanmetric is usedto

measuredistancesto collectthek-nearestneighbors.Givenonly a setof pointsaroundp, we needto

de�ne avectorthatis agoodrepresentativeof thenormalto thesurfaceM atp.

De�nition: The normalvectorNp is the unit vectorthat minimizesthe varianceof the dot product

betweenitself andthevectorsfrom p to its k-nearestneighbors.If D i is thedot productbetweenNp

andthevectorfrom p to thei th closestneighbor, thenNp minimizes

P k
i=1 (D i �

P k
i =1 D i

k )
2

k

Let me justify theabove de�nition of thenormal. Let uscall thepoint p at which thenormal

hasto be found asa referencepoint. Therearetwo extremecon�gurationsof samplepoints in the

local neighborhoodaroundthereferencepoint p. Onecon�gurationmakesp a vertex with very high

curvature,andtheothercon�gurationmakesp avertex with zerocurvature.If thereferencepointwith

highcurvatureis theapex of aconeandtheneighborsareon thecircularrim of thebase,theexpected

normalat theapex is thedirectionof theconeaxis. If thereferencepointwith zerocurvatureis partof

aplanethenthereferencepoint'snormalis thenormalto theplane.Underboththesecases,theabove

de�nition of normalvectorde�nes the expectednormal. Let us seehow to computesucha normal

(Step2 in Figure4.1) .

If thek-nearestneighborsareq1 to qk , thenthevectorsfrom p to its k-nearestneighborsare

~Vi = qi � p, 1 � i � k. Wewantto �nd Np suchthatit minimizes

P k
i=1 (D i �

P k
i =1 D i

k )
2

k
(4.1)

whereD i = Np � ~Vi . Removing thescalefactor1=k, weget

min

0

@
kX

i =1

 

Np � ~Vi �

P k
i=1 Np � ~Vi

k

! 2
1

A (4.2)

= min

0

@
kX

i =1

  

~Vi �
P k

i=1
~Vi

k

!

� Np

! 2
1

A (4.3)
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Thevectors~Vi canbeviewedasthecoordinatesof thek-nearestneighborswith p astheorigin. If p

is the origin, thecentroidof thek-nearestcandidatepointsis C =
� P k

i=1
~Vi

�
=k. Thus,theabove

expressioncanberewrittenas

min

 
kX

i =1

(( ~Vi � C) � Np)2

!

(4.4)

If A is ak � 3 matrixwhere~Vi � C de�nestherow vectors,thentheaboveexpressionreduces

to (ignoringthesquare)

min(kAN pk2) (4.5)

Thusthis minimizationproblemcanbesolvedusingsingularvaluedecomposition[Golub89].

Theeigenvectorwhichcorrespondsto thesmallesteigenvalueof A is thenormalvectorthatminimizes

the above equation.Hoppeet al. [Hoppe92]proposedthe useof principal componentanalysisof a

covariancematrix to determinethenormals.Eventhoughour formulationis different,it turnsout that

theresultingnormalvectorscomputedby bothmethodsarethesame.

4.2.1 Propagationof Normal Direction

Thenormalvectorfoundby theaboveprocessiscorrectonlyuptosign.To �nd aconsistentorientation

of thesurface,we �x theorientationof oneof thenormalsandpropagatethis informationto therest

of thepoints.

We usethe techniqueproposedby Hoppeet al. [Hoppe92]to do the propagation. Hoppeet

al. posethis problemasa minimum spanningtreeproblem,wherethe verticesof the modelarethe

verticesof thegraph,andtheedgesof themodelaretheedgesin thegraph.Theweightof theedge

betweentheverticesi andj is assignedto be(1 � jNi � Nj j), whereNi andNj arethenormalsat the

verticesi andj estimatedusingthemethodgivenin theprevioussection.Theminimumspanningtree

of this graphwould give the propagation sequenceof normalsfor the consistentorientability of the

model.An arbitraryvertex of thegraphis assumedto betheroot andthenormalis propagatedto its

childrenrecursively. Whenthenormaldirectionis propagatedfrom vertex i to vertex j , if N i � Nj is

negative, thenthedirectionof Nj is reversed;otherwiseit is left unchanged.
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4.3 CandidatePoint Selection

Thisstepis similar to clusteringstepsusedby othertriangulationschemes[Hoppe92, Heckel98]. The

candidatepointschosenfor a referencepoint p arepossibleneighborsof p in the �nal triangulation.

Incorrectchoiceof candidatepoint setmight leadto incorrecttriangulation.Thesamplingconditions

presentedin Chapter5 ensurethat thecandidatepointschosenasdescribedin this sectionis correct.

Thissectiondescribesamethodto ef�ciently chooseacorrectcandidatepoint set.

In the �rst stage,we useL 1 metric to pruneour searchfor candidatepoints in the spatial

proximity of p. In this step, our algorithm takes an axis-alignedbox of appropriatedimensions

centeredat p and returnsall the samplesinside it. The way we decidethe size of this bounding

box,andthedatastructureusedfor thispruningareexplainedlaterSection4.3.1.

ThesecondstageuseseitheraEuclideanmetricor anotherdistancefunctionQ to furtherprune

theresultof the�rst stageto arriveat the�nal setof candidatepointsof p, Pp.

DistanceFunction Q: Thedistanceof q from p, Qp(q), is de�ned as

Qp(q) � E 2(p; q) + T2
p(q)

whereE(p; q) is theEuclideandistancebetweenp andq, andTp(q) denotesthedistanceof q from

thetangentplaneat p (asdeterminedby thenormalvectorat p). This distancefunction is explained

in moredetail in Section6.3.2.

Clearly, the normalvector informationis requiredto computeQ. If the normalvector is not

givenaspartof theinput,thentheEuclideanmetric(referto Chapter6) is usedto measurethedistance

betweentwo samplepoints,otherwiseQ is usedfor the purpose. All points lessthana particular

distancearoundp measuredusing the Euclideanmetric will be insidea sphere of in�uence, and if

Q wasusedto measuredistances,thenthesepointswill lie insidean ellipsoid of in�uence. As we

discussedearlier, thesecondstageof pruningremovespointsthat lie outsidethesphere(ellipsoid)of

in�uence aroundp from the candidatesetgot after the �rst stepof pruning. The following section

discussestheimplementationdetailsandthedimensionsof theaxisalignedboundingbox (�rst stage

of pruning)andthesphere(ellipsoid)of in�uence (secondstageof pruning).

4.3.1 Implementationof CandidatePoint Selection

Our datastructurefor the �rst stageof pruning is a depthpixel arraysimilar to the dexel structure

proposedin [Hook86]. The dexel datastructureconsistsof a 2D pixel array wherein eachpixel
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multiple pointscanbestoredin a sortedorder. Giventheaxisalignedboundingbox of thecomplete

input sampleset, the dexel array can be consideredas the discretization(pixelization) of the face

perpendicularto thez-axis. All datapointsareorthographicallyprojectedin thepositive Z direction.

Thepointsmappedon to thesamepixel aresortedby theirdepth(z) values.

By usingthis datastructure,thesearchfor candidatepointsis limited to thepixelsaroundthe

pixel wherep is projected.Thesizeof theboundingbox for choosingthecandidatepointsusingL 1

metricandtheradiusof thesphere (or ellipsoid) of in�uenceusedin thesecondstageof pruningare

determinedby thedistanceto theclosestpoint from p. Let s bethedistanceto theclosestsamplepoint

from p asmeasuredby a distancefunction,thentheboundingbox andsphere(ellipse)shouldenclose

all pointsthatareat a distancelessthanm � s from p. Theconstantm is 2:0 if Euclideanmetric is

used,andis
p

5:83(referto Theorem7,Equation6.27)if Q is used,andthisdeterminesthedimension

of thesphere(ellipsoid)of in�uence. Thedimensionof theaxisalignedboundingbox (cube)centered

atp is 2ms.

Thepointsthatareinsidethesphere(ellipsoid)of in�uence arepossibleDelaunayneighborsof

p in thetangentplaneof p, Tp.

Note: If the distancefunction Q (Chapter5) is used,the candidatesetof p is prunedfurther after

rejectingthepointsthatareoutsidetheellipsoidof in�uence aroundp. A samplepoint q is rejected

from the candidateset of p if the distanceQp(q) is greaterthanL 2
q + L 2

q sin2(� ) + 3
2L 2

p +

2LpLq(sin(� ) + cos(� )) , whereL 2
p and L 2

q are distanceto the closestsamplesfrom of p and q

respectively, and� is theanglebetweenthenormalvectorsatp andq (referto Equation6.23).

After thesecondstageof pruning,theremight bea casewherea samplep is in thecandidate

setof a sampleq, but q is not in the candidatesetof p. Consistency betweenthe candidatesetsis

essentialfor theconsistency of resultsof subsequentstepsin this reconstructionalgorithm(alsorefer

to Theorem7). To make thecandidatesetsPp andPq consistent,thesampleq is addedto Pp. The

�nal candidatesetof eachsamplepoint is got afterthis sharingof candidatesetinformationbetween

thesamplepoints.

4.4 Projection of CandidatePoints

Thenext stepis to projectthecandidatesetPp of eachvertex p foundin Section4.3ontothetangent

planeat p, Tp. ThetangentplaneTp is de�ned by thenormalvectorestimatedin Section4.2. Let Vi

bethevectorfrom p to the i th candidatepoint. Themappingof candidatepointsontoTp is doneby
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Figure4.2: Let thehomogeneouscoordinatesof q be(x; y; z; 1) with respectto thecoordinatesystem
at the origin O. The coordinate of q with respectto the local coordinate systemat p is given by
A � (x y z 1)T , whereA is a 4x4matrix computedasshownin Section4.4.1.

rotatingthevectorVi aboutp with theline onTp thatis perpendicularto Vi astheaxis.ThevectorVi

will sweepa sectorof a disk on theplanede�ned by thenormalNp andVi , dueto this rotation.The

rotationof Vi retainsits lengthon thetangentplane.Thesetof all candidatepointsof p projectedin

thiswayontoits tangentplaneis denotedby P T
p .

This rotationoperationcanbeconsideredas�attening thesurfacearoundp ontoTp suchthat

the distancesof pointson the surfacefrom p remainsthe sameafter the �attening. The inverseof

this mappingis calledtheexponentialmapin theRiemannianGeometryliterature[O'Neill97]. The

VoronoidiagramsandDelaunaytriangulationarede�ned for Reimanniansurfaces[Leibon00]. The

rotationoperation(inverseexponentialmap),insteadof anorthogonalprojection,makestheVoronoi

diagramof thepointsin P T
p andp on thetangentplaneabetterapproximationof theprojectionof the

Voronoidiagramof thecandidatepointsof p on theRiemanniansurfacedescribedin [Leibon00]. To

beprecise,considertheVoronoicurvesVC on thesurfacearoundp separatingp andthepointsin Pp,

andtheir mappingontoTp usingthe inverseexponentialmap. Let themappedcurveson Tp beV T
C .

TheVoronoiedgeson thetangentplanebetweenp andpointsin P T
p aretangentsto V T

C .
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4.4.1 Implementationof Projectionof CandidatePoints

Let the global coordinatesystemin which the input setof points is representedbe (X ; Y; Z ) (refer

to Figure4.2). The �rst stepis to �nd the local coordinatesystem,say(X 0; Y 0; Z 0), at thereference

point p. The normalvectorat p is the Z 0-axis. Any vectoron the tangentplaneat p canbe chosen

astheX 0-axis,andbasedon this choice,theY 0-axis is computedasthecrossproductof Z 0-axisand

X 0-axis.TheX 0-axisis computedasfollows.

Let the unit Z 0-vectorbe (z[0]; z[1]; z[2]) with respectto the global coordinatesystem. Let

d = 1=
p

z[0]2 + z[1]2. TheX 0-vector(x[0]; x[1]; x[2]) = (z[1] � d; � z[0] � d;0). It canbeseenthat

X 0 is aunit vector, andX 0� Z 0 = 0.

Any point q with homogeneouscoordinates(x; y; z; 1) in theglobalcoordinatesystemcanbe

representedin thelocal coordinatesby a lineartransformation.Thetransformationmatrix A is given

by

A =

0

B
B
B
B
B
B
@

x[0] x[1] x[2] � (X 0� p)

y[0] y[1] y[2] � (Y 0� p)

z[0] z[1] z[2] � (Z 0� p)

0 0 0 1

1

C
C
C
C
C
C
A

(4.6)

Thelocal coordinatesof q are(x0; y0; z0; 1) = A � (x; y; z; 1)T .

Rotatingthevector ~pq to thetangentplaneof p is sameasprojectingq ontothetangentplane

of p orthogonallyandthenscalingthevectorfrom p to theprojectedpoint to thelengthequalto j ~pqj.

Thelocalcoordinatesof theorthogonallyprojectedpointof q ontothetangentplaneof p is (x0; y0; 0).

Theimageof q aftermappingontothetangentplaneby rotationis givenby

q0 =

s
(x0y0z0) � (x0y0z0)
(x0y00) � (x0y00)

(x0y00)

4.5 DelaunayNeighborhoodComputation

Thenext stepis to �nd theDelaunayneighborsof eachvertex thatarepreferredneighborsin the�nal

triangulationof thesurface.To computetheDelaunayneighbors,�rst theprojectedcandidatepoints

PT
p on thetangentplaneareorderedby anglearoundp. Thena fastDelaunayneighborcomputation

is doneusingthisordering.Thesetwo stepsaredescribedbelow.

37



p

B

Voronoi Edges

C
A

M

CL

IBL

BL B

ACI

AL

Figure 4.3: Finding Delaunayneighbors. GivenpointsA, B andC, check whetherB is a Delaunay
neighborof p. Thethick edgesare thelocal Voronoiedgesaroundp.

4.5.1 FastOrderingbyAngle

Thecandidatepointsaretransformedto thelocalcoordinatesystemandaremappedto Tp asexplained

in the previous section.Thesepointshave 2D coordinates,with an implicit de�nition of coordinate

axes. The setP T
p is partitionedon the basisof the quadrantwherethe pointslie on Tp in the local

coordinatesystem.The pointswithin eachquadrantareorderedby angleusinga simplemethodas

explainedbelow.

The squareof the sine of the angle can be computedwithout any use of square-rootor

trigonometricfunctions,asx02=(x02 + y02). Pointsin eachquadrantin theprojectionplaneareordered

separatelyusingthesquareof thesinevaluesand�nally mergedto getthecompleteorderingof points

aroundp.

4.5.2 DelaunayNeighborComputation

Thissectiondescribesthedetailsof �nding theneighborsfor thereferencepointp from thecandidate

point set using 2D local Delaunaytriangulation. The Delaunayneighborsof p is found from the

angle-orderedcandidateverticesaroundp asfollows. The basicfunction of the algorithmtakesthe

referencepoint andthreeconsecutive pointsin angleorderedset,A, B , andC, to checkwhetherthe

middlepoint (B ) couldbea Delaunayneighborof p in thepresenceof A andC. Figure4.3explains

thisalgorithmpictorially.

boolCheckDelaunay(p, A, B, C)

f

L A = Perpendicularbisectorof theline segmentpA.

L B = Perpendicularbisectorof theline segmentpB .
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L C = Perpendicularbisectorof theline segmentpC.

I AC = Intersectionpointof L A andL C .

L I B = Line parallelto L B , andpassingthroughI AC .

M B = Mid pointof theline segmentpB .

If bothp andM B lie on thesamesideof L I B , then

B is a localDelaunayneighborto p whencomparedwith A andB .

returnTRUE.

else

B is notaDelaunayneighborto p.

returnF ALS E.

g

If q1 : : : qn aretheorderedprojectedcandidatepointsof p, thentheabovefunctionis calledfor

every triplet qi � 1; qi ; qi +1 . If the testpasses,thenthenext triplet qi ; qi +1 ; qi +2 is tested.But, if the

testfails, thenqi is rejected,andthealgorithmbacktrackswith thecall qi � 2; qi � 1; qi +1 to re-evaluate

qi � 1 for its validity. As theorderingof theverticesis by angle,andhenceis cyclic, any point canbe

chosenasthe�rst pointq1. Wechoosetheclosestpoint to p asq1, asit is alwaysaDelaunayneighbor.

Wealsouseq1 asa terminatingconditionfor thebacktrackingstep.Theimplementationof theabove

algorithmis optimizedfor speed,andeachcall to theabove functiontakeslessthan35 mathematical

operations.

4.6 Triangulation

TheDelaunayneighborsof eachvertex arefoundandstoredin a list orderedby angle.VerticesA, B ,

andC form atriangleif andonly if f B , Cg, f C, Ag, andf A, B g areconsecutiveDelaunayneighbors

in theorderedneighborlists of A, B , andC respectively (refer to Section7.3.1for justi�cation and

moredetail). Therearea few degeneratecasesandproblemsarisingout of impropersampling,and

dueto theprojectionontodifferent,thoughclose,tangentplanes.

In the triangulationstageof our algorithm,assumethat A, B , C, andD form a quadrilateral

asshown in Figure4.4. Theremight bea casewherebothB D andAC areDelaunayedgesforming

overlappingtriangles. Theremight also be a casewhereneitherB D nor AC is a Delaunayedge

formingahole(referFigure4.4).
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Figure 4.4: Left: AC andB D are Delaunayneighbors of each other. Right: NeitherAC nor B D
areDelaunayneighborsof each other.

In the�rst case,a simplecontentiondetectionandremoval methodis usedto disambiguatethe

triangulation.For example,in our implementation,thetriangulationaroundavertex with lowestindex

(sayA) is given preferenceto completethe triangulation,andhencetrianglesAB C andAC D are

chosen.

In thesecondcasewheretheholeis left dueto lack of Delaunayedges,we have to justify that

theholeis dueto theinconsistentDelaunayneighborhoodrelationshipratherthananactualholein the

model. The samplingconditionsdescribedin Chapter6 ensuresthat the non-adjacentpointson the

boundaryarenot candidateneighborsof eachother. If theboundarypointsof theholearecandidate

neighborsof eachother, thentheholeis dueto theinconsistentDelaunayneighborhoodrelationship.

Suchholesare�lled usingasimplepolygontriangulationalgorithmafterprojectingthesepointsalong

theboundaryto aplanede�ned by theaverageof normalvectorsat thesepoints.

As the Delaunaytriangulationis computedlocally in 2D, a dimensionlower thanthe onein

whichthesurfaceexists,thismethodof constructingthetriangulationis calledtheLowerDimensional

LocalizedDelaunayTriangulation.

4.7 Results

Werantheimplementationof thisalgorithmonvariousmodels,andtheresultshavebeendocumented

in Table4.1. All timings aremeasuredon an SGI-Onyx with an R10000processorrunningat 194

MHz. The color platesat the end of this dissertationshow the resultsof our algorithm on a few

models. The graphin Figure4.5 shows that the performanceof our algorithmis nearly linear with

respectto thenumberof pointsin theinputset.Thecomputationof normaltakesaroundhalf thetotal
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No. of No. of NormalComp.Time TriangulationTime TotalTime

Model points Triangles (in secs) (in secs) (in secs)

Face 12837 25438 1.85 2.55 4.42

Club 16864 33643 2.40 2.30 4.75

Foot 20021 39862 2.88 3.30 6.22

LowerJaw 25362 49061 3.50 2.70 6.26

UpperJaw 27830 54458 3.91 2.95 6.92

Oil Pump 30937 61772 4.37 7.30 12.80

Bunny 34834 69630 5.03 5.00 10.64

Skidoo 37974 75364 5.25 4.58 9.85

Phone 83034 165981 12.18 13.40 25.67
Table4.1: Performanceof our algorithm
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Figure 4.5: Graphshowsthe total computationtimeandthecomputationtimeof thenormalvector
with respectto thenumberof pointsin theinputmodel.
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time. Thecandidatepointselectionprocessusingthedexel arrayis dependentonthedepthcomplexity

of the modelin the projectiondirection. This hashadits effect on the total time (refer to Oil-pump

model)of reconstruction.

The total reconstructiontime of our algorithmis in termsof numberof seconds,whereasthe

running time on a similar platform for other implementationsof algorithmsthat guaranteecorrect

reconstructionis in termsof numberof minutes. Further, our algorithm and implementationare

modularandaresuitablefor parallelizationwith minorchanges.

It is important to note that none of the modelsare sampledspecially for our algorithm.

Speci�cally, the inside-looking-outlaser scandata of the Car and Room models(CourtesyLars

Nyland)have a lot of noiseandperturbationsin the locationof thesamples.Further, theCarmodel

is amergeddatasetof four differentlaserscans.Thesemodelshavebeenreconstructedsatisfactorily,

thoughwith anumberof smallboundaries.

4.8 Summary

I have presenteda fast and reliable surface reconstructionalgorithm, the Localized Delaunay

Triangulationalgorithm. This algorithmcanreconstructsurfacesbothwith andwithout boundaries.

Further, using empirical results, this algorithm is shown to be ef�cient and have a near linear

performance.In theensuingchaptersI developthetheoryof sampling,andthesamplingrequiredby

this algorithmto producecorrectresults.Further, I prove that theLocalizedDelaunayTriangulation

presentedin thischapteris acorrecttriangulation.
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CHAPTER5

THEORY OF GEOMETRIC SAMPLING

5.1 Intr oduction to Sampling

Samplingis a processof discretizinga continuoussurfaceor a curve into discretesamples. The

reconstructionprocessusesthesesamplesto reconstructthe original continuoussurface. To ensure

correctreconstructionof the original surface,certainrestrictionsare imposedon the discretization

process.Theserestrictionsarecalledsamplingconditionsor criteria.

For example, in signal processing,one of the well known samplingcriterion is the Nyquist

criterion tosampleacontinuoussignal,andthisisusedin digitizationof audio,video,andisapplicable

to imagesalso.Accordingto theNyquisttheorem[S.84, B.89], thediscretetimesequenceof asampled

continuousband limited signal V (t) containsenoughinformation to reproducethe function V (t)

exactly provided that the samplingrate is at leasttwice that of the highestfrequency containedin

theoriginal signalV (t). To developsucha samplingconditionfor geometricsamplingof curvesand

surfaces,we have to identify the parameterin curvesandsurfacesthat is equivalentto frequency in

signals.

The reconstructionof a signal that is sampledbasedon the Nyquist frequency is dependent

on Fourier transforms. By this transformand appropriateband-pass�lters, it can be proved that

the reconstructedsignal is exactly the sameasthe original signal,andnot an approximation.This

dissertationdealswith geometricsamplingof a surfaceand reconstructionof the surfacefrom the

samplepoints. The reconstructedsurfaceis a correctsurfaceif it is topologically equivalentand

geometricallycloseto the original surface. In other words, we are not reconstructingexactly the

sameoriginal surface,thoughsuchreconstructionmight bepossibleundervariousassumptionsabout

the surface. Becauseof thesereasons,andthe naturaldifferencesbetweensignalsandsurfaces,we

cannotdirectly relatetheNyquistsamplingandFouriersignalreconstruction,with thesamplingand
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Figure5.1: Samplingof a SpaceCurve.

reconstructionof a surface.Nevertheless,I try to draw ananalogybetweensignalsandsurfaces.To

simplify further, I usecurvesinsteadof surfacesin thisanalogy.

5.1.1 SignalsandCurves

Curvaturehasbeenusedsuccessfullyin differentialgeometryto studytheshapeof anobject.Henceto

geta geometricallycloseapproximationof thecurve,we needmoresamplesin high curvatureregion

andlesssamplesin low curvatureregion.

Curvatureis animplicit propertyanddoesnotcaptureanexplicit feature,likeself-intersection,

that is dueto the spacein which the curve is immersedor embedded.Thoughwe assumethat the

mappingis anembedding,whicheliminatesself-intersection,wehaveto addresstheissueof capturing

certainexplicit featuresfor topologically correctreconstruction.

Reconstructionof a curve connectsadjacentsamples.Henceadjacency relationshipsbetween

sampleshave to beestablishedunambiguouslyfor correctcurve reconstruction.In thecaseof signals

thereis an implicit temporalorderingof samples.In the caseof curves, in the absenceof explicit

orderingof samples,variousheuristicsareusedto �nd anorderingusingspatialproximity of samples.

Whentwo differentpartsof thecurvearespatiallycloseto eachotherasin Figure5.1,theseheuristics

might fail if thedistancebetweenadjacentsamplesis greaterthanthedistancebetweendifferentparts

of thecurve. Spatialproximity of differentpartsof thecurve is measuredusingexplicit curvature.

De�nition: Explicit curvature at a point p on the curveis de�ned asthe reciprocalof the positive

minimal radiusof a circle centeredat p whoseintersectionwith the curve is not homeomorphicto

real line. Notethesimilarity of this de�nition with thede�nition of (implicit) curvature which is the

reciprocalof theradiusof theosculatingcircle.
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The samplingdensity should be proportional to the explicit curvature as well as implicit

curvatureat any region of the curve. In summary, the `frequency' of a signalcanbe consideredto

beananalogyto theexplicit andimplicit curvaturesat thepointson thespacecurve.

5.2 Medial Axesand Curvatures

One of the best indicators of local explicit and implicit curvatures is the medial axis of the

curve/surface,sinceit uni�es boththeseconcepts.Theclosestdistanceof apointon thesurfaceto the

medialaxis is lessthantheminimumof thereciprocalsof the implicit andexplicit curvaturesat that

point. This fact is exploited by Amentaet al. [Amenta98a,Amenta98b] for providing the sampling

condition for reliable reconstructionof curvesandsurfaces. The samplingconditionof Amentaet

al. saysthat for every point a on thecurve or surface,thereshouldexist a samplepoint at a distance

lessthana fractionof the closestdistanceof a to the medialaxis. This samplingconditionyields a

samplingdensitythatis proportionalto themaximumof theimplicit andexplicit curvatures.

During thereconstructionprocess,themedialaxisof a curve or a surfacecannotbecomputed

with just a setof samplepoints. In their reconstructionalgorithm,Amentaet al. usethefact that the

Voronoi verticesof the sampleslie closeto the medialaxis of the denselysampledcurve (refer to

Chapter3). A few morealgorithms[Amenta01,Amenta, Amenta00] have beendesignedrecentlyon

thesamelines,but all thesealgorithmsusethesameunderlyingrelationshipbetweenthemedialaxis

andtheVoronoivertices.In thenext section,I show that thereis a classof surfacesfor which these

algorithmscannotbeused,astherelationshipbetweenthemedialaxisandVoronoiverticesceasesto

exist in thesesurfaces.

5.3 Medial Axesand Voronoi Vertices

Algorithmsthatusemedialaxisfor samplingrely on theestimationof medialaxisfor reconstruction.

The3D medialaxiscomputationalgorithmsaresouncommonthatthereareonly a few for polygonal

models[Culver00] andnoneif only the samplepointsof the modelaregiven. The only estimation

techniquefor medial axis from samplepoints usesVoronoi vertices,and is applicableonly when

samplesare taken from closedmodels. In this sectionI show that this estimationtechniqueis not

reliablewhenthesamplepointsaretakenfrom objectswith boundaries.
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Figure5.2: Medialaxisof a plane:Left – WithoutBoundary, Right– With Boundary.

All Voronoiverticesof a samplesof a 2D curve lie closeto themedialaxis (MA) if thecurve

is suf�ciently sampled.For samplesof a 3D object,it is shown in the literaturethat theremight be

Voronoiverticescloseto thesurfaceof themodelandfarawayfromtheMA. Basedonsomeheuristics,

suchVoronoiverticesareremovedby thereconstructionalgorithms.Thesealgorithmsassumethatthe

underlyingsurfaceis aclosedsurface,andall sectionsof theMA arewell representedby theVoronoi

vertices(Figure5.2).

Whenwe considera surfacewith boundary, it is not only true thatnot all Voronoiverticeslie

closeto theMA, but alsothatnot all sectionsof theMA arerepresentedby theVoronoivertices.For

example,consideraplanarregionandits sampling(Figure5.2).TheMA of thisplanearetwo parallel

planesat in�nity , oneaboveandanotherbelow thegivenplane.If thereis acircularholein theplane,

thenaline of theMA passesthroughtheholeconnectingthetwo planesat in�nity . Howeverdensethe

samplingis alongtheboundaryandthegivenplane,therewill benoVoronoivertex in thisconnecting

line. Even if therearea few Voronoi verticeson this connectingline dueto perturbationof points

in theboundary, thereconstructionalgorithmscannotdistinguishtheseverticesfrom theonesthat lie

closeto thesurfaceandfaraway from theMA, andhencewill beremoved.

Hence,for a surfacewith boundarythe relationshipbetweenthe Voronoi verticesof samples

andthemedialaxisof thesurfaceceasesto exist, andany algorithmrelyingonthisrelationshipcannot

reliably identify or reconstructtheboundaryof thesurface.Thenext sectionfurtherexplorestheclass

of surfaceswith boundaries.
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Figure5.3: Sampling:Left – WithoutBoundary, Right– With Boundary.

5.4 SamplingSurfaceswith Boundaries

Conditionsfor samplinga surfacedependon thereconstructionalgorithmused.Thefew algorithms

that specify samplingconditions focus on surfaceswith no boundaries. In this section I show

that samplingsurfaceswith no boundariesis mathematicallydifferent from samplingsurfaceswith

boundaries.

Almost all of thereconstructionalgorithmsdesignedtill todayhave the“Nyquist philosophy”

that thedenserthesampling,theclosertheapproximationof original surfacewith the reconstructed

surface.Hencethesamplingconditionsdirectly or indirectly specifythemaximumdistancebetween

closesamples,or theminimumrequiredsamplingdensity.

For differentreconstructionalgorithmstherewill besomeminimumdistancebetweensample

pointsonasurfaceboundaryfor which thealgorithmwill correctlyreconstructtheboundary. We call

this theboundarysize,andits de�nition is basedon thereconstructionalgorithmused.For example,

in termsof thesamplingconditionsprescribedby [Amenta98a,Amenta01],theboundarysizeis the

minimumdistanceof boundarypointsto themedialaxis. In termsof alphashapes,theboundarysize

is theminimal valueof alphathatcannotreconstructa topologicallycorrectandgeometricallyclose

surface.

Theorem3 Conditionsontheminimumrequiredsamplingdensityarenotsuf�cient to designreliable

algorithmsthat reconstructsurfaceswith boundariesusingonly thepointsamplesandnormalvectors

asinput.

Proof: Let us assumewe are given a hypotheticalsurfacereconstructionalgorithm A that claims

to reliably reconstructsurfacesboth with and without boundaries.Let A be basedon a sampling
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conditionC thatdirectlyor indirectlyspeci�esjust themaximumdistancebetweensamplesin agiven

region. Let � be the maximumdistancebetweenthe closestsamplesdemandedby C in a speci�c

region on M (Figure 5.3). If we considera boundaryB on a surfaceM of size lessthan � (and

greaterthananotherconstant,say, � ), thenthesamplingdemandedwould not beableto capturethe

featureB . HenceC is forcedto demanda densersamplingin the region aroundthe boundaryB .

Let the new limit on maximumdistancebetweenclosestsamplesbe � which is lessthan� . Since,

by the new samplingcondition, the distancebetweenclosestsamplesis lessthanboth � and� , the

samplingsatis�estheconditionsrequiredto sampleM bothwith andwithout theboundaryB . With

no additionalinformationaboutthe presenceor absenceof boundary, the algorithmA hasno way

to �nd out whetherthegivensetof samplepointsareof a surfacewith or without boundary. Hence

conditionson just theminimumrequiredsamplingdensityis not suf�cient for reliablereconstruction

of M with B whenonly thesamplepointsareusedduringreconstruction. }

5.4.1 Analysisof theAlgorithm DesignSpace

Reconstructionalgorithmscanreliably reconstructonly manifolds(without boundaries)if only the

conditionsonminimumrequireddensitywereusedfor sampling.Considerthediagramin Figure5.4.

Weneedto designalgorithmsto reconstructall instancesof theclassof orientablemanifoldswith and

withoutboundaries.

Let us analyzethe designspaceof reconstructionalgorithms. Thereare two stagesto the

reconstructionprocess,the samplingstageand the reconstructionstage. To handlesurfaceswith

boundaries,either the samplingcondition shouldbe strengthenedin the samplingstage,or more

information shouldbe provided apart from just the samplepoints during the reconstructionstage.

In this dissertationwe do not allow any additionalinformationother than the samplepoints to the

reconstructionprocess,andhencetake theapproachof strengtheningthesamplingconditions.But let

us�rst analyzetheoptionof providing moreinformationto thereconstructionstage.

Trivial (and maximum) additional information for correct reconstructionis the complete

connectivity information, which I do not consider in this dissertationfor obvious reasons. A

“medium-sized”additional information can be in the form of tags for all the boundarypoints.

All taggedpoints can be usedas input to a curve reconstructionalgorithm that would reconstruct

closedboundarycurves. The rest of the connectivity can be found using present(closed)surface
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Figure5.4: Solutionspacefor differentsamplingconditions.

reconstructionalgorithmswith minor modi�cation. This approachneedsfurther investigationwhich

thisdissertationwill notaddress.

The minimum additionalinformationthat canbe provided is onenumber, andlet that be the

smallestboundarysize,say� , of themodel.A reconstructionsolutioncanuseexisting(closed)surface

reconstructionalgorithmsand,asa postprocessing,remove all edgeswith lengthlarger than� . The

samplingshouldbedenseenoughsuchthattherequirededgesareensuredto have lengthlessthan� .

This approachcanreconstructtheinstancesof surfacesbothin setsA andB in Figure5.4. Reducing

thevalueof � allowsthereconstructionalgorithmto handlesetB andasupersetof setA, but increases

the requiredsamplingdensity. In the limit, to reconstructall instancesof setC, in�nite samplingis

required,making it theoreticallyuninteresting.Nevertheless,this approachis suitablefor datasets

from uniform,minimally controlled,andautomaticsamplingprocesses,andwherethereconstruction

stageis well controlled.For example,largedatasetsof roomsandoutdoorsfrom laserscannerscan

behandledusingthisapproach.Again, thisoptionis not investigatedin thisdissertation.

In orderto changethesamplingto dynamicallyadaptto boundary-sizes,conditionsonsampling

shouldbestrengthened.Sincewearenotallowing any otherinformationotherthanthesamplepoints

for the reconstructionstage,we encodethe presenceof boundaryusing the variation in sampling

density. To accomplishthis, hereI establisha relationshipbetweenthe samplingdensityand the

presenceof boundary.
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5.4.2 SamplingCondition for Surfaceswith Boundaries

To representboundaries,we have to prevent the additionof certainsimplices(triangles)that close

holesin the �nal triangulation. Intuitively, we would not connecttwo pointsp andq that are“f ar”

away. The conceptof “f arness”is relative, anddependson how closeotherpointsare to p andq.

This leadsus to our proposedsolution. The distanceto the farthestpoint that canbe connectedto,

say, p shouldbe relatedto the distanceto the closestpoint of p andvice-versa. If the distanceto

the farthestandthe nearestneighborsare indicatorsof minimum andmaximumsamplingdensities

respectively, thenthis argumentshows that theboundarycanbeidenti�ed usingsamplingconditions

which expressesrelativeminimumandmaximumsamplingdensities. Notein Section4.3.1a constant

m, theratiobetweentheminimumandmaximumsamplingdensities,wasusedto collectthecandidate

neighborsof a referencepoint. Thesamplingshouldensurethat this relationbetweenminimumand

maximumsamplingdensitiesis satis�ed for correctcandidatepoint selection,and hencea correct

triangulationof thesampledsurface.

Non-MonotonicSampling: A samplingconditionfor signalsor closedsurfacesprescribesonly

the minimum requiredsamplingdensity. Any additionalsamplingover this minimum requirement

would not affect the reconstructionprocess. For a surface with boundary, let us assumethat a

samplingof a model as demandedby the samplingcondition is provided. Any additionalsample

might violate the relationshipbetweenthe distancesto the nearestandfarthestneighbor, andhence

would bea prohibitedsample. Prohibitedsamplingwould leadto ambiguityin decidingthepresence

of boundary, andhencewould triggertheneedfor moresamplesto disambiguatethesituation.After

the introductionof more points, the samplingagain becomesa valid sampling. Sincethe stateof

the samplingmay changebetweenvalid andprohibitedby increasingthe numberof samples,I call

this samplingconditiona non-monotonicsamplingcondition. Samplingconditionsfor surfaceswith

boundariesrequiresuchnon-monotonicity.

5.5 Classi�cation of SurfaceReconstructionAlgorithms

Basedontheaboveanalysisof thedesignspaceof thesurfacereconstructionalgorithms,hereI classify

thesealgorithms.Theclassi�cationis basedon thechangesin thetwo stages,thesamplingstageand

the reconstructionstage,over its basicrequirements.In the samplingstage,the basicrequirement

for a samplingconditionis to specifytheminimumrequiredsamplingdensity. In thereconstruction
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Class Change Change Characteristics/Features

Sampling Reconstruction

A No No Cannotreconstructsurfaceswith boundaries

B No Yes Imposesuniformsamplingdensity

C Yes No Non-monotonicsampling

D Yes Yes Notexploredyet

Table5.1: Classi�cationof surfacereconstructionalgorithms.

stage,thebasicinput is thesetof samplepoints.Changesin thesestagesincludestrengtheningof the

samplingconditionin thesamplingstageandproviding additionalinformationto the reconstruction

stage.TheTable5.1enumeratestheclassi�cation.

All classesof algorithms,except ClassA, can reconstructsurfaceswith boundaries. The

algorithmsof [Amenta98a, Amenta98b,Attali97] belong to ClassA. The algorithmsbasedon

� -shapesbelongto ClassB . The valueof � canbe usedas additionalinformation to reconstruct

surfaceswith boundaries. The methodusedfor reconstructinglaserscandataof large areasalso

belongto ClassB , astheboundarysizeis usedasadditionalinformation.Thealgorithmpresentedin

thisdissertationis aClassC algorithm.Algorithmsin ClassD algorithmsareyet to beexplored.

5.6 Conclusion

In thischapter, I analyzedthefailureof Voronoiverticesin its usein approximatingthemedialaxisof

surfaceswith boundaries,andhenceconcludedthatalgorithmsthatusethisrelationshiparelessuseful

in reconstructingsurfaceswith boundaries.Further, I alsoproved that the conditionson minimum

requiredsamplingdensityarenot suf�cient to reconstructsurfaceswith boundariesreliably. Analysis

of thedesignspaceof thesurfacereconstructionalgorithmsledto theclassi�cationof thesealgorithms.

In theprocess,I eliminatedthemethodsthat requireadditionalinformationotherthansamplepoints

for reconstruction.If no additionalinformation is provided, a convenientparameterto encodethe

presenceof boundaryis the variation in the samplingdensity. This encodingcan be achieved by

specifyingtherelative minimumandmaximumsamplingasa samplingcondition.A consequenceof

sucha conditionis that the samplingis non-monotonic.The next chapterdiscussesonesuchsetof

non-monotonicsamplingconditionsfor aClassC algorithmpresentedin Chapter4.
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CHAPTER6

SAMPLING CONDITIONS

6.1 Intr oduction

In thepreviouschapterI arguedthatsamplingconditionsfor reliablereconstructionof surfaceswith

boundariesshouldnot only mentiontheminimumrequireddensityof samples,but alsoshouldspell

out themaximumalloweddensityof samples.If theseminimumandmaximumsamplingdensitiesare

de�ned usingabsolutequantities,thenthesamplingwill have two problems.First, thesamplingwill

notbeableto adaptto thechangingfeaturesizeof thegivenmodel.Second,additionalconstraintsare

requiredto make surethat theminimumrequireddensityis actuallylessthanthemaximumallowed

densityfor theconditionsto belogically sound.An alternateapproachis to describetheseboundsin

relative terms. In otherwords,the maximumallowed density, which decideshow closetwo sample

pointscanbe in a region, shouldbe describedin termsof minimum requireddensitywhich decides

how far two samplepointscanbein thatregion. This approacheliminatestheabove two problemsof

absolutede�nition of samplingdensities.In thischapter, I describeonesuchsetof samplingconditions

for samplingsurfaceswith boundaries.

6.1.1 SamplingRegionandCover Region

The samplingconditionspresentedin this dissertationarebasedon two neighborhoods,a sampling

regionandacover region, de�ned aroundpointson thegivensurface.

For every point a on thesurface,I will de�ne a samplingregion S(a). Eachsamplingregion

must containat least one samplepoint. This indirectly restrictsthe maximum distancebetween

samplesandthusimposesaminimumrequiredsamplingdensityin a region.



For everysamplepointp, I will de�ne a cover regionC(p), thatmustcontainnoothersample.

Eachpointof thesurfacemustlie in somecover region. This restrictsthe(relative)minimumdistance

betweensamplesandhencethemaximumallowedsamplingdensityin a regionof thesurface.

Therestof thechapterformally de�nes thesamplingandcover regionsusingvariousdistance

functionsandestablishestheir properties. I �rst approximatethe local region of the surfaceusing

quadraticpatchesanddevelop therequiredtheorybehindthesedistancefunctions.We rely on some

of the differentialgeometrybackgroundintroducedin Chapter2. Refer to Table6.1 for the list of

termsandnotationsusedin thischapter.

6.2 Quadratic Approximation F of a SurfaceM

Let a beapointon thesurfaceM with awell de�ned normaland,hence,a tangentplane.Thenormal

at a, togetherwith theprincipaldirectionson thetangentplaneat a, de�ne a local coordinatesystem

with a astheorigin. I make useof the implicit function theorem(Theorem1) to expressthesurface

in theneighborhoodof a point a asa heightfunction(Referto Equation2.2) in termsof theprincipal

curvatures(Refer to Section2.3.2). Let x andy axesbe the principal directionsand� 1 and� 2 be

theprincipalcurvaturesalongthosedirections,respectively. I representtheheightfunction from the

tangentplaneto thesurfaceM in this local coordinatesystemas

z(x; y) = 1
2(� 1x2 + � 2y2)+ higherorderterms

� 1
2(� 1x2 + � 2y2)

HencethesurfaceM canbeapproximatedatandarounda by theimageof

F (x; y) = (x; y;
1
2

(� 1x2 + � 2y2)) (6.1)

This is calledthequadratic approximationof thesurfaceM at a.

6.2.1 Computationof Normal Vectors

Theunit normalat any point F (x; y) on thequadraticapproximationof thesurfacecanbecomputed

usingthepartialderivativesof F with respectto x andy asfollows:
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M Surface

F Quadraticapproximationof M

S Sampleset

bd(X ) Boundaryof X

cl(X ) Closureof X

a, b, c PointsonM

a, b, c Threeaxesof anellipsoid

p, q SamplepointsonM

S(a) SamplingRegionarounda

C(p) CoverRegionaroundp 2 S in M

CR (p) CoverRegionaroundp 2 S in R3

U � (a) NormalBasedRegionarounda

of angledeviation � �

UE (a) CurvatureBasedRegionarounda

US(a) SheetBasedRegionarounda

Un (a) Closestsamplesto a basedon thedistancefunctionQ

Tp Tangentplaneor tangentvector

atp of M or bd(M )

~Tp Tangentvectoratp2 bd(M )

Np Normalvectoratp of M or bd(M ). Since

theDarbouxframeis used,surfaceandcurve

normalvectorsaresamefor aboundarypoint

D , Q Distancefunctions

BX (a; � ) Ball of radius� measuredusing

thedistancefunctionX aroundthepointa.

x, y, z CoordinateAxes

� 1, � 2 Principalcurvatures(� 1 > � 2)

� v Curvaturealongthedirection~v.

Table6.1: Termsusedin thischapter.
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a
T

Normal Deviation
Curve of constant Cylinder C

Ellipsoid El

Region of F
Enclosed in El

Figure 6.1: Thenormal vectorat a 2 F is N and the tangent plane is T. Thecurveof constant
normaldeviation is theintersectioncurveof anelliptical cylinder(C) andF . Twoof thethreeaxesof
theellipsoidEl arede�nedsuch thatEl \ T = C \ T.

Fx = (1; 0; � 1x)

Fy = (0; 1; � 2y)

Fx � Fy = (� � 1x; � � 2y; 1)

N (x; y) = kFx � Fyk =
(� � 1x; � � 2y; 1)

p
� 2

1x2 + � 2
2y2 + 1

(6.2)

6.2.2 Curveof ConstantDeviationof Normal

We cancomputetheanglebetweenthenormalat theorigin andthenormalat a point F (x; y) on F .

Theunit normalat theorigin F (0; 0) = p is (0; 0; 1). Thecosineof theangle,� , betweenthenormal

atF (x; y) andthenormalatF (0; 0) is givenby theinnerproductof thesevectors.

cos(� ) =
1

p
� 2

1x2 + � 2
2y2 + 1

(6.3)

Considerthe locusof pointson F with thesamevalueof cos(� ). Theprojectionof this locus

ontothexy planeis anellipsegivenby

x2

� 2=� 2
1

+
y2

� 2=� 2
2

= 1 (6.4)

where� = tan(� ).

In otherwords, this ellipseon F is the curve of intersectionof an elliptical cylinder with F

(referto Figure6.1). Thecrosssectionof theelliptical cylinder is givenby equation6.4,andtheaxis

of thecylinder is thez-axis(normalat theorigin).
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If we assumethat j� 1j > j� 2j, the maximumheightof F (x; y) from the tangentplaneabove

theellipseoccurswherethis ellipsereachesthemaximaat themajoraxisor minor axis. This canbe

computedas

zmax =
1 � cos2(� )
2� 2 cos2(� )

=
� 2

2� 2
(6.5)

Let usconsiderasolidellipsoid,El� (a) arounda, de�ned by theequation

x2

� 2=� 2
2

+
y2

� 2=� 2
1

+
z2

� 2=� 2
1

� 1 (6.6)

Thehalf lengthsof its threeorthogonalsymmetryaxesarea = � =j� 2j; b = � =j� 1j; andc = � =j� 1j.

Whenwe compareEquations6.4 and6.6 we canseethat the intersectionof El� (a) and the

tangentplaneat a is actually the projectionof the constant-normal-deviation curve on the tangent

plane.Further, every point in El� (a) \ F hasnormaldeviation lessthan� from thez-axis. We geta

family of suchellipsoidsfor variousvaluesof � . I call theseellipsoidscurvatureellipsoidsasthey are

de�nedbasedonthecurvatureatapointandtheirshapecapturesthecurvaturevariationata. They are

elongatedin thedirectionof low curvatureandtheminoraxisis alongthedirectionof highcurvature.

6.2.3 CurvatureEllipsoidsandScaledEllipsoids

Let usseemoreaboutellipsoidsin general,andcurvatureellipsoidsin particular.

De�nition 1 The eccentricity, e, of the an ellipse given by x2=a2 + y2=b2 = 1 is de�ned as
p

1 � b2=a2. For an ellipsoidgivenby x2=a2 + y2=b2 + z2=c2 = 1 there are two eccentricities,
p

1 � b2=a2 and
p

1 � c2=a2.

Since,in the curvatureellipsoid, two of the axeshave samelengths,we have to considerjust one

eccentricity,

e =
p

1 � b2=a2 =
q

1 � � 2
2=� 2

1:

Notethattheeccentricityis no longerdependenton � , but only on theprincipalcurvaturesat a point.

If � 1 = � 2 , a = b = c ande = 0. For example,thecurvatureellipsoidsde�ned on pointson a plane,

pointson a sphere,sharpcorners,or at any umbilic point in general,have the eccentricitye = 0 as

� 1 = � 2 at thesepoints.

Now we have anotherway of de�ning anellipsoid. Insteadof representingtheellipsoidsusing

the half lengthsa, b, andc, we canrepresentthe sameellipsoid with a andtwo eccentricitiesor, in
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caseof the curvatureellipsoid, a (= � =j� 2j), ande. Let a0 be a variable0 � a0 � a. For various

valuesof a0, we geta family of ellipsoidswith thepropertythat theellipsoidwith largera0 contains

thesmallerone.I call this family of ellipsoidsscaledellipsoidswith varyingscalefactors.

De�nition 2 TheScaledellipsoidElm with scalefactor m, is de�nedwith theaxesdimensionsa0 =

m, andb0 = c0 = m
p

1 � e2.

Note that thecurvatureellipsoid is a scaledellipsoidwith m = � =j� 2j. In fact, thecurvature

ellipsoidsandthescaledellipsoidsaretwo differentrepresentationsof thesameellipsoid. In certain

caseswherethe curvatureis zero,curvatureellipsoid is not de�ned, whereasthe scaledellipsoid is

de�ned. Thescaledellipsoids,like thecurvatureellipsoids,capturethecurvaturevariationatapoint.

Curvatureand ScaledEllipsoids for Boundary Curves

We de�ned scaledandcurvatureellipsoidsaroundpoints in the interior of a surface. As we allow

surfaceswith boundaries,we have to de�ne theseellipsoidsfor curvesalso.For a curve on a surface,

thestandardDarbouxframeis usedto de�ne thenormal.Referto thede�nitions of tangent,normal,

andbi-normalof a curve in Chapter2. Let the derivativesof normal,tangent,andbi-normalof the

boundarycurvebe _N , _T, and _B respectively.

Thedimensionsof thecurvatureellipsoidEl� (a) aroundapointa ontheboundaryof asurface,

arede�ned by a = � =j _B j alongthe directionof _B which is in the planede�ned by T andN , b =

� =j _N j alongthedirectionof _N which is in theplanede�ned by T andB , and�nally c = � =j _Tj along

thedirectionof _T which is in theplanede�ned by B andN .

Theellipsoidarounda point on a boundaryhastwo eccentricitiesasall its axeshave different

lengths. Theseeccentricitiesaree1 =
p

1 � b2=a2, ande2 =
p

1 � c2=a2. The scaledellipsoid

Elm with scalefactorm, at a point on the boundary, is de�ned with the axesdimensionsa0 = m,

b0 = m
p

1 � e2
1, andc0 = m

p
1 � e2

2. Again, thecurvatureellipsoid for a point in theboundaryis

oneof thescaledellipsoids.

Thesede�nitions of scaledellipsoidsaroundpointson thesurfaceandits boundaryareusedin

Section6.4.2.
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6.3 DistanceFunctionsD and Q

In this sectionI de�ne two distancefunctionsD andQ. The distancefunction D is relatedto the

curve arounda point p with constantnormaldeviation, andto the local feature sizewhich is based

on themedialaxis,introducedby Amentaet al. ThedistancefunctionQ is easyto evaluatefrom the

positionalinformationof pointsandthenormalvectorsat thesepoints.In this chapterI show thatthe

functionQ andD arerelated,andthusjustify theuseof Q in samplingandreconstruction.

6.3.1 DistanceFunction D

Let F bethequadraticapproximationof thesurfaceM , asbefore.Let a betheorigin. Thedistance

function D is de�ned for the pointson F at closeproximity to the origin a. Let b be a point close

to a, and the directionvector from a to b be ~v. The distanceD of b from a is the productof the

normalcurvature� v(a) in thedirectionof theorthogonalprojectionof ~v on thetangentplane,andthe

EuclideandistanceE from a to b.

D(b) � j� v(a)E j (6.7)

Note thatboth~v andE aredependenton thepositionof b with respectto a. Further, we can

relatethisdistancefunctionwith Equations2.9and2.10.

DistanceFunction D and the Curveof ConstantNormal Deviation

In this sectionI show the relationshipbetweenthe distancefunction D and the curve of constant

normaldeviation explainedin 6.2.2. I usea slightly modi�ed distancefunction D
0

(de�ned below)

insteadof D for thispurpose.

Let usapproximatethedistanceE from a to b by r , which is thegeodesicdistanceon F from

a to b. Let this approximateddistancefunction be representedasD
0
. Sphericalapproximationof

thecurve from a to b with curvature� v would show that thearc lengthdistancer = � =� v , andthe

EuclideandistanceE = 2sin(� =2)=� v . Substitutingthesevaluesin the equationsof the distance

functions,D
0

= � andD = 2sin(� =2). For small valuesof � , D < D
0

< 2D. Henceboth are

equivalentfunctions.I useD
0
in thissectionto relatethecurveof constantnormaldeviationandD.

Let usconsiderall thepointsonthesurfacethatareatadistance� from apointa onthesurface

asmeasuredby D
0
. This is aclosedcurvearounda, sayC � (a).
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Lemma 1 Thedeviationof thenormalvectorat pointsarounda insideC � (a) fromthenormalvector

at a is bounded.

Proof: I usetheequations2.7–2.9to show therelationshipbetweenC � (a) andthecurve of constant

normal deviation. I repeatthoseequationsherefor the sake of completeness.In theseequations,

@~N denotesthechangeof normalbetweena andb, @s denotesthearclengthdistancebetweenthese

points,t is thetorsionfactor, ~T is thetangentvectorof thecurve from a to b, and ~B is thebi-normal

vector.

@~N = � � v@s~T � t@s~B (6.8)

j@~N j =
p

� 2
v + t2 j@sj (6.9)

j@~N j = j� v@sj: (6.10)

SinceC � (a) containsall pointswith distancemeasuredusingD
0
beinglessthan� from a,

j@~N j = j� v@sj < � : (6.11)

Substitutingthis in Equation6.8 andsettingt = 0, as in Equation6.10 for a planarcurve, we get

@~N < � ~T in thedirectionof ~T. With somealgebraicmanipulation,we can�nd that thedeviation of

thenormalof thepointsinsideC � (a) from thenormalata is lessthan� = arccos(1=
p

1 + � 2). }

Furtherthis shows that all points in El� (a) \ F (Equation6.6) arein the region boundedby

C � (a) where� < tan(arccos(1=
p

1 + � 2)) .

DistanceFunction D and the � -SampledSurface

The distancefunctionD capturesthe curvaturevariationof the surfaceand,asexplainedat the end

of Section2.3.4,canbe usedin de�ning the requiredsamplingof the surface. For example,if we

enforce“uniform” samplingaccordingto this distancefunction, then indirectly we are enforcing

densersamplingin high curvatureregionsandsparsesamplingin low curvatureregions.Undersuch

a samplingcondition,in planarregionsalmostno samplesarerequired,andin sharpedgesin�nitely

many samplesarerequired. This is similar to the behavior of the samplingconditionof Amentaet

al.[Amenta98b].Conditionsof Amentaet al. alsorequirealmostno sampleson planarregionsand

in�nitely many samplesatsharpedges.Therestof thissectionis devotedto formalizethisrelationship

betweentheconditionsbasedonD andthesamplingconditionof Amentaetal.
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ThoughI have not yet formally introducedany samplingcondition, let me give the intuition

behindthe useof D by relatinga samplingconditionbasedon D with that of Amentaet al. The

samplingconditionof Amentaet al. is basedon local feature size, andD is basedon the radiusof

curvature(1=� ). So�rst I will relatetheradiusof curvatureandthelocal feature size, beforerelating

thesamplingconditions.

The local feature size, LFS(a), of a point a on a surfaceis its closestdistanceto the medial

axis(referto Section2.5). As we aretrying to comparetheradius(of circle) of curvature,(which is a

restingcircle), with theLFS,I consideronly thosecurvesin whichtheclosestpointonthemedialaxis

to any point a on thecurve is thecenterof a restingcircle of a. I call suchcurvesrestingcurves, and

for all theargumentsin this section,I consideronly restingcurves. For a restingcurve, thecenterof

thecircle of curvatureis in themedialaxis,andhence,LFS(a)= � , where� is theradiusof curvature

at a. We will usethis observationto arguethat thedistancefunctionD hasrequiredpropertiesto be

usedin sampling,by relatingit to thesamplingconditionof Amentaetal.

Amenta etal.'ssampling: A samplingof asurfaceis asetof pointssampledfrom thatsurface.

A samplingof a surfaceis saidto be a � samplingif for every point a on the surface,thereexists a

samplepointp suchthattheEuclideandistancebetweena andp, E(a; p) < � LFS(a). Thede�nitions

of theLFSand� -samplingareusedin Amentaetal. andareapplicablefor curvesalso.

Let ahypotheticalsamplingconditionbasedonD bethefollowing.

Sampling Condition: For every point a on thecurve, thereexistsa samplepoint p suchthat

D (p) < � from a, where� is aconstant.

In thecaseof curves,thecurvature� at a is usedin thede�nition of D insteadof directional

curvature� v . Thoughwe usethis hypotheticalsamplingconditionjust to relatethedistancefunction

with themedialaxis,weusethisconditionin aslightly differentform asouractualsamplingcondition

laterin this chapter.

Lemma 2 A samplingof a restingcurve that satis�esthesamplingconditionabove, is a � -sampling.

Proof: Let a beapointonthecurve,andp beasamplepointsatisfyingthesamplingconditionaround

a. Let E(p; a) denotetheEuclideandistancebetweena andp, � bethecurvature,and� betheradius

of curvatureat a. By the samplingcondition, �E (a; p) < � , so E(a; p) < � � < � LF S(a). By

thisobservation,andthede�nition of � -sampling,weconcludethatif thesamplingsatis�estheabove

samplingcondition,thenit is a � -sampling. }

Thisshows thattheabovesamplingconditionbasedonD capturesthelocal featuresof a curvein the
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sameway astheconditionof Amentaet al., which is basedon themedialaxisandlocal featuresize.

Laterin thischapter, wede�ne conditionsthatcapturetheglobal featuresalso.

We provedtheusefulnessof D in samplinga curve. Theseargumentscanbeextendeddirectly

to surfaces,except that the distancefunction D hasto be modi�ed to usethe maximumprincipal

curvature, � 1, insteadof � v in its de�nition. But in this dissertationwe use� v insteadof � 1 and

hencethesamplingconditionsare“anisotropic”(differentin differentdirections)asagainst“isotropic”

(uniform in all directions)samplingconditionsof Amentaetal.

6.3.2 DistanceFunction Q

If I use the distancefunction D in the samplingprocess,I might have to use D again in the

reconstructionprocessto measurethedistancebetweensamplepoints. But this functionhasnormal

curvaturecomponentsthataredif�cult to computewith just thesamplepoints. Further, althoughD

capturesthe curvaturevariationof the surfacethat is requiredfor a goodsamplingcondition, it is

anisotropicandrequirestheoreticallyno samplepoint along the directionof zerocurvature. So to

alleviate thesetwo problemsI introduceanotherdistancefunction Q, andestablishits relationship

with D .

The distancefunction Q is de�ned on a setof samplepointswith normalvector information

at eachpoint andnot on othersurfaceparameters,like curvature,thatwould have to beestimatedor

interpolated.

Let Ta(b) denotethedistanceof b from thetangentplaneat a, Ta(b) = jNa � (b � a)j, where

Na is theunit normalvectorat a. Let E(a; b) denotetheEuclideandistancebetweena andb. The

distancefunctionQa is de�ned as

Qa(b) � E 2(a; b) + T2
a(b) (6.12)

If a is theorigin then,on a quadraticapproximationof a surface(equation6.1)with Na asthe

z-axis,Ta(b) is just thez-coordinateof b.

Hence,

Qa(b) = (x2 + y2 + z2) + (z2) = x2 + y2 + 2z2; (6.13)

whereb = (x; y; z).

Now I show how thedistancefunctionsD andQ arerelatedandthusjustify theuseof Q instead

of D in thereconstructionprocess.
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De�nition 3 LetX andY betwodistancefunctionsona spaceV , andB X (x; � ) denotethesetof all

pointsin V thatareat a distancelessthan� fromx whenmeasuredusingX . ThefunctionsX andY

are said to beequivalent, in thesensethat they generate thesametopology, if givenanyx 2 V and

� > 0, thereexists� 1 > 0 and� 2 > 0 such that,BX (x; � 1) � BY (x; � ),andBY (x; � 2) � BX (x; � ).

Lemma 3 Givenanya 2 F and� > 0, thereexists� > 0 such that,

BQ(a; � ) � BD (a; � )

Proof: Without lossof generality, let usassumethatj� 1j > j� 2j. De�ne � = � 2=� 2
1.

b 2 BQ(a; � ) )
�
x2 + y2 + 2z2�

< � = � 2=� 2
1

)
�
x2 + y2 + z2�

< � 2=� 2
1

) � 2
1

�
x2 + y2 + z2�

< � 2

) j� 1
�
x2 + y2 + z2� 1=2

j < �

) b 2 BD (a; � )

) BQ(a; � ) � BD (a; � )

For every � > 0, a � > 0 is de�ned,andtheabovederivationis truefor any a. }

It canbeprovedthatBD (a; � ) 6� BQ(a; � ), especiallywhen� 1 = 0. We have to �nd a � > 0

suchthatall pointsin BD (a; � ) arecontainedin BQ(a; � ) for a given � > 0. This is not possibleas

BD (a; 0) containsall pointson thesurfacewhen� 1 = 0.

De�nition 4 LetG bea distancefunction.For everypointa on thesurface, if thereexistsa samplep

such that G(a; p) < � , thensuch a samplingis calleda � samplingof thesurfaceusingthedistance

functionG.

Theorem4 In a compactsurface, � -samplingusingQ yieldsa � -samplingof thesurfaceusingD.

Proof: The proof follows directly from Lemma3. Onemorequestionthat remainsto be answered

is thecountabilityof numberof sampleswhenQ is used,sincea trivial solutionof in�nite sampling

would prove this lemma. De�ne representedregion of a samplep asall pointson the surfacefrom

whichp is atadistancelessthan� . Assumetherepresentedregionsof thesamplepointsareopenand
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non-empty. Theunionof representedregionscover thesurface.As thesurfaceis compact,any open

coverof thesurfacehasa �nite subcover. Hencea �nite numberof samplesarerequiredto samplethe

surfaceusingthedistancefunctionQ. }

The above theoremshows the usefulnessof Q in sampling. Further, asQ canbe computed

betweenany two pointsin theinputsetwith just theirpositionandnormalinformation,it is adistance

functionthatcanbeapplieddirectlyontheinputsetwithoutany furtherestimationof otherparameters

likecurvature.Now, I show thatQ is equivalentto our familiarEuclideandistancefunctionE.

Theorem5 ThedistancefunctionsQ andE areequivalentfunctions.

Proof: For any positiveconstant� , de�ne � 1 = � 2 and� 2 =
p

�=2. It is now easyto show that

BQ(a; � 1) � BE (a; � ); and

BE (a; � 2) � BQ(a; � )

}

Lemma 4 El = f b j Qa(b) = � ; b 2 R3g is anellipsoid.

Proof: Let a betheorigin, andthepointsin spaceberepresentedas(x; y; z). Fromtheequation6.13,

thesetEl containsall pointsthatsatisfy

Qa(b) = �

x2 + y2 + 2z2 = �

x2

�
+

y2

�
+

z2

� =2
= 1 (6.14)

Equation6.14representsa “pan-cake” shapedellipsoid whosecross-sectionalongthe xy planeis a

circle. Thediameterof thiscircle is twice its total thicknessalongthez-axis. }

Variations of Q for DistanceBetweenBoundary Points

ThedistancefunctionQ asgivenin Equation6.12canbeusedfor pointsin theinteriorof thesurface,

sinceatangentplaneis de�nedatthesepoints.For apoint in theboundaryof thesurface,thefollowing

de�nition of Q is used.

a 2 bd(M ); b 2 R3; Qa(b) = E 2(a; b) + ~T2
a(b) (6.15)
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Figure 6.2: Square of thedistancefromthe tangentvectoris thesumof thesquaresof thedistance
fromthetangentplaneandthedistancefromthebi-tangentplane.

where~Ta is the tangentvectorof theboundarycurve at a. We have beenusingTa to representboth

thetangentplaneandthetangentvector. But for thissection,weuseTa to representthetangentplane

and ~Ta to representthetangentvector.

Let uscomparethedistancefunctionsQa de�ned for a 2 M anda 2 bd(M ). Since~T, ~N , and

~B form an orthogonalcoordinatesystem,the tangentvector is the intersectionof the tangentplane

Ta de�ned by thenormalvector ~N , andthebi-tangentplaneB Ta, de�ned by thebinormalvector ~B .

Hencethevalueof ~T2
a(b) canbefurtherbrokendown into two components(referto Figure6.2)as

~T2
a(b) = T2

a(b) + B T2
a(b):

Hence,the Q distanceof a point b from a point a 2 bd(M ) is alwaysgreaterthanequalto the Q

distancefrom a if a wereconsideredaninteriorpointof thesurface.

Now let us considervariations of Q when normal vector information or tangentvector

informationis not givenor not known. If tangentvectorsat thepointson theboundaryarenot given,

thenthepointson theboundaryaretreatedaspointson theinterior of thesurfacefor de�ning Q, and

Equation6.12will beused.If thenormalvectorsat thepointson thesurfacearenot known thenthe

Equation6.12reducesto

Qa(b) = E 2(a; b):
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6.4 DistanceFunctionsand Regions

Let us summarizethis chaptertill now andseewherewe aregoing from here. In Section6.3, we

de�nedtwo distancefunctionsD andQ. Wealsode�nedtwo ellipsoidsin Equations6.6(thecurvature

ellipsoid)and6.14(ellipsoiddueto distancefunctionQ). We discussedthreeregions,the region of

boundednormaldeviation and two regionsof boundeddistanceasmeasuredusingD andQ. We

proved the relationshipbetweenthesethreeregions (Lemma1, Theorem4). We also showed the

relationshipbetweentheellipsoidsandtheseregions(Lemma4, Section6.2.2,Lemma1) asfollows.

The region of the surfaceenclosedinside the curvatureellipsoid of Equation6.6 is containedin a

region of boundednormaldeviation andboundeddistancemeasuredby D. Further, theregion inside

theellipsoidof Equation6.14is a regionof boundeddistanceasmeasuredby Q.

Therelationshipbetweenthethreeregions,boundednormaldeviation region andthebounded

distanceregionsof D andQ, wereestablishedonly undertheassumptionthat theunderlyingsurface

is a quadraticsurface.As mostof the realworld surfacesdeviate from this assumption,I treatthese

regionsasindependentregionsandmakeuseof theellipsoidsto de�ne theseregionsonasurface.

In thissection,I formally de�ne theNormalBasedRegionU � , theCurvatureBasedRegionUE ,

andtheSheetBasedRegion US, with additionalconstraintson the topologyof theseregions. Using

theseregions,I de�ne theSamplingRegion S(a), andtheCover Region C(p), thatareusedto de�ne

thesamplingconditions.

In all thefollowing de�nitions, M is consideredasasmoothsurfacewith or withoutboundary,

andS � M is thesetof samplepoints.Theboundaryof M is denotedby bd(M ).

6.4.1 Normal BasedRegion

For everypointa onM , theregionarounda basedon thenormaldeviation is de�ned asfollows.

U � (a) = f b 2 M j 6 NaNb < � g

whereNa andNb arenormalvectorsto M ata andb respectively. If a 2 bd(M ) then

U � (a) = f b 2 bd(M ) j 6 NaNb < � ; 6 Ta Tb < � g

whereTa andTb aretangentvectorsto bd(M ) ata andb respectively.

As we usetheDarbouxframeat theboundarycurves,thenormalto thecurve andthenormal

to thesurfacearesame.We �x � to belessthan12� (0.2radians)for variousproofsin thischapter.
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6.4.2 CurvatureBasedRegion

Let usconsiderthescaledellipsoidsde�ned in Section6.2.3,arounda point a. Let usintersectthese

scaledsolidellipsoids,with variousvaluesof thescalefactorm, with thesurfaceM , R = M \ Elm (a).

Wewould likeR to containpointsthatarecloseto a in termsof having asimilarcurvature.Naturally,

we expect R to have a single componentand not have multiple disconnectedcomponents. For

monotonicincreasein thevalueof m, thenumberof componentsin R mightincreaseanddecreasein a

non-monotonicway. A maximalellipsoidwith scalefactorm = l is onewhoseR is justoneconnected

component,and for all scalefactorsl + � , with � ! 0, R hasmultiple disconnectedcomponents.

Theremightbemany suchmaximalellipsoidsin this family of ellipsoidsfor varyingvaluesof m. The

smallestof themall is de�ned asfollows. Theshrinkfactort usedbelow is a fractionthatshrinksthe

smallestmaximalellipsoid.

De�nition 5 Let a = � =j� 2j = tan(� )=j� 2j. TheLimit ellipsoid is a scaledellipsoidwith thescale

factor

a 2 M ; l1(a) = supf n j 0 � n � a; 8m <
n
t

; Elm� (a) \ M � �g

where � � meanshomeomorphicto anopendiskor half disk.

Herewe limit the maximumvalueof m to be a, the major axis of the curvatureellipsoid (refer to

Equation6.6). Thevalueof � is sameastheoneusedin Section6.4.1. We have to de�ne thescale

factorof theLimit ellipsoidfor pointson theboundaryalso.Thescalefactoris,

a 2 bd(M ); l1(a) = supf n j 0 � n � a; 8m �
n
t

; Elm� (a) \ bd(M ) � �g

where� � meanshomeomorphicto anopeninterval. Theshrinkfactort, 0 � t � 1 will be�x edat

theendof this chapter.

De�nition 6 TheCurvatureBasedRegionUE is de�nedas

UE (a) = f b j b 2 Ell1� (a) \ M g if a 2 M ; and (6.16)

UE (a) = f b j b 2 Ell1� (a) \ bd(M )g; if a 2 bd(M ): (6.17)

6.4.3 SheetBasedRegion

TheregionRS aroundapointa 2 M (or bd(M )) is de�ned asfollows.

Rm
S (a) = f b 2 M j Qa(b) � mg
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Similar to theprevioussection,wherewede�ned thelimit ellipsoidasthesmallestmaximalellipsoid

containingjustonecomponentof theregion,weagainde�ne sucha limit regionbasedonthedistance

functionQ.

Thelimit regionaroundapointa 2 M is R l2
S (a) where

l2(a) = supf n j 8m <
n
t

; Rm
S (a) \ M � �g

Thevalueof t is thesameasusedin thede�nition of thelimit ellipsoid, andwill be�x edat theendof

this chapter. Hereagain,M is substitutedby bd(M ) if a 2 bd(M ).

De�nition 7 TheSheetBasedRegionUS is de�nedas,

US(a) = f b j b 2 R l2
S (a) \ M g if a 2 M ; and (6.18)

US(a) = f b j b 2 R l2
S (a) \ bd(M )g if a 2 bd(M ): (6.19)

6.4.4 SamplingRegion

De�nition 8 Thesamplingregion is an openin�uence region aroundanypoint a 2 M (or bd(M ))

andis de�nedas

S(a) = U � (a) \ UE (a) \ US(a) (6.20)

For thepurposeof enablingourproofs,� < 0:2 radians.

Theclosureof S(a) is denotedby cl(S(a)) .

6.4.5 Cover Region

GiventhesamplingS of M , thenearestneighborset, Un (a), of any pointa 2 M is de�ned astheset

of closestsamplesp 2 S � f ag asmeasuredusingthedistancefunctionQ.

Un (a) = f p 2 S � f ag j 8q 2 S � f ag; Qa(p) � Qa(q)g

Notethat this de�nition is valid for all samplesin S also,andUn (p), for any p 2 S is theset

of closestneighborsof p in S.

Thedistancefrom a to Un (a), Qa(Un (a)) , is theclosestdistanceof a to any of theelementsof

Un (a).
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Cover Regions
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Figure 6.3: Thesamplesa, b, andc are visiblefromeach other, whereasa andd are not visiblefrom
each othereventhoughtheir cover regionsintersect.

De�nition 9 Thecover region, C(a), of a pointa 2 M is de�nedas

C(a) = f b 2 M j Qa(b) � Qa(Un (a))g

Similarly, theclosestregion in R3 that is closestto a is de�nedas

CR (a) = f b 2 R3 j Qa(b) � Qa(Un (a))g

Even thoughwe have de�ned thecover region for any point in M , we will beprimarily usingcover

regionsfor samplepointsin S. In thenext section,thesamplingandcover regionsde�ned hereare

usedto developthesamplingconditions.

6.5 SamplingConditions

In this section,I develop the conditionsfor samplingsurfaceswith boundaries.Theseconditions

exhibit therequiredpropertiesfor samplingsurfaceswith boundariesthatwereintroducedin Chapter

5. In other words, the conditionsrestrict the maximum distanceand relative minimum distance

betweensamplesin a region. Further, theseconditions enablethe reconstructionalgorithm to

reconstructsurfacesthat are topologically equivalent, and geometricallyclose to the underlying

sampledsurface.

Given the samplesthat satisfy the samplingconditions,the reconstructionprocessconstructs

a piecewise linear interpolationof thesepointsto approximatethe underlyingsurface. Theremight
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becaseswhenthereconstructedsurfaceis topologicallyequivalentbut is not in any way closeto the

surfaceboth in geometryand appearance.Veri�cation of geometricclosenesscan be doneusing

operationslike containmentand intersection. For example, it is easyto check in 2D whethera

line segmentis containedcompletelywithin a region, or whethertwo line segmentsintersect. By

repeatingsuchoperationswe can verify whetherthe reconstructedsurfaceis closeto the original

surfacegeometrically. Theseoperationsmight not make sensein caseof a 2D surfaceembeddedin

3D. For example,containmentof a line segmentin asurfaceembeddedin 3D, andintersectionof two

linesegmentsin 3Daremoreof achancethanof arule. Hencetheseoperationshavetoberede�nedfor

curveson surfaces(ratherthanline segments)for their applicabilityon 2D surfacesembeddedin 3D.

This rede�nition makestheseoperationslessusefulfor veri�cation duringthereconstructionprocess,

asnode�nition of surfaceexistsduringthisprocess.For this reason,I useprojectionof regionsof the

surfaceontoa2D planefor oneof thede�nitions below, andextensively in thereconstructionstage.

De�nition 10 Let Pa(b) denotetheorthogonalprojectionof b onto the tangentplaneat a. Sample

points p; q 2 S are said to be visible from eachother, if the projection of the line segmentpq,

Pp(pq) � Pp(C(p) [ C(q)) andPq(pq) � Pq(C(p) [ C(q)) .

Further, if p; q 2 bd(M ), thenp andq are said to be visible if they are visible as per the above

de�nition or if thereis a pathbetweenp andq alongbd(M ) \ (C(p) [ C(q)) that doesnot pass

throughany othersamplepoint (ReferFigure6.3).

Condition 1: Everysamplingregionhasasample:

8 a 2 M ; S(a) \ S 6= ;

Condition 2: If the samplingregion S(a), a 2 M , hasnon-emptyinterior (that is, a is not a sharp

corner)thentheclosureof S(a) containsthenearestsamplesof a.

Un (a) � cl(S(a))

Condition 3: Thecover regionsof thesamplescover thesurface:

[

p2 S

C(p) = M

Condition 4: If the 3D cover regionsof boundarypoints intersect,thenthey arevisible from each

other(ReferFigure6.3). That is, if p; q 2 bd(M ) andCR (p) \ CR (q) 6= ; thenp andq arevisible

from eachother.
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Cover Region of q
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M = C(p) U C(q)

cover regions of p,q, or r, but by the
cover regions of boundary points.

Region of M not covered by the 

Figure 6.4: In this example, theinterior samplesp andq are not visiblefromeach othereventhough
their cover regionsintersect.Anytriangulationthatconnectsp andq mightbea topologically correct
triangulation,but mightnotbea visuallypleasingtriangulation.Onesolutionis to introduceanother
point,sayr , asshownin theright.

Condition 5: If thecover regionsof two interiorsamples,p, q2 M , intersect,thenp andq arevisible

from eachother.

Thecondition2 is usefulwhentheobjectshave sharpedgesbetweenfaces.By this condition,

the nearestsamplepoint of any point in onefaceis in that faceor in the boundary(edge)between

faces.

We know thatall thegivensamplepointsbelongto a 2-manifold.We canmake useof thefact

to avoid forming higherdimensionalsimpliceswhile reconstructingthe surface. This allows us to

imposefewer restrictionson theintersectionsof thecover regionsC(p) for theinteriorof thesurface.

But for the boundaryof the surface,if additionaldetails,like the binormalor the tangentvectoror

a tag indicatingwhethera samplepoint belongsto boundary, arenot given, thenwe have to impose

additionalrestrictionsonsamplingtheboundary, likeCondition4 above.

Let me illustratea casewhereCondition5 is used. Let us considera hypotheticalsituation

illustratedin Figure6.4. The surfacewith boundary, M , is just the union of the two cover regions

of p andq. Thereareadditionalsamplesalongtheboundarysuchthatno two cover regionsof two

non-adjacentboundarysamplesintersect.Further, thesamplesp andq arenotvisible from eachother.

If any triangulationof M connectsp andq, theedgewouldcutacrosstheboundariesin theprojection.

Thoughthis triangulationwould betopologicallyequivalentto M , it would not have thesamevisual

quality as that of M . So, to improve the geometricclosenessof triangulationto M , I introduce

Condition5 asoneof the samplingcondition. Further, the reconstructionalgorithm introducedin
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Chapter4 relieson the non-intersectionof edgesin the projectionto arrive at a triangulationof M .

Hence,Condition5 canalsobeconsideredasanartifactof thereconstructionalgorithmusedin this

dissertation.

If thesamplingdoesnotsatisfyCondition5,asolutionwouldbeto introducenew samplepoints

in theregion of intersectionof thecover regions(of p andq in Figure6.4)andstill satisfyingall the

samplingconditions.For example,in Figure6.4,after introducingthesampler , thecover regionsof

p andq shrink. The union of p, q, andr no longercoversM , but the union of cover regionsof all

samplesincludingtheboundarysamplescoversM , thussatisfyingCondition3.

6.6 Analysisof the SamplingConditions

In thissection,I analyzetheeffectsof thede�nitions of samplingandcover regions,andthesampling

conditions.In thepreviouschapter, I provedthatto reliably reconstructsurfaceswith boundaries,the

samplingconditionshouldspecify the minimum requiredsamplingandalso the relative maximum

allowed sampling. In otherwords,the conditionshave to imposerestrictionson maximumdistance

betweensamplesandrelative minimum distancebetweensamples. In this sectionI argue that the

de�nition of samplingregion and Condition 1 of the samplingconditionsrestrict the maximum

distancebetweensamples,and the de�nition of cover region and Condition 3 restrict the relative

minimumdistancebetweensamples.

6.6.1 SamplingRegionsand theMaximum DistanceBetweenSamples

Let usassumethatthesurfaceM is boundedandhenceall regions,includingthesamplingandcover

regions,arebounded.Considera samplepoint p that lies insidethesamplingregion of a 2 M , thus

satisfyingCondition1 of the samplingcondition for the point a (refer to Figure6.5). The point p

might lie in many othersamplingregionsof pointscloseto a onM . Let usconsiderall suchpointson

M , in whosesamplingregionp lies. Thisde�nesaregionaroundp, andlet uscall this therepresented

regionof p (for whichp is arepresentativesamplepoint). Notethatp belongsto therepresentedregion

of p. Sincethesamplingregionsarebounded,therepresentedregion is alsobounded.Let usconsider

apoint,sayc, arbitrarilycloseto, but outsidetherepresentedregionof p. To satisfyCondition1, there

existsa samplepoint q in thesamplingregion of c. Sincebothsamplingandrepresentedregionsare

bounded,thedistancebetweenp andq areboundedandrestrictedby thesizeof samplingregions.The

sizeof thesamplingregion dependson the local curvaturevariationon M andhencethemaximum
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Represented Region of p
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q

Figure6.5: Thesamplep lies in theboundedsamplingregionsof a andb. Therepresentedregionof p
is bounded.Thesamplingregion of c is representedby anothersampleq. Boundedsamplingregions
boundsthemaximumdistancebetweenthesamplesp andq.

distancebetweensamplesis determinedby local curvaturevariation. This analysisagain justi�es

our intuition behindthesamplingconditionsandthesamplingregion that in low curvatureregion the

samplepointscanbespreadoutandin highcurvatureregion thesamplesareclosetogether.

6.6.2 Cover Regionsand theRelativeMinimum DistanceBetweenSamples

Considera2D problemof samplingacurveasshown in Figure6.6.Assumewehaveasetof samples

satisfyingthe samplingconditionasshown in the top of the �gure. An additionalsamplepoint, r ,

arbitrarily closeto p makesthe cover region of p shrink, uncovering a portion of the surface. This

violatesCondition3 which requirescovering of the surfaceby cover regions. Due to this violation,

thereconstructionalgorithmdoesnot connectsamplesp andq astheir cover regionsdo not intersect,

thusleaving themasboundarypoints.

Analysisof this situationleadsto the following question:how closecan the sampler be to

p sothatq is consideredcloseenoughto bea neighborof p in thereconstructedcurve? Theanswer

dependsonhow farq is from p, andthesizesof coverregionsof p andq. Whatevermaybetheanswer,

the questionby itself revealsthe fact that r cannotbe arbitrarily closeto p, andit hasto maintaina

minimumdistancefrom p basedon (or relative to) thedistancebetweenp andq andthesizesof the

cover regions.ThustheCondition3, alongwith thede�nition of cover region, imposerestrictionson

relativeminimumdistancebetweensamplesfor correctreconstructionof thesurface.

Recallfrom Section5.4.2thatnon-monotonicsamplingis neededfor surfaceswith boundaries.

TheexampleillustratedusingFigure6.6shows that thesamplingconditionsdiscussedin thechapter
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Figure 6.6: The top picture showsthat the cover regions of samplepoints cover the surface. An
additionalsample(r ) arbitrarily closeto p uncoverssomeof thesurfaceandthusviolatesthesampling
condition.Resultingreconstructedsurfaceleavesp andq asboundarypoints.

arenon-monotonicsamplingconditions. In summary, any samplingcondition for ClassC surface

reconstructionalgorithmsfor reliablereconstructionof surfaceswith boundarieswill becharacterized

bynon-monotonicity.

6.6.3 Existenceof SamplingSatisfyingtheSamplingConditions

Thesamplingconditionspresentedin thischapterarevalid only if thereexistsasamplingthatsatis�es

theseconditions.Let usassumethatthesurfaceM is compactandpiecewisesmooth.Thereare�nite

numberof smoothpatchesin M andthesepatchesareattachedto eachotherontheboundaries.Hence

the boundariesareconsideredto be part of both the patches.A “dent” on a smoothsurfacemay be

a sharpedgeor a vertex in the interior of a smoothpatchandnot necessarilya closedcurve between

patches.Thedentsareconsideredto bein the“closure”of thesmoothpatchin which it resides.Each

smoothpatchis consideredasa closedsetalongwith their boundariesand“dents”. For this setting,

let usprove thefollowing theorem.

Theorem6 Thereexistsa �nite samplingof M that satis�esthesamplingconditions.

Proof: This proof usesthe de�nition of representedregion given in Section6.6.1. Eachpatchis a

closedsubsetof M , and hencecompact. Eachpatchis sampledsatisfyingcondition 1, assuming

73



that the boundariesanddentsarepart of a smoothsurfaceandnot curves. Let us assumethat the

representedregionof apoint is anopenset.

The union of all representedregions cover M . Since M is compact,there exists a �nite

numberof representedregionsthatcover M . Thecorrespondingsamplepointssatisfythesampling

condition1. Now theboundarycurves,edges,anddentsaresampledusingthetheorydevelopedfor

curvesin this chapter. This setof curvesis a closedsubsetof M andhencecompact,exceptthat the

constituentcurveshave lower dimension. Again the sameargumentcanbe usedto choosea �nite

numberof samplepointsto cover theboundarycurves,edges,dents,andvertices.Theunionof these

two �nite setsof samplepointsis �nite andthey satisfycondition1 of thesamplingconditions.Let

this �nite setof samplesbeS1.

Now theabovesamplepointsshouldsatisfycondition2 wherefor everypoint in M , theclosest

samplepoint is in theclosureof its samplingregion.

De�ne theclosestsamplingregion of a2 M asCs(a) = C(a) \ S(a), whereC(a) andS(a)

arethecover region andsamplingregion of a respectively. (Noteeven thoughwe usecover regions

for samplepoints,it is de�ned for any pointon thesurface).

Let N = f a 2 M j69p 2 S \ cl(Cs(a))g. The setN containsthosepointsin M for which

samplingcondition2 is notsatis�ed.Let M 2 = cl([ a2 N Cs(a)) . M 2 is compact,anddoesnotcontain

any samplepoint from S1. AssumingCs(a) asthesamplingregion,�nite numberof samplesareused

to sampleM 2 in thesameway asM wassampled.Let this �nite setof samplesbeS2. Thesamples

in theunionof thesetsS1 [ S2 satisfyConditions1 and2.

If the cover regions of the samplepoints S1 [ S2 cover the surfacethen the proof is done.

Assumethat the cover regionsof the above samplepointsdo not cover the surface. Placea sample

point q in the uncoveredregion. Sinceq is not in any cover region, no cover region is affected(no

cover region shrinks).Pointq hasits own cover region. Repeattheabove operationtill no partof M

is uncovered.Sincecover regionsareopen,theunionof cover regionscover M , andM is compact,

thereare�nite numberof cover regionsthatcover M , andhence�nite numberof samplepointsthat

sampleM accordingto the samplingconditions1-3. It is dif�cult to prove the �nitenessof sample

pointswith conditions4 and5 asthey involve projectionsof thecover regionsto the tangentplanes.

SoI ignorethelasttwo conditionsin thisproof. }
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6.7 Toolsfor Reconstruction

In this section,I developa few mathematicaltoolsthatcanbeusedduringthereconstructionprocess.

In theLocalizedDelaunayTriangulationalgorithmpresentedin Chapter4, wecollectedthecandidate

neighborsfor eachsamplepoint. Neighborsof a samplepoint in the �nal triangulationarechosen

from thesecandidatepoints. Hencechoosingcandidatepointsis an importantstepin thealgorithm.

Thefollowing is theformalde�nition of candidateneighbors.

De�nition 11 If the cover regionsof two samplepointsp and q intersect,then they are candidate

neighborsof each other.

Hencethecoreof thereconstructionalgorithmis to detectintersectionof coverregions.But the

coverregions,andhencetheirintersection,aredescribedusingthesurfacede�nition, whereas,wehave

to usethe intersectionof cover regionsto �nd thesurfacede�nition. To breakthis inter-dependency,

we assumethat if theellipsoidsthat containthecover regions,CR , intersectthenthecover regions,

C, intersect.TheotherdirectionholdsbecauseC(p) � CR (p).

Lemma 5 If C(p) \ C(q) 6= ; thenCR (p) \ CR (q) 6= ; .

Assumption1 If CR (p) \ CR (q) 6= ; thenC(p) \ C(q) 6= ; .

Now theproblemis to �nd if two ellipsoidsintersect.We cancomputethe intersectionusing

classicalvariableeliminationtheory. By mostof thetechniques,theproblemof �nding whethertwo

ellipsoidsintersectboilsdown to �nding theactualintersectioncurve,or atleastapointof intersection.

This is time consuming,and we prefer to �nd fast, even if approximate,way to determineif two

ellipsoidsintersect.

For thesakeof brevity in notation,in thefollowing theorem,I useL p to denote
p

Qp(Un (p)) ,

thedistanceto theclosestsamplepoint from p.

Theorem7 Let p andq betwo samplepointswith L p andLq as their distancesto their respective

closestsamplepoint. Thesedistancesde�ne theellipsoidsCR (p) andCR (q). If CR (p) \ CR (q) 6= ;

then

Qp(q) �
3
2

�
L 2

p + L 2
q

�
+ 2

p
2LpLq; or (6.21)

Qq(p) �
3
2

�
L 2

p + L 2
q

�
+ 2

p
2LpLq (6.22)
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Figure6.7: Con�guration to �nd themaximumQp(q) whenCR (p) andCR (q) intersect.

Proof: Let us assumea conservative con�guration of the ellipsoidsaroundp and q suchthat the

distanceQp(q) is maximized. For easeof computation,I considera rectangularbox aroundthe

ellipsoidaroundp andassumethattheellipsoidaroundq touchestheboxasshown in Figure6.7.The

Qp(q) is maximizedat thiscon�gurationfor aparticularvalueof � . Without lossof generality, let us

assumethatLp > Lq.

Qp(q) = T2
p(q) + E 2(p; q)

=
�

Lq sin(� ) +
L p

2

� 2

+

 
�
Lp + Lq cos(� )

� 2 +
�

Lq sin(� ) +
L p

2

� 2
!

= L 2
q + L 2

q sin2(� ) +
3
2

L 2
p + 2LpLq(sin(� ) + cos(� )) (6.23)

Theright handsideof 6.23maximizesat � = � =4, when

Qp(q) �
3
2

�
L 2

p + L 2
q

�
+ 2

p
2LpLq: (6.24)

}

Let theanglebetweenthenormalvectorsat p andq be� . Theminimumvalueof � is � in the

above equation.In theequation6.23,if we substitute� = � = 0:2 radians,thevaluewe assumedin

Section6.4.1,thenweget

Qp(q) <
�
1:22

�
Lp + Lq

�� 2 : (6.25)

If theellipsoidaroundq wasactuallytouchingtheright endof theellipsoidaroundp, instead

of thetip of therectangularbox, thenwegetabetterboundas,

Qp(q) �
�
Lp + Lq

� 2 : (6.26)

If thecover regionwasacircleonaplane,thenwegetexactly thesameboundasabove.
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6.7.1 TheShrink Factor t

We usedtheshrinkfactort in Sections6.4.2and6.4.3to shrinkthecurvature basedregion andsheet

basedregion of M . Theneighborsof a samplepoint in the �nal triangulationlie in theseregionsof

M . Theseregions,andhencetheneighbors,arefoundduringthereconstructionprocessby estimating

thedistanceto thefarthestneighbor. Incorrectestimationof farthestdistanceleadsto incorrectchoice

of neighbors,whichin turnwill leadto incorrecttriangulationof M . Theshrinkfactort canbeviewed

asa safetyfactorin searchingfor neighborssuchthatevenwith theworstcaseestimateof distanceto

thefarthestneighbor, thecorrectnessof thetriangulationis not affected.In this sectionI �x thevalue

of t for its usein thesamplingprocess.

Lemma 6 Thespacecoveredby theset
n

a j a 2 M ; Qp(a) < L 2
p=t

o
is homeomorphicto a disc.

Proof: Follows from thesamplingcondition2 andthede�nition of thesamplingregion. }

As wediscussedin theprevioussection,�nding theintersectionbetweenellipsoidsis expensive.

Hence,wearegoingto assumethattheconverseof theTheorem7 is true.In essence,weareassuming

thatif thedistanceof q from p is lessthan 3
2

�
L 2

p + L 2
q

�
+ 2

p
2LpLq thentheellipsoidsCR (p) and

CR (q) intersect.Suchsampleslikeq arepossibleneighborsof p in the�nal triangulation.Assuming

Lp > Lq asbefore,Equation6.24becomes

Qp(q) � 5:83L 2
p (6.27)

Lemma 7 If a shrink factor 0 < t < 0:17 is usedin the samplingprocess,thenthe reconstruction

will bereliable.

Proof: All points within the distanceof 5:83 L 2
p from p are possibleneighborsin the �nal

triangulation. Hencethe region coveredby themneedto be homeomorphicto a disc. Further, by

Lemma6, all pointswithin adistanceof L 2
p=t arehomeomorphicto adisk. Hence,

5:83L 2
p < L 2

p=t (6.28)

t < 0:17 (6.29)

Furthert hasto bepositive to avoid theneedfor in�nite numberof samples. }
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6.8 Summary

In this chapter, I introducedthecurvature ellipsoidsat a point a on thequadraticapproximationof a

surface.Theregion of thesurfaceenclosedwithin this solid ellipsoidhasboundednormaldeviation

from thenormalvectorat a. Basedon thecurvatureellipsoids,I de�ned a family of ellipsoidscalled

scaledellipsoids. Theseellipsoidswereusedin de�ning thecurvaturebasedregion.

This was followed by the introductionof a distancefunction D . Relationshipbetweenthe

region of boundednormaldeviation arounda andthedistancefunctionD wasestablished.Further,

to justify thisdistancefunction,ahypotheticalsamplingconditionbasedonD wasshown to have the

samepropertiesasthesamplingconditionsdueto Amentaetal.[Amenta98b].

Computationof D requirestheknowledgeof normalcurvatureandprincipaldirectionsatevery

samplepoint. As this is not practical,anotherdistancefunctionQ wasintroducedandits relationship

with D wasestablished.The distancefunction Q wasusedto de�ne threemoreregions, the sheet

basedregion, thesamplingregion, andthecover region. Apart from theabove four regions,normal

basedregion, which is basedonanglebetweennormalvectorswasalsointroduced.

Basedon these� ve regions, � ve samplingconditionswere developedand analysisof these

samplingconditionswerepresented.Tools weredevelopedfor the reconstructionprocessto make

useof theresultsandeffectsof thesamplingconditions.Theseresultsensurethat thereconstruction

processindeedproducesgeometricallycloseand topologicallycorrecttriangulationof the surface.

Theproofof this correctnessis presentedin thenext chapter.
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CHAPTER7

THEORY OF SURFACE RECONSTRUCTION

In thepreviouschapter, I de�ned conditionsfor samplingthatsatis�edtherequirementsfor sampling

surfaceswith boundariespresentedin Chapter5. In this chapterI de�ne triangulation,propertiesof

triangulation,andtherelationshipbetweenthetriangulationgeneratedfrom thesamplepointsandthe

surface.

In thischapter, thefollowing notationis used.Thesurfacethatis sampledis denotedby M and

thesetof samplepointsby S. Let M bea 2-manifoldfor initial arguments.Later I will extendthe

discussionto 2-manifoldwith boundaries.Triangulationof M is denotedby L � K , whereK is a

simplicial complex whoseverticesarein S. Thetangentplaneatapointa will bedenotedby Ta.

Outline of this chapter: In this chapter, I de�ne triangulations, topological and geometric

triangulations,of M . I also de�ne a multicovering of M , and derive conditions when this

multicoveringcanbeatriangulationof M . ThenI constructafunctionf from theLocalizedDelaunay

Triangulation,L , to M thatsatis�estheseconditions,to prove thatL is homeomorphicto M . Finally,

I relatea few conceptsand resultspresentedin the literaturerelatedto the triangulationwith the

conceptspresentedin this dissertation.This includesthe cover region, nerve, andthe extractionof

triangulation.

7.1 De�nitions

De�nition: A triangulationL of asurfaceM is apiecewiselinearrepresentationof M usingtriangles,

whosetopologyis sameasthatof M .

For L to have thesametopologyof M , thereshouldexist ahomeomorphismbetweenL andM .

De�nition 12 A topologicaltriangulationof (M ; S) is a triangulationof M with vertex setS.



For our application,the triangulationverticesareexactly the pointssampledfrom the surface. This

de�nition of topologicaltriangulationallowscertainrepresentationsof thesurfacethatareundesirable

as a faithful representationof the shapeor geometryfor its usein visualizationapplications. The

following exampleshowssuchacase.

For thesake of simplicity, let usdiscussanexamplein two dimensions.Considerthesampling

of a circle,andlet therebeoddnumberof samplepoints. “Triangulation”of thecircle is a piecewise

linear representationof a circle, which is a closedpolygon with the samplepoints as its vertices

(refer to Figure7.1awithout thevertex V andits incidenttriangles).If we connectalternatesample

points,wecangoaroundthecircle twiceandstill canconstructaclosedpolygon,thoughnotasimple

polygon. This non-simplepolygon is homeomorphicto the circle, making it a valid topological

triangulationof the circle. The sameexamplein 3D would be the triangulationthat coversa torus

morethanonce,andstill is homeomorphicto atorus.As suchatriangulationcoversanobjectmultiple

times,it is calleda multi-coveringof anobject. This is not a goodrepresentationof theshapeof the

objectfor visualizationapplications.I de�ne triangulationin adifferentway, which I call ageometric

triangulation, to eliminatesuchundesirablecases.

De�nition 13 Let L bea simplicial complex whosevertex setis S. If there existsa homeomorphism

g : jL j ! M such thatg(p) = p for all p 2 S, thenL is a geometrictriangulationof M .

The known geometricrelationshipbetweenL andM is that the verticesin L arethe sample

pointson M . A geometrictriangulation is a topological triangulation wherethe homeomorphism

takes the verticesof L to itself, as they are also elementsof M . In the rest of the chapterby

“triangulation”wemean“geometrictriangulation”.

De�nition 14 A multicoveris a simplicialcomplex L anda mapf : jL j ! M such thattherestriction

of f to thestarof everyvertex p 2 S is anembedding.

De�nition 15 A multicover (L; f ) is calleda geometricmulticover if f (p) = p; 8p 2 S.

De�nition 16 Let abc 2 L bea triangle andd 2 S; d 6= a; b; c bea vertex in L . Henced 2 M . If

d 2 f (abc), thend is calledtheinternal vertex of thetriangleabc.
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Figure 7.1: (a) If a functionf mapsthestar of thevertex V to theplaneof thepaperretainingthe
order of edgesaroundV asshownabove, thenf is not a multicover as themappingof a star is not
anembedding. (b) Pieceof multicoveringtriangulationof a sphere. If themappingfunctionis f asin
(a), notethatmanytriangleshaveinterior samples.

7.2 Multico vering and GeometricTriangulation

In thischapter, weprove thefollowing theorem.

Theorem: If f : jL j ! M is a geometric multicover with no internal vertex, then f is a

homeomorphism,andhenceL is a geometrictriangulationof M .

Thefollowing aretheassumptionsandnotationsusedin thisproof.

1. L is a �nite simplicial complex, jL j is acompact,connectedmanifold.

2. M is acompact,connectedmanifold.

3. jL j andM areHausdorff spaces.(Referto Section2.2.2for thede�nition of Hausdorff spaces).

4. f : jL j ! M is acontinuousmap.

5. S 2 M is asetof samplepointsandis thevertex setof L .

6. Pointsx andy arein jL j, pointsa andb arein M , pointsp andq aresamplepointsbelonging

to bothjL j andM .
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Thefollowing is theoutlineof theproof. I prove in Lemma9 that thereexistsanopensetBa

aroundevery point a in the imageof jL j in M suchthat the numberof pre-imagesof any point in

the setis greaterthanor equalto the numberof pre-imagesof a. In Lemma11, I prove that within

this opensetBa, the setA containingthe pointswith strictly greaternumberof pre imagesthanof

a is closedin Ba. This leadsto theresultin Lemma10 that themulticover mapf from jL j to M is

onto. Thenin Theorem8, I prove that A is emptyandhenceall pointsin M have samenumberof

pre-images.The multicover f is a homeomorphismif andonly if the numberof pre-imagesis one

(Lemma12). Therelationshipbetweentheinternalvertex, andthenumberof preimagesis established

in Lemma13. All theseresultsareput togetherto prove the �nal theorem,Theorem9, that ties the

conceptsof geometrictriangulation,geometricmulticover, andtheinternalvertex.

7.2.1 TheoremsandProofs

Lemma 8 Let f : jL j ! M bea multicover. There exists� > 0 such that 8x 2 jL j, f (B (x; � )) is an

embedding.

Proof: For all p 2 S, Star(p) is open. Sincef is a multicover, f (Star(p)) is an embeddingand

henceopen. For every x 2 jL j, thereexists p 2 L suchthat x 2 Star(p), sincethe union of stars

coversjL j. For every x 2 jL j, thereexists � x > 0 suchthat B (x; 2� x) � Star(p) for somep 2 L,

sincea staris open.Further, theunionof opensets[ x2j L jB (x; � x) coversjL j. SincejL j is compact,

thereexists �nite numberof x suchthat [ x2 �nite setB (x; � x) covers jL j. Further, we canchoose

opensetssuchthat no openset is containedin another. Let the chosenx be f x1; x2; : : : ; xng. Let

� = minx2f x1 ;x2 ;:::;xn gf � xg.

For every y 2 jL j, thereexists xi suchthat,B (y; � ) � B (xi ; � xi + � ) � B (xi ; � xi + � xi ) =

B (xi ; 2� xi ) � Star(p), for somep 2 L. Hence8y 2 jL j; f (B (y; � )) is anembedding. }

De�nition 17 Thepre-imageindex of a 2 M , denotedby PI(a), is thenumberof distinctpre-images

of a in jL j underf . Thatis, PI(a) = jf � 1(a)j where f � 1(a) = f x 2 jL j j f (x) = ag.

Theabove de�nition is valid only if thenumberof pre-imagesof any a 2 M is �nite which is trueas

L is a �nite simplicial complex, andtheimageof astaris anembedding.

Lemma 9 For everya 2 f (jL j), thereexists� a > 0 such that8b 2 B (a; � a), PI (b) � PI (a).
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Proof: For any point a 2 f (jL j) there is a �nite number of pre-images. Let f � 1(a) =

f x1; x2; : : : ; xng, so xi 2 jL j are the distinct pre-imagesof a. By Lemma8 thereexists � > 0

suchthat f (B (xi ; � )) is anembeddingin M . Further, asjL j is a Hausdorff space,thereexists open

setsU1; U2; : : : ; Un suchthat xi 2 Ui � B (xi ; � ), and for every i 6= j , Ui \ Uj = ; . The set

\ 1� i � n f (Ui ) 6= ; sinceit containsa = f (xi ). This intersectionset,\ 1� i � n f (Ui ), is openasthere

are�nite numberof Ui sandf (Ui ) areopenasf is anembedding.Thisshowsthatthereexists� a > 0

suchthat8b 2 B (a; � a) � \ f (Ui ); PI (b) � PI (a). Further, astheUi 's aredisjoint, thepre-images

of b aredistinct. }

Lemma 10 Multicover f : jL j ! M is onto.

Proof: ThespacesjL j andM arecompact,connectedmanifolds.A topologicalspaceM is saidto be

connectedif theredoesnotexist nonemptydisjointopensetsthatcoverM . SincejL j is compact,and

f is a map,B= f (jL j) � M is alsocompactandhenceclosedandbounded.ThesetC= M � B is

opensinceB is closedandM is compact.For all b 2 B, PI (b) > 0, andfor all c 2 C, PI (c) = 0.

By Lemma9, for every b 2 B= f (jL j), thereexists� b > 0 suchthatfor all d 2 B (b; � b), PI (d) �

PI (b). Hence,for all b 2B, B (b; � b)\ C = ; . ThesetD= [ b2BB (b; � b) is open,B � D, D \ C

= ; , andD [ C = M implying thatM is not connected,a contradiction.HenceeitherD = ; or C

= ; . As jL j 6= ; in general,f (jL j) = B � D 6= ; andhenceC = ; . Therefore,thereexistsno c 2 M

suchthatPI (c) = 0, andeveryc 2 M hasapre-image.Themapf is onto. }

Lemma 11 Let a 2 M and � a > 0 such that for all b 2 B (a; � a); PI (b) � PI (a) as givenby

Lemma9. ThesetA = f b j PI (b) > PI (a); b 2 B (a; � a)g is closedin B (a; � a).

Proof: As given in the proof of Lemma9, let f � 1(a) = f x1; x2; : : : ; xng, xi 2 jL j be distinct

pre-imagesof a. Note that f � 1(a) is non-emptyfor any a 2 M asf is onto by Lemma10. There

exist opensetsU1; U2; : : : ; Un suchthatxi 2 Ui � B (xi ; � ), Ui \ Uj = ; , i 6= j . Further, B (a; � a) �

\ 1� i � n f (Ui ). Considerthe closedset X = jL j � [ 1� i � nUi . The imageof X , f (X ) � M is

closedasthe imageof a closedset is closedundera continuousfunction. All pointsc 2 B (a; � a)

with PI (c) = PI (a) will now have PI (c) = 0 in f (X ), andotherpointsb 2 A � B (a; � a) with

PI (b) > PI (a) will now have PI (b) > 0. By de�nition, A = B (a; � a) \ f (X ). Thesetf (X ) is

closed,B (a; � a) is open.Therefore,B (a; � a) � f (X ) is open,andB (a; � a) � (B (a; � a) \ f (X )) is

open.As B (a; � a) � A is openandA � B (a; � a), A is closedin B (a; � a). }
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Theorem8 LetL bea �nite simplicial complex, andjL j andM becompact,connectedmanifolds.If

f : jL j ! M is a mapin which theimage of everyopenstar of L is an embeddingin M , thenevery

a 2 M hassamenumberof pre-imagesin jL j underf .

Proof: By Lemma9 every a 2 f (jL j) hasa � a > 0 suchthat 8b 2 B (a; � a); PI (b) � PI (a),

andby Lemma10, f (jL j) = M . Furtherby Lemma11, A = f b j PI (b) > PI (a); b 2 B (a; � a)g

is closedin B (a; � a). The set B (a; � a) � A 6= ; as a 2 B (a; � a) and a =2 A. If A 6= ; , then

B (a; � a) \ A 6= ; and this implies that thereis a point c 2 B (a; � a) \ A that is a limit point of

B (a; � a) � A. Thereexists t 2 B (c; � c) \ (B (a; � a) � A) and hencePI (t) � PI (c) which is

a contradictionasPI (t) = PI (a) < PI (c). This shows that theredoesnot exist c with the above

criterion,andhenceA = ; . Thereforeall pointsin B (a; � a) havesamenumberof pre-images.Further,

dueto Lemma10,Lemma9 canberewordedasfollows. For every a 2 M thereexistsa � a > 0 such

thatfor all b 2 B (a; � a), PI (a) = PI (b).

Considerall opensetsB (a; � a), for all a 2 M . Theunionof all theseopensets,[ a2 M B (a; � a),

covers M . Since M is compact, there exists a �nite number of open sets whose union, say,

[ 1� i � nB (ai ; � ai ), ai 2 M , coversM . DenoteB i = B (ai ; � ai ). If B i \ B j 6= ; thenall b 2 B i [ B j

have samenumberof pre-images.De�ne anequivalencerelationbetweentheseopensetsasfollows.

TheopensetsB i andB j arerelatedto eachother, denotedasB i R B j , if andonly if B i \ B j 6= ; or

thereexistsanl suchthatB i R B l andB l R B j . Thisshowsthatall pointsbelongingto opensetsin one

partitionhavesamenumberof pre-images.Now it remainsto beshown thatthereis only onepartition

of M underthis equivalencerelation.Supposetherearek partitions,say, P1; P2; : : : ; Pk of M dueto

thisequivalencerelation.Thenfor s 6= t, theintersectionof any two opensets B i 2 Ps andB j 2 Pt ,

is empty. Let theunionof all theopensetsin onepartitionPi beVi . ThenthesetVi = [ B j ; B j 2 Pi

is open.Further, [ Vi = M andfor i 6= j ; Vi \ Vj = ; . This shows thatM is not connected,which is

acontradiction.Therefore,thereis only onepartitionof M dueto thisequivalencerelation,andhence

all pointsin M havesamenumberof pre-images. }

De�nition 18 TheMulticover Index of a multicover f : jL j ! M , M I (f ) is the numberof pre-

imagesof at leastonepoint x 2 M .

Theabove de�nition is justi�ed by thefact thatall pointsin M have pre-images(by Lemma10) and

all thesepointshavesamenumberof pre-images(by Theorem8).
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Lemma 12 A function f : jL j ! M is a homeomorphismif and only if f is a multicover with

M I (f ) = 1.

Proof: () ) Sincef is a homeomorphismit is an one-to-oneandonto continuousfunction whose

inverseis alsocontinuous.Hencef is a mapwherethe imageof a starin jL j is anembeddingin M

andeverypoint in M hasonly onepre-image.Hencef is amulticoverwith M I (f ) = 1.

(( ) By Lemma10, f is onto. By Theorem8, if M I (f ) = 1, then every point in M has

a uniquepre-imageandhencef is one-to-one.Sincef is a map, f is continuous. jL j is compact

andM is a Hausdorff space.A continuousfunction from a compactspaceto a Hausdorff spaceis a

homeomorphism[Munkres75]. Therefore,f is ahomeomorphism. }

Lemma 13 A geometricmulticover f : jL j ! M hasno internal vertex if andonly if M I (f ) = 1.

Proof: () ) Let f beamulticoverwith no internalvertex, andlet M I (f ) > 1. Sincef is ageometric

multicover, f (p) = p for all samplepointsp 2 S. Let f � 1(p) = x; x 6= p; x 2 jL j beoneof the

pre-imagesof p. Thereexistsaq 2 S suchthatx 2 Star(q). Thisshowsthatthereexistsa triangleqrs

in thestarof q suchthatx is in theinterior of this triangleor on theedgesqr or qs, or x is thevertex

q. (If x is on theedgers or is thevertex r or s, thenx belongsto thestarof r and/ors andnot of q).

Let x = q, andby assumptionearlierx 6= p andhenceq 6= p. Sincex = q, f (x) = q andf (x) 6= p,

which is a contradiction.Therefore,x 6= q. As f hasno internalvertex, x cannotlie on theinteriorof

any triangleor edge.Hencethereexistsno x 6= p suchthat f � 1(p) = x. Thereforef � 1(p) = f pg

which impliesthatPI (p) = 1. By Theorem8, this impliesthat for every a 2 M ; PI (a) = 1 andby

thede�nition of multicover index, M I (f ) = 1.

(( )The function f is a geometricmulticover implies that f (p) = p ) p 2 f � 1(p). As

M I (f ) = 1, p doesnot have any otherpre-imageotherthanp itself andhencep is not an internal

vertex of any triangle.Sincep is anarbitrarysamplepoint,nosamplepoint is aninternalvertex under

f . }

Theorem9 Let L be a �nite simplicial complex, and jL j and M be compact,connectedmanifolds.

Further, let thevertex setof L , S, bea subsetof M . (L,f) is a geometrictriangulationof M if andonly

if f : jL j ! M is a mapwith thefollowingproperties:

i. theimageof everyopenstarof L is anembeddingin M ,

ii. f (p) = p; 8p 2 S, and
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iii. f hasno internal vertex.

Proof: () ) Since (L,f) is a geometric triangulation, property (ii) is satis�ed, and f is a

homeomorphism.Sincef is a homeomorphism,by Lemma12, f is a multicover with M I (f ) = 1.

Further, f is a geometricmulticover due to property(ii) . Sincef is a geometricmulticover with

M I (f ) = 1, it satis�esproperty(i) (by thede�nition of multicover)andproperty(iii) (by Lemma13).

(( )Dueto properties(i) and(ii) , f is a geometricmulticover anddueto property(iii) andby

the Lemma13, M I (f ) = 1. By Lemma12, if M I (f ) = 1 thenf is a homeomorphism.As the

homeomorphismf satis�esproperty(ii) , (L,f) is ageometrictriangulationof M . }

7.3 GeometricTriangulation and LocalizedDelaunayTriangulation

In this section,I prove thattheLocalizedDelaunayTriangulationis homeomorphicto theunderlying

surface.I de�ne a few termsusedin thissectionandstateanassumptionbeforeproving this result.

De�nition 19 “Pr ojection” of a point b meansthe following operation. A point b is projected

orthogonally to the plane �xed at an origin, say a. Let the projectionof b be b0. The vectorab0

is scaledto thelengthof thevectorab.

Thelengthis measuredusingtheEuclideanmetric.

Assumption2 Theprojectionsof a triangulationof M arounda vertex a 2 S andtheneighborhood

of a in M to thetangentplaneTa areone-to-oneandcontinuous.

De�nition 20 Letabcbea triangle, andd 2 S � f a; b; cg bein a candidateneighborof a. Consider

theprojectionof abc andd to Ta. If d projectsto theinterior of theprojectionof abc thend is called

an interior sampleof thetriangleabc.

Theorem10 TheLocalizedDelaunayTriangulation,L , is homeomorphicto theunderlyingsurface

M .

Proof: The Localized DelaunayTriangulationalgorithm choosesthe candidatepoint aroundthe

referencepoint using the samplingconditionspresentedin the previous chapter. Thesesampling

conditionsensurethat the triangulationarounda referencepoint using thesecandidatepoints is

homeomorphicto a disk. Further, the Delaunaytriangulationon the tangentplaneof the reference
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Figure7.2: Theline segmentsconnectingthecentroidsof thetrianglewith themidpointsof theedges
de�ne a region around a sample. The planesare constructedperpendicularto the triangles, and
passingthrough theseline segments. Theseplanesintersectthe surfaceabove and de�ne another
regionon thesurfacearoundthesamplepoint.

pointensuresthattheprojectionof thestarof thereferencepoint to its tangentplaneis one-to-oneand

thereis no interior vertex in theprojectionof this star.

Choosethemid pointsof theedgesandthecentroidsof thetrianglesincidentoneachreference

point. Connectthesecentroidsandmid pointsaroundeachsamplepoint, p, in order usingstraight

lines.Thisresultsin aclosedpolygononthetriangulationenclosingaregioncontainingp (Figure7.2).

Let this regionbeRp. Notethatthereis nosamplepoint in Rp otherthanp, and[ p2 SRp coversthe

triangulation.Further, theintersectionof theinteriorsof any two regionsRp andRq, p 6= q is empty.

Considertheboundaryof theregionRp. This is madeupof two edgesoneachtriangleincident

onp (Figure7.2).For eachedge,constructaplanepassingthroughit andperpendicularto thetriangle

in which the edgelies. Sincethe projectionof the triangulationto the tangentplaneis one-to-one,

theseplanesintersectthe tangentplaneof p and this intersectionyields a simple polygon on the

tangentplane.Further, sincetheprojectionof theneighborhoodof p in surfaceM to thetangentplane

of p is one-to-one,theseplanesintersectM andform a simpleclosedcurve on M . Let the region

de�ned by this closedcurve be Pp. Clearly Pp containsp. Thereis a one-to-onecorrespondence

betweentheedgesof Rp onthetriangulationandcurvesegmentsof Pp, andtheorderof edgesof Rp
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a

b

c a c

Hole in the triangulation
not in the surface

Hole in the triangulation
and in the surface

Figure7.3: (a) A boundaryin themiddleof theobjectis allowedbythepropertiesof thetriangulation
eventhoughthere is noboundaryin theactualmodel.Thisis avoidedbyconsideringa triangleabc if
there exist edgesab, bc, andca. (b) If there were an actualholeabc in themodel,thenaccording the
samplingconditions,there needsto bea samplepoint representingeach edge of this triangle. Final
triangulationwith theseverticesonedgesis alsoshown,which retainsthathole.

aroundp is preservedin Pp. Further, thereis nosamplepointotherthanp in Pp. By construction,the

intersectionof theinteriorsof any two regionsPp andPq, p6= q, is empty.

Constructa mapf : jL j ! M suchthat f (Rp) = Pp andf (p) = p 8p 2 S. The mapf

embedsStar(p), 8p 2 S. By construction,f doesnothave any interior vertex andmapseverysample

point to itself. By Theorem9, f is a homeomorphismbetweenjL j andM , andhencetheLocalized

DelaunayTriangulation,L , is ageometrictriangulationof M . }

7.3.1 Triangulation for Surfaceswith Boundaries

Theresultspresentedin thepreviouschapterhold for triangulationof manifolds.We have to extend

theseresultsto manifoldswith boundariesalso.By thesamplingconditionspresentedin theprevious

chapter, thecover regionsof theboundarysamplepointsdo not intersectif they arenot visible from

eachother. Hence,in general,therewill be only one triangle incidenton an edgeconnectingtwo

boundarypoints,leadingto missingtrianglesin thediskaroundaboundarysample.Usingthisfeature,

wecanidentify all theboundarypoints.Theremightbecaseswhenanedgeconnectingtwo boundary

pointshastwo trianglesincidenton it, whentheboundarypointsareconnectedusinganinternaledge

(Edgeac in Figure6.3). Let usanalyzethiscase.

Considera hypotheticalcaseasshown in the left of Figure7.3. Assumethat thereis no hole

abc in theactualmodel.During triangulation,thisholeis allowedastheedgesab, bc, andcaconnect

boundarypoints,andtherecanbe a missingtrianglealongtheseedges.To avoid this situation,we
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assumethepresenceof a triangleabc if thereexist edgesab, bc, andca irrespective of whetherthey

areboundarysamplesor not. This may leadto a conclusionthat we cannothave a triangularhole

asin Figure7.3. But accordingto thesamplingcondition,if therewasa triangularhole, thereneed

to be sampleson eachedgedueto the following reason.The samplingregion of any point on the

edgedoesnot includetheverticesof thetriangleasanglebetweenthetangentvectorsalongtheedge

andthevertex is morethanthe tolerance.Thesamplingunderthis condition,andits corresponding

triangulationis shown in theright of Figure7.3.

Thus,theboundarypointsandthetriangulationof boundarycanbeidenti�ed consistently, and

is supportedby appropriatesamplingconditionspresentedin thepreviouschapter. Oncetheboundary

samples,and the edgesconnectingthem are identi�ed, the resultsof the previous sectioncan be

directlyextendedto surfaceswith boundaries.

7.4 Cover Regions,Nerve,and the Triangulation

In this sectionI will discussaboutotherrelatedwork on triangulationsthat canbeusedfor proving

thehomeomorphismbetweenthe triangulationandthesurface. I will alsodiscussabouta few gaps

thathave to be�lled for their applicabilityto ourproblem.

In the previous chapterwe de�ned the cover regionsof the samplepointsand the ellipsoids

CR (p) arounda samplepoint p basedon distancefunction Qp. Furtherin Section6.7 we showed

the importanceof estimatingthe intersectionof cover regions for the �nal triangulation. We also

developedtheory to approximately�nd the intersectionof ellipsoids. In this section,I usethese

intersectionpatternsto constructa simplicial complex K , which is also called the nerve of the

ellipsoidalintersections.

Thecomplex K hasthesetof samplesS asits vertex set.An edgeis constructedbetweentwo

samplesif their ellipsoidsintersect,anda triangleis formedif the ellipsoidsof threesamplepoints

intersectin a commonregion. Any higherdimensionalsimplex is removed as they arenot of any

interestto uswith respectto surfacereconstruction.Theresultingcomplex is calledthenerveinduced

by theintersectionpatternof theellipsoids.

We alsoassumedin thepreviouschapterthatwhentwo ellipsoidsCR (p) andCR (q) intersect

their cover regionsC(p) andC(q) alsointersect.Sothenerve canbeassumedto be inducedby the

intersectionpatternof thecover regionsin R3 .
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OnceK is constructed,the next step is to �nd the geometrictriangulationL of M that is

a subsetof K . Before�nding a triangulation,we have to talk abouttheexistenceof a triangulation.

EdelsbrunnerandShah[Edelsbrunner97b] showedthatif the(cover)regionsintersectin apseudo-disk

con�guration,wheretheboundariesof two regionsintersecteitheratzeroor two points,thereexistsa

triangulationof theunderlyingspacein thenerve. In ourcase,I conjecturethatthecover regionsona

smoothsurfaceintersectin apseudo-diskcon�guration,andtheabove resultholdsgoodonsurfaces.

AssumingthatthetriangulationL existsin K , we have to extractL from K . But this problem,

in its generalsetting,is provedto beNP-Complete.

Theorem11 Lloyd [Lloyd77] hasprovedthat thefollowing triangulationextractionproblemis NP-

complete. Thetriangulationexistenceproblemis: Let V bethesetof vertices.Let P bethesetof all

straight line segmentsbetweentheverticesin V . GivenV , and thesetof edgesE � P, doesthere

exist a subsetEs � E , such thatEs is a triangulationof V?

Lemma 14 Thetriangulationproblem”Let V bethesetof vertices.Let K bethesetof all triangles

betweentheverticesin V . GivenV , andthesetof trianglesT � K , doesthere exist a subsetL � T

such thatL is a triangulationof V?” is NP-complete.

Proof: Problemasstatedin Theorem11canbereducedto theproblemspeci�edin this lemma.Given

thesetof edges,theinputsetis convertedto thesetof all possibletrianglesformedby thegivensetof

edgesin O(n3) usinganexhaustive searchalgorithm. Then,oncethesetof trianglesthat triangulate

V is found,its edgesetde�nes thesolutionto theoriginal problem.Further, givena setof triangles,

it canbeveri�ed in polynomialtimewhetherthissetis asolutionto thegivenproblemor not. Hence,

giventhevertex setV , andthesetof trianglesT, theproblemof �nding a subsetL � T suchthatL

is a triangulationof V , is NP-Complete. }

But this resulthasbeenproved in a generalsetof edges(triangles). It still remainsopento

seewhetherthe problemof �nding the triangulationfrom a specialsetof edgeswith properties,for

exampleif theedgesarefrom anervecomplex, is NP-complete.

As veri�cation of a solution for an NP-completeproblemcan be donein polynomial time,

I presenteda direct method,the LocalizedDelaunayTriangulation,to constructa triangulationin

Chapter4, andearlierin thischapter, veri�ed thatthis triangulationis ageometrictriangulationof M .

90



7.5 Conclusion

I presentedthe de�nition of a geometric triangulation and multicovering. The de�nition of

multicovering is basedon a local propertythat the mappingof a starof a sampleis an embedding.

Basedon this local de�nition, I proved a few global results on the suf�ciency conditions for

a multicovering function to be a homeomorphism. I also establishedthe relationshipbetween

multicoveringandgeometrictriangulation.

Above resultswere effectively usedin constructinga homeomorphismf with the required

properties,betweenthe LocalizedDelaunayTriangulation,L , and the surfaceM , thus leadingto

the conclusionthat L is a geometrictriangulationof M . I also justi�ed the approachof directly

constructingthe triangulation, rather than extracting a triangulation from the nerve due to the

intersectionof cover regions,usingtheexisting resultslike [Edelsbrunner97b] and[Lloyd77].
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CHAPTER8

CONCLUSION

Themaincontributionof thisdissertationis theanalysisof theproblemof samplingandreconstruction

of surfaceswith boundaries.Thisanalysisledto theclassi�cationof surfacereconstructionalgorithms

andto therealizationthattheconditionson minimumrequiredsamplingdensityarenot suf�cient for

correctreconstructionof surfaceswith boundaries.Till now the variation in the samplingdensity

wasusedto maximizethenumberof samplesto capturethecomplex geometricfeatureswhereever

needed,andminimizethenumberof samplesin featurelessregions.Hencethevariationin sampling

densityis seenasanoptimizationof thesamplingandreconstructionmethodratherthana necessary

requirement.In this dissertation,a novel way of usingthevariationin samplingdensityto encodethe

boundarywaspresented.Thissamplingapproachcapturesboththegeometricandtopologicalfeatures

of thesurfaceandrequiresno additionalinformationotherthansamplepointsfor thereconstruction

process. Basedon this analysisand results,an ef�cient algorithm called the LocalizedDelaunay

Triangulationalgorithmwasalsointroduced.

Many fundamentaland interestingresults in topology were presentedin this dissertation.

This includesthe de�nition of geometrictriangulation,global propertiesof multicovering functions

using just the local de�nition of multicovering, and relationshipbetweengeometrictriangulation

andmulticovering. Using theseresults,it wasproved that the LocalizedDelaunayTriangulationis

homeomorphicto thesampledsurface.

8.1 OpenProblems

This dissertationalsoopenedup a few interestingproblemsin geometryandtopology. I list a few of

theproblemshere.



1. Theexampleof a surfacewith boundaryin Section5.3,prove that theVoronoiverticesthat lie

closetheconnectingline will beremovedby thepolealgorithmfrom consideration.[Probably

useperturbationof samplepointsalongtheboundary].

2. What are the conditions in which the intersectionof cover regions form a pseudo-disk

con�guration?

3. There exists a triangulation in the nerve of a pseudo-diskcon�guration on a plane

[Edelsbrunner97a]. Doesthereexist a triangulationwhenthepseudo-diskcon�guration is on a

2-manifold?

4. Is thereany polynomialtimealgorithmto extracta triangulationfrom thenerve?

8.2 Futur eWork

Thisdissertationhasopenedupthe�eld of samplingandreconstructionof surfaceswith boundariesfor

furtherresearch.At thesametime,thishaslaid thetheoreticalfoundationandintroducedaframework

for variousalgorithmsto be developed. The ideaof usingvariation in the samplingdensityasan

encodingmechanismcanbeusedin informationencodingon geometricobjectsfor visualizationand

analysis.

The samplepoints obtainedby the presentgeometricsampling devices are probabilistic

estimatesof the positions of the points, and hencenoisy. Interpolatory surface reconstruction

algorithms(where the surfacepassesthrough the samples)fail to reconstructthe correctsurface,

and the refugeis to rely on approximatingsurfacereconstructionalgorithms(wherethe surfaceis

guidedby the samples).Sinceapproximatingalgorithmsassumethat the samplesareprobabilistic

estimates,conceptually, the “information content”of eachsampleis alsoreducedto a fractionof its

value.Amentaetal.[Amenta01, Amenta] haveproposedthePowerCrustalgorithmto handlesamples

of manifolds (with no boundaries)with noise. This is the bestcombinationof interpolatoryand

approximatingalgorithmsdesignedtill now. In my opinion,thisalgorithmcanbeseenasdynamically

assigningvarying “probabilistic informationcontent” to eachsampleto decidewhetherthe surface

shouldpassthroughthesampleor guidedby thesample.

Thereare a few problemsdue to noisewhen surfaceswith boundariesare considered.The

samplingdensityis basedon the positionsof points. As the positionsare inaccuratedue to noise,

the estimatesof samplingdensitywill not be accurate.If the approachof encodingthe presenceof
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boundaryusingthevariationin samplingdensityis used,thesamplingandreconstructionshouldtake

into accounttheinaccuratesamplingdensityestimatesalso.Anotherproblemis whenthesizeof the

boundaryis comparableto thenoiselevel. Hencethe�eld of samplingandreconstructionof surfaces

with boundariesin thepresenceof noiseis openfor futureresearch.I believe thatClassD algorithms

(referto Section5.5)will beusefulin addressingthisproblem.

Boundariesarefeaturesof a model,andmoreinformationhasto beprovidedto preserve these

features.Noiseis a “feature” of the samplingprocess,andmoreinformationhasto be provided to

nullify this “feature”. The following questionis worth investigating. Cana featureof a modelbe

substitutedby a featureof the samplingprocessusingthe techniquesdiscussedin this dissertation?

In otherwords,cannew algorithmsbedesignedfor surfaceswith no boundariesbut with noisein the

samples,usingtheframework givenin thisdissertation?
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