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Abstract— The principle of maximum entropy (ME) is
widely usedasa statistical inferencetool in many �elds such
as computer vision, econometrics, and natural language
processing. In practice, iterati ve scaling type of algorithms
are applied for �tting maximum entropy models. In this
paper, we �rst investigate the convergence rates of the
generalized iterati ve scaling (GIS) and impr oved iterati ve
scaling (IIS) algorithms under the parameterization of log-
linear models. Second,we study the problem of dynamic
system monitoring with partial active measurements by
applying the maximum entropy principle at each time
point. Based on a linear time-variant dynamic system
denoted by hidden Mark ov models, an information-based
randomization measurement scheme is derived to select
the most informative hidden states to measure. Such a
dynamic monitoring setup is validated on a problem of
origin-destination (OD) traf�c matrix inferencein network
tomography.

Index Terms— dynamic systems,hidden Mark ov models,
impr oved iterati ve scaling, generalized iterati ve scaling,
maximum entropy models, network tomography, origin-
destination traf�c matrix.

I . INTRODUCTION

The principle of maximumentropy (ME) hasa long
history in physics,andit was�rst proposedasa general
inferenceprocedureby Jaynes[6]. This principle can
also be derived from some reasonableaxioms if we
wish the �nal solution to obey [13]. One appealing
propertyof theME modelis its �e xibility to incorporate
additionalpragmaticfeatures.For parameterestimation,
iterative scalingtype of algorithmshave beendeveloped
for solvingmaximumentropy problemswith linearcon-
straints.Thesealgorithmsare all simple to implement
andpractically fast to converge.

In this paper, we �rst investigatethe convergencerate
of several iterative scalingprocedures,namelygeneral-
ized iterative scaling (GIS) [4] and improved iterative
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scaling(IIS) [11]. We show that iterative scalingalgo-
rithms converge in exponential rates.The convergence
rate calculation is not only of theoretic interest, but
alsoof practicalvaluefor �tting ME models.Large ME
models,suchasonesin naturallanguageprocessing[1],
[12], may involve featuresof orderof several thousands.
The convergencerateof iterative scalingalgorithmscan
beslow for theselargemodelsdueto thesmallexponents
in their exponentialrates.Our convergenceresultmight
help better understanditerative scaling algorithms as
well asboostthe searchfor moreef�cient algorithms.

Second,we study the problem of dynamic system
monitoring by applying the principle of maximum en-
tropy. In practice,a large numberof dynamic systems
can be denoted by hidden Markov models (HMM),
where observed variables are linear aggregations of
internalhiddenstates.It is commonthat the numberof
observedvariablesis muchlessthanthatof hiddenstates,
so the problem becomesan ill-posed linear inversion
problem, i.e., the system is unidenti�able if no any
other constraintis introduced.Thereis a rich literature
on ill-posed linear inversionproblemswith regularized
approachesbeingmostcommonlyused[5], [15]. In this
paper, a different approachfrom a partial measurement
perspective is advocated.Consideringa discrete time
dynamicsystem,we contendthat the original ill-posed
problem will becomemuch well-posedeven if only a
tiny fraction of hiddenstatescan be measureddirectly
at each time point. Here, we assumethat all hidden
statesare observable, but measurementcosts or some
other technical dif�culties make a full measurement
approachinfeasible.This assumptionis true for many
real-domainapplications.Under a scenarioof a linear
time-variant systemwe will speculatelater, we show
that iterative scalingalgorithmsapproximatelyconverge
to the minimum mean square error (MSE) estimate
given the true parameter, which gives a rationaleto the



useof the maximumentropy principle in our dynamic
systems.In orderto gainasmuchinformationaspossible
throughdirectmeasurements,thekey is to �nd themost
informative hiddenstatesto measure.In this paper, we
only consideran extreme caseof measuringjust one
hidden stateat each time point, and a randomization-
basedmeasurementselectionrule is proposedto select
a hiddenstateto measure.Our approachis validatedon
an origin-destinationtraf�c matrix estimationproblem
in network tomography [3], and yields good results
showing thepotentialof ourapproachin trackinginternal
statesof dynamicsystems.

The paper is organizedas follows: at �rst, we will
review ME models,as well as the GIS and IIS algo-
rithms.Then,we proceedto show the convergencerates
of both algorithms.Next, we presentour framework for
dynamicsystemmonitoring,andthemeasurementselec-
tion ruleundera lineartime-variantscenario.Finally, our
approachis appliedto anorigin-destinationtraf�c matrix
estimationproblem in network tomography. Proofs of
two theoremscanbe found in the Appendix.

I I . MAXIMUM ENTROPY MODELS

Maximum entropy (ME) models,also known as log-
linear, Gibbsmodels,take thefollowing parametricform:

p(x) =
1

Z¤
e

P I
i =1 ¸ i f i (x ) ; (1)

where ¤ = (¸ 1; ¢¢¢; ¸ I )0 is the unknown parameter
vector and Z¤ is a normalizing constant.The real-
valued functions f i (x) are usually called features in
machinelearning community, and below we use f =
(f 1; ¢¢¢; f I )0 to denotethe feature vector. Given i.i.d
dataf x1; ¢¢¢; xn g, let ~p(x) betheempiricaldistribution.
It is easy to show that the ME model (1) is the dual
problemof

max ¡
X

x

p(x) log(p(x))

s.t. Ep(f i ) = E~p(f i )
(2)

whereEp(f i ) =
P

x p(x)f i (x) is the expectationwith
respect to distribution p, and E~p is the expectation
operatorwith respectto the empiricaldistribution.

A numberof algorithmshave beenproposedfor esti-
matingthe parametersof ME models.Among thosefre-
quently usedare the generalizediterative scaling(GIS)
[4] andimproved iterative scaling(IIS) [11] algorithms.
The GIS algorithm, proposedby Darroch and Ratcliff
(1972),is a simpleyet ef�cient procedurefor estimating
ME modelparameters.Proceduresof the GIS algorithm
are describedin Algorithm 1, in which the constantC
is de�ned asC = maxx

P
i f i (x).

Algorithm 1 Generalizediterative scalingalgorithm

Initialize ¤ (0) = (0; ¢¢¢; 0)0;
for t = 1; ¢¢¢; till converge do

¤ ( t +1) = ¤ ( t ) + 1
C

³
logE~p(f ) ¡ logEp( t )

¤
(f )

´
;

end for

Della Pietraet al. [11] re-formulatethe convergence
proof of theGIS algorithmthroughanauxiliary function
argument.In order to improve the convergencerate of
the GIS algorithm, they proposean IIS algorithm as
speci�ed in Algorithm 2. Now theconstantC is replaced
by f # (x) =

P
i f i (x), which dependson x. In doing

so, a sharperlower bound for the auxiliary function is
obtained;hence,a fasterconvergencerate is achieved.
On theotherhand,theupdatingequationin Algorithm 2
cannot be solved explicitly, anda numericalline search
has to be applied to �nd ±( t )

i , which may potentially
exacerbatethe performanceof the algorithm.

Algorithm 2 Improved iterative scalingalgorithm

Initialize ¤ (0) = (0; ¢¢¢; 0)0;
for t = 1; ¢¢¢; till converge do

Solve E~p(f i ) =
P

x ~p(x)e±( t )
i f # (x ) f i (x) for ±( t ) ;

¤ ( t +1) = ¤ ( t ) + ±( t ) ;
end for

A. ConvergenceRateof Iterative ScalingAlgorithms

1) Applicationof Ostrowski's Theorem: Algorithm 1
shows that the GIS algorithm can be denotedas an
iterative procedure¤ ( t +1) = g(¤ ( t ) ) with

g(¤) = ¤ +
1
C

(logE~p(f ) ¡ logEp(f )) ;

where the �nal parameterestimation¤̂ is an attraction
point of this iterative procedure,i.e., ¤̂ = g(¤̂) . For the
ME model in (2), the attractionpoint is uniquebecause
its log-likelihood function is concave. The rate of the
convergenceof suchan iterative algorithm is governed
by Ostrowski's theorem(Ostrowski, 1960).

De�nition 1: Fundamental eigenvalue: for an n £
n symmetric matrix A, its fundamentaleigenvalue is
de�ned as

¸ A =
n

max
i =1

j¸ i j;

where¸ i 's areeigenvaluesof A.
Criterion (Ostrowski, 1960) Assumeg(¢) is differen-
tiableat theneighborhoodof a�x edpoint ³ , andlet ¸ g be
thefundamentaleigenvalueof theJacobianmatrixof g at
³ . For an iterative algorithm³n +1 = g(³n ), a suf�cient
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conditionfor ³ to bea point of attractionis that ¸ g < 1,
anda necessaryconditionis that ¸ g · 1. Moreover, if ³
is aattractionpoint,thegeometricconvergencerateof the
iterativealgorithmis ¸ g, i.e.,

lim
n !1

jj ³n +1 ¡ ³ jj
jj ³n ¡ ³ jj

= ¸ q: (3)

Theorem1: For the GIS algorithm,the Jacobianma-
trix of its iterative function g(¸ ) at ¤̂ is:

I n ¡
1
C

diag
µ

1
E~p(f )

¶
covp

¤̂
(f ): (4)

andthe rateof convergenceis determinedby the largest
fundamentaleigenvalueof this matrix.

Similarly, applying Ostrowski's theorem to the IIS
algorithm,we have the follow theorem:

Theorem2: For theIIS algorithm,theJacobianmatrix
of its iterative function g(¸ ) at ¤̂ is:

I n ¡ diag

Ã
1

Ep
¤̂

(f f # )

!

covp
¤̂

(f )) : (5)

andthe rateof convergenceis determinedby the largest
fundamentaleigenvalueof this matrix.

We have E¤̂ (f ) = E~p(f ) at the convergencepoint ¤̂
becauseall linear constraintsaresatis�ed. Furthermore,
we may seethat both GIS andIIS algorithmsarescale-
variant,i.e., to scalea featureby multiplying a constant
will changeits convergencerate.

For large ME models with thousandsof features,
the converge of iterative scaling may be slow when
the fundamentaleigenvalue is very close to 1. Many
new algorithms have been developed for speedingup
the parametersearch, for example the fast iterative
scaling (FIS) [7] recently proposed.The convergence
rate calculation might lead to better understandingof
iterative algorithms,andboostthedevelopmentof faster
algorithms.

I I I . DYNAMIC SYSTEM MONITORING

Dynamic systemmonitoring is of interest in many
real-world applications, such as monitoring patients'
brain blood �o w continuously, highway traf�c monitor-
ing andcontrol,or estimatingnetwork origin-destination
traf�c �o ws. Usually dynamicsystemscan be modeled
by state-spacemodelswith internal stateschangeover
time, and our observations are functionals of hidden
states(mostly linear aggregationspossiblywith noise).
In this paper, we considerthe following discretetime
linear system:

X ( t +1) = DX ( t ) + E + ² ( t )

Y ( t +1) = AX ( t +1) ;
(6)

Fig. 1. A graphicalillustration of a hiddenMarkov model.

whereX ( t ) 2 R J denotesthesystemstateat time t, and
Y ( t ) 2 R I is the observed randomvariablevectorwith
usuallyJ ¿ I . In (6), the evolution of the hiddenstate
X ( t ) is governedby an auto-regression.The error term
² ( t ) is assumedto be independentmultivariateGaussian
variable,which is dependenton the currentsystemstate
accountingfor the fact that large internal statesusually
have large variationsin most dynamic systems.In the
above equation,both A; D are constantmatriceswith
A being known, and E is an unknown constantvector.
The matrix A is usually sparse,i.e., with many entries
beingzeros.If D is furtherassumedto bediagonal,then
all componentsof statevariableX ( t ) areindependentof
eachother.

The formalism of graphicalmodelsprovides a uni-
fying framework to describe such a hidden Markov
dynamic system.Fig. 1 illustrates the HMM speci�ed
in (6). At each time point, each arrow betweenX ( t )

and Y ( t ) correspondsto a nonzeroentry in matrix A.
In the plot, eachhiddenstateis evolving independently,
which is a consequenceof assumingD beinga diagonal
matrix. It is alsoworthnotingthatthisdynamicsystemis
time-variantbecausewe assumethe innovation term² ( t )

dependson the current hidden states.In the following
derivation, we considera simpli�ed versionof (6):

X ( t +1) = X ( t ) + ² ( t )

Y ( t +1) = AX ( t +1) ;
(7)

with
² ( t ) » N (0; Ádiag(X ( t ) ); (8)

whereÁ is an unknown parameter. Both models(6) and
(7) are similar but with the auto-regressionterm being
removed in (7) for easyexposition in later sections.

As we assumeI ¿ J , i.e., thedimensionof observed
variableY ( t ) is much lessthan that of the hiddenstate
X ( t ) , this is a typical ill-posedlinear inversionproblem,
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and someconstraintshave to be introducedto ensure
the identi�ability of the model.Thereis a rich literature
devotedto this topic from regularizationpointsof views
[5], [15]. In this paper, we approachthe problemfrom
the perspective of maximum entropy but with partial
measurementsat each time interval. Here, we assume
that all hidden statesare observable, but measurement
costs or some other technical dif�culties make a full
measurementapproachinfeasible;thisassumptionis true
for many real-domainapplications.For thediscretetime
dynamic system(6), we contendthat the original ill-
posedproblem will becomemuch well-posedeven if
only a tiny fractionof hiddenstatesaredirectlymeasured
at each time point (we may choosea different set of
hidden statesto measureat different time points). In
order to gain more information, the key is to �nd the
mostinformative hiddenstatesto measure.In this paper,
we only consideran extremecaseof selectingonly one
hiddenstateto measureat eachtime point.

Before we start the measurementdesign,let us con-
sider the following lemma:

Lemma1: For the dynamicsystem(7), if we assume
the mean vector ¹ (i.e., X ( t ¡ 1) ) is known, then the
minimum mean squareerror (MSE) estimateof X ( t )

given Y ( t ) is

E (X ( t ) jY ( t ) ) = ¹ + § A0(A§ A0)¡ 1(Y ( t ) ¡ A¹ ); (9)

which is independentof parameterÁ. This conditional
expectationis also exactly the solution to the weighted
least-squareestimatewith squareroot weights:

min
X

i

Ã
X ( t )

i ¡ ¹ i
p

¹ i

! 2

subjectto AX ( t ) = Y ( t ) :

As pointedout in [16], we have

D(X ( t ) =N jj ¹=N ) ¼
1
N

X

i

Ã
X ( t )

i ¡ ¹ i
p

¹ i

! 2

;

whereN is the total sumof hiddenstates.

Lemma1 justi�es the useof maximumentropy prin-
ciple for the dynamic systemspeci�ed in (7). It says
thatthemaximumentropy estimate(minimumKullback-
Leibler divergenceestimate)also approximatelygives
the minimum meansquareerror (MSE) estimatewhen
¹ = X ( t ¡ 1) is known. In practice, parameter¹ is
unknown hencereplacedby the previous hidden state
estimate X̂ ( t ¡ 1) . Similar results hold for (6) if we
assumethat

Var(² ( t ) ) / DX ( t ) + E:

This lemma also suggeststhe partial measurementap-
proachin part. The iterative scalingalgorithmsare rea-
sonableto applybecauseit approximately�nds theMSE
estimateif goodestimationof systemstateX at previous
stage is obtained.But the estimatemay �nally drift
away if the iterative procedureis repeatedlyapplied.In
orderto capturethe dynamicsof the underlyingsystem,
somenew informationhasto be introduced,and this is
achieved througha partialmeasurementof hiddenstates
in this paper.

In orderto realizeanonlinedynamicsystemmonitor-
ing scheme,a fastalgorithmis critical. In this paper, we
useiterativescalingalgorithms.As wehaveshown in the
previous sections,iterative scalingalgorithmsconverge
in exponentialrates,which are fast enoughin practice
for most applications.Furthermore,in dynamicsystem
monitoring schemeproposedin this paper, we use the
estimationX̂ ( t ¡ 1) obtainedfrom the previous step as
the initial value for the iterative scaling algorithmsat
thecurrenttime point t. If thedynamicsystemis smooth
enough(which is truefor mostsystems),thenthestarting
value is alreadyin the neighborhoodof the estimateat
currenttime point. It further speedsup the convergence
of iterative scalingalgorithms.

A. Measurementdesign

The key in our approachto the problemof dynamic
system monitoring is to design a good information-
theoreticbasedschemein choosingthemostinformative
hiddenstateto measure.We mayalsoview thedynamic
system(7) as a Gaussianprocess,where the standard
deviation (SD) of a normalrandomvariablecorresponds
to its entropy. Intuitively, theentropy impliesuncertainty,
so we should always choosea hidden statewhich has
the largest conditional entropy basedon the previous
step estimation to drive the uncertaintyof the whole
systemdown. Here,webrie�y describeouralgorithmfor
measurementselection.At time t, we needto determine
which hiddenstateto measureat next time point t + 1
basedon thepreviousone-steppredictionresultbecause
of the Markovian property. Assumingthat the stateof
the dynamic systemX ( t ¡ 1) at previous staget ¡ 1 is
known, we have (¹ = X ( t ¡ 1) )

X ( t ) » N (¹; Á¹ ); andY ( t ) = AX ( t ) ; (10)

then the conditionaldistribution of X ( t ) given Y ( t ) is

Var(X ( t ) jY ( t ) ) = § ¡ § A0(A§ A0)¡ 1A§ (11)

If we choosethe hidden statewith the largest con-
ditional standarddeviation, i.e., the largest entropy, to
measure,such a greedy approachis one-stepoptimal
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when X ( t ¡ 1) is known. First, the hidden stateX ( t ¡ 1)

will never be known to us in practice.Furthermore,this
greedyapproachwill leadto a selectionschemein which
measurementswill mostly focus on a small numberof
hiddenstateswith large conditionalstandarddeviation.
On the long run, it will not be able to adapt to the
underlyingdynamicsystembecauseof the ill-posedness
of the problem. In order to remedy this problem, we
propose a randomizedselection schemesuch that a
hiddenstateis chosento be measuredwith probability
proportional to its conditional standarddeviation. The
useof conditionalSD insteadof otherquantitiessuchas
varianceis due to a simple fact:

given two independentmeanzeronormalrandom
variablesu; v, then the ratio of P(juj > jvj) to
P(juj < jvj) is proportionalto theirSDs.

Suchan approachis similar to a minimax decisionrule,
but note that the argument is only approximatelytrue
becausegiven Y ( t ) , componentsof X ( t ) are no longer
independent.

In summary, the proposeddynamicmonitoring algo-
rithm with randomizationmeasurementschemeis given
asbelow:

Algorithm 3 DynamicMonitoring: Randomization

Initialize hiddenstateX̂ (0) with 1;
for eachtime interval t do

1. Usea randomizedschemeto determinethe
most informative hiddenstateto measure;

2. ReplaceX̂ ( t ¡ 1) with new observations
accordingly;

3. Obtain X̂ ( t ) by applying iterative scalingon
X̂ ( t ¡ 1) to matchY ( t ) with observedcomponents
being �x ed.

end for

In the above algorithm,X̂ (0) is set to be 1 component-
wise, which implies that the algorithm starts from a
maximumentropy estimation.

IV. EXAMPLE: OD TRAFFIC ESTIMATION

Origin-Destination(OD) traf�c matricesquantify the
volume of traf�c �o ws between all possible origin-
destination(OD) pairsof a network, which areimportant
inputsfor a variety of network traf�c engineeringtasks,
including capacityplanning,load balancing,and traf�c
provisioning.

Two type of approachexist to obtain traf�c matrices:
direct and indirect. Direct approachesfor OD matrix
inferencearevia someroutersoftwares,suchasNet�ow

supportedby Cisco routers, to monitor traf�c �o ws
directly. But in practice,estimatingfull traf�c matrices
throughdirect measurementsis prohibitively expensive
on large operationalIP networks; hence,it is of interest
to estimatetraf�c matricesthroughnetwork link counts
or someother readily available information,which can
be obtainedthroughSNMP (Simple Network Manage-
mentProtocol).

For indirect approaches,the network link traf�c is
linear aggregations of OD traf�c. Becausethe number
of links are much less than that of OD pairs, the OD
traf�c matrix inferenceproblem is an ill-posed linear
inversion problem.Many efforts have beendevoted to
the OD traf�c inferenceproblem recently. Vardi [14]
proposesa Poissonmodel assumingi.i.d. Poissondis-
tributions for the OD traf�c byte countson a general
network topology. With real network data, Cao et al.
[2] revise thePoissonassumptionto proposea Gaussian
model. Medina et al. [9] proposea logit choicemodel
in order to incorporateadditional information into OD
traf�c modelling. Zhang et al. [16] assumea source-
destinationindependentmodel, which is equivalent to
an gravity model widely usedin transportationsystem,
anda minimummutualinformation(MMI) methodwith
regularizationis usedto matchinternallink countswhile
shrinkingto thegravity modelestimation.In practice,the
time-varying natureof the network traf�c is evident and
is partly treatedin Cao et al. [2] by a local likelihood
approach.

A. Model and Data

In thispaper, model(7) is usedto describethenetwork
OD traf�c, which is a slight modi�cation to theGaussian
traf�c modelproposedin Caoet al. [2]. Thedifferenceis
that theGaussianmodelis now embededinto a dynamic
systemframework, which re�ects and treats the time
courseof thenetwork traf�c in a morenaturalway. Now
in (7), the matrix A is a known I £ J routing matrix
determinedby thenetwork topologyandtheroutingtable
at eachinternalnode.For mostnetworks,elementsof A
only take 0-1 entries.X ( t ) is the traf�c count vector
betweenall pairs of network nodesat time interval t,
and Y ( t ) is our observed link traf�c counts,which is a
linear aggregation of OD traf�c X ( t ) .

Our validation data come from the Sprint European
PoP(Pointsof Presence)network. In this network, each
nodeis a PoP, andeachinternal link correspondsto ag-
gregatedlinks connectingtwo given PoPs.After aggre-
gation,this PoPnetwork has13 nodesand18 links. The
datawe useare collectedfrom Net�ow measurements,
routing tablesand other routing con�guration �les, i.e.,
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we have the “ground truth” for this network. Due to
the limitations of SNMP, link traf�c dataobtainedfrom
SNMP polling may be lost in transitionor be incorrect.
In order to avoid the inconsistencein datacollection,a
consistentsetof traf�c, topologyand link measurement
dataarederived from the �o w level measurementsX ( t )

instead.

B. ExperimentResults

In this paper, we use two methods to assessand
comparethe performanceof estimationresults.The �rst
methodis to draw the cumulative distribution function
(CDF) of the absolutevaluesof relative errors,i.e., the
absoluteerrorrelative to its OD traf�c count.Theweight
probability of eachrelative error is proportional to its
OD traf�c count. Usually large relative errorsoccur at
small traf�c matrix elements;with a weight on relative
errors, the CDF plot will automaticallyfocus on large
OD traf�c. Thesecondmethodis to computetheaverage
relative errorsfor largeOD traf�c �o ws. Thepercentage
of total traf�c we chooseis 80%, i.e., we �nd a cutoff
point such that all OD pairs with traf�c larger than
the cutoff point accountsfor 80% of total traf�c, then
we computeaveragerelative errorsfor theseOD traf�c
elements.

For comparisonpurpose,we alsoimplementa simple
randomchoice (SRC) scheme[?] for selectinghidden
statesto measureat eachtime interval. Given a preset
integer k, the SRCmethodis to randomlychoosek OD
pairs to measureat eachtime interval. Fig. 2 gives the
CDF plot of relative errorsfor threedifferent schemes,
and the averagerelative errorsare reportedin Table I.
From the results,we can seethat the dynamic system
monitoringwith a smallnumberof active measurements
is successfuleven for an SRCscheme.Herewe simply
recall some numbersobtained from some other OD
estimationmethods:for the samedataset,anothertwo
competitive methods,pseudo-IPF[8] and gravity-MMI
[16], yield similar resultswith an averagerelative error
of around30%. We canalsoseethat the randomization
measurementschemeimprovesthe estimationresult: its
performanceis comparableto an SRC(3) scheme,i.e.,
randomlychoosingthreeOD pairsto measureeachtime.

V. CONCLUSIONS

In the paper, we derive the convergenceratesof two
iterativescalingalgorithms.Wealsoinvestigatetheprob-
lem of dynamicsystemmonitoring using the principle
of maximum entropy with active measurements.An
information-basedrandomizationmeasurementscheme
is derivedbasedona lineartime-variantdynamicsystem.
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Fig. 2. TheCDF plot of relative errorsof threedifferentmeasurement
schemes.

TABLE I

AVERAGE RELATIVE ERROR RATES OF THREE METHODS:

RANDOMIZATION, SRC(1) AND SRC(3).

Algorithm Avg Relative Error Rate
SRC(1) 7.26%
SRC(3) 5.32%
Randomization 5.27%

Our experiment demonstratesthat such an approach,
with a few (even only one)active measurements,makes
the originally ill-posedproblemwell behaved.But there
are still many open questions.For instance,given a
precision,how many measurementswill suf�ce for mon-
itoring a given dynamicsystem.Moreover, whetherthe
randomizationis nearoptimal in thesenseof a minimax
estimation.Here, we defer all thesequestionsto our
future work.
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VI I . APPENDIX

Proof of Theorem1
Proof: For GIS algorithm, the Jacobianmatrix of its
iterative function g(¸ ) is

J (¤) = I n ¡
1
C

@logEp¤
(f )

@¤
: (12)

Considerthe ij th elementof the secondpart, we have

@logEp¤
f i

@̧ j
=

1
Ep¤

f i

@Ep¤
f i

@̧ j
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and
@Ep¤

f i

@̧ j
= covp¤ (f i ; f j );

so the Jacobianmatrix J canbe written as

J (¤) = I n ¡
1
C

diag

Ã
1

Ep¤
(f )

!

covp¤
(f ); (13)

At the attractionpoint ¤̂ , Ep
¤̂

(f ) = E~p(f ), and

J j¤= ¤̂ = I n ¡
1
C

diag
µ

1
E~p(f )

¶
covp

¤̂
(f ): (14)

Proof of Theorem2
Proof: For the IIS algorithm, the updating vector ±
satis�es a functionalconstraintu(¤ ; ±) = 0, where

ui (¤ ; ±) = E~p(f i ) ¡
X

x

p¤ (x)e±i f # (x ) f i (x): (15)

It implies that

@u(¤ ; ±)
@¤

+
@u(¤ ; ±)

@±
@±
@¤

= 0;

i.e.,
@±
@¤

= ¡
µ

@u(¤ ; ±)
@±

¶ ¡ 1 @u(¤ ; ±)
@¤

(16)

Similarly, we cancomputepart by part that

@u(¤ ; ±)
@±

¯
¯
¯
¯
¤= ¤̂

= diag(Ep
¤̂

(f f # )) (17)

and
@u(¤ ; ±)

@¤

¯
¯
¯
¯
¤= ¤̂

= covp
¤̂

(f ): (18)

So the convergencerate of IIS algorithm is determined
by its Jacobianmatrix at ¤ = ¤̂ :

J j¤= ¤̂ = I n ¡ diag

Ã
1

Ep
¤̂

(f f # )

!

covp
¤̂

(f )) : (19)

REFERENCES

[1] A.L. Berger, S. Della Pietra,and V. Della Pietra. A maximum
entropy approachto naturallanguageprocessing.Computational
Linguistics, 22(1):39–71,1996.

[2] J. Cao, D. Davis, S. Vander Wiel, and B. Yu. Time-varying
network tomography: router link data. Journal of American
StatisticsAssociation, 95:1063–1075,2000.

[3] M. Coates,A. Hero,R. Nowak, andB. Yu. Internettomography.
SignalProcessingMagazine, 19(3):47–65,2002.

[4] J. Darroch and D. Ratcliff. Generalizediterative scaling for
log-linear models. The Annals of Mathematical Statistics,
43(5):1470–1480,1972.

[5] M. Hanke and P.C. Hansen. Regularizationmethodsfor large-
scaleproblems.Surveyson Mathematicsfor industry, 3:253–315,
1993.

[6] E.T. Janyes. Information theory and statistical mechanicsI.
PhysicalReview, 101:620–630,1957.

[7] R. Jin,R. Yan,J.Zhang,andHauptmanA. A fastiterativescaling
for conditionalexponentialmodels.In Thetwentithinternational
conferenceon machine learning, 2003.

[8] G. Liang andB. Yu. Maximum pseudo-likelihoodestimationin
network tomography. IEEE Transactionson Signal Processing,
51(8):2043–2053,August2003.

[9] A. Medina,N. Taft, K. Salamatian,S.Bhattacharyya,andC. Diot.
Traf�c matrixestimation:Existingtechniquesandnew directions.
In ACM Sigcomm, Pittsburg, USA, August2002.

[10] A.M. Ostrowski. Solutionof equationsandsystemsof equations.
New York: AcademicPress,1960.

[11] S. Della Pietra,V. Della Pietra,andJ. Lafferty. Inducefeatures
of random �elds. IEEE Transactionon Pattern Analysis and
Machine Intelligence, 19(4):380–393,1997.

[12] R. Rosenfeld. A maximum entropy approachto adaptive sta-
tistical languagemodeling. Computer, Speech and Language,
10:187–228,1996.

[13] J.E.ShoreandR.W. Johnson.Axiomatic derivation of the prin-
ciple of maximumentropy andthe principle of minimum cross-
entropy. IEEE Transactionson InformationTheory, 26(1):26–37,
1980.

[14] Y. Vardi. Network tomography: Estimating source-destination
traf�c intensities from link data. Journal of the American
StatisticalAssociation, 91:365–377,1996.

[15] G. Wahba. Spline models for observational data. In SIAM,
Philadelphia,1990.

[16] Y. Zhang, M. Roughan, C. Lund, and D. Donoho. An
information-theoreticapproachto traf�c matrix estimation. In
ACM SIGCOMM, 2003.

7


