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Abstract

In many applications of graphical modelsarising in
computervision, the hiddenvariablesof interestare most
naturally speci�ed by continuous,non-Gaussiandistribu-
tions. There exist inferencealgorithmsfor discreteapprox-
imationsto thesecontinuousdistributions,but for thehigh-
dimensionalvariablestypically of interest, discrete infer-
encebecomesinfeasible. Stochasticmethodssuch asparti-
cle �lter s provideanappealingalternative. However, exist-
ing techniquesfail to exploit therich structureof thegraph-
ical modelsdescribingmanyvisionproblems.

Drawing on ideasfrom regularizedparticle �lter s and
belief propagation (BP), this paper developsa nonpara-
metric belief propagation (NBP) algorithm applicable to
general graphs.Each NBPiteration usesan ef�cient sam-
pling procedure to updatekernel-basedapproximationsto
the true, continuouslikelihoods. Thealgorithm can acco-
modatean extremelybroadclassof potentialfunctions,in-
cludingnonparametricrepresentations.Thus,NBPextends
particle �ltering methodsto the more general vision prob-
lemsthatgraphicalmodelscandescribe. WeapplytheNBP
algorithmto infer componentinterrelationshipsin a parts-
basedfacemodel,allowing locationand reconstructionof
occludedfeatures.

1. Intr oduction

Graphicalmodelsprovide a powerful, generalframe-
work for developing statistical models of computervi-
sion problems [7,8,10]. However, graphical formula-
tions are only useful when combinedwith ef�cient algo-
rithms for inferenceand learning. Computervision prob-
lemsareparticularlychallengingbecausethey ofteninvolve
high–dimensional,continuousvariablesandcomplex, mul-
timodal distributions. For example,the articulatedmodels
usedin many trackingapplicationshave dozensof degrees
of freedomto be estimatedat eachtime step[17]. Realis-
tic graphicalmodelsfor theseproblemsmustrepresentout-
liers, bimodalities,andothernon–Gaussianstatisticalfea-
tures.Thecorrespondingoptimal inferenceproceduresfor
thesemodelstypically involve integral equationsfor which
no closedform solutionexists. Thus,it is necessaryto de-
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Figure 1. Partic le �lter s assume variab les are related by a

Markov chain. The NBP algorithm extends par tic le �lter ­

ing techniques to arbitraril y structured graphical models.

velop families of approximaterepresentations,and corre-
spondingmethodsfor updatingthoseapproximations.

The simplest method for approximating intractable
continuous–valuedgraphicalmodelsis discretization.Al-
though exact inferencein generaldiscretegraphsis NP
hard,approximateinferencealgorithmssuchasloopy belief
propagation(BP) [16,21,23,24] produceexcellentempiri-
cal resultsin many cases.Certainvision problems,includ-
ing stereovision [20], arewell suitedto discreteformula-
tions. For problemsinvolving high–dimensionalvariables,
however, exhaustive discretizationof the statespaceis in-
tractable. In somecases,domain–speci�cheuristicsmay
beusedto dynamicallyexcludethosecon�gurationswhich
appearunlikely basedupon the local evidence[2,7]. In
morechallengingapplications,however, thelocal evidence
at somenodesmay be inaccurateor misleading,andthese
approximationswill heavily distorttheresultingestimates.

For temporalinferenceproblems,particle �lters [5,10]
haveprovento beaneffective,andin�uential, alternative to
discretization.They providethebasisfor severalof themost
effective visual tracking algorithms[15,17]. Particle �l-
tersapproximateconditionaldensitiesnonparametricallyas
acollectionof representativeelements.Althoughit is possi-
ble to updatetheseapproximationsdeterministicallyusing
local linearizations[1], most implementationsuseMonte
Carlo methodsto stochasticallyupdatea set of weighted
point samples.The stability androbustnessof particle�l-
ters can often be improved by regularizationmethods[5,
Chapter12] in whichsmoothingkernels[18] explicitly rep-
resenttheuncertaintyassociatedwith eachpoint sample.



Although particle �lters are often very effective, they
arespecializedto temporalproblemswhosecorresponding
graphsaresimpleMarkov chains(seeFigure1). Many vi-
sion problems,however, are characterizedby non–causal
(e.g., spatialor model–induced)structurewhich is better
representedby a morecomplex graph.Becauseparticle�l-
terscannotbe appliedto arbitrarygraphs,graphicalmod-
elscontaininghigh–dimensionalvariablesmayposesevere
problemsfor existing inferencealgorithms.Evenfor track-
ing problems,thereis often structurewithin eachtime in-
stant (for example,associatedwith an articulatedmodel)
which is ignoredby standardparticle�lters.

Some authors have used junction tree representa-
tions[12] to developstructuredapproximateinferencetech-
niques for generalgraphs. Thesealgorithms begin by
clusteringnodesinto cliqueschosento breakthe original
graph's cycles. A wide variety of algorithmscan thenbe
speci�edby combininganapproximatecliquevariablerep-
resentationwith local methodsfor updatingtheseapprox-
imations[3,11]. For example,Koller et al. [11] propose
a framework in which thecurrentcliquepotentialestimate
is usedto guidemessagecomputations,allowing approxi-
mationsto be graduallyre�ned over successive iterations.
However, the samplealgorithmthey provide is limited to
networkscontainingmixturesof discreteandGaussianvari-
ables.In addition,for many graphs(e.g. nearest–neighbor
grids) the sizeof the junction tree's largestcliquesgrows
exponentiallywith problemsize, requiring the estimation
of extremelyhigh–dimensionaldistributions.

Thenonparametricbeliefpropagation(NBP) algorithm
wedevelopin thispaperdiffersfrom previousnonparamet-
ric approachesin two key ways. First, for graphswith cy-
cleswe do not form a junction tree,but insteaditerateour
local messageupdatesuntil convergenceas in loopy BP.
This hasthe advantageof greatlyreducingthe dimension-
ality of the spacesover which we mustinfer distributions.
Second,weprovideamessageupdatealgorithmspeci�cally
adaptedto graphscontainingcontinuous,non–Gaussianpo-
tentials. The primary dif�culty in extendingparticle �l-
ters to generalgraphsis in determiningef�cient methods
for combiningthe informationprovided by several neigh-
boringnodes.Representationally, we addressthis problem
by associatinga regularizing kernel with eachparticle, a
stepwhich is necessaryto make messageproductswell de-
�ned. Computationally, we show that messageproducts
may be computedusingan ef�cient local Gibbssampling
procedure.TheNBP algorithmmaybeappliedto arbitrar-
ily structuredgraphscontaininga broadrangeof potential
functions,effectively extendingparticle�ltering methodsto
amuchbroaderrangeof visionproblems.For arelatedgen-
eralizationof particle�lters to graphicalmodels,see[9].

Following our presentationof the NBP algorithm, we
validateits performanceon a smallGaussiannetwork. We

then show how NBP may be combinedwith parts–based
local appearancemodels[4,6,14,22] to locateandrecon-
structoccludedfacialfeatures.

2. Undir ectedGraphical Models
An undirectedgraphG is de�ned by a setof nodesV,

andacorrespondingsetof edgesE. Theneighborhoodof a
nodes 2 V is de�ned as�( s) , f t j (s; t) 2 Eg. Graphical
modelsassociateeachnodes 2 V with anunobserved,or
hidden,randomvariablexs, aswell asa noisy local obser-
vation ys. Let x = f xs j s 2 Vg andy = f ys j s 2 Vg
denotethesetsof all hiddenandobservedvariables,respec-
tively. For simplicity, we considermodelswith pairwise
potentialfunctions,for whichp(x; y) factorizesas

p(x; y) =
1
Z

Y

(s;t )2E

 s;t (xs; x t )
Y

s2V

 s (xs; ys) (1)

However, thenonparametricupdateswepresentmaybedi-
rectlyextendedto modelswith higher–orderpotentials.

In this paper, we focuson the calculationof the condi-
tional marginal distributionsp(xs j y) for all nodess 2 V.
Thesedensitiesprovide not only estimatesof xs, but also
correspondingmeasuresof uncertainty.

2.1.Belief Propagation

For graphswhich areacyclic or tree–structured,thede-
siredconditionaldistributionsp(xs j y) canbedirectlycal-
culatedby a localmessage–passingalgorithmknown asbe-
lief propagation(BP) [16,24]. At iterationn of theBP al-
gorithm,eachnodet 2 V calculatesa messagemn

ts (xs) to
besentto eachneighboringnodes 2 �( t):

mn
ts (xs) = �

Z

x t

 s;t (xs; x t )  t (x t ; yt )

�
Y

u2 �( t )ns

mn � 1
ut (x t ) dxt (2)

Here, � denotesan arbitraryproportionalityconstant. At
any iteration, each node can producean approximation
p̂n (xs j y) to the marginal distribution p(xs j y) by com-
bining theincomingmessageswith thelocalobservation:

p̂n (xs j y) = �  s (xs; ys)
Y

t 2 �( s)

mn
ts (xs) (3)

For tree–structuredgraphs,the approximatemarginals,or
beliefs, p̂n (xs j y) will converge to the true marginals
p(xs j y) oncethe messagesfrom eachnodehave propa-
gatedto everyothernodein thegraph.

Becauseeachiterationof theBPalgorithminvolvesonly
localmessageupdates,it canbeappliedevento graphswith
cycles. For suchgraphs,the statisticaldependenciesbe-
tweenBPmessagesarenotaccountedfor, andthesequence
of beliefsp̂n (xs j y) will notconvergeto thetruemarginals.
In many applications,however, theresultingloopy BPalgo-
rithm exhibits excellentempiricalperformance[7,20]. Re-
cently, severaltheoreticalstudieshaveprovidedinsightinto



the approximationsmadeby loopy BP, partially justifying
its applicationto graphswith cycles[21,23,24].

2.2.Nonparametric Representations

For graphicalmodelswith continuoushiddenvariables,
analytic evaluation of the BP updateintegral (2) is of-
ten intractable. Instead,we representthe resultingmes-
sagenonparametricallyas a kernel densityestimate[18].
Let N (x; �; �) denotea normalizedGaussiandensitywith
mean� andcovariance� , evaluatedatx. An M component
mixtureapproximationof mts (xs) takestheform

mts (xs) =
MX

i =1

w( i )
s N

�
xs; � ( i )

s ; � s

�
(4)

wherew( i )
s is theweightassociatedwith thei th kernelmean

� ( i )
s , and� s is a bandwidthor smoothingparameter. The

weightsarenormalizedsothat
P M

i =1 w( i )
s = 1. Otherker-

nel functionsmay be used[18], but in this paperwe con-
sideronly mixturesof diagonal–covarianceGaussians.

In the following section,we describestochasticmeth-
odsfor determiningthe kernelcenters� ( i )

s andassociated
weightsw( i )

s . The resultingnonparametricrepresentation
is only meaningfulwhen the messagem ts (xs) is �nitely
integrable.1 To guaranteethis,weassumethatZ

x s

 s;t (xs; x t = �x) dxs < 1 8 (s; t) 2 E
Z

x s

 s (xs; ys = �y) dxs < 1 8 s 2 V
(5)

A simpleinductionargumentthenshows thatall messages
arenormalizable.Heuristically, equation(5) requireseach
potentialto be“informative,” sothatobservingonevariable
constrainsthelikely locationsof theother. In mostapplica-
tions,this assumptionis easilysatis�ed by constrainingall
variablesto a (possiblylarge)boundedrange.

3. Nonparametric MessageUpdates
Conceptually, the BP updateequation(2) naturallyde-

composesinto two stages. First, the messageprod-
uct  t (x t ; yt )

Q
u mn � 1

ut (x t ) combinesinformationfrom
neighboringnodeswith the local evidenceyt , producing
a function summarizingall availableknowledgeaboutthe
hidden variable x t . We will refer to this summaryas
a likelihood function, even though this interpretationis
only strictly correct for an appropriatelyfactorizedtree–
structuredgraph. Second,this likelihoodfunction is com-
bined with the compatibility potential  s;t (xs; x t ), and
then integratedto producelikelihoodsfor xs. The non-
parametricbelief propagation (NBP) algorithm stochasti-
cally approximatesthesetwo stages,producingconsistent
nonparametricrepresentationsof the messagesm ts (xs).

1Probabilistically, on tree–structuredgraphsBP messagesare likeli-
hoodfunctionsm ts (xs ) _ p (y = �y j xs ), notconditionaldensities,and
arenot necessarilyintegrable(e.g.,whenx s andy areindependent).

Approximatemarginalsp̂(xs j y) may thenbe determined
from thesemessagesby applying the following section's
stochasticproductalgorithmto equation(3).

3.1.MessageProducts

For now, assumethat the potential functionsof equa-
tion (1) are weightedGaussianmixtures (suchpotentials
arisenaturally from learning–basedapproachesto model
identi�cation [7]). The productof d Gaussiandensitiesis
itself Gaussian,with meanandcovariancegivenby

dY

j =1

N (x; � j ; � j ) _ N
�
x; ��; ��

�

�� � 1 =
dX

j =1

� � 1
j

�� � 1 �� =
dX

j =1

� � 1
j � j

(6)

Thus,a BP updateoperationwhich multiplies d Gaussian
mixtures,eachcontainingM components,will producea
Gaussianmixturewith M d components.Theweight �w as-
sociatedwith productmixturecomponentN

�
x; ��; ��

�
is

�w _

Q d
j =1 wj N (x; � j ; � j )

N
�
x; ��; ��

� (7)

wheref wj gd
j =1 are the weightsassociatedwith the input

Gaussians.Notethatequation(7) producesthesamevalue
for any choiceof x. Also, in variousspecialcases,suchas
whenall input Gaussianshave thesamevariance� j = � ,
computationallyconvenientsimpli�cations arepossible.

Integrationof Gaussianmixturesis straightforward, so
in principle eachBP messageupdatecould be performed
exactlyusingequations(6,7). In practice,however, approx-
imationsarerequiredto avoid exponentiallylargenumbers
of mixturecomponents.Givend inputmixturesof M Gaus-
sians,the NBP algorithmapproximatestheir M d compo-
nentproductby drawing M independentsamples.

Direct samplingfrom this product,achieved by explic-
itly calculatingeachof theproductcomponentweights(7),
requiresO(M d) operations.The complexity of this sam-
pling is combinatorial:eachproductcomponentis associ-
atedwith d labelsf l j gd

j =1 , wherel j identi�es a kernel in
the j th input mixture. Although the joint distribution of
thed labelsis complex, theconditionaldistribution of any
individual label l j is simple. In particular, assuming�x ed
valuesfor f lk gk6= j , equation(7) canbeusedto samplefrom
theconditionaldistributionof l j in O(M ) operations.

Sincethe conditionaldistribution of eachmixture label
is tractable,wemayuseaGibbssampler[8] to draw asymp-
totically unbiasedsamplesfrom theproductdensity. Details
areprovidedin Algorithm 1, andillustratedin Figure2. At
eachiteration,thelabelsf lk gk6= j for d� 1 of theinputmix-
turesare�x ed,andthej th label is sampledfrom thecorre-
spondingconditionaldensity. Thenewly chosenl j is then
�x ed,andanotherlabel is updated.This procedurecontin-
uesfor a �x ednumberof iterations� ; moreiterationslead
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Figure 2. Top row: Gibbs sampler for a product of 3 Gaussian mixtures, with 4 kernels each. New indices are sampled

accor ding to weights (arrows) determined by the two �x ed components (solid). The Gibbs sampler cycles thr ough the

diff erent messa ges, drawing a new mixture label for one messa ge conditioned on the currentl y labeled Gaussians in the other

messa ges. Bottomrow: After � iterations thr ough all the messa ges, the �nal labeled Gaussians for each messa ge (right,

solid) are multiplied tog ether to identify one (left, solid) of the 43 components (left, thin) of the product density (left, dashed).

to moreaccuratesamples,but requiregreatercomputational
cost.Following the�nal iteration,a singlesampleis drawn
from theproductmixturecomponentidenti�ed by the�nal
labels.To draw M (approximate)samplesfrom theproduct
density, theGibbssamplerrequiresO(d�M 2) operations.

Althoughformalveri�cation of theGibbssampler'scon-
vergenceis dif�cult, our empiricalresultsindicatethatac-
curateGibbssamplingtypically requiresfar fewer compu-
tationsthandirectsampling.NotethatNBP usestheGibbs
samplingmethoddifferentlyfrom classicsimulatedanneal-
ing algorithms[8]. In simulatedannealing,theGibbssam-
pler updatesa singleMarkov chainwhosestatedimension
is proportionalto the graphdimension. In contrast,NBP
usesmany local Gibbssamplers,eachinvolving only a few
nodes. Thus, althoughNBP must run more independent
Gibbssamplers,for largegraphsthe dimensionalityof the
correspondingMarkov chainsis dramaticallysmaller.

In some applications, the observation potentials
 t (x t ; yt ) arespeci�ed by analytic functions. The Gibbs
samplermaybeadaptedto thiscaseusingimportancesam-
pling [5], asshown in Algorithm 2. At eachiteration,the
weight of the i th kernel label is rescaledby  t

�
�� ( i ) ; yt

�
,

theobservationlikelihoodat thatkernel's center. Then,the
�nal sampleis assignedan importanceweight to account
for variationsof the analytic potential over the kernel's
support.This procedureis mosteffective when t (x t ; yt )
variesslowly relative to thetypical kernelbandwidth.

3.2.MessagePropagation

TheNBPalgorithm'ssecondstagepropagateseachsam-
ple from the messageproductby approximatingthe belief
updateintegral (2). This stochasticintegration requiresa
decompositionof thepairwisepotential s;t (xs; x t ) which
separatesits marginal in�uence on x t from theconditional
relationshipit de�nesbetweenxs andx t .

Themarginal in�uence function � (x t ) is determinedby
therelative weightassignedto all xs valuesfor eachx t :

� (x t ) =
Z

x s

 s;t (xs; x t ) dxs (8)

TheNBPalgorithmaccountsfor this marginal in�uence by
incorporating� (x t ) into theGibbssampler. If  s;t (xs; x t )
is a Gaussianmixture, � (x t ) is easily calculated. Al-
ternately, importancesampling may be used, assuming
� (x t ) can be evaluated(or approximated)pointwise. In
the commoncasewherepairwisepotentialsdependonly
on the differencebetweentheir arguments( s;t (x ; �x ) =
 s;t (x � �x )), � (x t ) is constantandcanbeneglected.

To completethestochasticintegration,eachsamplex ( i )
t

from themessageproductis propagatedto theneighboring
nodeby samplingx ( i )

s �  s;t (xs; x ( i )
t ), whereequation(5)

ensuresthat  s;t (xs; x ( i )
t ) is normalizable.Finally, having

producedasetof independentsamplesfrom theoutputmes-
sagemts (xs), NBPselectsakernelbandwidthto complete
the nonparametricdensityestimate.Therearemany ways
to makethischoice;theresultsin thispaperusethecompu-



Given d mixturesof M Gaussians,wheref � ( i )
j ; � ( i )

j ; w( i )
j gM

i =1

denotetheparametersof thej th mixture:

1. For eachj 2 [1 : d], choosea startinglabel l j 2 [1 : M ] by
samplingp (l j = i ) _ w( i )

j .

2. For eachj 2 [1 : d],

(a) Calculatethemean� � andvariance� � of theproduct
Q

k 6= j N
�

x; � ( l k )
k ; � ( l k )

k

�
usingequation(6).

(b) For eachi 2 [1 : M ], calculatethemean�� ( i ) andvari-

ance�� ( i ) of N (x; � � ; � � ) � N
�

x; � ( i )
j ; � ( i )

j

�
. Using

any convenientx, computetheweight

�w( i ) = w( i )
j

N
�

x; � ( i )
j ; � ( i )

j

�
N (x; � � ; � � )

N
�
x; �� ( i ) ; �� ( i )

�

(c) Sampleanew labell j accordingto p (l j = i ) _ �w( i ) .

3. Repeatstep2 for � iterations.

4. Compute the mean �� and variance �� of the product
Q d

j =1 N
�

x; �
( l j )
j ; �

( l j )
j

�
. Draw asamplêx � N

�
x; ��; ��

�
.

Algorithm 1. Gibbs sampler for the product of several

Gaussian mixtures.

Givend mixturesof M Gaussiansandananalyticfunctionf (x),
follow Algorithm 1 with thefollowing modi�cations:

2. After part(b), rescaleeachcomputedweightby theanalytic
valueat thekernelcenter: �w( i )  f ( �� ( i ) ) �w( i ) .

5. Assignimportanceweight ŵ = f (x̂)=f ( �� ) to the sampled
particlex̂.

Algorithm 2. Gibbs sampler for the product of several

Gaussian mixtures with an analytic function.

tationallyef�cient “rule of thumb”heuristic[18].
The NBP messageupdateprocedureis summarizedin

Algorithm 3. Notethatpartsof this algorithmmaybesim-
pli�ed in certainspecialcases.For example,Isard[9] has
proposedarelatedgeneralizationof particle�lters in which
the samplingandbandwidthselectionof steps3-4 arere-
placedby a deterministickernel placement. When each
pairwisepotentialcontainsonly a few kernels,this modi�-
cationis anexcellentwayto reducebiasesinherentin kernel
densityestimates(seeSection4). However, for graphical
modelswith multimodal potentialscontaininglarge num-
bersof kernels(asin Section5), amoresophisticatedprop-
agationstep(like thatprovidedby NBP) is necessary.

4. GaussianGraphical Models
Gaussiangraphicalmodelsprovide oneof the few con-

tinuousdistributions for which the BP algorithm may be
implementedexactly [23]. For this reason,Gaussianmod-

Given input messagesmut (x t ) = f � ( i )
ut ; � ( i )

ut ; w( i )
ut gM

i =1 for each
u 2 �( t) n s, constructanoutputmessagem ts (xs ) asfollows:

1. Determinethemarginal in�uence � (x t ) usingequation(8):

(a) If  s;t (xs ; x t ) is a Gaussianmixture, � (x t ) is the
marginaloverx t .

(b) For analytic  s;t (xs ; x t ), determine� (x t ) by sym-
bolic or numericintegration.

2. Draw M independentsamplesf x̂ ( i )
t gM

i =1 from the product
� (x t ) t (x t ; yt )

Q
u mut (x t ) using the Gibbs samplerof

Algorithms1-2.

3. For eachf x̂ ( i )
t gM

i =1 , samplex̂ ( i )
s �  s;t (xs ; x t = x̂ ( i )

t ):

(a) If  s;t (xs ; x t ) is a Gaussianmixture,x̂ ( i )
s is sampled

from theconditionalof xs givenx̂ ( i )
t .

(b) For analytic  s;t (xs ; x t ), importancesampling or
MCMC methodsmaybeusedasappropriate.

4. Constructm ts (xs ) = f � ( i )
ts ; � ( i )

ts ; w( i )
ts gM

i =1 :

(a) Set � ( i )
ts = x̂ ( i )

s , and w( i )
ts equal to the importance

weights(if any) generatedin step3.

(b) Choosef � ( i )
ts gM

i =1 using any appropriatekernel size
selectionmethod(see[18]).

Algorithm 3. NBP update of the nonparametric messa ge

mts (xs) sent from node t to node s as in equation (2).

els may be usedto test the accuracy of the nonparametric
approximationsmadeby NBP. Notethatwecannothopefor
NBPto outperformalgorithms(likeGaussianBP)designed
to take advantageof the linear structureunderlyingGaus-
sianproblems.Instead,our goal is to verify NBP's perfor-
mancein asituationwhereexactcomparisonsarepossible.

We examineNBP's performanceon a 5 � 5 nearest–
neighborgrid (asin Figure1) with randomlychoseninho-
mogeneouspotentials. However, qualitatively similar re-
sults have also beenobserved on tree–structuredgraphs.
To form the testmodel,we drew samplesfrom the single
correlatedGaussiande�ning eachof the graph's pairwise
potentials,and then formed a nonparametricdensityesti-
matebasedon thesesamples.AlthoughtheNBP algorithm
could have directly usedthe original correlatedpotentials,
sample–basedmodelsarea closermatchfor the informa-
tion availablein many visionapplications(seeSection5).

For eachnode s 2 V, GaussianBP converges to a
steady–stateestimateof themarginalmean� s andvariance
� 2

s afterabout15iterations.To evaluateNBP, weperformed
15 iterationsof theNBPmessageupdatesusingseveraldif-
ferentparticlesetsizesM 2 [10; 400]. We thenfound the
marginalmean�̂ s andvariancê� 2

s estimatesimpliedby the
�nal NBP densityestimates. For eachtestedparticle set
size,theNBPcomparisonwasrepeated100times.
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Figure 3. NBP perf ormance on a 5 � 5 grid with Gaus­

sian potentials. Plots sho w the mean (solid) and stan­

dard deviation (dashed) of the normaliz ed error mea­

sures of equation (9), for diff erent par tic le set sizes M .

Usingthedatafrom eachNBPtrial, wecomputedtheer-
ror in themeanandvarianceestimates,normalizedsoeach
nodebehavedlikeaunit–varianceGaussian:

~� s =
�̂ s � � s

� s
~� 2

s =
�̂ 2

s � � 2
sp

2� 2
s

(9)

Figure3 shows themeanandvarianceof theseerrorstatis-
tics, acrossall nodesand trials, for different particle set
sizesM . The NBP algorithm always provides unbiased
meanestimates,but overly largevariances.Thisbias,which
decreasesasmoreparticlesareused,is dueto thesmooth-
ing inherentin kernel–baseddensityestimates.As expected
for samplesdrawn fromGaussiandistributions,thestandard
deviationof botherrormeasuresfallsasM � 1=2.

5. Component–BasedFaceModels
Likeparticle�lters, theNBPalgorithmhasawiderange

of potentialcomputervision applications.Previously, NBP
wasusedto estimatedensestereodepthmaps[19]. In this
section,weuseNBPto infer relationshipsbetweenPCAco-
ef�cients in a component–basedmodelof thehumanface.
The proposedmodelextendsthe approachesof [6,14,22]
to estimatenotonly thelocation,but alsotheappearanceof
occludedparts.Parts–basedlocal appearancemodelsshare
many featureswith the articulatedmodelsoften usedfor
visual tracking. However, they lack the implementational
overheadassociatedwith modernpersontrackers[17], for
whichwe think NBPwouldalsobewell suited.

5.1.Model Construction

In this section,we usetraining datato constructa non-
parametricgraphicalprior for the locationandappearance
of � ve different facial features(seeFigure 5). A 10 di-
mensionallinearbasisfor eachfeature's appearanceis de-
terminedvia principalcomponentsanalysis(PCA) [14], as
describedbelow. Thehiddenvariableat eachof thegraph-
ical model's � ve nodesis thende�ned to be a 12 dimen-
sional(10PCAcoef�cients plusposition)representationof
the correspondingfeature. We assumethat the face's ori-
entationandscaleareknown, althoughthemodelcouldbe
easilyextendedto estimateotheralignmentparameters[4].

Figure 4. Two of the 94 training subjects from the AR face

database . Each was photographed in these four poses.

(a) (b) (c)
Figure 5. PCA–based facial component model. (a) Masks

for each of the �ve features. Note that the two mouth

masks overlap. (b) Mean features. (c) Graphical prior re­

lating each component' s position and PCA coef�cients.

Our appearancemodelis basedon trainingimagesfrom
theAR facedatabase[13]. For eachof 94people,wechose
four posesshowing arangeof expressionsandlighting con-
ditions(seeFigure4). Fivemanuallyselectedfeaturepoints
(eyes,noseandmouthcorners)wereusedto aligneachim-
ageand position the featuremasksshown in Figure 5(a).
We then found a 10 dimensionalPCA basisfor eachfea-
ture[14], producingthemeanfeaturesof Figure5(b).

Using the PCA representationof eachtraining subject,
we determineda kernel–basednonparametricdensityesti-
mateof thejoint probabilityof thosepairsof facialfeatures
which are adjacentin the graphof Figure 5(c). Figure 6
shows several marginalizationsof these20 dimensional
densities,eachrelatinga pair of PCA coef�cients (e.g.,the
�rst noseandsecondleft mouthcoef�cients). Clearly, sim-
ple Gaussianapproximationswould obscuremost of this
dataset's structure.Finally, we approximatethe true pair-
wisepotentialsrelatingneighboringPCAcoef�cients by the
correspondingkerneldensityestimates[7]. Differencesbe-
tweenfeaturepositionsaremodeledby a Gaussiandensity,
with meanandvarianceestimatedfrom thetrainingset.

5.2.Estimation of OccludedFeatures

In thissection,weapplythegraphicalmodelof Figure5
to thesimultaneouslocationandreconstructionof partially
occludedfaces.Givenaninput image,we �rst identify the
region mostlikely to containa faceusinga standardeigen-
facedetector[14] trainedon partial faceimages.This step



Figure 6. Empirical joint densities of four diff erent pair s

of PCA coef�cients. Each plot sho ws the corresponding

marginal distrib utions along the bottom and right edges.

Note the multimodal, non–Gaussian relationships.

helpsto preventspuriousdetectionof backgrounddetailby
the individual components.For eachnode,we scanthis
region with the featuremask,producingthe bestPCA re-
constructionŷ of eachpixel window y. The observation
potentialis createdby de�ning a Gaussianmixturecompo-
nent,with meanŷ andweightexp

�
�jj y � ŷjj2=2� 2

	
, for

eachy. To allow for outliersdueto occlusion,theobserva-
tion potentialis augmentedby a zeromean,high–variance
Gaussianweightedto represent20%of thetotal likelihood.

We testedthe NBP algorithmon imagesof individuals
not foundin thetrainingset.Eachmessagewasrepresented
by M = 100particles,andtheGibbssamplerused� = 100
iterations.Totalcomputationtimefor eachimagewasafew
minutesonaPentium4workstation.Dueto thehighdimen-
sionalityof thevariablesin this model,andthepresenceof
the occlusionprocess,discretizationis intractable.There-
fore, we insteadcompareNBP's estimatesto the closed
form solutionobtainedby �tting a singleGaussianto each
of thenonparametricprior andobservationpotentials.

Figure7 showsinferenceresultsfor two imagesof aman
concealinghis mouth. In oneimageheis smiling,while in
theotherheis not. Usingtherelationshipsbetweeneyeand
mouthshapelearnedfrom the training set,NBP correctly
infers the concealedmouth's expression. In contrast,the
Gaussianapproximationdistortstherelationshipsshown in
Figure6, andproducesresultswhich areindistinguishable
from the meanmouthshape.Note that theseresultswere
obtainedin an unsupervisedfashion,without any manual
labelingof thetrainingimageexpressions.

Figure 8 shows inferenceresultsfor two imagesof a
womanconcealingoneeye. In oneimage,sheis seenunder
normalillumination,while in thesecondsheis illuminated

from theleft by abright light. In bothcases,thestructureof
theconcealedeye mirrorsthevisible eye. In addition,NBP
correctlymodi�es the illumination of the occludedeye to
matchtheintensityof thecorrespondingmouthcorner. This
exampleshows NBP's ability to integrateinformationfrom
multiplenodes,producinggloballyconsistentestimates.

6. Discussion
We have developed a nonparametricsampling–based

variant of the belief propagation algorithm for graphical
modelswith continuous,non–Gaussianrandomvariables.
Ourparts–basedfacialmodelingresultsdemonstrateNBP's
ability to infer sophisticatedrelationshipsfrom training
data,andsuggestthat it mayprove usefulin morecomplex
visualtrackingproblems.We hopethatNBP will allow the
successesof particle �lters to be translatedto many new
computervisionapplications.
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