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ABSTRACT OF THE DISSERTATION

Networks of Mixture Blocks for Non Parametric Bayesian Models
with Applications

By
lan Porteous
Doctor of Philosophy in Information and Computer Science
University of California, Irvine, 2010

Professor Max Welling, Chair

This study brings together Bayesian networks, topic models, hierarchical Bayes mod-
eling and nonparametric Bayesian methods to build a framework for efficiently design-
ing and implementing a family of (non)parametric Bayesian mixture models. Bayesian
mixture models, including Bayesian topic models, have shown themselves to be a use-
ful tool for modeling and discovering latent structure in a number of domains. We in-
troduce a modeling framework, networks of mixture blocks, that brings together these
developments in a way that facilitates the definition and implementation of complex
(non)parametric Bayesian networks for data with partitioned structure. Networks of
mixture blocks can be viewed as Bayesian networks that have been factored into a
network of sub-models, mixture blocks, which are conditionally independent of each
other given the introduction of auxiliary partition variables. We use this framework
to develop several novel nonparametric Bayesian models for collaborative filtering and

text modeling.
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Chapter 1

Introduction

Bayesian networks are a cornerstone of modern Machine Learning and Al. They have
been applied across a wide range of problem and application domains. One focus of
recent work in Bayesian networks has been topic-models for collections of text, images
and other structured corpora. Topic models can be viewed as hierarchical structured
mixture models where the latent mixtures components are treated as semantic topics.
Research in the area of topic models has inspired the creation of ever more complex

Bayesian networks with increasing layers of hierarchy.

Bayesian networks for topic-models are often quite large but lend themselves to short
descriptions and efficient inference algorithms. Topic models often have a network
size that is a multiple of the number of words in the corpus. However, these large
networks are also usually made up of simple networks repeated many times. This
observation hints at the fact that instead of specifying each new model in terms of
its Bayesian network and deriving a new inference procedure, we can take advantage
of the repeated structure. Specifically, we observe that for many models the repeated

structure is a mixture model, and many different models use the same sub-models,



each sub-model only differing in the way its variables are partitioned into mixture

components.

Our work creates a framework that simplifies the construction of these hierarchi-
cal structured mixture models by factoring the full models into sub-models we call
mixture blocks. Each mixture block is itself a hierarchical Bayesian mixture model
defined in terms of how its variables are partitioned and the family of distributions for
the mixture components. Furthermore, we note that conditioned on the partitioning
of its variables, each mixture block is independent of other mixture blocks in the
network. We take advantage of the conditional independence to specify inference in

terms of the mixture blocks.

Our framework can be used to describe and build a variety of previously proposed
topic models and define there inference algorithms, but it is not restricted to these
tasks. In our work we have used the framework to build models for collaborative

filtering, visual classification, shopping cart identification, as well as text.

The resulting framework encapsulates many of the complications of building hierar-
chical structured mixture models within reusable mixture block objects. This encap-
sulation makes it easier and more intuitive to both describe and implement a broad
family of hierarchical Bayesian mixture models, encouraging the invention of new

models and variants of existing models.



Chapter 2

Overview

Before moving on to the details of our framework we will walk through the description
of a few topic models to illustrate how they can be factored into simpler mixture
models. We will see that the interface between these mixture blocks is based on how
a child mixture block partitions its variables as function of the variables of a parent
mixture block. We will also see how one model leads to the next by replacement or
modification of the mixture blocks. This tour through example models will lead us to
the basic premise of our framework: defining and implementing complex hierarchical
Bayesian (non)parametric mixture models out of mixture blocks which vary by the
family of distribution (Gaussian, multinomial, nonparametric, etc) and how variables
are partitioned into mixture groups. In chapter 4 and 5 we will give a formal definition

of Network of Mixture Blocks (NMB) framework we propose.

We start with the Dirichlet compound multinomial model (DCM), a bag of words
model for documents that can be used for document classification [27]. The DCM
model assumes that each document has a separate distribution over words in the

vocabulary, from which the words in the document are drawn iid. DCM has the
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Figure 2.1: Graphical model for Dirichlet compound multinomial.

following generative description:

1. For every document d draw a distribution over words ; ~ Dirichlet(«)

2. Draw words in the document iid given 4, w; ~ Multinomial(6,)

where 6, is a vector of probabilities for each word in the vocabulary. The graphical

model for the DCM is in figure 2.1 *.

Another view of the Dirichlet compound multinomial is as a hierarchical Bayesian
mixture model that we will be able to reuse as a component when building more
complex topic models. In this view the DCM is a mixture model where the words
are divided into sets based on which document they belong to and the words in each
set are drawn iid from a multinomial distribution with parameters 6;. Each 6, in
turn is drawn from a Dirichlet distribution with parameters a. Let us abbreviate
this description of the model with the node in figure 2.2. The top half of the node
in figure 2.2, W/ ~p, indicates that the variables, W, assigned to this node are
partitioned by the equivalence relation ~p and the equivalence relation depends on

variables in the set D. The equivalence relation ~p says that if w; ~p w; then

!The graphical model in figure 2.1 and subsequent graphical models use plate notation [8] to
represent variables that repeat. In plate notation a rectangle is drawn around a subgraph of the
model that repeats. A number is drawn in the rectangle to indicate the number of repetitions of
that subgraph.



Figure 2.2: Dirichlet compound multinomial mixture component. The set of words
W = {ws,...,wy} is partitioned into K groups based on the document d; € D that
word w; € W is from. Given the partitioning of W into K groups, the probability of
all the words W is the product of the probability of each subset of words that belong
to a specific document.

they belong to the same subset and are drawn iid from the same distribution. The
bottom half of the node, [[, MD(W;«), indicates that given the partition of W
into sets, the joint distribution of the variables in the set W is a mixture of DCM
models. MD is abbreviation for a multinomial (M) model with a Dirichlet (D) prior
over the parameters of the multinomial. In more detail, W = {W,..., Wk}, where

Wi, ..., Wk are the subsets of W which form a partition given by W/ ~p. The joint

distribution of W is the following:

POVia,Winp) =TT [ T[T Mwl6n)D(6ja)des (2.)

’LUZ'EW}C

= [MDWy; ) (2.2)

Using the DCM component we will now build a more complicated topic model,
latent Dirichlet allocation (LDA). LDA is a generative model for topic discovery [6]
in which documents can be viewed as distributions over topics. Each topic is in
turn a distribution over words shared across all documents. LDA has the following

generative description:



1. For all T topics sample a distribution over words ¢, ~ Dirichlet (/)
2. For all D documents sample a distribution over topics 64 ~ Dirichlet(c)
3. For every word w;,1 € 1,..., N

(a) sample a topic z; ~ Multinomial(6,,)

(b) sample a word w; ~ Multinomial(¢,,)

The graphical model for LDA is in figure 2.3. LDA can be built using two DCM
models. The first DCM model for the Z variables is a distribution over topic as-
signments. The second DCM model for the W variables is a distribution over words
given the the partition of W into W1, ..., Wk induced by Z. Building the LDA model
using two DCM components is shown in figure 2.4. The difference between the two
DCM mixture blocks is that in the DCM model for topic assignment variables Z,
the partitioning of variables is a function of the document id of a variable and in the
second DCM model the partitioning of word tokens W is based on the value of the
corresponding variable in Z. That is, the equivalence relation Z/ ~p assigns variables
z; and z; to the same group if they are in the same document and W/ ~ assigns w;
and w; to the same group if z; and z; have the same value. Given the partitioning of

W and Z their distribution is again a mixture of DCM models, equation 2.1.

One of the goals of this tour through models is to show how seemingly complicated
models can be described in terms of simpler sub-models using the NMB framework.
Therefore, we will now briefly describe an even more complicated topic model, the
Pachinko allocation model (PAM). PAM [24] is another model for topic discovery
which captures correlations between topics as well as words. For each word a chain

or path of topics is sampled, where the probability of sampling a topic at each step
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Figure 2.3: Graphical model for Latent Dirichlet Allocation (LDA).
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Figure 2.4: Latent Dirichlet Allocation Model drawn as network of mixture blocks.
D =d,,...,d, is the document id for each word. k is the id of the mixture group in
each DCM mixture block

in the chain depends on the topic chosen at the previous step. That is, for every
document there is a distribution over topics, super-topics, super-super-topics, and so
on. For every word in every document a chain of topics is sampled and then given
the last topic in the chain, a word is sampled. PAM has the following generative

description:
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Figure 2.5: Graphical model for pachinko allocation model (PAM).

1. For all T topics sample a distribution over words ¢; ~ Dirichlet()

2. For all D documents sample a distribution over root topics #; ~

Dirichlet(ay)
3. For all D documents and L levels > 1 sample 64 ~ Dirichlet(q;)
4. For every word w;,i € 1,..., N

(a) For all L levels sample

i. sample a topic z! ~ Multinomial(f_i-1)

(b) sample a word w; ~ Multinomial(¢.z)
The graphical model for a “4-level” PAM is shown in figure 2.5. From the graphical
model one can see that it consists of three DCM models, one for each of the variables
ZY, 7% and W. A PAM is described in terms of DCM mixture blocks in figure 2.6.
Like in the LDA model, the difference between the three DCM models is only how
the variables in each mixture block are partitioned. Unlike the LDA model where
a variables assignment to a mixture group always depends on one other variable,

in the middle DCM model for the variables Z2, the partitioning of variables now
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(L MD(Wi: ) |

Figure 2.6: Pachinko Allocation Model drawn as NMB. D = dy,...,d, is the docu-
ment id for each word. K is the set of possible topics in each component

depends on two parent variables. Specifically, 27 is assigned to a mixture component
indexed by both d; and 2z}, the document id and the corresponding 2! variable. In the
NMB framework the equivalence relation ~p 1 (figure 2.6) depends on two variables

instead of one.

Although we have only discussed the parametric DCM mixture block so far, non-
parametric Bayesian mixture models also fit in the network of mixture blocks (NMB)
framework. Nonparametric mixture blocks will force us to reconsider how the vari-
ables for a child block are assigned to mixture groups. We will no longer be able to

always treat a parent variable as simply an index for a mixture group.

In nonparametric Bayesian models a DCM distribution is often replaced by a Dirichlet
process (DP). For example, the nonparametric extension of LDA, the Hierarchical
Dirichlet Process (HDP), replaces the DCM distribution over topics for each document
with a DP. However, simply replacing the DCM model for each document with a DP

is not sufficient. Before explaining why replacing DCM model for each document with
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Figure 2.7: Chinese restaurant representation of the Dirichlet process. Customers, z;,
sit at tables in a Chinese restaurant with an infinite number of tables. Each customer
sits at a table proportional to the number of customers already sitting at the table.

a DP is not sufficient we will quickly review the Chinese restaurant process > (CRP)
representation of a DP. In the CRP we imagine forming a partition of N customers
by having N customers sit at tables in a Chinese restaurant with an infinite number
of tables. We assign the customers (where the customers are represented by integers
1,..., N) to the same set in the partition if they sit at the same table. In the CRP
the first customer to arrive at the restaurant sits at one of the infinite number of
tables with uniform probability. Subsequent customers sit at a table with probability
proportional to the number of customers already sitting at a table. This process is
depicted in figure 2, where the third customer, z3, is sitting at table k£ proportional to
the number of customers, N, already sitting at the table. N is the total number of
customers already in the restaurant. With some probability 5, each new customer

sits at an unoccupied table.

In the LDA model, if instead of sampling z; from a multinomial for each document
we sample it from a Chinese restaurant process (CRP) for each document, we run
into a problem. Imagine the first customer sitting at a table in restaurant 1 and the

first customer sitting at a table in restaurant 2. Since they both pick from an infinite

2The Chinese Restaurant Process (CRP) is one of several forms of the Dirichlet Process. It is
often used because of its intuitive description.

10



number of tables with uniform probability, there is no chance they will sit at tables
with the same index k. Consequently, if table indexes represent topics, there is no
chance that different documents will share the same topic. In other words, if z; is
drawn from a CRP its value represents an equivalence class instead of a specific class,
as is the case when z; is drawn from a multinomial. In the case where z’s are sampled
from a CRP if z; = #z;, all we can say is which w; and w; should be assigned to the
same mixture group but not which mixture group. This is not a problem until, as in
the case of LDA, we want to relate mixture groups between different DPs. In LDA
we say that if in document 1, word 1 is assigned to topic 1, and in document 2, word
1 is assigned to topic 1, then both words are assigned to the same topic. However,
if topic assignments for each document are distributed according to separate CRPs,
we can no longer say anything about how topic assignments in document 1 relate to
topic assignments in document 2. The solution to this problem is the Hierarchical
Dirichlet Process [43] which uses a hierarchical model that allows several DPs to share
the same mixture components. In the case of the nonparametric version of LDA this

means that mixture groups in several DPs can refer to the same topic.

When using nonparametric mixture blocks the essential issue is how to map variables
drawn from a CRP in one block to a partition of variables in another block. The
NMB framework remains agnostic to the mapping, but there are four basic patterns.
The first, most basic structure is the Dirichlet process mixture model. To review,
there are several graphical models for the Dirichlet process mixture model, one that
corresponds with the stick breaking construction [39] is in figure 2.8 (left). However,
it is easier to understand the role of a DP mixture block in the NMB framework as
a prior distribution over all possible partitions S* of N data-items [37]. A graphical
model of this view is in figure 2.8 (right). In this view a partition, S*, is drawn
from a CRP(«). If z; is the set that item i is assigned to in partition S*, then the

distribution for X is a mixture model where each x; € X is assigned to a mixture
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Figure 2.8: Two graphical models for the Dirichlet process. Left: The stick breaking
construction for the Dirichlet process mixture model, § ~ GEM («) [34]. Right:
Dirichlet process as a distribution over partitions. The variables Z are drawn from
CRP(«a), and define a partition of N items, S*.

OO

group according to z;. The NMB version of the model uses two mixture blocks, figure
2.9 (left). The first CRP mixture block, Z, is a distribution over partitions. The
partition is represented by the variables Z. Using the partition drawn from the Z

block, the X block is the same DCM block that we have already used.

The second structure we could build out of nonparametric mixture blocks is in figure
2.9 (right). Now instead of having one partition, the Z block has a different partition
for every value of D. We get Np independent partitions by first partitioning Z into
Np groups, Z = {Zy,...,Z;}, and then drawing each set of variables Z; from a

different CRP.

However, if we want to share mixture components between different DP mixture
models then we need to be able to build HDP models using mixture blocks. The
third and fourth patterns make up the two basic ways to build HDP models using
mixture blocks. In the third representation we build an HDP using the Chinese
restaurant franchise representation, see figure 2.10. The assignment of X variables
to mixture components is then defined hierarchically as the following: x;; is assigned

to the mixture group k., where j is one of the vertical restaurants, and z;; picks

e
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Figure 2.9: Two Dirichlet process mixture models. Left: A DP mixture model. Right:
Np independent DP mixture models, one for each value of D. Since the value z; only
represents the equivalence class with respect to the d; CRP, the mixture group for z
is a function of both d;, z;

the table for the i*" item in restaurant j, and k;.,. picks the dish for the table. From
the Chinese restaurant franchise representation in figure 2.10, where each restaurant
is a CRP, one can see that HDP can be constructed using a number of CRPs. In the
NMB representation we have one block for the Z variables, the vertical restaurants

in figure 2.10, and one block for the K variables, the horizontal restaurants in figure

2.10. The NMB representation of this structure is in figure 2.11 (left).

In the fourth pattern, figure 2.11 (right), we introduce a direct assignment HDP
(DAHDP) mixture block. This DAHDP block encapsulates the structure of the Z
block and the K block in the Chinese restaurant franchise representation in figure 2.11
(left) into one block. However, the DAHDP block uses a different representation of
the HDP model (see HDP inference using direct assignment in [43]). As a consequence
of encapsulating the hierarchical HDP structure within a single block, the Z variables
in the DAHDP block can be treated as assignments to a common set of equivalence

classes across all documents instead of a separate set for each document.

In general, when building networks of mixture models, it might be difficult to an-
ticipate all the variants of how a sub model partitions its variables. Consequently,

in our framework instead of choosing a one-to-one mapping between parent variables
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Figure 2.10: Chinese restaurant franchise representation of an HDP. Each box rep-
resents a restaurant (CRP) with an infinite number of tables. Customers come in
and sit down at tables according to the CRP distribution. The vertically oriented
restaurants each represent a bottom level partition, e.g. a topic distribution for a
document where the tables represent the document-topic. The words are assigned to
document topics via z variables. Each z variable is assigned to a table according to
a CRP. The horizontal restaurant represents the franchise, and each table represents
a topic. The variables for each table in each restaurant, k, are assigned a topic from
the franchise according to a CRP distribution.

and mixture assignments, we will allow an equivalence relation to define the mapping

between parent variables and the mixture group assignments.

These examples lead us to the basic form of a mixture blocks in our framework,
illustrated in figure 2.12. First, each mixture block forms a partition for the variables
assigned to it based on the value of other variables in the network. Given that
partition, the mixture block defines a Bayesian mixture distribution for the variables.

Finally, the variables of a mixture block may be used by other mixture blocks. We can
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Figure 2.11: Two HDP mixture models. On the left there are two DP mixture blocks
which are used to define the assignment of X variables to mixture components. On
the right each set of variables Z; represents a different partition, but since they are
from an HDP they refer to a set of equivalence classes shared by all documents.

connections to
other blocks

create partition
for variables, S*

mixture of Gaussian , multinomial, etc.
distribution for variables, X given parti-
tion S*

connections to
other blocks

Figure 2.12: Block diagram of the functional components that go into one of the
mixture blocks in a network of mixture blocks

form new networks of these mixture blocks by changing how variables are partitioned
once we have a block for each family of mixture distributions. Later in section 5 we
will explain how inference for these NMB models can also be done in terms of mixture

blocks.
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The rest of the thesis is organized as follows: We will start by describing the net-
work of mixture blocks (NMB) framework in detail. First we will describe individual
mixture blocks and then the joint model defined by a network of connected mixture
blocks. Second, we specify approximate inference for a NMB using MCMC sampling
and how that inference can be written in terms of mixture block objects. Third, we
will describe several novel hierarchical Bayesian mixture models using the flexibility
of the framework. Our first new model is a hierarchical Bayesian mixture model for
collaborative filtering, Multi-LDA. The second new model is the nonparametric ver-
sion of Multi-LDA, Multi-HDP, which we create by replacing the parametric mixture
blocks with nonparametric mixture blocks. Next, we will explore another model for
collaborative filtering, Bayesian probabilistic matrix factorization with side informa-
tion that incorporates regression with latent factors in one Bayesian model. Fourth,
we will introduce a new type of topic model by replacing the nonparametric mixture
blocks in a hierarchical Dirichlet process topic-model with a new mixture block based

on a new type of Flexible nonparametric prior.

16



Chapter 3

Related Work

The NMB framework is built upon a broad range of work in Bayesian networks,
nonparametric Bayesian models, topic-models, product partition models, and MCMC

sampling methods.

The way mixture blocks are defined in our framework is partially inspired by the
definition of product partition models, [5, 37]. Product partition models (PPMs)
take the form p(Y'|S*)p(S*), where Y is factored into K sets by the partition S*
and p(Y|S*) =[], f(Yx). Additionally, p(S*) can be factored as as the product of
cohesion’s of the subsets p(S*) = ¢ Hszl ¢(Sk). Given the partition S*, an individual
mixture blocks is the same as a PPM. However, in a NMB the partitions are formed
hierarchically, the partition for a mixture blocks is a function of the variables in other

mixture blocks.

Previous work on networks of infinite state Bayesian networks for structured domains
(ISBN) [46], is also related in that it describes how to build networks and perform
inference on Bayesian networks of nonparametric mixture models. However, it does

not generalize the interface between sub-models in terms of a partition. Instead
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partitions are defined hierarchically in terms of the value of parent variables with
a matching index. Mapping from the variable value in one sub-model to the index
in another sub-model is more limiting. For example since the value in a CRP sub-
model represents only an equivalence class, it can’t be blindly used as an index in
another sub-model. Also ISBN does not emphasize factoring networks into reusable

components.

In the sense the NMB tries to automate or at least simplify inference for a family of
probabilistic models, there are a number alternative frameworks. One example is the
Bayesian Logic (BLOG) inference engine [32]. Another example is the Hierarchical
Bayes Compiler (HBC) [18]. Compared to these projects, NMB is less ambitious
and more practical. Instead of trying to provide a language in which models can be
specified and inference performed automatically, NMB simply describes how hierar-
chical Bayesian structured mixture models can be factored into reusable components.
This approach is more practical in the sense that for a particular implementation of
a NMB, one may still need to make model specific assumptions that make inference
faster for the specific model. For example one may make assumptions that certain
operations can be done in parallel in order to implement a model for a large data set

as we did in section 6.2.6.
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Chapter 4

Networks of Mixture Blocks

In this chapter we describe the network of mixture blocks framework. First we will
briefly review the hierarchical Bayesian mixture of Gaussians model, which we will use
as a concrete example of a NMB. Next we look at the definition of individual mixture
blocks. Finally, the joint model defined by a network of the individual mixture blocks

is described.

It is worth noting at this point that, although we will use a parametric example to
describe mixture blocks and inference procedures, the framework does not distinguish
between parametric and nonparametric mixture blocks. Essentially mixture blocks
view each other through partitions and it does not matter to a mixture block if the

blocks on the other side of the partition are nonparametric blocks.

4.1 Bayesian Mixture of Gaussians

To illustrate the description of our framework, we will use the familiar example of

a hierarchical Bayes mixture of Gaussians model (MoG). The MoG model has the
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Figure 4.1: Bayesian model Mixture of Gaussians. Square nodes represent parameters

of the model. Red outline designates the sub-graphs that correspond to the mixture
blocks for Z and X

following generative description for a set of observed data X = {x1,...,zn}.

For each of the K topics

Draw py, oy ~ N(Mk; Ho, Uk/V)F_l(Uk; a, 3)
For each observation x; € X

Draw a topic: z; € {1,..., K} ~ M(n)

Draw an observation from the topic: z; ~ N (p,,02;)

where 7 are the parameters of a multinomial distribution drawn from a Dirichlet
prior with parameters A1, ..., Ay = A/K. The Bayesian network using plate notation

is shown in figure 4.1.
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The joint density for the MoG model, P(X, Z, 7, \, u, o, o, 3, 1o), is the following:

N
p(X7 Z77T7 )‘7”7‘7"&767”07”) = Hp(lezjv:uz]?O-Z])p(Z]h-)I X

Lj=1

K

Hp(ukluo,ak/V)p(Uklaaﬁ)] X p(m|A)

Lk=1

where o = {01, ...,0}, o= {p1,...,px} and Z ={z,...,2x}.

4.2 Mixture Blocks

The basic units of our modeling framework are compound distributions organized
into entities we call mixture blocks. Mixture blocks allow us decompose a family of
complex Bayesian networks into conditionally independent mixture blocks, each of
which is itself a hierarchical Bayesian network. These mixture models, which we call
mixture blocks, help us encapsulate the complexity and implementation of hierarchical

Bayesian mixture models.

Each mixture block defines a distribution over variables associated with it. The blocks
are composed of two parts, a partition part and a distribution part. The partition
part specifies how the set of random variables assigned to a block will be partitioned
into conditionally independent sets. The distribution part of the block specifies the
probability density function for the set of variables associated with a block. For
example, the MoG model described in terms of mixture blocks is composed of two
blocks. The first block is responsible for the cluster assignments, i.e. the hierarchical
Bayes model for Z = {z1, ..., 2y }. The second block is responsible for the hierarchical
Bayes model for the data X, conditioned on the partition induced by the cluster

assignments Z. The mixture block diagram for the MoG model is shown in figure
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MD(Z; \)

[ X/NZ 1
{HK/\/’./\/FA(XK; a, B, v, ,uo)J

Figure 4.2: MoG. MD stands for a multinomial distribution whose parameters have a
Dirichlet prior. NNT ! indicates a Normal distribution with a Normal-scaled inverse
gamma prior over its parameters.

4.2.

The partition part of a mixture block defines a partitioning of the variables in the
mixture block into conditionally independent sets of exchangeable variables. For ex-
ample, the partition part of the X mixture block in figure 4.2 partitions the set of
variables X into groups, each of which is associated with a different distribution. The
partitions are a key concept in the overall framework because they allow the mixture
blocks to be conditionally independent no matter how complicated the mapping be-
tween parent variables and mixture groups assignments becomes. For this reason it is
easier to define the framework if we introduce an auxiliary variable S* whose value is
a partition of the variables in a mixture block. Introducing the partition variable S*
allows us to easily describe the joint model of a network of mixture blocks in terms of
separate mixture blocks. Using partitions also unifies parametric and nonparametric

models in one framework.

Describing the joint model in terms of mixture blocks will lead us to factoring inference
for the full model in terms of mixture block operations. Although the S* variables are
useful in specifying the framework, in section 5 we will eventually write the inference

procedure without the S* variables.
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Using the equivalence kernel of a function p we will define a mapping from the domain
of the parent variables to the domain of partitions S*. The equivalence kernel of the

function p has the following form:

T~ 2y = p(r(2a)) = p(7(21)).

where p is a function whose arguments, 7(x), are the parent variables which will
determine the subset a variable belongs to in the partition S*. The set w(z) is
also the set of parents of a variable in the corresponding Bayesian network. In the
block diagram this is abbreviated X/~z. X/~ is used to denote that the set X
is partitioned by an equivalence relation ~,. The Z subscript denotes that the
equivalence relation depends on the parents of X, which are in the set Z. That
is zovyg 1y <= p(n(z,)) = p(n(xp)) and V. 7(z.) € Z. An arrow is also used
from the parent mixture block to the child mixture block to indicate the parent child
relationship in the corresponding Bayesian network. In the MoG model the variables
in X are assigned to partitions depending on the value of their parent assignment
variable, 7(z,) = z, and p(n(x,)) = z,. That is, if the parent value z, = k then
P(x4) = N (g, 01). Therefore, two variables x,, x; are in the same subset if z, = 2.
Formally, a mixture block partitions the data and defines a distribution factored by

the partition in the following way:

S*={951,...,Sk} is a partition of {1,... N}

Sk ={i:p(r(x;)) =k} for MoG Sy ={i:z =k}
X =A{z; 11 € Sk}

X ={X1, ..., Xi}

X ={x,...,zn}
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The second part of a mixture block is the distribution part. It defines a distribution
over the set variables assigned to that mixture block as the product of distributions
for each subset Xj. Conditioned on the the partition S* induced by the equivalence
kernel of the function p, the distribution part is equivalent to the definition of a
product partition model conditioned on S* [37, 5]. That is the data in each subset is

assumed to be drawn 7id from some parametric family f with parameters 6,

P(X|5%) = H/ I 7 (xil6x)dGo(6r) (4.1)

1€SK

where f(x;]0x) is the likelihood and (64, ..., 60) is drawn éid from the prior Gy.

To specify the full mixture block form of the MoG model, we will use the convention
that a superscript indexes the mixture block version of a variable. For example, there
are two mixture blocks X and Z for the MoG model, so S#* is the partition for the
Z mixture block and S¥* is the partition for the X mixture block. The following is

a full specification of the conditional mixture block distributions for MoG *:

S% =1{1,...,N}
SZ = 5% ( note: there is only one set )
7y ={z:i¢€S¥}
Z =A{Z}
P(Z|5%, / [ M(zi:6%)D(67; \)do”

i€8%4*

'For the Z mixture block, the Z’s are not being partitioned, but to stay consistent with the
general specification of a mixture block we will describe it in terms of a partition with only one
subset.
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SX* = 9% S, ..., Sx} is a partition of {1,..., N}
SYX = {i:p*(7¥(z;)) =k} for MoG Sj ={i:z =k}
Xy ={z; i€ S}

X ={X1,.. ., Xi}

Qli( = {:uk’ Uk?}

K
P(X|uo, 00, v, SX*) = H H N<xz';NkaUk)N<Nk|,u07Uk/V)Fil(O'k‘Oéaﬁ)dekX
k=1

iesy
4.3 Network of Mixture Blocks

We will now describe the complete model created by connecting several mixture
blocks. Given the partitions S**,5%* the mixture blocks are independent. Thus,
conditioned on the partitions the joint probability of X, Z is simply the product of
their probabilities separately. If a indexes the mixture block and v is the set of hyper-
parameters for G§, then conditioned on the partitions, S**,a = {1,..., M}, the joint

probability of the random variables for a network of M mixture block models is the

following:
M
P(X', . XMST M At M) = T P(XYS™ )
a=1

Sometimes the partition variables S** are observed, as in the case where a text corpus
is partitioned into documents and we know which words belong to which documents.
However, we are often interested in the case where the partition is unknown. Fur-
thermore, we may be interested in learning the partition given the observed data. A

common approach to this problem is to introduce hidden or latent variables which
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represent the partition, such as the component indicator variables Z in the MoG

model.

Let us consider the distribution over partitions S* for a single mixture block associated
with the data X. Let X* be a random variable which maps the sample space made
up of the parent values of X to partitions of {1,..., N}. Also, let the probability of
a particular partition S* be the normalized probability of the parent variables taking
on a value such that p maps the parent values to S*. In more detail, Let z be a
random variable made of the values taken by all the parent variables of the set X. In
the MoG example z = {z,..., 2y} for the X mixture block. A is the set of possible
parent values that are mapped by p to the specific partition S* = {S,...,Sk},
A={z:VE Vs, m(z;) €z N\ p(n(xi)) = k}. Then the probability of a partition
S* is the sum over the probability of all possible parent values that lead to that
partition, Ps-(S*) = D, ., 14(z)f(z), where f(z) is the probability mass function
of z, and D is the normalizing constant. Here we are assuming the usual case where

z is discrete, but it can be extended to the case where z is continuous.

The joint probability of the partitions, S'*,..., S™* and the variables, X!, ..., X¥

has the following form:

M
P(X', . XM S M) = T P(X|ST ) PS5 X)) (4.2)

a=1
where X™(® is the set of variables that are parents in the corresponding Bayesian
network of the variables in the set X P(S%|X™®) = 1,(X™@), the indicator
function that takes value 1 if the function p® maps X™@ to the partition S**. That

is, the partition S®* is deterministic given the values of the parents X™@ 2. The

joint probability now looks very similar to the definition of the joint probability for a

21t can be the case, as in a Hidden Markov Model, that X* and X™(® overlap.
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Bayesian network. In fact, we could have written the same distribution by applying p
to the possible values of X™® and explicitly writing down the conditional probability
table of P(X%/X™® ). Note that it is still the case that the dependencies between
variables X',..., X™ and partition variables S*!,...,S*M form a directed acyclic
graph. If a variable 2% has a role in how % is grouped in a mixture model, where
there would have been a directed edge between two variables % — z° in the Bayesian

network, there is now an intermediate partition variable ¢ — S* — 2.

If we can write a mixture block model down in terms of a Bayesian network, the nat-
ural question to ask is why should we use the NMB framework in the first place. The
answer is that the NMB framework allows us to encapsulate some of the complexity
of the full model within the mixture blocks. This will make it easier to design and
implement complex Bayesian networks, including non-parametric Bayesian networks.
Additionally, the NMB can be mapped to an efficient MCMC inference scheme made
up of modules that implement individual mixture blocks. Another way to look at it is
that NMB allows us to partition a complex Bayesian network into sub graphs, where
the distribution over variables in each sub graph only depends on variables outside

the sub graph (mixture block) through the equivalence kernel of p.

The NMB decomposition will make the problem of designing and implementing com-
plex models easier both from the top down and from the bottom up. From the bottom
up, in designing and implementing these mixture blocks we will only need to consider
the conditional distribution of variables owned by a block. From the top down, we
will be able to build complex new models by picking from a set of available mixture

blocks, and defining the structure of the generative process with the p functions.
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Chapter 5

Inference for Mixture Block

Models

In this section we will examine how, given a network specified in terms of mixture
blocks, we can construct a Markov Chain Monte Carlo (MCMC) procedure for in-
ference that takes advantage of the mixture block structure. For non-trivial mixture
block models inference is intractable so an approximate method must be used. We
choose to use MCMC methods because it allows us to decompose the sampling pro-
cedure into algorithms which are local to each mixture component. That is, we can
build a inference algorithm for the joint model using local inference algorithms defined

only on the individual parts.

5.1 Gibbs Sampling

We start by noting that Gibbs sampling can be performed for Bayesian networks by

sampling a new value for each variable conditioned on its Markov blanket (its children,

28



its parents, and the other parents of its children). To perform inference with Gibbs
sampling, we sequentially sample each variable conditioned on all the other variables.
We repeat this process until we have gathered sufficient samples or we decide to stop
due to a time limit. The sequence of samples is called a chain. The distribution of
the samples produced by this procedure is guaranteed to converge to the distribution
of the variables in the limit. For Bayesian networks, where variables are conditionally
independent of all the rest of the network given their Markov blanket, the Gibbs

sampling algorithm is given by

For epoche=1... F
For all variablesz =1... N

Sample a new value for ;™ ~ P(Y/THY",) oc P(y!™ |7 (ys)) H P(y|m(y;)) t <
{yjyien(y;)}

(5.1)

where Y = {y1,...,yn} is now the set of all random variables in the model, Y_; is the
set Y not including the variable y;, 7(u;) is the set of variables that are the parents of
yi, and the superscript ¢ indexes the value of the variables at step t of the algorithm.
Each epoch e is a pass through the entire set of variable. Parents,m(y;), of y; are those
variables in the Bayesian network for which there is an edge from the parent variable

to Yi-

We can then estimate the probability of any subset of variables Y, C Y from the

chain of samples. For the discrete case:

ZH[Yg:y]HP(Yk:y) as T — oo
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5.2 Network of Mixture Block Sampling

We will now write an MCMC inference procedure for NMB similar to algorithm
5.1. It is worth noting that even though we are working with models that can be
expressed as a Bayesian network, we are often sampling a set of variables that no
longer have conditional independencies. The directed acyclic graph of conditional
independencies is lost when we analytically marginalize over (collapse) the parameters

of the likelihood functions. That is, we solve the integral in equation 5.2 analytically.

We need to rewrite P(Y;™|Y*) in equation 5.1 in terms of the variables that make
up the NMB, Q = {X*, 5% 0% \*}; a=1,..., M where a indexes the mixture block
and there are M mixture blocks. Now we will write the joint distribution in terms of
the individual variables. In equation 4.2 the probability of X* was conditioned on the
partitions S**, but for an individual variable x;, conditioning on p(m(x;)) is equivalent
to conditioning on the partition S*, i.e. P(z;|5*,v) = P(z;|p(7(x;)), ). Thus the full
joint distribution of an NMB network written in terms of the conditional probability

of individual variables is the following:

P(XY, . XM St SME N M) =

I1 [H 1B(w<:v?))] 11 / [T 7ot 009G (65 do; (5.2)

a=1 Li=1 €Sy

1p(m(x¢)) is the indicator function for the set of partitions S** which are consistent
with the parent values, X™@  or equivalently if $** = {S¢,..., 9%} then (B = {z :
VK Vies, m(x;) = 2 N\ p(n(x;)) = k}). That is,1p(w(x?)) assigns 0 probability to
all partitions where element i is in a different group then k& = p®(w(x;)). For Gibbs
sampling we need the distribution P(z{|Q2_.«). However, equation 5.2 instead gives us

the joint probability of X and S*, where S* = {S%* ... SM*} X = {X! .. XM}

30



Fortunately, because of the term 1p(w(z¢)), we can trivially marginalize over the
partitions, S*!,...,S*M_ Specifically, the density in equation 5.2 is non zero only
a

when 15 (7(xS

¢)) is 1 for all ¢ and a, so after marginalizing over S* we only have to

consider the case where the partitions are consistent with the functions p!, ..., p"
applied to the variables x € {X', ... XM}, Let S* indicate the value of S* for
which P(X,S*) > 0. First, if we consider the case where we do not marginalize
over the likelihood parameters then the conditional distribution we want for Gibbs
sampling is P(z§|X_;2,0,T") = P(x§, S*|X_x;;, O,T), where © = {O!, ... 0M} 0 =
{09,...,0%.}, T ={y',...,v™}. The density for the conditional distribution of z¢ is

the following:

P(2},X_4a|0,T) = Y P(af,X_4,8"|6,T)

S*ex*
= P(2¢,X_,,5%6,T) (5.3)
b P(a},X_,8*0,T)
P(z}|X_,;,0,T) =
Zv P(SC? = U7X—mfvs |@7F)

. [ T Go07) Ty £330

ey (ki 07) 1M, 1T, Ga(o i) T jesp fo(ag; 0) - le=bri=i)
(5.4)

Here, V is the domain of x%. All of the terms in equation 5.4 that do not change
when 2 changes can be canceled. After canceling terms, in the numerator we are left

with only the likelihood, f(z?; sz (r(@?))

assignment. Specifically, 20 affects the assignment of z§ where {a, j} are in the set of

), and the terms for which ¥ affects the class
children C' = {{a,j} : 2 € w(x9)}.

P(&}|X_y3,0,T) oc f(a 0% ) [ (2500, ) (5.5)
{aj}eC
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P(xf|Xga, 7", ... ,4M), is now the product of the term for z§ given {G*a, X _ze}, and
the terms for the children whose group assignment is affected by zf, {; : x§ € m(x})}.
This leads us to the NMB Markov blanket property. Analogous to the Markov blanket
property for Bayesian networks, the NMB blanket property is the following: z? is
conditionally independent of variables outside of a mixture block given the variables
which affect its class assignment in partition S** (z¢’s NMB parents) and the variables
for which z¢ affects their class assignment (x%’s NMB children), and the parents of

x$’s NMB children.

The difference between the Markov blanket property and the NMB blanket prop-
erty is that the latter is in terms of the partition variables S* and by extension the

equivalence functions p.

5.3 Encapsulation of Inference in Mixture Blocks

One of the main benefits of using the NMB is that inference can be abstracted in
terms of mixture block objects. A mixture block object, MBO, encapsulates the
details of the different mixture distributions and the variables associated with the
block behind a common interface. For example a mixture block object for a mix-
ture of Gaussians or one for a mixture of multinomials will have the same interface.
Gibbs sampling of full NMB can then be done in terms of the common interface
provided by each MBO. The minimum interface for a mixture block object provides
for updating the value of a variable, and provides the terms of equation 5.1. Specifi-

cally a mixture block (minimally) provides an interface with the following functions.
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Probability of a variable z; given S™*
P [S™, Xm)

Children of a variable i

@) ={ {a,j} : 2" € m*(a5)}
Parents of a variable ¢

" (x}")
Sample a new value for variable ¢ according to equation 5.5
o pa s X ) [ (]St X0 )

{a.j}eC(@)

where t is the step in the MCMC chain.

Sample a new value for ©™ '

(5.6)

(In the case where the parameters for the mixture distributions are not col-

lapsed, they must be sampled.)

Set the value of variable 7 to v

r; =0

NMB models can then be built out of mixture block objects with this interface.
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With this interface, inference is factored so that in order for a mixture block to im-
plement its interface, it only depends on other mixture blocks through their interface.

Thus the details of the inference are encapsulated within the mixture block objects.

For example the MoG example uses two mixture block objects. The first is the Z MBO
for a multinomial mixture distribution MD(Z; ), where the multinomial parameters
have a Dirichlet prior. The second is the X MBO for a Normal distribution with a
Normal-scaled inverse gamma prior over its parameters, NNTH X ; «, 3, v, o). For

the first MBO, Z, p*() = 1, i.e. all of the variables are in the same in one set. For



MBO X, 7% (z;) = 2, p* (7% (2;)) = 2;. Now Gibbs sampling for the NMB model for
MOG built using mixture block objects can be implemented by repeatedly invoking

the sample variable function, 5.6, of the Z mixture block object.

Once we have a library of MBOs, it becomes easy to implement interesting new NMB
models by customizing the p and 7 functions. Approximate inference using Gibbs
sampling can be performed by invoking the sample variable function for unobserved

variables.

5.3.1 Joint Sampling

It is sometimes the case that we want to sample a number of variables jointly in order
to improve the mixing rate. For example in Pachinko Allocation, instead of sampling
the value of one step on the topic path, we want to sample a new path jointly. This
can be done by taking the variables we want to sample jointly, e.g. z;1, z;0 for PAM,
and creating a new graph with only those variables. where the new graph is built
using the conditional distribution of the variables in the NMB, equation 5.4. Using
the new graph a new joint sample for the variables can be drawn using an approach

such as the junction tree algorithm [21].
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Chapter 6

Collaborative Filtering through

Matrix Factorization

One of the main benefits of the NMB framework is that it allows one to rapidly de-
velop new and interesting topic and mixture models that are efficient enough to be
applied to large datasets while also providing an interface for rapid model develop-
ment. Using the mixture block framework we will explore several novel models for

matrix factorization applied to collaborative filtering.

Matrix factorization algorithms are frequently used in the machine learning commu-
nity to find low dimensional representations of data. We introduce several generative
Bayesian probabilistic models for unsupervised matrix and tensor factorization. The
first set of models, Multi-LDA, Multi-HDP [36], will explore generative Bayesian non-
negative matrix factorization. These models consists of several interacting LDA /HDP
models, one for each modality. The second set of models introduces Bayesian matrix
factorization with side information and a Dirichlet Process MoG prior for the latent

factors, [35].
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6.1 Multi-LDA , Multi-HDP

Matrix factorization refers to the problem of representing a given input matrix as the
product of two lower rank matrices. In this section we focus on matrix factorization
for the purpose of learning the latent or hidden structure of the data and prediction
of missing elements of the input matrix. Collaborative filtering is an example of
a problem where matrix factorization has been applied to achieve these goals. In
collaborative filtering we assume a set of N users 1,...,N, a set of M items 1,....M,
and rating values which can be real or discrete. For example we might have N movie
patrons (users) and M movies, for which we have sparse data on how some users rated
some movies. We can represent this data as a matrix X with N rows and M columns
most of which are unknown. Our goal may be to predict the missing values of X,
(i.e. how much a user will enjoy a movie they have not seen), or we may want to find
groups of users with similar tastes or movies with similar themes. If we factor X into
the product of UWVT we can generate values for the unknown elements of the input

data.

Non probabilistic models for matrix factorization such as non-negative matrix factor-
ization (NMF) and singular value decomposition (SVD) have been applied to collab-
orative filtering and work well for predicting missing values, or classification based on
the low rank representation. However, generative probabilistic models have a number
of advantages that these methods lack such as predictive distributions from which
predictor intervals can be inferred, the possibility to include prior knowledge into the
generative process and a principled framework to select model structure. Moreover,
the inferred latent structure is directly tied to the generative process and therefore

often easy to interpret.

Probabilistic models such as probabilistic latent semantic analysis (PLSA) and their
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Bayesian extensions such as LDA [7] have been proposed as text models in the bag-
of-words representation. These models have the benefit of learning a latent structure
for the data and providing a probability distribution for the missing data predictions.
LDA in particular has proved successful at revealing latent document topics [15].
Extensions of PLSA [17] and LDA [30] to the collaborative filtering case have been
proposed. However, using movie ratings as an example, these models treat users and
movies differently. In particular, they discover hidden structure for users but not for

movies.

Our model fits into the class of models known as “blockmodels” [2]. The paramet-
ric, two modality version of our model, Bi-LDA, is similar to [2] with multinomial
instead of Bernoulli mixture components. The extension to nonparametric methods
has also been considered before with other blockmodels [19] and [28]. However these
nonparametric block models have objects (users, movies) belonging to only a single

group. In our model objects can belong to several groups (i.e. one for each rating).

[31] is another Bayesian matrix factorization method which does treat two modalities
symmetrically but assumes a different structure for the data. They use a ’factorial
learning” model that encourages a representation where an object is described by a
diverse set of features. Our model on the other hand encourages a succinct represen-
tation where an object belongs to few groups akin to soft multi-modality clustering.
Specifically, in our model we have that the more an object belongs to one group,
the less it belongs to other groups. Another essential difference is that our model
combines factors/topics in the probability domain, while the model of [31] combines

factors in the log-probability domain.

The Multi-LDA model consists of two or more interacting Latent Dirichlet Alloca-
tion models, one for each modality, users and movies, and Multi-HDP consists of

two or more interacting Hierarchical Dirichlet Process models. Using the mixture
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block framework we describe an efficient collapsed Gibbs sampler composed of mix-
ture blocks for inference. We also show how it is easy to convert from the parametric
to the non parametric form of the model by replacing the Dirichlet multinomial mix-
ture block for membership assignment variables with a hierarchical Dirichlet process
mixture block for membership assignment variables. Experiments demonstrate that
the model is useful for prediction of missing data with two or more modalities as well

as learning the latent structure in the data.

6.1.1 Bi-LDA

It is easiest to describe the model by first describing the following generative process

for ratings in the Bi-LDA model:

1. Choose J x K distributions over ratings ¢;; ~ Dirichlet(/3)

2. Choose a distribution over K user groups for each user m*" ~
Dirichlet(a"*")

3. Choose a distribution over J movie groups for each movie 77V ~
Dirichlet (™)

4. For each movie-user pair (mu)

(a) Choose a user group 25" ~ Multinomial(7**")

(b) Choose a movie group 2™ ~ Multinomial (™)

user ,mouvie ¢m )
9

(¢) Choose a rating 7y ~ p(rmy| 225", zme movic suser

Where @y, is the distribution over values 1...V for cluster j, k and has a Dirichlet prior

with parameter 3. 7V and 7%*¢" are distributions over movie and user groups

m u

movies users

with Dirichlet priors using parameters « , QL respectively. We also introduce
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Figure 6.1: Bayesian graphical model for Bi-LDA.

movies and ZUSS'I’S

indicator variables z"7 e

for each modality representing the group chosen

movie

movte represents the group that movie m picked for

for each movie-user pair. So z
the rating given by user u. X,,, is the rating observed for user u and movie m. To

reduce clutter m, u will be used instead of movie, user in the superscript to indicate

user)

the modality (7% = 7"

The graphical model for Bi-LDA is in Figure 6.1. To draw the Bayesian network for
Bi-LDA in Figure 6.1. The corresponding figure using mixture model blocks is in

Figure 6.2.

In the NMB framework we can describe the model as three interacting Dirichlet
compound multinomial sub-models, figure 6.2. In Bi-LDA the Z™ variables are par-
titioned by the movie they are associated with, the ZY variables are partitioned by
the user they are associated with, and the ratings, X, are partitioned according by

the movie and user group assigned to that rating by z;,, and 2.
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Figure 6.2: NMB for Bi-LDA. U is the number of users. M is the number of movies,
Ny is the number of movie groups times the number of user groups

The joint distribution described conventionally for the Bi-LDA model is:

P(X,z" z" ®, 7" ") = (6.1)
P(X|z™, z", ®)P(®|B) P(z™|x™) X
P(z"|m") P(z"|a™)P(m"|a")

= H‘I’zmu,zxm[Xmu]] X
Lm,u

X

H Dirichlet(®,|8)
4k

[ (mnlzmlm [Ziim])] x

Lm,u

H Dirichlet(7ry,| a“)]

H Dirichlet(ﬂ'ﬂam)] X

Where bold variables represent the collection of individual variables, z™ = {21}, 215, .., 2{}3/ }
(U is the number of users, and M is the number of movies). Now our goal is to per-
form inference on (6.1) to learn the posterior distribution of X and other variables of

interest given the input data.

40



6.1.2 Bi-LDA Gibbs Sampling

Although exact inference is intractable in Bi-LDA as it is in LDA, we can derive an
efficient collapsed Gibbs sampler in terms of mixture blocks. As in [14] in the mixture
block objects we will analytically marginalize over the parameters of the multinomial
distributions. For example, we will marginalize over the parameters 7, for the user
u, P(z¥at) = [drtP(z4|n2)P(rtat). The basic idea is to analytically marginalize
out all the conjugate distributions ®, 7% #w™ in (6.1) and obtain an expression for
the joint probability P(X,z™,z"%) = P(X|z™,z")P(z™)P(z") , where each term on

the RHS is maintained by a different mixture block.

6.1.3 Description of Inference

We will describe the inference procedure in two ways: first, in terms of Gibbs sampling
using the conditional distributions of the variables and second, algorithmically in

terms of operations on mixture block objects.

To begin with we will need the following counts to describe the Gibbs sampling process

in detail:
Ny =Y 1z, = 4] (6.4)

In terms of the collaborative filtering model for movies and users, Nj, represents the
number of entries in the entire data-array that are assigned to user factor £ and movie

factor j, for which the rating has the value v. N, is the number of ratings for user
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u assigned to factor k. NV,,; is the number of ratings for movie m assigned to factor
j. We will use a - in place of a variable to indicate that we are taking the sum over
the values of the variable (i.e. Njz. = > Nj,). We will use the superscript ~(um) ¢4
denote that data-entry (um) is subtracted from the counts. In terms of these counts

we find the following conditional distribution for movie indicator variables z™,

Pz = 312\z000, X) o< Pz, = 712\2050) P(Cum| X\Tum, 255 = J, 24 = k)
ﬁ(“m) v
+ m

Where J is the number of movie factors, X, = v, 2, = k and § = > 3. The
conditional distribution is the same for the user indicator variables with the role of
user and movie reversed.

P(zy = klz\z,

X) x

um?

N'v (um) 4+ BY ”
e T ’ (NJé“m) + a—) (6.6)
N 48 K

J

Where K is the number of user factors, and X,,,,, = v and 2] = j. The Gibbs sampler

thus cycles through the indicator variables 2/ 2z Vu, m. Ratings are conditionally

um? um

independent given ® so we can marginalize out unobserved ratings from the model.

The Gibbs sampler therefore only scans over the observed entries in the matrix X.

As an alternative, one may wish to sample the indicator variables for all modalities
jointly. This improves mixing at the expense of increased computation. The equations
are given by,

Pz =, 2" =klz7™ X) « (6.7)

um_j7 um

N'Uv_‘(um)_’_ v m u
) () (s )
N, + 5 J K

J



6.1.4 Inference in Terms of Mixture Block Objects

In this section we assume that Bi-LDA is implemented in terms of a NMB as depicted
in figure 6.2. There are three mixture blocks, one for each set of variables X,ZM ZV.
To specify the mixture block objects, we need the distribution family and the p and
7 functions which define the partition of the variables. All blocks use the same
distribution family, Dirichlet compound multinomial. The functions p and 7 are

defined as follows:

u; = user for rating ¢

m; = movie for rating ¢

pr (i) = {=}, 2"

Given this definition of the mixture block objects, collapsed Gibbs sampling for the
model can be done by alternatively invoking function 5.6 for ZY, Z™. As a conse-
quence of using the NMB framework, inference for the nonparametric version of the
model (section 6.1.9) will be the same as for Bi-LDA except the distribution family

for ZY and Z™ will change.

6.1.5 Prediction

In a typical collaborative filtering scenario the product-consumer rating matrix is very
sparse. In the movie user example, for each user the data will contain ratings for only
a small fraction of the movies. One task is to estimate the ratings for movies the user

has not seen. To make predictions, we will run the chain until it has converged and
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then collect samples from the chain. Given a single sample from the chain for z we

m u
m’Tru

start by calculating a mean estimate for @, ™

NI, + 8
Pl =N 57
J
m[ ] _ ij +am/J
k) = e L /R
Ty - Zk Nuk 1 au

(6.8)

Then we calculate the expected value of X,,,

E(Xm) =) (Zv (I)jk[v])) o 17 K] (6.9)

7.k v

To see the connection with matrix factorization define ®;, = > v®;;[v] as the core
matrix if expected values for movie-user category pairs, U = "% and V = «t™. Then

E(X,u) is given by the following matrix multiplication
X~URV!

It may also be useful to estimate how confident we should be in the predicted value
Xum- The distribution of X, is multinomial (6.10), so its variance can easily be
calculated (formula not shown). Using the variance we could, for example, only make
recommendation to a movie customer if the prediction distribution has a variance
below a certain threshold.

P(Xpy = 0| @, i, ) = > D[] [f]mi (k] (6.10)

m? U m u
Jsk
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In the previous calculations for the predicted value of X,,,, we used just a single
sample. We would like to take many samples from the chain and use them to find
estimates of ®j, 7, 7 marginalized over z. However, there may be multiple equiva-
lent modes of the distribution where the assignment variables z have different values
which would cause the average of equations (6.8) calculated over samples from differ-
ent modes to be incorrect. In other words, there are multiple equivalent permutations
for the group labels and the Gibbs sampler may mix between these artificial modes
in the distribution. Instead we can marginalize over z implicitly by averaging over
predictions from many Gibbs iterations. Call ®,, 7" and 7 the mean estimates of
® ", 7" based on a single sample z, We initialize X = 0. After scan number “s”

through the data-matrix we update our average as follows,

- 1
X + -®, m 6.11
— X+ lgws (6.11)

where we suppressed summations to avoid clutter. We find this on-line averaging

results in a significant improvement in prediction accuracy.

6.1.6 Multi-LDA.

In this section we extend the model to more than two modalities. Bi-LDA works well
for the movie ratings example, but there are cases where more than two modalities
make sense. For example, the release year of the movie may provide additional
predictive information for ratings or we may be interested to learn if there was a
shift in the movie groups users preferred over the years. Although it is not difficult
to extend Bi-LDA to Multi-LDA, we introduced Bi-LDA first because it is the most
common case and the description of Multi-LDA involves bookkeeping that clutters

the description of the model.
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In order to make the transition to Multi-LDA we need to replace the two modali-

movie

user and we

ties user-movie with a list of modalities 1..M. Thus instead of 7
have 7™, m € 1...M. To index the observations associated with the combination of
modalities we replace m,u with 2;..75;. For example if i; is the user, iy is the movie,

and i3 is the rating date, then a rating is identified by X;,;,:,. In general the index

for variables associated with a data entry of X becomes i;..i3;, and a data entry is

indexed by X; In Bi-LDA movie and user groups were indexed by j and k, in

101"

1
i1..00

Multi-LDA j and £ are replaced by ji..jy. For instance z = 7; tells us that for

modality 1 and data item 4;..75; group j; is assigned. Also,®;, ,,[v] is the probability
of value v for the cluster identified by the factors j;..75,. Thus the equation for the
Bi-LDA model 6.1 becomes the following for the Multi-LDA model

P(X, {z"}, ®,{n"}) = (6.12)

P(X|{z"}, ®)P(®|8) [ [ Pz"|7™) P(z™|a™)

m

= <I)Z1 M [Xl

Lo M X
1.t Tt

1-~iM]

Lit..tn

11 Dirichlet(cbjl,,m\ﬁ)] X

Lj1--dm

HH H Wim[zg_w] Dirichlet(7r;,, |an)

Conversion from Bi-LDA to the Multi-LDA version of equations 6.2 6.3 6.4 6.13 6.6
6.7 6.11 6.9 is not difficult. First the conversion requires using the Multi-LDA indices
11..1p and ji..jp instead of u,m and j, k. Second the Multi-LDA version requires
performing the multiplications and summations over all modalities j;..jys, instead of

over just two modalities.
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The conditional distribution for sampling z becomes

P, = jm|z\sz.iM,X) o

1.t
NU ,m(d1-30r) + B o m
( e ’ > (Nﬂ.?ﬂ'fm + a7> (6.13)
NJl JM + ﬁ
where X, ;,, = v and zzl iy = Jmr Ym'\m. The Bi-LDA equation for prediction 6.9

is replaced with:

E(Xil--iM) = (6'14>

> [(vail.m: ol )Hmm]

JiseJM v

Defining ® = )" vP(z = v|®,, ,.) as the core, we see the relation to tensor factor-

ization, just as Bi-LDA was related to matrix factorization.

6.1.7 Multi-LDA with Mixture Blocks

The extension from Bi-LDA to Multi-LDA using mixture block object is simple. For
each modality there is a Dirichlet compound mixture block. The mixture blocks have

the following p and 7 functions.

d!* = id in modality m for rating ¢

o~ (m(2:)) = {2}, ..., 2M}

Collapsed Gibbs sampling for the model can be done by alternatively invoking func-
tion 5.6 for Z*, ..., ZM
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6.1.8 Bi-LDA Experiments

Netflix

In these experiments we evaluate Bi-LDA on the Netflix movie ratings dataset.
The Netflix dataset consists of user-movie ratings provided by the Netflix corpo-
ration as part of a data-mining contest. The input data is movie-user rating pairs
where the rating can take integer values 1 to 5. Consequently we have an array
KXmoviewser € 1,2,3,4,5 for input into the model. We use the Netflix training dataset
of approximately 100 million ratings for our training data. We used 10% of the probe
dataset for our held out test data . We use Root Mean Squared Error (RMSE) to
measure the prediction performance on the test data. Using 50 user groups and 500
movie groups we ran the Gibbs sampler for 1600 epochs (an epoch is resampling all
the variables once). The parameters o™, a*, 3 were set to 1. The resulting RMSE
on the test data set was .933. This compares to an RMSE of .947 from Netflix’s own

rating prediction system Cinematch.

One advantage of Bi-LDA over non probabilistic approaches to matrix factorization
is that it provides a distribution for the predictions. In figure 6.3 we have a plot of the
cumulative RMSE for all predictions less than the variance on the X axis. This plot
indicates that the variance of the distribution for X,,, (6.10) is a good indicator of its
accuracy. In fact if we look at figure 6.4 we can see that by ordering the predictions by
variance, we can classify 90% of the data with an RMSE of .9 and 40% with an RMSE
of .75. Ordering the prediction by variance would for example, enable a marketing

department to effectively target the most accurately classified customers.

It is informative to look at the movie groups the Bi-LDA model learned for the Netflix

IThe probe dataset is provided with the Netflix dataset and specifies a subset of the data for
testing. We removed the probe data from the original dataset so that it could not be used for
training.
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Figure 6.3: RMSE of Netflix prediction versus cumulative RMSE of prediction with calcu-
lated variance less than X.
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Figure 6.4: Top: The RMSE of predictions binned by their predicted variance. The first
bar is predictions with variance less than .25, the second bar is the RMSE of predictions
with variance between .25 and .5, and so on by increments of .25. Bottom: The percentage
of predictions that fall within each bin.

dataset. Figure 6.5 illustrates the movie groups. For each group, we show the five
movie titles that are responsible for the largest number of data points (with any
rating) within that group. We chose four movie groups that were easy to interpret.

Most other groups were also easily interpretable. We see that from only the ratings
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12 17% Lord of the Rings:
The Fellowship of the Ring
17% Lord of the Rings:
The Two Towers
12% Lord of the Rings:
The Return of the King
6% The Matrix
5% The Incredibles
2% A Nightmare on Elm Street 4:
The Dream Master
2%  Scary Movie 2
2% Halloween 4:
The Return of Michael Myers
2% Deuce Bigalow: Male Gigolo
2%  Scary Movie

6% Friends: Season 1
5% Friends: Season 4
5% Friends: Season 3
5% The Best of Friends: Season 1
5% Friends: Season 5

6% Finding Nemo (Widescreen)
5% Monsters, Inc.
5% Harry Potter and

the Prisoner of Azkaban
5% Shrek (Full-screen)
4%  Shrek 2

Figure 6.5: Bi-LDA model learned on the Netflix data. Each box corresponds to a movie
group. Each box shows the titles of the five movies responsible for the most data points in
each group and the percentage of data points in that group associated with the movie.

given by users Bi-LDA reveals the relationship between certain DVD titles. The
fact that the various seasons from the “Friends” TV show are grouped together, and

similarly for movies from the “Lord of The Rings” trilogy, validates that Bi-LDA

infers a reasonable model for the data.

MNIST

In this section, we use the MNIST dataset [22] of handwritten digits to further inves-
tigate the structure revealed by Bi-LDA and compare it to the User Ratings Profile
(URP) model [29]. The URP model can be shown to be a special case of the Bi-LDA
model where we set the number of movie factors equal to the number of movies and

fix the movie indicator variables such that each movie has its own factor, 2] = m.

MNIST consists of 28 x 28 grayscale bitmaps of handwritten digits (see figure 6.7) of
which we used the first 4000 digits. The data was first converted to binary and then

50% of the pixels were removed at random to simulate missing data. Consequently
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we have an array Xpizerimage € 0,1 as input to the model. We trained Bi-LDA with
25 pixel factors and 90 image factors and of = 1,af = 1. As previously noted URP
is a special case of the Bi-LDA model, so to run Bi-LDA as URP we set the number
of pixel factors to 784, the number of pixels. The URP model was trained using 25

image factors and a = 1.

In figure 6.6 and 6.7 we show the reduced dimensionality representations learned
by Bi-LDA and URP. For URP the image-groups, ®,;[1] are “holistic”, i.e. entire
prototypes of digits (k is the image group). To reconstruct an image it will pick
a single such prototype or combine very few of them. Hence, URP entertains a
sparse latent representation on this dataset. Note also that URP did not use all
the factors available to it. For Bi-LDA we observe that pixel-groups, 75 [7] form
strokes. Strokes are combined into digit-templates that represent the image groups,
0, = > il 0}, is the gray scale value of pixel p in image group k. If we plot
the Hék for all the pixels in an image group, we get a graphic visualization of the image
group, figure 6.6. Since image-groups are again entire digits the latent representation
is sparse at the image-group level. However, since many strokes need to be combined
into digits the latent representation is distributed at the pixel-group level (see figure
6.6). We conclude that Bi-LDA builds a hierarchical representation, from pixels to

strokes, from strokes to digit prototypes and from prototypes to images.

6.1.9 Bi-HDP

One consideration when applying the Bi-LDA model to a new data set, is how to
choose the number of groups for each modality. Not only does one need to consider
the number of groups for each modality, one needs to consider how the number of

groups in one modality effects another. For example, having many user groups and
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Figure 6.6: Prototype digit ‘5’ as a combination of strokes (best viewed in color). The
Bi-LDA image prototype (image group) on the left. Strokes (pixel groups) that were active
for this prototype on the right.

few movie groups will result in a different analysis of the data then if many movie
groups and few user groups are used. As a consequence the space over which one
wants to search the number of groups grows exponentially. Nonparametric Bayesian
models offer an elegant solution, providing a prior over a countably infinite number

of groups.

Using the movie ratings example, again we note that given 2™°V*, the user-branch
of the Bi-LDA model is an LDA model. In other words, if we hold the assignment
variables for the movie modality constant, inference in the user-branch is the same as
inference in an LDA model. This observation suggests an easy procedure to take the
infinite limit: replace each LDA branch with the nonparametric version of LDA, the
Hierarchical Dirichlet Process (HDP) [43]. This change corresponds with replacing the
Dirichlet compound multinomial mixture blocks with hierarchical Dirichlet process

mixture blocks in the NMB representation.

In the finite model 7™ is drawn from a Dirichlet distribution Dirichlet(a™/ J, ...,a™/J).

We might first try taking the limit as J — oo. However, if z,,, = a for some movie
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Figure 6.7: a) Original training data b) Bi-LDA strokes c¢) Bi-LDA image-groups d) Bi-
LDA reconstruction e¢) URP-LDA image-groups f) URP-LDA reconstruction. The white
frame in image b) is a pixel group for the black pixels which surround most digits

then the probability that another movie chooses the same group is

(N 4 am /)
J +am

P(zy, =alz™, J,a™) =

=0 (6.15)

m
m/u

as J — o0

HDP models this by introducing a root pool of groups. Each movie then draws

movie

a distribution over groups, 7"

using the root distribution as a prior. Starting
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with the finite version of this extended model with J movie groups and K user
groups we replace the distribution for 7™, 7" in the Bi-LDA model with the following:
7™ ~ Dirichlet(vy/J, ...,v/J), @i ~ Dirichlet(a7™), 7 ~ Dirichlet(v/K, ..., v/K),
7 ~ Dirichlet(a*7*). The rest of the model remains the same as in Bi-LDA (section

6.1.1). The full generative model before taking the limit as J; K’ — oo thus becomes,

1. Choose J x K distributions over ratings ¢7; ~ Dirichlet(3)

2. Choose a root distribution for movies 7™ ~ Dirichlet(y™/J, ...,y™/J)

3. Choose a root distribution for users 7 ~ Dirichlet(v*/ K, ...,v*/K)

4. Choose a distribution over K user groups for each user 7 ~ Dirichlet(a*7")
5. Choose a distribution over J movie groups for each movie 7/ ~ Dirichlet(a™7™)
6. For each movie-user pair (mu)

(a) Choose a user group z" ~ Multinomial(7")
(b) Choose a movie group 2, ~ Multinomial(7))

a,)

mu

(¢) Choose a rating 7y ~ P(Tmu| 28, 20, Or

mu)

Next, we use the results from [43] to take the limit as J, K’ — oo and get the nonpara-
metric version of Bi-LDA, Bi-HDP. The graphical model for Bi-HDP is in figure 6.10.
The result is that each movie can belong to any number of groups and the groups
will be shared across different movies. Separate movies can share some, none, or all

groups. The same is true for users.

Describing the graphical model for Multi-HDP can be a little bit complicated, but in
terms mixture blocks it is relatively simple, figure 6.8 and 6.9. First, there is a mixture

model for the ratings W. The variables W are partitioned as a function of ZM, ZV or
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Figure 6.8: NMB for Multi-HDP using direct assignment HDP blocks
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Figure 6.9: NMB for Multi-HDP using Hierarchy of CRP.

in other words w,y, is assigned to mixture group z¥ . zM = Second, ZM is partitioned

into N,, groups, one group for each movie, and ZM is distributed according to a
hierarchical Dirichlet process. One graphical representation of the NMB model for
Multi-HDP where the HDP structure has been encapsulated in DAHDP blocks is in
figure 6.8. Another version where the HDP structure has been built using CRP blocks

is in figure 6.9.

For inference we use the direct assignment method of Gibbs sampling for a HDP
distribution (i.e. the NMB model in figure 6.8). Unlike in Bi-LDA and Multi-LDA

where all variables other then z, X were marginalized over, we keep 7%, 7.
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The equations for the conditional probability of z (the user and movie group assign-

ments for a rating) are the following:

Pz, = jla\em, ) o (™ + N ™) x (6.16)
(N;.),;_'(um) + ﬁv)

N;c(um) ‘l'ﬁ
P(z", = klz\2" 7)o (a7 + N,M™) x (6.17)

va,;(um) Y
( Ni'™ + 8 )
where Ny, Nug, N3, are defined in (6.4),(6.3),(6.2). Again, as in section 6.1.1 assign-
ment variables corresponding to unobserved entries are simply skipped in the Gibbs
sampler. The key difference between these equations and the finite case (6.13), (6.6) is
that 7 and 7" are distributions over J41 and K+1 possible groups. If there currently
exist K user groups, then T (541 1 proportional to the accumulated probability of
the infinite pool of “empty” clusters. The same holds true for the movies. In this
way at every sampling step there is the possibility of choosing a new group from the
countably infinite pool of empty groups. If the count for the number of ratings as-
signed to a group ever goes to zero, the group is returned to the pool of empty groups.
In this way the Gibbs sampler samples over the number of groups or if we make the
connection to matrix factorization again, the rank of the matrix decomposition. We

must also sample 7™, 7% the details of which are in section 6.1.12.

Although with the transition to Bi-HDP we have eliminated the need to choose the
number of user and movie groups, we still have the parameters o™, ™, o*, v* to
choose. Fortunately we can also sample these parameters using the auxiliary vari-
able trick explained in [43]. Again we postpone the details of this to section 6.1.13.
The Gibbs sampler thus alternates sampling the assignment variables {z™, 2%} with

™ Ay " ™, . This is guaranteed to converge to the equilibrium distribution
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Figure 6.10: Graphical model for Bi-HDP

of the Bi-HDP model.

Finally, we can again extend Bi-HDP to Multi-HDP in the same way that we extended
Bi-LDA to Multi-LDA.

6.1.10 Bi-HDP Experiments

NIPS papers

We use a corpus of papers from 13 NIPS conferences (http://nips.cc/), 1987
through 1999. NIPS conferences deal with topics that cover human and machine in-
telligence, including machine learning, computer vision, neuroscience, etc. We use the
pre-processed version of the data available at http://www.cs.utoronto.ca/roweis/nips.
In order to speed up experiments, we additionally reduce the vocabulary size to the

500 most frequently occurring words.

Two modalities are used to model this data. The first modality corresponded to
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the year in which the paper was published. The second modality corresponded to the
author of the paper. For each pair of year and author, all words from all papers written
by that author in that year are used as itd data points. For multi-author papers, all
words in the paper are used multiple times, once for each author. For a given pair
of author and year groups, a multinomial distribution over the vocabulary is used to
model the probability of each word (this is the standard bag-of-words representation).

Thus, a pair of author and year groups specifies a topic or distribution over words.

A collapsed Gibbs sampler is used to fit Bi-HDP as described in section 6.1.9. After

3000 epochs the system converged to 204 author groups and 11 year groups.

Figures 6.11 and 6.12 illustrate the Bi-HDP model learned on NIPS papers. Figure
6.11 illustrates the year groups. For each year group we show the five years that
contributed most to that group. In addition, we show the three most popular topics
within that year group. For each topic, we show the 10 most popular words from
that topic. As one might expect, mostly consecutive years are grouped together.
In addition, it can be seen how the most popular topics shift from various aspects
of neural networks for years 1989-1992 to various machine learning topics for years

1994-1999.

Figure 6.12 illustrates the author groups. For each author group, we show the 10 au-
thors that contributed the most data points to that group. Additionally, we show the
four most popular topics for that author group. For each topic, we show the 10 most
popular words from that topic. The results show how Bi-HDP is able to find authors
grouped by their research interests, with the topics in each group corresponding to

the research interests of these authors.
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Years in this year group: 1991 (34%), 1988 (22%), 1989 (20%), 1990(17%), 1992
(7%)

’network training set units networks time figure pattern trained performance ‘

weight weights learning back propagation unit generalization hidden shown
gradient

system neural response order based high function research single theory

Years in this year group: 1997 (32%), 1998 (28%), 1999 (19%), 1996 (15%), 1994
(6%)

likelihood parameters data posterior mixture probability prior structure values
space

distribution noise functions training approximation linear Gaussian figure gen-
eralization fixed

data test space results experiments pattern performance section machine op-
timization

Figure 6.11: Year groups on NIPS data. Two groups are shown. Top: years that con-
tributed the most data points to the group shown. For each year the percentage of points
accounted for in the year group is shown. Below, the three most popular topics for that
year group are shown. For each topic the 10 most popular words are shown within a box.

Market basket data

In this experiment we investigate the performance of Bi-HDP on a synthetic mar-
ket basket dataset. We used the IBM Almaden association and sequential patterns
generator to create this dataset [1]. This is a standard synthetic transaction dataset
generator often used by the association research community. The generated data
consists of purchases from simulated groups of customers who have similar buying
habits. Similarity of buying habits refers to the fact that customers within a group
buy similar groups of items. For example, items like strawberries and cream are likely
to be in the same item group and thus are likely to be purchased together in the same
market basket. The following parameters were used to generate data for our experi-
ments: 1M transactions, 10K customers, 1K different items, 4 items per transaction
on average, 4 item groups per customer group on average, 50 market basket patterns,

50 customer patterns. Default values were used for the remaining parameters.
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Two modalities were used to model this data. The first modality corresponded to
customers, and the second modality corresponded to items. For a given pair of cus-
tomer and item groups, a binomial distribution was used to model the probability of

a customer group making a purchase from that item group.

A collapsed Gibbs sampler was used to fit the model. After 1000 epochs the system

converged to 278 customer groups and 39 item groups.

Figure 6.13 illustrates the learned model. Within each table, the top row shows an
item group learned by the model. For each item group, the items most frequently
assigned to that group are shown. The bottom row shows the ground truth item
group that most closely resembles the learned item group. (The ground truth data
comes from the item groups used to generate the data.) Note that item groups were
selected by how popular they are (the 10 most popular item groups are shown) rather

than by how easy it was to interpret them in terms of ground truth data.

As can be seen, most item groups correspond directly to the hidden ground truth
data. The conclusion is that the model can learn successfully the hidden structure in

the data.

Next, we evaluate how well our Bi-HDP model can predict whether a particular cus-
tomer will buy a particular item. The performance is measured in terms of RMSE
(root mean squared error). We compare performance to Non-negative matrix Factor-
ization (NMF) [23], which has been applied in the past for market basket analysis.
Figure 6.14 compares the performance of our model to that of NMF. As can be seen,

Bi-HDP achieves a significantly better value of RMSE compared to NMF.
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6.1.11 Multi-LDA /Multi-HDP Discussion

We have introduced a novel model for nonparametric Bayesian tensor factorization.
The model has several advantages. First, it provides a full distribution over predic-
tions for missing data. In collaborative filtering experiments we show we can use
the variance for a prediction’s distribution to reliably order the predictions by there
accuracy. Having an estimate for the accuracy of predictions allows one to discard
predictions below a certain threshold. Second, we show that because the model in-
fers structure in multiple modalities concurrently, structure in the data is revealed
that might not be apparent when considering only one modality of the data at a
time. We also derive the nonparametric version of the model which infers the rank of
the matrix/tensor decomposition and only requires a few hyper-parameters. Finally,
we demonstrate that the model can find interesting structure in a variety of appli-
cations with multiple data modalities, including collaborative filtering, text mining,

and market basket analysis.

Throughout our description of the model, we use a multinomial distribution, Multinomial(¢;, ;..),
for a data value. However, the model works with other distributions with a conjugate
prior, such as normal, with little modification. In the NMB formulation, it is simply
a matter of changing the distribution family of the mixture block for the observed

data items X.

6.1.12 Sampling Augmented Variables

Gibbs sampling for Bi-HDP requires sampling variables not present in the finite ver-
sions of the model. Given the assignment variables {2™, z%} we sample 7, 7" as

follows. We only discuss this for the movie-branch, but the procedure is identical for
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user-branch. First, we generate vectors

amT"

e N, 6.18
Vtmyj Zf—l—i-am’?']m [RRE) J ( )

Then, we sample N,,; Bernoulli random variables s,; ~ Bern[vy,;] (with prob-
ability of success wvy,;) and compute S; = >, sun;. Finally, we sample 7" ~
Dirichlet(y™, [Si, ..., Sk]) (note 7 is a distribution over K + 1 states). In the lan-
guage of the Dirichlet Process, this is equivalent to running a Chinese restaurant
process with Ny,; customers and strength parameter a™7;" and counting how many

tables become occupied (see [43] for details).

In the NMB framework, we assume a mixture block object has a function which

samples variables that are not collapsed.

6.1.13 Sampling Hyper-parameters

For Bi-HDP we sample the model parameters instead of holding them fixed. The
parameters ', ¥, a", v* are sampled using the auxiliary variable trick explained in

[43]. We only write the equation for the movies-branch, but the procedure is identical
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for the user branch

P(a™w,y) =

Gamma (am +5 - Zyi; b — Zlog<wi)>

N;
P(y;]a™) = Bernoulli [ — "
(yila™) ernoulli (am—i-Ni)

P(w;|a™) = Beta (™ + 1; N;)
P(y"wg', yg') = Gamma (ag' + K — yg", bg" — log(wg"))

P(wg'|y™) = Beta (v +1,5)

P(y{*|™) = Bernoulli (S fV”) (6.19)

where S =) Sy N = > ; Nimj and where w;, wo, y;, yo are auxiliary variables and

a™, agt, b™, bt are hyper-parameters.

6.2 Bayesian Matrix Factorization with Side Infor-

mation and Dirichlet Process Mixtures

In section 6.1 we introduced a matrix factorization model for collaborative filtering
inspired by topic models such as LDA. It can be viewed as a form of non-negative
matrix factorization. In this section we will look at a model without the non-negative
constraint that can easily incorporate known side information about users, movies,

or ratings.

Unlike Multi-LDA and Multi-HDP, Bayesian matrix Factorization with Side Infor-
mation (BMFSI) is not composed solely of mixture blocks. Instead of the data points

being distributed according to a mixture model, each data point is separately dis-
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tributed according to a density whose parameters are a function of latent factors.
The latent factors are in turn distributed according to a mixture model and we there-
fore introduce mixture blocks for the latent factors. Thus BMFSI is a an example
of a hybrid model, where part of the full Bayesian model is factored into mixture
block objects. We will first introduce the novel features of BMFSI independent of the

mixture block framework and then introduce the “hybrid” NMB construction.

A drawback of standard matrix factorization algorithms is that they are susceptible
to overfitting on the training data and require careful tuning of the regularization
parameters and the number of optimization steps. Bayesian approaches to matrix
factorization [38] [36] [7] attempt to address this weakness by integrating over model
parameters and hyper-parameters, thus allowing complex models to be learned with-

out requiring much parameter tuning.

Recent progress on the Netflix Prize [20] has shown that combining latent factor
models with other models, such as neighborhood models, can improve performance.
Although for the anonymized Netflix Prize data set there is not much additional
information available for the customers, for many applications it is expected that
additional side information about the customers or movies/products would be avail-
able and beneficial to incorporate into a model. Our approach significantly improves
prediction performance by performing regression on additional side information while

simultaneously learning the factorization.

We also introduce a Dirichlet process mixture of normal distributions as a prior for the
matrix decomposition. Besides being a more flexible prior, we find that examining the
posterior distribution of the mixtures reveals interesting latent structure in the data.
We evaluate our approach on the Netflix Prize problem of predicting movie ratings
and we find that our approach is able to outperform other Bayesian and non-Bayesian

matrix factorization techniques.
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The main contributions of our model are the following: (1) We describe a general
scheme for seamlessly incorporating known information; (2) We introduce a fully
Bayesian nonparametric model which can be learned via a scalable Gibbs sampling
algorithm; (3) We apply our approach to the Netflix prize and are able to outperform

many other factorization techniques without requiring tuning of parameters.

In the next section, we discuss related factorization approaches. We then describe
our model in steps, first introducing the simpler related Bayesian probabilistic ma-
trix factorization [38], then adding side information and Dirichlet process mixture
extensions to the model. Next, we present experiments showing the efficacy of our
approach on the Netflix Prize problem. Finally, we conclude with a discussion of the

applicability of our approach to more general machine learning problems.

For ease of explanation we will use movie ratings as an example throughout the
thesis and refer to movies and users. However, the model is general in form and not

specialized for movie ratings or the Netflix competition.

6.2.1 Related work

Bayesian matrix factorization is a technique of growing interest. The work most
closely related to our own is the Bayesian probabilistic matrix factorization (BPMF)
model of [38] which features a Gaussian bi-linear factor model complete with Gaussian-
Wishart priors. This model was applied to the Netflix problem and learned via Gibbs
sampling. The Matchbox Bayesian recommendation system [40] is another bi-linear
model featuring feedback and dynamics models and a similar mechanism to incor-
porate known information, with expectation propagation as the inference algorithm.
Variational Bayesian factorization methods have also been applied to the Netflix

problem [25].
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On a more general level, nonparametric Bayesian factorization models such as those
based on Indian Buffet Processes have been developed [11]. While these models
adaptively adjust the inner dimensionality of the matrix factorization, our model is
nonparametric in the sense that the number of underlying data clusters can increase.

Thus these techniques are potentially complementary to our approach.

Finally, there exist numerous non-Bayesian matrix factorization techniques, including
variants of singular value decomposition, and these techniques have been successfully
applied to the Netflix problem [20] [41]. Later in the thesis, we will show that our

approach is competitive to both Bayesian and non-Bayesian techniques.

First we will review BPMF, which is a special case of our model and will help to
make our contributions clear. Next we will extend the model to include side infor-
mation about movies, users or ratings. Finally, we introduce non-parametric prior
distributions as mixture blocks over the latent feature vectors to complete the full

model.

6.2.2 Bayesian probabilistic matrix factorization

Latent factor matrix factorization models for collaborative filtering assume that users
and movies can be represented by vectors of latent factors U;,V;, where ¢ and j
designate the particular user and movie. Given the latent factor vectors for users and
movies, a user’s expected rating for a movie is predicted by the inner product of those
vectors, r;; = Ul'V;. In this way the matrix of all ratings R is factored into UTV = R.
The parameters of the model are learned given the sparsely observed ratings matrix

R.

BPMF [38] puts matrix factorization in a Bayesian framework by assuming a genera-
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tive probabilistic model for ratings with prior distributions over parameters. The full
joint distribution of BPMF, p(R,U,V, ©,,0,|0,0q) can be written as the product of

the following conditional distributions (Figure 6.15):

p(R|U,V, o) = HH (Rij; ULV, 0)]™ (6.20)

p(U|©,) = HN Ui|ﬂua Ay); p(V16,) = [ [N (Vilm, Av) (6.21)
i J
p(@m|90) = N(MK|/JL05 Am/ﬂO)W(A/@|A07 Vo) K =1u,v

(6.22)

where ©, = {As, us}, £ = u,v, ©g = {Ao, 0, 1o, fo}. In words, BPMF has the
following generative process:

1. For each user i sample a vector of parameters U; ~ N (U], Ay)

2. For each movie j sample a vector of parameters V; ~ N (V}|u,, Ay)

3. For each movie j rated by user i sample a rating r;; ~ N (R;; UL'V;, 0)
where the parameters of the multivariate normal distributions for parameter vectors,

(0,,0,), are given a normal-Wishart prior. The posterior predictive distribution of

a rating r;; is found by marginalizing over model parameters and hyperparameters:
p(rij’Rﬁi%@O) = //p(rij’Uia‘/j)p(U7V|Rﬁij7@u;6v)p<@ua@v’@0)

Since marginalizing over model parameters is analytically intractable, approximate

inference using MCMC is performed.
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6.2.3 Bayesian matrix factorization with side information

BPMF performs matrix factorization and prediction of new ratings based solely on
the existing ratings. However, we would prefer a model that included extra informa-
tion if it was available. For example, if the user has explicitly told us they have a
preference for a certain type of movie we would want to incorporate that information
into the model. As another motivating example outside movie recommendation, a
bank may want to offer new products to its customers. However, besides monitoring
the responses of costumers to products in the past (similar to ratings) it also has an

enormous amount of side information about those customers to exploit.

Next we show how it is possible to extend BPMF to include side information about
movies, users or ratings. In the extended version, BPMF with side information
(BMFSI), instead of just generating a rating from the product of latent factor vec-
tors UI'V; we augment U,V with additional terms that contain information about
the movie, user or rating. The augmented version of V; is now specific to a rating,
Vi = {V;, X};}. Vj contains the free parameters that will be learned for movie j

and X7, contains additional side information about the rating that user ¢ can regress

against.

We still calculate the predicted mean of each rating by taking the inner product of
the augmented vectors Ug- and Vﬁ To understand the consequences of this change
we further segment Uf'} and Vﬁ into three parts and examine how each part plays a

role in calculating 7;;. The parts are depicted in table 6.1, and described below.

e The mean estimate of a rating is determined by the sum-product of the parts
of the vectors UZ-T and V;
pij = UgiVaj + Ui X5 + X1 Vi

)
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e The first term, ULV,;, is the matrix factorization term. If this is the only term,

the model is BPMF.

e The second term, UL X 7 1s the result of user i’s linear regression against the
features of the movies they have rated or features of the rating itself. For
example, if X} contains a flag indicating whether or not it is an action movie
then the corresponding variable in U indicates the users bias towards action
movies. X7, can also contain ratings specific information, such as, the date of
the rating. In this case the corresponding variable in UL indicates the users

trend in ratings over time.

e The third term, X%TVbj, is the complement to the second term and is the
result of the movies linear regression against features of the user or the rating
specific information. For example, just as in the second term, X ;‘jT could contain
the date of the rating. The corresponding variable in the movies vector Vi,
indicates how the movies ratings have trended over time. X ;‘jT could also contain
information about the user who made the rating, such as whether or not they
are married. The movie can then learn a bias about how married users rate the

movie.

The model is very flexible as to what features are put into X;; and X7;. The features
can be user specific, movie specific, or rating specific. The only limitation is that
they will be linearly combined in the final prediction. X} and X7; can be the same
size, or different sizes. The feature vectors can be symmetric or different for users

and movies.

The only change in the model specification is that UP and V? now replace U, V in the
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U7 [ Uui | Uy | X3

1]

Vi | Vag | XGi | Vi

Table 6.1: The rating for user 7 of movie j, 7;;, comes from the product of the

augmented feature vectors UZ, Vﬁ In this table the feature vectors are arranged so

that the sections of vectors that are multiplied together are adjacent to eachother.

analogous BPMF equation 6.20, to give the following distribution for R
L,‘j
p(RU?, V7o) =111 [N(meTVf, 0)] (6.23)
g

The prior distributions for U;, V; remain the same as in BPMF equations 6.21 and
6.21 and are not replaced by U? ,Vjp . However, the conditional distribution of
p(Ui|©,, VP, R) is different. In order to find the posterior distribution of a rating

r;; we again want to marginalize over the model parameters and hyperparameters:

p(rij|R™7, X, 0,) = // (ri; UL, V) p(U,VIR™,0,,0,)p(0.,,0,|6)

6.2.4 Inference

Although the posterior distribution of r;; is intractable as it is for BPMF, we can
still derive an efficient Gibbs sampler to calculate an approximation. The Gibbs
sampler works by cycling through the latent variables U, V' and the parameters 9, ©,,
sampling each conditioned on the current values of all the other variables. The use of
conjugate priors provides us with a convenient form for the conditional distributions

of the latent variables. The details are provided in section 6.2.8
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6.2.5 BMFSI with Dirichlet process mixture prior

The BMFSI model assumes that every user and movie draws their vector of free
parameters, U; and V} from a single common multivariate normal distribution with a
full covariance matrix. However, we expect that there are clusters of movies or users
that are more similar to each other then to the population in general. Consequently,
a better generative model might be one where there are groups of users or movies
and they draw their vector of latent factors from group specific distributions. In the
generative process for this new model instead of drawing a factor vector from a single
common distribution, each user or movie first picks a group and then draws a vector
from that group’s distribution. So a user might first pick an action film group and
then draw a vector of factors from the action group’s distribution. To summarize,

the model would have the following generative process:

1. For each user ¢ sample a group assignment z;' ~ 7,

2. For each movie j sample a group assignment z3 ~ m,

3. For each user ¢ sample a vector of parameters U; ~ N (Uj] Iy
4. For each movie j sample a vector of parameters V; ~ N (V] [y, AZ;})

.. . . T
5. For each movie j rated by user i sample a rating r;; ~ N (ri;; U7 V), 0)

Since a priori we have no knowledge of the number of groups, we would like to
use a non-parametric distribution that does not require us to specify the number of
groups. To this end we use a Dirichlet process mixture [3] [10] to model the user and
movie latent feature vectors. The Dirichlet process mixture model has support for
a countably infinite number of mixture components but only a few will dominate in

the posterior, providing us with a convenient non-parametric distribution. We will
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again want to marginalize over the parameters to find the posterior distribution of
the rating predictions r;;. Conditioned on the group assignment variables the Gibbs
sampling algorithm is the same as the one for BMFSI, with the exception that there
are per group ©,,,©,, parameters to sample. Conditioned on the sampled value for
U,V , sampling of the 2%, z¥ is according to a Dirichlet process mixture model with
U,V acting as data vectors. We use Algorithm 2 in [33]. Details of the sampling

algorithm are provided in section 6.2.9.

We would like to build the model using just mixture blocks, but we can not because R
is not distributed according to a mixture model. However, we can still build a hybrid
NMB. By hybrid we mean that the model is composed of normal mixture block objects
and modified mixture block objects specific to this model (see figure 6.17). Mixture
blocks for Z* and Z" are normal mixture blocks but the mixture blocks for U and
V' are specific to the model. U and V must be specific to this model because their
interface with their children is not through a partition. Special mixture blocks are
built which partition the latent factors U,V based on the assignment p(7(U;)) = 2}
as in a normal mixture block. The details of the resulting sampling algorithm for

inference using the hybrid NMB model is in section 6.2.9.

Building a hybrid NMB may seem like a waste of effort, but their is still an advantage
because it allows one to easily experiment with alternative models. For example if
one knew there were distinct groups of users, one could use an HDP mixture block
for Z* instead of a DP mixture block. In the resulting model, each separate group of
users would be distributed according to its own DP, but the groups would still share

“topics”.

If we look at the samples of assignment variables from the posterior distribution of the
model when applied to the Netflix prize data set we find support for our expectation

that there are multiple distinct groups. In particular we find clusters of movies that
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are easily recognized as having common characteristics. We analyzed the assignment
variables z from one sample of the Gibbs sampler after 200 iterations to inspect the
clusters. For each of the 14 clusters found, we picked the top 5 largest movies by
number of ratings and looked up their titles. The results from a qualitatively repre-
sentative sample of the clusters are found in table 6.3. The clusters of movies found
by the model contain groups of movies for which we would expect the distribution
of latent factors to be similar. There are also clusters of users, but they are more

difficult to interpret because we lack labels.

6.2.6 Experiments

We evaluate our approach on the well-known Netflix Prize competition, an ideal
collaborative filtering problem with a well-defined system for objectively comparing
different solutions. The Netflix Prize data set is a sparse user-movie matrix of over
100,000,000 ratings where there are 480,000 users and 17,700 movies. Each rating is

an integer from 1 to 5, and the date when the user rated the movie is also provided.

The objective of the competition is to predict ratings for a held-out portion of the
data matrix, known as the Quiz set. Netflix also identifies a Probe set, a subset of
the ratings in the given data matrix, which was generated using the same process
that generated the Quiz set; thus, the Probe set is useful for internal evaluation. The
evaluation metric used is the root mean squared error (RMSE) between the predicted
ratings and the actual held-out ratings. To perform internal RMSE calculations for
our experiments, we create a new Probe set consisting of 10% of the original Probe
set, and we train on the rest of the given data (including the other 90% of the original
Probe set). We have also submitted our Quiz set predictions to the Netflix web site

in order to obtain Quiz set RMSEs.
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We regress against the following side information in our experiments: the date (nor-
malized from 0 to 1), a date flag (which indicates whether the rating’s date was before
March 12, 2004, where a change in the average rating was observed), the users previ-
ous two ratings, and if available, the rating the user gave the K most similar movies
measured by Pearson’s correlation coefficients. We typically set K = 5. We also
tried using other movie metadata which we extracted from Wikipedia (e.g. movie
director, actors, languages) but we found that these Wikipedia-extracted features do

not improve performance measured by RMSE.

The parameters that need to be manually set in our model are the number of user
and movie dimensions D,, D,,o,« and ©¢ parameters (when D, = D, we just use
D to specify both). For all our experiments we set 0 = 0.8. Ay is set to the identity
for all runs, puy = 0, fy = .8 and a = .01. For runs with side information and DP

mixtures and o = .0000001 for DP mixture runs without side information.

We ran our collapsed Gibbs samplers on a heterogeneous collection of machines,
ranging from dual-core machines with 8GB RAM to 16-core machines with 128GB

RAM. Parallelization across cores was achieved through OpenMP.

Since our approach is based on Gibbs sampling, it is important to average over many
different samples in order to achieve good results. Figure 6.18(a) shows the Probe
RMSEs for individual samples as well as the online average of samples during the
sampler burn-in period, for various D. While each individual sample gives a fairly
high RMSE (e.g. 0.93), averaging these samples (as one would usually do for MCMC
techniques) gives a substantially better RMSE (e.g. 0.89). In Figure 6.18(b), we run
the sampler starting from the burn-in position and show the effect of averaging over
multiple samples. As the number of samples approaches one hundred, there is little

improvement from adding more samples.
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D Probe RMSE | Quiz RMSE
45 0.8970 -

45 (DP) 0.8957 0.8988
45 (SI) 0.8866 0.8909
45 (DP, SI) 0.8865 0.8907

Table 6.2: RMSEs for the model with/without side information (SI) and the Dirichlet
process (DP).

The Twilight Zone: Vol. 16 Star Trek II: The Wrath of Khan

The Twilight Zone: Vol. 22 Star Trek: Nemesis

The Twilight Zone: Vol. 2 Star Trek: First Contact

The Twilight Zone: Vol. 25 Planet of the Apes

The Twilight Zone: Vol. 1 Star Trek: Insurrection

The Sopranos: Season 1 Indiana Jones and the Last Crusade

The Sopranos: Season 2 The Matrix

The Sopranos: Season 3 Raiders of the Lost Ark

South Park: Bigger, Longer and Uncut || Harry Potter and the Chamber of Secrets
The Sopranos: Season 4 The Matrix: Reloaded

Table 6.3: Largest movies by number of ratings for four different movie clusters.

We investigate the benefits of incorporating additional side information as well as
activating the full nonparametric model. We perform runs with all combinations of
w/wo Dirichlet process (DP) or w/wo side information (SI). As shown in table 6.2,
a significant improvement is achieved when side information is included.?. In Figure
6.19, we examine the mean and variance of the coefficients (diagonal of A,,A,) for the
side information dimensions and the collaborative filtering dimensions. In particular,
the large coefficients in user dimensions 40-44 correspond to the five nearest neigh-
bors. The spike in the user variance plot corresponds with the date side information,

indicating the amount users ratings depend on date, varies significantly.

Our results in table 6.2 suggest that the multi group model with Dirichlet process
mixtures only marginally improves upon the single group model with side information

for the Netflix prize data set. While this RMSE gain is insignificant for this data set,

2To ensure a fair comparison, whenever we include side information dimensions, we remove the
equivalent number of free dimensions
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| Method | Quiz RMSE | % Improvement |

Cinematch Baseline 0.9514 0%
Variational Bayes [25] 0.9141 3.73%
Matchbox [40] 0.9100 1.14%
BPMF, D=60 [38] 0.8989 5.25%
BPMF, D=300 [38] 0.8954 5.60%
SVD++, D=50 [20] 0.8952 5.62%
SVD-++, D=200 [20] 0.8911 6.03%
BRISMF D=250 [41] 0.8954 5.60%
BRISMF, D=1000 [41] 0.8904 6.10%
BMFSI (our model), D=45 0.8907 6.07%
BMFSI (our model), D=100 0.8875 6.39%

Table 6.4: Comparison between our model and other factorization techniques

there are other benefits to having a Dirichlet process mixture model, such as the
creation of clusters which are interpretable. After performing a hierarchical D=45
run, the sampler was able to find interesting movie clusters: a “Star Trek” cluster,
an action movie cluster, a “Lord of the Rings” cluster, among many others. Table

6.3 shows the movie titles for four different clusters.

In summary, Table 6.4 shows the best RMSEs for competing factorization approaches.
We find that our approach generally outperforms both Bayesian and non-Bayesian
factorization techniques. We note that integrated models which combine matrix fac-
torization with neighborhood models or time models can generally perform better
than the factorization techniques below [20]. In addition, bagging results over many
different methods can yield significantly better RMSEs, as evidenced by the Netflix
Leaderboard. However, we restrict our attention to matrix factorization and find that

our approach is competitive with the state-of-the-art in matrix factorization.
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6.2.7 BMFSI Discussion

In experiments we have shown our approach achieves better accuracy than other
Bayesian and non-Bayesian factorization techniques. A benefit to our approach is that
it can seamlessly handle additional information within the framework of a Bayesian
factorization model, without requiring the tuning of many different parameters. Our
results suggest that additional side information can act as a useful informative prior

that can significantly improve results.

The addition of Dirichlet process mixtures to the model provides a more flexible
prior for the latent feature vectors, but more importantly it discovers interpretable
latent structure in the data. When used in combination with the side information
it can provide a novel means of exploring groups in the data. For example, if the
users are made up of married and un-married people with different preferences, then
the model will likely form at least two groups for married and un-married users.
Based on the mean latent factors of these groups, ji,4, we could then examine group
wide preferences for movies (or products) by plotting the inner-product of i, with
all the individual product vectors V;V;. When you combine the ability to discover
groups with the ability to add side information, further possibilities are enabled. For
example, using the married /un-married example, we could add other covariates, such

as income, and see how this effects the groups discovered by the model.

Possible extensions of our approach include using nonparametric techniques for ad-
justing the inner dimensionality D in tandem with our nonparametric approach over
user clusters. Another facet of our approach that can be improved is the selection
of side information to include. Perhaps techniques such as Indian Buffet Processes
can be used to infer binary features on a small subset of the data, and these inferred

features can then be used to automatically select which side information features to
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incorporate.

6.2.8 BMFSI Gibbs sampling algorithm

The Gibbs sampler works by cycling through the latent variables U;, V;, ©,, ©,, sam-
pling each conditioned on the current values of all the other variables. The following

are the necessary conditional distributions:

The conditional distribution of U; (and equivalently V;) is:

Ui = (Uai, Usp) W= (Vay, X35)

p(UIV.R.6,) o p(U[0,) ] [N (R U7 V7. 0)] (6.24)
ij
p(Ui|V?, R, 0,) = N(Ui|pin, Ay)
A;1 = % Z WZ;W;;T + AZI
J
= M0 i+ 5 (R — WXV )] (6.25)

J

The conditional distribution over the user hyperparameters ©, (and equivalently
©,) is independent of ratings and only depends on the user factor vectors U. The

conditional distribution is simply the posterior distribution of a multivariate normal
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model with a Normal-Wishart prior and observations U'.

P, AU, ©0) = N (bl i, A/ Be) W™ (M| S, 1) (6.26)
ﬁO Nu =
pr— U
i ﬁO+NuMO+ﬁO+Nu
6’6 = ﬁO + Nu
v, = 1y + Ny (6.27)
ﬁONu = - T
Ye=A S U — U —
k o+o+ 50+Nu( o) ( f1o)
Nu
S=> (Ui-U)U; - U)" (6.28)
i=1

where N, is the number of users.

BMFSI Gibbs sampling algorithm

1. Initialize model parameters U, V, X" X"

2. for t=1,...T

(a) Sample the hyperparameters according to equation 6.26
e O, ~ p(0u|U, )
e O, ~p(6,]V,00)

(b) Foreach user i sample U; in parallel according to equation 6.24
o Ut ~ p(U;|VP, R, 0,)

(c) Foreach movie j sample V; in parallel according to equation 6.24 (swapping

the role of U and V)

o VL~ p(ViIUP, R, ©,)
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6.2.9 Gibbs sampling BMFSI with Dirichlet process mixture

sampling algorithm

With the addition of the Dirichlet process mixtures, the sampling algorithm is the
same as in sec 6.2.8, with the exception that during each iteration there are per
group parameters to sample, and 2%, z¥ must be sampled. ©,,,©,,, are still sampled
according to (6.26,6.27,6.28) with the modification that instead of depending on U;

for all users, only U; for users assigned to group g, (i.e. z}' = g).

2", 2" are sampled according to the following:

L =g|2",U;,© —b—NJgi N(U;|© 6.29
! = 9122, Ui ©0) = b N (U]6,,) (6.29)
p(zi' # zj for allj #i[2";,U;, ©,) = b—Nu “1+a X

/ N (UGN (10, Ao/ Bo)W (A2 Ao, )6,

b is the normalizing factor that makes the probabilities sum to one, separately for
each equation. NN, is the number of users, N,, is the number of users assigned to

group g and N, = > [z = g]. ©F = pi, AL
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Authors in this author group: Tresp, V., Williams, C., Bishop, C., Hinton, G.,
Jordan, M., Smyth, P., Ghahramani, Z., Bengio, Y., Barber, D., Tenenbaum, J.
likelihood parameters data posterior mixture probability prior structure values
space

data distribution model set variables algorithm em log methods maximum

Bayesian Gaussian distribution matrix approach distributions log estimation
variable estimate

model models density Bayesian mixture probabilities variance procedure Gaus-
sian distributions

Authors in this author group: Koch, C., Sejnowski, T., Bower, J., Wilson, M.,
Pouget, A., Li, Z., Mel, B., Kammen, D., Baird, B., Zemel, R.
cells visual model orientation cortex stimulus cortical cell center processing

response spatial model responses neurons frequency receptive stimuli complex
field
visual figure spatial temporal left receptive responses computation cortex pat-
tern

phase figure networks models excitatory synaptic cells spatial simulations cell

Authors in this author group: Smola, A., Scholkopf, B., Vapnik, V., Simard, P.,
Denker, J., Platt, J., Burges, C., Shawe-Taylor, J., Muller, K., LeCun, Y.
data test space results experiments pattern performance section machine op-
timization

training set data space points classification solution optimal size parameter

set training learning function test performance values algorithms procedure
shown

set training vector feature space vectors support problem method error

Authors in this author group: Sejnowski, T., Oja, E., Hyvarinen, A., Bell, A.,
Viola, P., Moody, J., Bialek, W., Hoyer, P., Schraudolph, N., Mayhew, J.
independent component components algorithm processing results matrix based
basis statistical

’ system neural response order based high function research single theory ‘

’neural analysis rule form function data rules found figure make ‘

’order method algorithms analysis signal obtained set figure show single ‘

Figure 6.12: Author groups on NIPS data. Four groups are shown. Top: authors that
contributed the most data points to the group shown. Below, the four most popular topics
for that author group are shown. For each topic, the 10 most popular words are shown
within a box.
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Learned | 223, 619, 271, 448, 39, 390

True 223, 271, 448, 39, 427, 677

Learned | 364, 250, 718, 952, 326, 802
True 364, 718, 952, 326, 542, 98

Learned | 159, 563, 780, 995, 103, 216, 598, 72
True 159, 563, 780, 995, 103, 216, 542, 72

Learned | 227, 130, 862, 991, 904, 213
True 227, 130, 862, 991, 904, 213

Learned | 953, 175, 956, 385, 269, 14, 64
True 953, 175, 956, 385, 269, 14, 956

Learned | 49, 657, 906, 604, 229
True 49, 657, 906, 604, 229

Learned | 295, 129, 662, 922, 705, 210
True 295, 129, 662, 922, 705, 63

Learned | 886, 460, 471, 933, 544
True 886, 460, 471, 933, 917

Learned | 489, 818, 927, 378, 64, 710
True 489, 818, 927, 378, 64, 247

Learned | 776, 224, 139, 379
True 776, 224, 139, 379

Figure 6.13: Item groups learned by the Bi-HDP model compared to ground truth item
groups. Each table corresponds to a single learned item group. The 10 most popular item
groups learned by Bi-HDP are shown. In each table, the top row shows the most popular
items for that item group, in order of decreasing popularity. The bottom row shows the
ground truth item group corresponding to the learned item group. The items in a ground
truth group have no associated weight; therefore, they were ordered to facilitate comparison
with the top row. Non-matching items are shown in boldface. As can be seen, in most cases
a learned item group corresponds accurately to a true item group.
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Figure 6.14: Performance of Bi-HDP and NMF on the market basket data. Y axis: RMSE
(smaller values are better). X axis: the number of factors for NMF. Dashed curve: NMF.
Solid curve: Bi-HDP. Since Bi-HDP determines the number of factors automatically, a
horizontal curve is shown.
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Figure 6.15: LEFT: Graphical model for Bayesian probabilistic matrix factorization
(BPMF). RIGHT: Graphical model for Bayesian matrix factorization with side infor-
mation (BMFSI).
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Figure 6.16: BMFSI with Dirichlet process mixture
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Figure 6.17: BMFSI with DP as NMB. The U and V mixture blocks are hybrid
mixture objects because their child R is not a mixture block.
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Figure 6.18: (a) Left: Probe RMSEs during burn-in, for various D. (b) Right: Probe
RMSE after burn-in, with online averaging of samples.
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Figure 6.19: Coefficients learned on 45D run.
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Chapter 7

Flexible Nonparametric Priors

Because the interface between blocks in the NMB framework is a partition, given a
new distribution over partitions we could simply create a new mixture block for that
distribution and use it as a replacement in NMB models. Consequently, it is natural
to ask what other distributions we could use to form partitions besides multinomial
and Dirichlet process. We will first consider some desirable properties of a distribution

over partitions.

1. An efficient inference procedure. In particular if we plan to build a mixture

block, we want to be able to perform MCMC sampling over possible partitions.
2. Support for all possible partitions of n data-items.

3. Exchangeability: The probability distribution is invariant under permuting the

labels of the data-items.

The DP, and more generally the Pitman Yor Process (PYP), satisfy these conditions

26, 33|, [34, 12], and have proven to be a very useful model for applications related
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to clustering and density estimation. The first two properties are clearly desirable in
the context of the NMB framework. Additionally, for many cases there is no prior
knowledge that depends on the label of a data item, so exchangeablility is also a
desirable property. However, there is one more condition that PYP satisfies which is

more constraining.

4. Consistency (Heritability): The probability distribution for n data-items is the
same as the distribution for N > n data items and subsequently marginalizing

down to n data-items.

Consistency requires that the probability over partitions of n items is identical to first
specifying the probability over N > n items and then marginalizing out an arbitrary
subset of size N — n. Taking the limit N — oo this implies for instance that all
partitions/groups will grow arbitrary large as we sample more and more items from
our prior. However, it’s easy to imagine cases where a more appropriate model is an
arbitrarily large number of finite sized groups instead of finite number of arbitrarily
large groups. In order to consider the former family of models we must reconsider

the process of marginalization.

If we marginalize by randomly picking items to delete we are forced to consider only
groups that contain an infinite number of items in the N = oo limit. However, if
we allow ourselves a different model for marginalization, for instance by first picking
a group and then deleting all members of that group, even as N — oo we can be
consistent yet have groups of finite size. To distinguish the two notions we will speak

of “consistency under structured marginalization” .

To explain the DP a species sampling metaphor is often employed. For the DP, we
expect that we discover members of a certain species at a rate which matches their

frequencies in the world. We can also use an animal sampling metaphor to explain
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our model which relaxes consistency to consistency under structured marginaliza-
tion. However, instead of sampling species, we will consider sampling the pack-label
of animals. Unlike the species sampling process, when sampling packs one is likely
to observe every member of a pack simultaneously. For example, one could sample
animals by flying a airplane over an area and taking photographs. In this exam-
ple structured marginalization would delete one photograph at a time. Each time
a photograph is deleted, it’s likely that all the members of a pack captured in that
photograph are removed from the data. Hence, if we are interested in partitioning an-
imals by their pack-labels rather than their species-labels, structured marginalization

is more appropriate.

Analogously we also believe that it is not appropriate to assume that a document is
a random sample of words from an infinitely long document. It is more appropriate
to think of a document as a self-contained entity and in particular that we have seen

all the words that were written on a particular topic.

We propose to use a family of flexible priors (FP) [45] which allows for this more gen-
eral view of consistency. In order to guarantee exchangeability FP works with vari-
ables m = {m;} which correspond to the number of clusters of size i, i.e. Y. im; =
N and Zf\il m; = K with K the total number of clusters. Flexible priors are log-
linear models over features which can only depend on m, i.e. the log-probability is
proportional to > . A\"¢;(m). Note that the parameters A} depend on the the number
of data-items n. We will learn the parameters A!' in a couple of ways. In the first
approach we will express our prior belief that a fraction ¢; of the data are in groups
of size i as an expected average statistic E[m;] = ng;/i. We can then use this prior
information to learn the parameters A?. In the second approach we will learn A7

directly from the data.
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Although learning the parameters for a dataset of size n works fine for applications
where the size of the dataset does not change, such as clustering, it is problematic
when we are trying to make predictions for data not in the original set. For example,
what prior for N = n + M data items would be consistent with the choice of prior
for n. If we know beforehand that the largest number of data-items will be N =
n+ M, we can deal with this issue by just learning parameters {\"}, for n+M items
and marginalizing out M items to get samples for our training set of size n. This
marginalization should follow the structured marginalization process appropriate for
the problem at hand. (Random deletion of M points would correspond to the ordinary
marginalization assumed for the DP.) One can then use the samples at level n to
compute average sufficient statistics and pre-learn the parameters {A'} that will be
consistent with the parameters {\N} at level N. Alternatively, if we are learning
hyper-parameters from data directly, we can add M unobserved data items to the
dataset. Although we would like to identify an entire hierarchy of consistent priors
from n = 1 : oo, it seems hard to parametrize these families analytically (or even
prove they exist for a given marginalization procedure). Our approach is thus to
work with partially consistent hierarchies over levels. It is important to appreciate
that inference in FPs can be done efficient as for DPs through Gibbs sampling or

related methods.

To demonstrate how flexible priors fit in the NMB frameworks we will incorporate

FP into two NMB models:

1. The basic mixture model, with a Z mixture block which determines the partition

and a X mixture block which represents the distribution over observed data.

2. A hierarchical “HDP” model where we replace a hierarchy of DP mixture blocks

with a hierarchy of FP mixture blocks.
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7.1 FLEXIBLE PRIORS OVER PARTITIONS

As previously noted, the Dirichlet process can be thought of as a prior distribution
over all possible partitions of N data-items [37]. One derivation of the DP prior
over partitions is achieved by taking the infinite limit of a finite mixture model [13]

resulting in,

_ T(a)a”
_ 1—1 ml Zl 1(log a+10gr( )) 71

with the additional constraints that K =) . m; and N = > im;. I'(-) is the Gamma
function. The second term expresses the DP prior on partitions as a maximum entropy
distribution with parameters \; = log a + log I'(é). Note that the variables {m;} are

not independent due to the constraint ) . im; = N.

Distribution 7.1 is completely specified by the variables {m;} which represent the
number of clusters with exactly i data-items in them. Consequently, the probability
does not change if we exchange the labels of either the clusters or the data-items
and many partitions will have the same probability. For example, if we express the
partition in terms of the size of the subsets, i.e. as the partition of an integer, then
{2,1,1} has the same probability as {1,2,1}. So that we can talk about the set of
partitions that have the same probability we will use the ordered group sizes as a
signature, e.g. {2,1,1}. Signatures are exactly specified by the variables {m;} and
they represent the maximal invariants under the permutation group [12]. One can
count the number of partitions in a signature to be N/ [, (i!)™m;! [3]. Multiplying

equation 7.1 with this number results in the Ewens sampling distribution.

By introducing general features ¢,(m) which are linearly combined in a log-linear

model (or maximum entropy model), we generalize the DP expression equation 7.1
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to the FP expression.

FP(g|N, ) o e2aradalm) T (sz = N) (7.2)

)

Note that equation7.1 is a special case of equation7.2 with ¢;(m) = m; and \; =
log(a)+log I'(7). One can also show that the PYP is special case where again ¢;(m) =
m; but \; = logI'(i — ) —log I'(1 — ) plus one additional nonlinear feature ¢o(m) =

kK:(Bn)fl log(av + kv) with K(m) =), m;, Ag=1,7€[0,1] and o > —7.

7.2 Learning Flexible Priors

As previously noted the first approach to learning the parameters of FP, A\, uses an
expected average statistic E[m;| = ng;/i to express our belief that a fraction ¢; of the

data is in groups of size 1.
E[¢,(m)] =~ ¢, a=1.F (7.3)

where ¢;(m) = m; and we have the constraint that ) . iE[m;] = N. Not all choices of
¢, are possible due to the constraint on m. The FP formulation allows one to choose

features ¢;(m) other then m;, but in this work we restrict ourselves to m;.

There is a danger that due to the discrete nature of m and the constraint ), im; = N
that the specified constraints can not be met exactly. To solve this problem one could

state the constraints using a potential function [9] allowing small violations.

If we have an efficient sampler for FP, then we can learn the parameters by running

this sampler and interrupting it at regular intervals to change the parameters A as
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follows

Aot = A+ (ca — E[da(m)]pp — adl™) (7.4)

where 7 is a learning rate and the average is computed as a sample average from
the Gibbs sampler. In theory this method works as long as the rate of change in
the parameters is slower then the rate of convergence of the sampler. This algorithm

theoretically analyzed in [47] and empirically tested in [44].

Fortunately, collapsed Gibbs sampling for the FP in equation 7.2 is easy. We will use
the parameters Z = {z1,...,2,} to represent the partition, where z; = k indicates
that item 7 is in group k. Sampling the z-variables instead of the m-variables ensures
that the constraint ) . im; = N is satisfied. Analogous to the collapsed Gibbs sampler
[26], we sample one assignment variable at a time. In each Gibbs step we evaluate
the probability of assigning z; to any of the existing groups or a new group, p(z; =
k|Z_;) o< FP(z; = k, z—;), which can be conveniently expressed as follows. Let a be
the size of the cluster to which item ¢ is currently assigned and b be the current size

of the cluster to which item ¢ will be assigned; then

FP(z, = k, 2-,) oc e teTAam17 201 (7.5)

The second approach to learning the variables A? is to take an empirical Bayesian
point of view and learn hyper-parameters directly from data. In this case one obvi-
ously runs a greater risk of over-fitting. The procedure we use is based on contrastive
divergence [16]. We sample assignment variables Z from the posterior. At regular
intervals we interrupt the sampler, record Z and continue sampling with the likeli-
hood terms removed (i.e. we sample directly from the prior but initialize at the last

iteration from the posterior). After just a few steps of sampling from the prior the
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Figure 7.1: (a) Prior distribution over m for DP prior (solid) and learned prior (dashed).
(b) Posterior distribution over m for both models. Note the peak at very small clusters
for the DP. (c) Parameter values for A for both models. (d) Error in association between
datapoints as a function of a. Note that even for optimal a performance is worse than for
the learned prior because small clusters have been suppressed.

samples will start to diverge from the posterior. We then use the difference to per-
form a learning update on the hyper-parameters, replacing ¢, in Equation7.4 with the
posterior statistics. This will move the prior towards the posterior. After a learning

update we recall the last posterior sample and continue sampling from the posterior.
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Figure 7.2: We replace the CRP mixture block in the NMB for the Dirichlet process
mixture model with a FP mixture block.

7.3 ILLUSTRATIVE EXAMPLE

In order to demonstrate learning and applying flexible priors we compare it to the
Dirichlet process on a simple clustering problem. Omne potential drawback of the
Dirichlet process is that it can result in many small clusters. Therefore, we learn and
then apply a flexible prior that discourages small clusters relative to the Dirichlet

process.

We specify a new mixture block which uses the FP distribution over Z. The NMB
model is in figure 7.2. First, we specify our prior knowledge through the variables m.
In particular, we specify the values for E[m] using a truncated normal distribution
with 4 = 0 and 0 = 40. Relative to the E[m)] in the Dirichlet process, our distribution
for m puts less strength on the small clusters and more strength on the large clusters
(Figure 7.3-a). Next, using just the FP mixture block, we learn the parameters A
using the Gibbs sampler described in Section 7.4. The learned parameters and the

parameters for the Dirichlet process are plotted in Figure 7.3-c.

To compare clustering results, we generate a total of 60 points from three normal
distributions, 20 points each, in 2 dimensions. All clusters have =1 and means

pw = [3,3],uy = [9,3],u3 = [6,6]. We then cluster these points using a normal-
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Wishart prior, keeping all hyper parameters the same but varying the prior over
partitions. First, four runs of the Gibbs sampler are done with the Dirichlet process
prior and four different settings of the av parameter [2,1,.5,.1]. Next, one run is made
with the learned prior. For each run, 1000 iterations are used for burn-in and another

1000 iterations are used to calculate the sample mean.

To compare the results we examine two quantities. First, we examine the posterior
E[m)] for the best run using Dirichlet process prior (« = .5) versus the run using the
learned prior. Figure 7.3-b shows that (as expected) the Dirichlet process generates
more small clusters then the learned prior. Next, we examine the clustering per-
formance by comparing the average squared difference between the true association
between each pair of points and the sampled association. Where the true association
between a pair of points equals 1 if they were generated by the same cluster and
the sampled association equals the proportion of samples where the pair of points
are assigned to the same cluster. Figure 7.3-d shows the association error using the
Dirichlet process with four different settings for o versus the association error using
the learned prior. When « is small (e.g. o = .1) the error is large because the Dirich-
let prior encourages only two clusters. As « increases, the Dirichlet process results
in more then two clusters, but there are often small clusters sampled with only a
few points. Consequently, getting the best results from the Dirichlet process requires
careful tuning of the a parameter. It should be noted that if there are enough data,
or the data are well separated, the Dirichlet process prior has little effect versus the

learned prior on the posterior results.
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7.4 HIERARCHICAL FLEXIBLE PRIORS

For clarity we will describe the hierarchical flexible priors (HFP) model in terms of
words, documents, and topics. However, in general a word is an observed data item,
documents are sets of words known to be grouped together and topics are partitions

of words that the model infers.

The HDP [43] extends the DP as a prior for jointly partitioning multiple structured
objects (e.g. documents, images) in such a way that words of different documents may
be assigned to the same global topic, i.e. “topics are shared across documents”. This
means that the HDP can be considered as a prior on partitions for all words jointly, but
one which is exchangeable only under document-label permutations and permutations
of words within documents, but not under permutations of words between documents.
We have seen that the HDP can be defined in terms of CRP mixture blocks shown
in figure 2.11 (left). We will now describe the analogous HFP model by replacing the
CRP mixture blocks (figure 2.11) with FP mixture blocks (figure 7.3).

We will call the groups of words in each document document-topics. We want these
document-topics to be grouped into larger entities which we call super-topics. The
set Z = {z11,...,2n,p} of variables will be used to indicate the assignment of a
word to a document-topic, i.e. z;4 is the assignment of word ¢ in document d to a
document-topic. The set R = {r1,...,7n, p} of variables will be used to indicate the
assignment of a document-topic to a super-topic. That is, ri4 indicates the super-topic

that document-topic k& in document d is assigned.

In terms of NMB we have an FP mixture block for Z = {Z;,..., Z;}, where Z has
been partitioned according to observed document assignments D (i.e. p?(7%(2i4)) =
diq). We have another F'P mixture block for R. Finally, we have a MD mixture

block for the words X, where X is partitioned as a function of both Z and R. The
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Figure 7.3: Two FP mixture blocks are used to define the assignment of X variables
to super-topics in HF'P.

parents X (z;4) = {24, R}, and the equivalence classes p* ({zi4, R}) = 7.,,4. In terms
of mixture blocks the definition is straightforward. Furthermore, if we have mixture
block objects that implement the FP family of priors then a Gibbs sampling imple-
mentation can be done in terms of the interface described in section 5.3. Basically,

we ask the R and Z mixture block objects to sample there variables.

We will now delve further into the details of the model that are hidden by the de-

scription in terms of mixture blocks. The generative process for the model is:

1. For each document d draw a partition of words into document-topics

Zg ~ FP4(AJ)

2. draw a partition of document-topics into super-topics

R~ FPy(AY)

3. Partition the words into super-topics

super-topic for word 7 in document d = R, 4

4. For each super-topic, k, choose a distribution over words

7, ~ Dirichlet(a)
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5. Choose Ny words for each document according to the super-topic of its group

Tiq ~ Multinomial(my, k = R, 4)

Ny is the number of words in document d and N = ), Ny is the total number of

words.

Another way to describe the process is to use a metaphor similar to the Chinese
restaurant franchise, see figure 7.4. There are N, customers in restaurant d repre-
sented by the variables z;4. The customers sit down at the tables jointly. Where
the probability of any particular seating arrangement is given by Z; ~ FP(Ng, Ag).
For each table in each restaurant their is a representative rpy. There are Ny pos-
sible tables in each restaurant because that is the maximum number of groups Ny
customers can be partitioned into. Therefore there are N representatives. The rep-
resentatives sit down at the tables in franchise restaurant, where the probability of
a seating arrangement is given by a FP. Now that all of the customers Z and their
table representatives R are sitting, a dish (super-topic) is assigned to each word by
first looking at the table the customer is sitting at z;; = k, and then looking for their

representative rpy = t.

The HFP thus specifies FPs at the document level and at the topic level. Using an
inconsistent FP at the document level is not an issue because we do not expect a
document to represent a random sub-sample from a much larger document. At the
topic level we specify our FP over N elements and marginalize out the unnecessary
(empty) ones by simply keeping them around as dummies in the sampler. The top
level FP could now be used to express our prior expectations over the total number

of topics in the corpus.

Gibbs sampling proceeds by sequentially reassigning {z;4} and {rgq}. If we reassign

ziq we can choose an existing document-topic or create a new document-topic in
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Figure 7.4: Graphical representation of HFP model. Each box represents a restaurant
(FP). Customers jointly sit down at tables according to the FP distribution. The
vertically oriented restaurants each represent a document with Ny customers and Ny
tables. Each table represents a document-topic. The horizontal restaurant represents
the franchise restaurant and each table represents a super-topic. There are N =
>4 Na table representatives in the franchise restaurant, one for each possible table.
A unique super-topic is assigned to each z;4 by asking the representative of their table
what super-topic (¢, ,) is assigned to their table (r,,q4) in the franchise restaurant.
The blue customers in the horizontal franchise restaurant are representatives for tables
in the vertical restaurants that have no customers (not all representatives are shown).
If there are L current occupied tables, then there are N — L blue representatives.

document d. However, there is no difference in the choice between a new or an
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existing document-topic because there is already a super-topic representative.

P(zia = k|=) o< P "4 (xia) FPa(zia = k, 2-ia| Na, B;) (7.6)
P (m49) o /d9 p(wial0) H p(zya|0)p(0) (7.7)
i &' #id

2y gt =k, g1 =t

We use a collapsed Gibbs sampler which avoids resampling parameters 6.

We will also reassign the super-topic assignments, r;4. This will only change the
probabilities FPo(N, a) but not affect FP4(Ng, B). We define x; to be the subset of
X whose assignment variable is equal to k. That is, Xzq) is the set of all data-items

assigned to document-topic k£ in document d. The conditionals are then given by,

p(ri =t|—) o (7.8)

P, (Xaa)) FPo(rha = t, 1-pa| N, @)

) o [0 T] pleade)  T[ wlwoslow®)
i:zidzk ’L”,d’;ﬁ’i,j
Zi/]-/Zk,T‘k]-/:t

Note that in some cases ryq is not associated with data, the set é¢(kd) = (). Hence,
there will be no likelihood term in Eq.7.8 implying that dummies are sampled directly

from the flexible prior FPy(rxq = ¢, r—3q| N, ).

[terating these two sampling updates in succession constitutes our Gibbs sampler for

the HFP.

7.5 AN EXPERIMENT WITH TEXT DATA

In this experiment we compare HFP vs HDP on the KOS text corpus. Our conjecture

is that consistency under marginalization is not necessary at the document level when
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Figure 7.5: Resulting A from HFP learning a, b, ¢ in equation 7.9, and HDP learning «

choosing how many words in a document are assigned to a topic, but still makes sense
when choosing the topics. That is, we still assume that the topic assigned to each
group of words in a document is drawn from an infinite pool of super-topics we do

not believe that a document is a random subset of an infinitely long document (and
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if it were a subset of a longer article we do not believe that the unobserved remainder
is well represented by the same topic distribution). The result is a model where
the parameters « of the top level FPy are set such that the FP is equivalent to a
DP, ie. a; =log(§) + logI'(i) (£ is DP parameter). Inference in the model is done
using Gibbs sampling as described in section 7.4, using the conditional distributions

equations 7.6,7.8.

Instead of specifying our prior knowledge in terms of ¢, we take an empirical Bayesian
approach where we learn ¢, given the data. Specifically, we are using contrastive
divergence as described at the end of section 7.1. We use a single set of \’s for all

FP; with the following functional form:
Ai=a+blogl'(i+c) (7.9)

We use the KOS data set [4] for evaluation. We do 10 runs, each with - of the full
data set. For each run we use half of the words in one-quarter of the documents as
held out test data and the rest as training data. For each data set we run both HDP
and HFP and compare the models in terms of test data perplexity. We use contrastive

divergence to learn the parameters of equation 7.9 for HFP and « for HDP.

To calculate the perplexity we sample the distribution for test words given the current
state of the Gibbs chain Oy; = >, p(2i; = k|—) P, (1) (tj indexes test word ¢ in
document j), where z; is a latent variable and is sampled as part of the inference
procedure, but z;; is unobserved. After allowing the chain to burn-in for 300 itera-
tions, we average over 400 samples s = 1...5 to get 0;; = %Zil Os¢j. Perplexity is
then exp(—1/T" )", log p(24;]0y;)). For HDP we make the equivalent calculation using

samples from the Chinese restaurant franchise sampling scheme [42].

Figure 7.5 compares the perplexity of HFP and HDP on 10 subsets of KOS. We find
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a small but significant improvement in terms of perplexity between HDP and HFP.
The average perplexity for HDP and HFP is 1737 and 1675, respectively. Using a
paired t-test we can conclude with a p-value of .01 that the differences are significant.
We can also examine the difference in learned A between HFP and HDP in figure 7.5.

In particular we see that HFP learns a distribution with a different shape than a DP.

These experiments represent evidence that we can learn better nonparametric models

by relaxing consistency.

7.6 Flexible Priors Discussion

Flexible priors are a natural addition to the NMB framework, because they are essen-
tially a large family of distributions over partitions and mixture blocks interface with
each other through partitions. Because FP priors fit within the NMB framework,
there are many models that where multinomial, CRP or HDP mixture blocks could
be replaced with FP mixture blocks. In this work we have given one example, the

HDP model, where we found a benefit from replacing a CRP block.

One difficulty when working with the FP family of priors is how to learn the param-
eters without overfitting. However, in preliminary experiments we have been able to
overcome this difficulty by taking a empirical Bayesian approach, moving the prior

towards the posterior.
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Figure 7.6: Comparison of the test perplexity of HDP vs HFP for the KOS text corpus.
The x and y coordinates of each point are the perplexity of HDP (x) and HFP (y) on one
subset of the KOS text corpus. Points below the diagonal are tests where HFP had lower
perplexity then HDP
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Chapter 8

Conclusions

In this dissertation we introduced a general framework, NMB, for (non)parametric
hierarchical structured mixture models. The NMB framework allows us to factor these
models in a way that simplifies their description and implementation. Once expressed
in terms of the NMB framework several dimensions of model experimentation become
easy. First, the distribution family of the mixture block can be easily exchanged, for
example, we can replace a parametric DCM distribution with a nonparametric HDP
distribution. Second, the generative process that partitions the observations can be
easily modified, for example, converting LDA to Multi-LDA creating clusters based
on multiple latent factors. Third, new types of distributions over partitions, such as

flexible priors can be easily introduced into existing models.

Using the NMB framework we introduce several models that make their own contri-

butions as well as demonstrate experimentation within framework.

Multi-LDA and Multi-HDP are a new family of models for tensor factorization. We
show in collaborative filtering experiments that not only do they produce good models

for the data, they also produce a good estimate of the uncertainty in the prediction.
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We also show that in a number of different domains, including collaborative filtering,
market basket analysis, text analysis, they discover interesting hidden structure in
the data. Using the NMB framework, it is easy to see how to extend the standard
LDA model to the Multi-LDA model by simply adding a new DCM mixture block and
changing the function that assigns observations to mixture groups. The transition
from Multi-LDA to Multi-HDP is also just a matter of replacing the mixture block

distribution family.

BMFSI is a new model for matrix factorization which makes it easy to integrate avail-
able side information into a Bayesian collaborative filtering model. BMFSI produces
state-of-the-art results for matrix factorization methods. However, BMFSI does not
trivially fit into the NMB framework. Instead, by creating a “hybrid” NMB we allow
the non-mixture block part of the model to interface with standard mixture blocks.
The joining of BMFSI with a Dirichlet process model combines accurate predictions

with discovery of latent structure in the data.

Finally, we introduce a new class of nonparametric Flexible priors into the frame-
work. The new family of distributions allows us to learn better nonparametric priors
over partitions when the data come from a generative process not consistent under
marginalization. We replace CRP mixture blocks with FP mixture blocks in the HDP
to create a new HFP model. In experiments we show that it is possible for HFP to

learn a better prior over partitions than the HDP for modeling text.
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