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Abstract

A wide variety of Dirichlet-multinomial ‘topic’ models havfound interesting

applications in recent years. While Gibbs sampling remamsnportant method

of inference in such models, variational techniques havaireadvantages such
as easy assessment of convergence, easy optimizationmiitteneed to maintain
detailed balance, a bound on the marginal likelihood, ade-stepping of issues
with topic-identifiability. The most accurate variatiomathnique thus far, namely
collapsed variational LDA (CV-LDA)[1], did not deal with ndel selection nor did

it include inference for hyperparameters. We address Issties by generalizing
their technique, obtaining the first variational algorittomdeal with the HDP and

to deal with hyperparameters of Dirichlet variables. Expents show a very

significant improvement in accuracy relative to CV-LDA.

1 Introduction

Many applications of graphical models have traditionalgall with discrete state spaces, where
each variable is multinomial distributed given its parg@is Without strong prior knowledge on
the structure of dependencies between variables and thein{s, the typical Bayesian prior over
parameters has been the Dirichlet distribution. This isabee the Dirichlet prior is conjugate to
the multinomial, leading to simple and efficient computasiéor both the posterior over parameters
and the marginal likelihood of data. When there are latentrmbserved variables, the variational
Bayesian approach to posterior estimation, where thetlateiables are assumed independent from
the parameters, has proven successful [3].

In recent years there has been a proliferation of graphioalals composed of a multitude of multi-
nomial and Dirichlet variables interacting in various intige ways. The major classes include the
latent Dirichlet allocation (LDA) [4] and many other topicaaiels inspired by LDA, and the hier-
archical Dirichlet process (HDP) [5] and many other nonpetiic models based on the Dirichlet
process (DP). LDA pioneered the use of Dirichlet distributatent variables to represent shades
of membership to different clusters or topics, while the HRi@neered the use of nonparametric
models to sidestep the need for model selection.

For these Dirichlet-multinomial models the inference noelttbf choice is typically collapsed Gibbs
sampling, due to its simplicity, speed, and good predigiisdormance on test sets. However there
are drawbacks as well: it is often hard to access convergefrthe Markov chains, it is harder still
to accurately estimate the marginal probability of thentirag data or the predictive probability of
test data (if latent variables are associated with the t&tsf)daveraging topic-dependent quantities
based on samples is not well-defined because the topic latasidhave switched during sampling
and avoiding local optima through ‘large MCMC moves’ suchspbt and merge algorithms are
tricky to implement due to the need to preserve detailednigalaThus there seems to be a genuine
need to consider alternatives to sampling.



For LDA and its cousins, there are alternatives based oatiamial Bayesian (VB) approximations
[4] and on expectation propagation (EP) [6]. In [7] it wasiduthat EP was not efficient enough
for large scale applications, while VB suffered from sigrafit bias resulting in worse predictive
performance than Gibbs sampling. [1] addressed thesesi¢suproposing an improved VB ap-
proximation for LDA based on the idea of collapsing, thatiigegrating out the parameters while
assuming that other latent variables are independent. rAftparametric models, a number of VB
approximations have been proposed for DP mixture mode®[8hile to our knowledge none has
been proposed for the HDP thus far.

In this paper we investigate a new variational approach terémce for this class of Dirichlet-
multinomial models. To be concrete we focus our attentiomompplication of the HDP to topic
modeling [5]. Our approach is an extension of the collapsBa@pproximation for LDA presented in
[1], and represents the first VB approximation to the HDP,alwlwwe shall call ‘collapsed variational
HDP’, or CV-HDP for short. The advantage of CV-HDP over CVA that the optimal number of
variational components is not finite. This implies, apashirlocal optima, that we can keep adding
components indefinitely while the algorithm will take caeenoving unnecessary clusters. Ours is
also the first variational algorithm to treat posterioridigttions over the hyperparameters of Dirich-
let variables, and we show experimentally that this resaltery significant improvements in both
the variational bound and test-set likelihood. We expectagproach to be generally applicable to
a wide variety of models in the same vein as LDA and HDP.

2 A Nonparametric Hierarchical Bayesian Model for LDA

We consider a document model where each document in a caspuedelled as a mixture over
topics, and each topic is a distribution over words in theabodary, see Figure 1. Let there Be
documents in the corpus, alid words in the vocabulary. For each document 1,...,D, let8q
be a vector of mixing proportions over topics. For each tdpitet ok be a vector of probabilities
for words in that topic. Words in each document are drawn Bews: first choose a topik with
probability 64x, then choose a word/ with probability @y . Let Xjq be theith word token in
document], andz;q its chosen topic. We have,

Ziq | 6 CMult(8q) Xid | Zid, 9z,, CMUlt(@z,,) (1)
We place Dirichlet priors on the parametégsand gy,

8a|m [CDIr(am) ¢k | T [DIr(BT) )

whereTt is the corpus-wide distribution over topiasjs the corpus-wide distribution over the vo-
cabulary, andx and 3 are concentration parameters describing how csand @i are to their
respective prior mearmsandt.

As we do not know the number of topics a priori, and would likeadel that can determine this
automatically, we consider a nonparametric extensionsegon the hierarchical Dirichlet process
(HDP) formalism of [5]. Specifically, we have a countably it number of topics (thugy andn
are infinite-dimensional vectors), and we use a stick-breplepresentation [10] far:

Mk =Mk o, (1—T0) fikly CBeta(l,y) fork =1,2,... 3)
In the normal Dirichlet proceqiﬁ_e[ation, we would eﬂg_jﬂkehaveed [CDP(a, Gp) andGy [
DP(y,Dir(Bt)), whereGq = | Z, Bakdy, @andGo = | _; Tkdy, are sums of point masses, and

Dir(B) is the base distribution. Finally, in addition to the priareoT, we place priors over the
other hyperparametecs 3, y andt of the model as well,

a CGhmma(aq,ba) B CGhmma(ag,bg) y LGhmma(ay,by) 1 [DIr(a;) (4)

3 Collapsed Variational Bayesian Inference for HDP

There is substantial empirical evidence that marginalizint the variables, ¢ is helpful for ef-
ficient inference. For instance, in [11] it was observed th#ths sampling enjoys better mixing,
while in [1] it was shown that variational inference is mooearate in this collapsed space. In the
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Figure 1:Graphical model for CV-HDP.

following we will build on this experience and propose a atidnal inference algorithm for the HDP
based upon first collapsing out the parameters then re-diqugthe system with auxiliary variables.

The algorithm is fully Bayesian in the sense that all par@mposteriors are treated exactly and
full posterior distributions are maintained for all hyparameters. The only assumptions made are
independencies among the latent topic variables and hgmreters, and that there is a finite upper
bound on the number of topics used (this upper bound is foutahzatically). The only inputs
required of the modeler are the values of the top-level patarsag, by, ...

3.1 Replacing parameters with auxiliary variables

In order to obtain efficient variational updates, we shallaee the parametes= {64} ando =
{o«} with auxiliary variables. Specifically, we first integratetahe parameters; this gives a joint
distribution over latent variables= {zjq} and word tokens = {Xiq} as follows:

o) Gelramenae Bp) Twd rgnrnim

p(z,x|a,B,y,mM,T) = Fa+ng.) k=1 T(am) TB+nx) W=l T(Btw) %)

with ngrw = #{i : Xig = W, zig = k}, dot denoting sum over that index, akddenoting an index
such thatzijy < K for all i,d. The ratios of gamma functions in (5) result from the norastlon
constants of the Dirichlet densities ®fand@, and prove to be nuisances for updating the hyperpa-
rameter posteriors. Thus we introduce four sets of auyiNariables:ng and§x taking values in

[0, 1], andsgk andty,, taking integral values. This results in a joint probabitiigtribution over an
expanded system,

p(z,x,n, & s tlo, By, 1M, 1)
_ g ngna 1 QA [k Jamgean g a—gome— A [T raton

r(Na..) rn.x) - )

d=1 k=1
where[fi] are unsigned Stirling numbers of the first kind, and bold fieters denote sets of the
corresponding variables. It can be readily verified thatgimalizing outn, &, s andt reduces (6)
to (5). The main insight is that conditioned marandx the auxiliary variables are independent and
have well-known distributions. Specificallyy and&y are Beta distributed, whilgyk (respectively
tkw) is the random number of occupied tables in a Chinese restaprocess withgy. (respectively
N.kw) customers and a strength parametennf (respectivelyBty) [12, 5].

Finally, we assume the following form for the variationabperior over the expanded system:

PF1 ]
az,n.& s t,a,B,y, T, m) = q(a)q(B)acy)a(m)a(man, &, s, t]2) 4(Zia) ()
d=1i=1
where the dependence of auxiliary variablez@mmodelled exactly. Given the above factorization,
q(m) further factorizes so that ttf&’s are independent, as do the posterior over auxiliary bteta

For computational tractability, we also truncated our post representation t& topics. Specif-
ically, we assumed that(zijy > K) = 0 for everyi andd. A consequence is that observations



have no effect ofitx and@y for all k > K, and these parameters can be exactly marginalized out.
Notice that our approach to truncation is different fromttima[8], who implemented a truncation
atT by instead fixing the posterior for the stick weigi{t'r = 1) = 1, and from that in [9], who
assumed that the variational posteriors for parametersrizethe truncation level are set at their
priors. Our truncation approximation is nested like thg®©ilp and unlike that in [8]. Our approach

is also simpler than that in [9], which requires computingrdimite sum which is intractable in the
case of HDPs. We shall trekt as a parameter of the variational approximation, possiptyrized

by iteratively splitting or merging topics (though we hava explored these in this paper; see dis-
cussion section). As in [9], we reordered the topic labethghatE[n.;.] > E[n.,.] > ---. An
expression for the variational bound on the marginal Iaghhood is given in appendix A.

3.2 Variational Updates

In this section we shall derive the complete set of variaiapdates for the system. In the following
E[y] denotes the expectation pf G[y] = efll°9¥] the geometric expectation, aimly] = E[y?] —
E[y]? the variance. Le¥(y) = a'%;(y) be the digamma function. We shall also employ index
summation shorthandssums out that index, whilg; sums ovei wherei > |I.

HyperparametersUpdates for the hyperparameters are derived using thea@fdly factorized
variational approach, since they are assumed indepermdemtiach other and from other variables.
For completeness we list these here, noting th§, y are gamma distributed in the posterig,s
are beta distributed, ardis Dirichlet distributed:

P
q(0) Cafe*Els-1-lg=aa—" 4Ellognal) q(f) [5'k](1 — Ty )EIVI*Els. =1 (8)

P
q(B) EBjBJrE[t»]—le—B(bB— « Ellog &) q(t) :l/v—l TV%T+E[t,W]—1
. =
q(y) Cyv+K—lgmvly—" i, Ellog@—Tho)l

In subsequent updates we will need averages and geomedragges of these quantities which can be
qA_;agted using the following identitigs(x) 3 'e™™ [CE[X] = a/b, G[x] = e¥@/b, p(x) 1

T CGIkg] = e¥@d/e¥C @), Note also that due to the assumption of independence
of the &nﬁtional posterior we hav&[amnk] = G[a]G[nk], G[BTw] = G[BIG[tw] andG[nk] =
GIfii] 1<y GIL — Tl

Auxiliary variables.The variational posteriors for the auxiliary variables elegh onz and are con-
ceptually similarly to the computation of the variationalsperior over parameters in [y and&x
are beta distributed. Hgx. = 0 thenq(sqx = 0) = 1 otherwiseq(sqk) = 0 only if 1 < sgx < Ng..
Similarly for tx,. The posteriors are:

a(nalz) CRF (1 — na)ne-2 a(sak = mlz) L] (Glam)™ 9)
qlz) CEFPH A —gome? A(tiw = Mz) T (G[BTW])™

To obtain expectations of the auxiliary variables in (8) wi#t have to average over as well. For
Na this is simplyE[log ng] = W(E[a]) — W(E[a]+ng..) wherenyg.. is the (fixed) number of words
in document. Unfortunately, for the other auxiliary variables thespentations depend on counts
which can take on many values and a naive computation caxpemsive. We derive computation-
ally tractable approximations based upon an improvemetht@aussian approximation in [1]. As
we see in the experiments these approximations are veryateconsideE[log &]. We have,

Eflog &|z] = W(E[B]) — W(E[B] + n..) (10)

and we need to average oveg. as well. [1] tackled a similar problem witbg instead oW using a
Gaussian approximation for,. and a second order Taylor expansiondg. Unfortunately such an
approximation failed to work in our case as the digamma fonc¢¥(y) diverges much more quickly
thanlogy aty = 0. Our solution is to treat the case.. = 0 exactly, and approximate. with a
Gaussian when.i. > 0. This leads to the following approximation:

L] ]
Ellog &] = P+[n«] P(E[R]) — W(EIB] + E+[ni]) — V4[N ]WHKEB] + E+[nic])  (11)

whereP. is the “probability of being positive” operatoP.[y] = q(y > 0), andE+[y], V+[y] are
the expectation and variance conditionalor 0. The other two expectations are derived similarly,



making use of the fact thatk andty,, are distributionally equal to the random numbers of tables
in Chinese restaurant processes:

E[sak] = G[omk]P+[Nak.] |j"’(G[O”Tk] + E+[nak.]) — W(G[amk])

IZ_'I_ IV [ngk JYH(Glamy] + E+ [Nak.])

Eltkw] = GIBTw]P+[N.kw] WY(G[BTw] + E+[N.kw]) — Y(G[BTw])
+ 3V NP NGB TW] + E[Nkw]) (12)

As in [1], we can efficiently track the relevant quantitie®a by noting that each count is a sum of
independent Bernoulli variables. Consiagk. as an example. We keep track of three quantities:

—1 —1 1
Elnak]= ;9@ia=Kk) Vna]= ;d@Zia=k)qzZiaEK) Z[na.]= ;logaqziaEK) (13)
Some simple algebraic manipulations now show that:

Pelnac] = 1= ef™] Evlnac] = gl Valnac) = plfpel — o lE ] (14)

Topic assignment variableq1] showed that if the dependence of a set of variables,/sapn
another set of variables, say is modelled exactly, then in deriving the updates Zowe may
equivalently integrate ouA . Applying to our situation withA = {n, &, s,t}, we obtain updates
similar to those in [1], except that the hyperparametersreptaced by either their expectations
or their geometric expectations, depending on which is ursede updates for the corresponding
auxiliary variables:
| O | SO
q(zia = k) [GIG[am] + ng’ G GBty,,] + nily, G E[B]+ni”
[ . O - -
= LGlomd + ENG’] GlBTe,,] + EINi,] EIB] + Elny? -
VIngi9] _ VI ] V[n7i9] (15)

P T A ClomdEINGD? T Z(GIBTag, FEINS, D? | Z(EBIFEIN )2

4 Experiments

We will report results on the following 3 datasets: A) KOS ¢abulary sizeV = 6906, nr. of
documentdD = 3430 and nr. of word-token®l = 467, 714), B) a subset of the Reuters dataset
consisting of news-topics with a number of documents latigan300 (W = 4593, D = 8433,

N = 566,298), C) a subset of the 20Newsgroups dataset consisting ofofiest ‘comp.os.ms-
windows.misc’, ‘rec.autos’, ‘rec.sport.baseball’, ‘sgiace’ and ‘talk.politics.miscW = 8424,

D = 4716, N = 437, 850).

We have implementeslinference algorithms and compared their performancesariatonal LDA
(V-LDA) [4], collapsed variational LDA (CV-LDA) [1], collpsed variational HDP (CV-HDP, this
paper), collapsed Gibbs sampling for LDA (G-LDA) [11] ané tdirect assignment Gibbs sampler’
for HDP (G-HDP) [5].

For G-HDP we obtained the code from Teh'’s websit€he variable$, T are not adapted in that
code, so we fixed them & = 100 andt, = 1/W for all algorithms (see below for discussion
regarding adapting these in CV-HDP). G-HDP was initialineth eitherl topic (G-HDR) or with
100 topics (G-HDRgo).

For CV-HDP we used the following initializatiorE[3] = G[B] = 100 andG[t,] = 1/W (kept
fixed to compare with G-HDPE[0] = aq/ba, G[o] = e¥@) /by, E[y] = a,/by, G[nk] = 1/K

andq(zij = k) I u with u U0, 1]. We set hyperparameteraq, bq, ag, bg in the range
between2, 6], while ay, by was chosen in the rang®, 10] anda; in [30 — 50]/W. The number

http://iwww.gatsby.ucl.ac.uliypalteh/research/software. html

2\We actually set these values using a fixed but somewhat elbscheme which is the reason they ended
up different for each dataset. Note that this scheme simphyerts prior expectations about the number of
topics and amount of sharing into hyperparameter valuekthaat they were never tweaked. Since they always
ended up in these compact ranges and since we do not expeah@ dependence on their values inside these
ranges we choose to omit the details.



of topics used in CV-HDP was truncated at 40, 80, and 120 $ppmrresponding to the number of
topics used in the LDA algorithms. Finally, for all LDA algtrms we usedr = 0.1, 1 = 1/K.

Performance was evaluated by comparing i) the in-sampdénftvariational bound on the log-
likelihood for all three variational methods and ii) by comtipg out-of-sample (test) log-likelihood
for all five methods. All inference algorithms were run on 96#the words in each document while
test-set performance was evaluated on the remaining 10Beafdords. Test-set log-likelihood was
computed as follows for the variational methods:

testy — - .. — 9Mk +Eg[njk]  — — Btw + Eq[N.kw]
p(x'*%) Bjk Qroxess bk = ———=7—7  Oxw BT Eqne]

T o+ Eq[nj.] (16)

Note that we used estimated mean value8;jpfand @y [13]. For CV-HDP we replaced all hy-
perparameters by their expectations. For the Gibbs sagalgorithms, givers samples from the
posterior, we used:

1 Is Is s CXTTk+nJ§k'
ejk(kagejst 65 =

(SR— BTW + n-Skw

I

testy —
x'esY) = - 1< =
P(:*?) a+ng. kw B +nS.

ii ©os=1 k

(17)
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and replacingt - a®, T, - T for G-HDP. We used all samples obtained by the Gibbs sampling
algorithms after an initial burn-in period; each point ire thredictive probabilities plots below is
obtained from the set of samples collected thus far.

The results, shown in Figure 2, display a remarkable impram in accuracy of CV-HDP over
CV-LDA, both in terms of the bound on the training log-likebod as well as for the test-set log-
likelihood. This is caused by the fact that CV-HDP is leagniihe variational distributions over the
hyperparameters. We note that we have not trafhedt for any of these methods. In fact, initial
results for CV-HDP show no additional improvement in testieg-likelihood, in some cases even
a deterioration of the results. A second observation is¢batvergence of all variational methods
is faster than for the sampling methods. Thirdly, we seeifsigmt local optima effects in our
simulations. For example, G-HRf achieves the best results, better than G-kDRdicating that
pruning topics is a better way than adding topics to escagse ptima in these models and leads to
better posterior modes.

In further experiments we have also found that the variafiorethods benefit from better initializa-
tions due to local optima. In Figure 3 we show results whervélr@tional methods were initialized

at the last state obtained by G-HRP. We see that indeed the variational methods were able to find
significantly better local optima in the vicinity of the ornauihd by G-HDRyg, and that CV-HDP is

still consistently better than the other variational meiho

5 Discussion

In this paper we have explored collapsed variational imfeeefor the HDP. As discussed in the
introduction, we believe there are advantages to variatiapproximations that are not available
to sampling methods. CV-HDP presents an improvement ovetOA [1] in two ways: 1) by
inferring posterior distributions over the higher levetighles in the model we have shown a sig-
nificant improvement in both test-set likelihood and thaatawnal bound, 2) by taking the infinite
topic-limit in the generative model and truncating the &ional posterior in a way that guarantees
‘nesting’, we know that the variational bound on the margiog-likelihood will reach its highest
value (ignoring local optima issues) fit - oo. This fact should facilitate the search over topics,
e.g. by splitting and merging topics, an aspect that we havget fully explored, and for which we
expect to gain significantly from in the face of the obsenahl optima issues.

We expect the proliferation of topic-style Dirichlet-mialbmial models and their many exciting
applications to continue. For some applications variai@pproximations may prove to be the
most convenient tool for inference. We are convinced thahtlethods presented here are applicable
to this general class of models and we hope to provide geperpbse software to supportinference
in these models in the future.
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Figure 2: Left column: KOS, Middle column: Reuters and Right columnON2wsgroups. Top row:
log p(x™*Y as a function oK, Middle row: log p(x™*) as a function of number of steps (defined as number of
iterations multiplied byK) and Bottom row: variational bounds as a functiorkof Log probabilities are on a
per word basis. Shown are averages and standard erroraabtay repeating the experimerit8 times with
random restarts. The distribution over the number of tofuiasd by G-HDR are: KOS:K = 113.2 + 11.4,
Reuters:K = 60.4 + 6.4, 20News:K = 83.5+ 5.0. For G-HDRgo we have: KOSK = 168.3 + 3.9,

ReutersiK =122.2 + 5.0, 20News:K = 128.1 + 6.6.
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Figure 3: G-HDRyy initialized variational method4q = 130), compared against variational meth-
ods initialized in the usual manner wilkh = 130 as well. Results were averaged over 10 repeats.

A

Variational lower bound

The variational lower bound on log likelihood is:

p
Ellog p(z.x]at, 1, 1) —log q(2)]—KL[a(c) )] —KLIG(R) (IR)]—  tey KLIG(T) i)l —KLa() (atr)]  (18)
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~log fe= [‘;%';d]) '—(aa(ig[)&-])G[O‘]E[s"]eE[a] afllegnal " | " 1d q(zia=k) log q(zia=k)
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G kEMoO BN P r@p) E[t..]AE E[log &
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B
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Wherer[f (n)]=P..[n](F(E+[n])+ 1 V. [nIf E.[n]) iS the improved second order approximation.
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