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Abstract

In non-egodicbelief networks the posteriorbe-

lief of mary queriesgivenevidencemaybecome
zero.The papershavs thatwhenbelief propaga-
tion is appliediteratively overarbitrarynetworks

(the so called, iterative or loopy belief propaga-
tion (IBP)) it is identical to an arc-consistenc
algorithmrelative to zero-beliefqueries(namely
assessingeroposteriorprobabilities). This im-

plies that zero-beliefconclusiongderived by be-

lief propagatiorcorverge and are sound. More

importantly it suggestshattheinferencepower
of IBP is asstrongand asweak asthat of arc-
consisteng. This allows the synthesiof belief
networks for which belief propagationis use-
lesson one hand, and focusesthe investigation
on classesof belief networks for which belief
propagatiormay be zero-complete.Finally, we

shav empirically that IBP's accurag is corre-
lated with extreme probabilities, thereforeex-

plainingits succes®ver codingapplications.

1 INTRODUCTION AND MOTIVATION

The paperprovesthat zero-beliefconclusionsmadeby it-
eratve belief propagationare correct. The proof is done
usingatransformatiorof the belief propagatioralgorithm
to anarc-consistencalgorithmin constraintnetworks.

Thebelief propagatioralgorithmis a distributedalgorithm
thatcomputegosteriombeliefsfor tree-structure®ayesian
networks (poly-trees)[Pearl1988 However, in recent
yearsit wasshavn to work surprisinglywell in mary ap-
plicationsinvolving networks with loops, including turbo
codeswhenappliediteratively [McElieceetal.1997.

The succes®f Iterative Belief Propagatior(IBP) inspired
extensionsnto a generalclassof Generlizedbelief prop-
agation[Yedidiaetal.200] algorithmsthattry to improve
onits performanceA classof suchalgorithmscallediter-

ativejoin-graphpropagation IJGP(i)[Dechteretal.2003,
extendsIBP into anytime algorithms. Algorithm 1JGP ap-
pliesthebeliefpropagatiorideato clustersof functionsthat
form a join-graphratherthanto single functions,and its
parameter allows the userto controlthetradeof between
complity andaccurag. Whenthe join-graphis a tree
thealgorithmis exact. Empirical evaluationof this classof
algorithmsshaved that IJGP improves substantiallyover
IBP andprovidesanytime performance.

While there is still very little understandingas to why
and when IBP works well, some recent investigation
shavs that when IBP corverges, it corvergesto a sta-
tionary point of the Bethe enegy, thus making connec-
tions to approximationalgorithmsdevelopedin statistical
physicsandto variationalapproaches$o approximaten-
ference[Welling andTeh2001 Yedidiaetal.200]. How-
ever, theseapproachedonotexplainwhy IBP is successful
whereit is, anddo not allow ary performanceguarantees
onaccurag.

This papemakessomesimpleobsenationsthatmay shed
light on IBP's behavior, and on the more generalclassof

IJGPalgorithms.Zero-beliefsarevariable-aluepairsthat
have zero conditionalprobability given the evidence. We

shaw that: if a value of a variableis assesseds having

zero-beliefin ary iterationof IBP, it remainsa zero-belief
in all subsequeriterations;thatIBP nitely corvergesrel-

ative to its setof zero-beliefs;and, mostimportantly that
the setof zero-beliefdecidedby ary of the iterative be-
lief propagatiormethodss sound.Namelyary zero-belief
determinecby IBP correspondso a true zeroconditional
probabilityrelative to the given probability distribution ex-

pressedy the Bayesiametwork.

While eachof theseclaimscanbe proveddirectly, our ap-
proachis to associatea belief network with a constraint
network andshav a correspondencbketweenBP applied
to the belief network andanarc-consistencalgorithmap-
plied to the correspondingonstraintnetwork. Sincearc-
consisteng algorithmsarewell understoodhis correspon-
dencenot only provesright away the targetedclaims, but
may provide additionalinsightinto thebehaior of IBP and



IJGP In particular notonly it immediatelyjusti es theit-
eratve applicationof belief propagatioralgorithmson one
hand,but it alsoilluminatesits "distance”"from beingcom-
plete,ontheothet

Section2 provides preliminaries,section3 describeshe
classof dualjoin-graphsandde nes IBP asaninstanceof
propagatiorondualjoin-graphssectiord relateshebelief
network to aconstrainnetwork andIBP to arc-consisteng
anddescribexlassef strongandweakinferencepower
for IBP, sections providesempiricalevaluationandsection
6 concludes.

2 PRELIMIN ARIES AND BACKGROUND

Belief networks. Beliefnetworksprovide a formalismfor
reasoningaboutpartial beliefsunderconditionsof uncer
tainty. A belief network is de ned by a directedagyclic
graph over nodesrepresentingrandom variables. For-
mally, it is a quadrupleBN =< X;D;G;P > (also
abbreiated< G;P > whenX andD areclear)where
X = fXjy;:::;Xnhg is a setof randomvariables,D =

fD1;::;;Dng is the setof the correspondinglomains,G

is a directedagyclic graphover X andP = fps;::;png,
wherep; = P(Xijpa) (pa arethe parentsof X; in G)
denoteconditionalprobability tables(CPTs),eachde ned
on a variableandits parentset. The belief network rep-
resentsa probability distribut'@n over X having the prod-

uct form P(Xq;:::;%,) = i”:1 P (XijXpa; ), Wherean

tuplex to thesubsebf variablesS. An evidencesete is an
instantiatedsubsef variables.We useuppercaseletters
for variablesand nodesin a graphand lower caseletters
for valuesin variables'domains. Given a functionf , we
denotethe setof agumentsof f by scopdf ). Thefamily
of X, denotedvy F;, includesX; andits parentvariables.

Belief updating. Thebeliefupdatingproblemde ned over
abeliefnetwork (alsoreferredio asprobabilisticinference
is the task of computingthe posteriorprobability P (Y je)
of querynodesY X givenevidencee. We will focus
ontwo cases:1) whenY consistof a singlevariableX;
namelyon computingBel(X;) = P(X; = xje); 8X; 2
X; 8x 2 Dj; 2) whenY consistsof the scopeof an
original CPT; thatis, we computeBel(F;) = P(F;
tje); 8F; familyin B; 8t 2

xi2F Di:

Constraint networks. A constaint network R
(X;D;C) is dened over a set of variables X
fX1; 5, Xq0, their respectre domainsof valuesD
fD1;:::;Dnrg anda setof constraintsC = fCy;:::; CiQ.
Eachconstraints apairC; = (S;;R;), whereS; X is
the scopeof the relation R, and R; de nes the allowed
combinationsof values. In a binary constaint network
eachconstraintdenotedR; , is de ned over pairsof vari-
ablesX; andX;. The primary queryover constraintnet-

Figure 1. a) A belief network: P(g;f;d;c;b;a) =
P(gjf;d) P(fjc;b) P(djb;a) P(bja) P(cja) P(a); b) A
constraininetwork with relationshaving the samescopes;

worksis to determindf thereexists a solution,namelyan

es all theconstraintgi.e. 8i; Xs, 2 R;), andif so,to nd
one. A constraintnetworks canbe associatedvith a con-
straintgraphwhere eachnoderepresentsa variable, and
ary two variablesappearingn the sameconstraints scope
areconnected We saythata constraintnetwork R repre-
sentdts setof all solutionssol(R).

Example 2.1 Figure 1a givesan exampleof a belief net-
work over 6 variablesand Figure 1b showsa constaint
networkover the samesetof variables,with relationshav-
ing the samescopesasthefunctionsof 1a.

DEFINITION 2.1 (dual graphs) Given a set of functions
F = ffy;::;fg over scopesSy;:::; S, the dual graph
of F isagraphDG = (V;E;L) that associates node
with ead function, namelyV = F and an arc con-
nectsany two nodeswhosescopeshare a variable E =
f(fi;f;)iSi\ S; & g. L isasetoflabelsfor thearcs,
ead arc beinglabeledbythesharedvariablesof its nodes,
L= f|ij =S\ SJ](I,j) 2 Eg.

The de nition of a dual graph is applicable both to

Bayesiametworksandto constraintnetworks. It is known

thatthe dual graphof a constraintnetwork transformsary

non-binarynetwork into a binary one,wherethe domains
of the variablesare the allowed tuplesin eachrelation
andthe constraintof the dual problemforce equalityover
sharedvariabledabelingthe arcs[Dechter1992

Constraint propagation algorithmsis a classof polyno-
mial time algorithmsthatareatthecenterof constrainpro-
cessingechniques.They wereinvestigatedextensively in

the pastthreedecadesaandthe mostwell known versions
arearc-,path-,andi-consisteng [Dechter199p

DEFINITION 2.2 (arc-consistency)[Mackworth1977
Givena binary constiaint network(X ; D; C), the network
is arc-consisteniff for every binary constaint R; 2 C,
everyvaluev 2 D; hasavalueu 2 Dj s.t.(v;u) 2 Rj; .

Whenabinaryconstrainhetwork is notarc-consistengrc-
consisteng algorithmscan enforcearc-consistenc The



algorithmsremove valuesfrom the domainsof the vari-
ablesthat violate arc-consistengc until an arc-consistent
network is generated A variety of improved performance
arc-consistencalgorithmsweredevelopedover the years,
however for the sale of this paperwe will considera non-
optimal distributedversion,which we call distributedarc-
consistency

DEerINITION 2.3(distrib uted arc-consistency) The algo-
rithm is a messge passingalgorithm. Each nodemain-
tainsa currentsetof viablevaluesD;. Letne(i) betheset
of neighbos of X; in theconstaint graph. EverynodeX

sendsa messgeto anynodeX; 2 ne(i), which consistsof
thevaluesin X; 's domainthat are consistentvith the cur-

rentD;, relativeto the constaint that they shale. Namely
themessgethatX; sendgo X, denotecby D!, is:

D! (R 1Dy (6

(where, join (1) and project ( ) are the usual relational
opefators) andin additionnodei computes:

Di  Di\ (Lkz2neqiy Di) 2
Clearly the algorithm canbe synchronizednto iterations,
wherein eachiterationevery nodecomputests currentdo-
main basedon all the messageseceved so far from its
neighborgeq. 2), andsendsa new messagéo eachneigh-
bor (eq. 1). Alternatively, equationsl and2 canbe com-
bined. Themessag&; senddo X; is:

D!

i (Rji 1 Di Txznei) Di) 3)
Theabove distributedarc-consistencalgorithmcanbe ap-
pliedto thedual problemof any non-binaryconstraininet-
work aswell. Thisis accomplishedy the following rule
appliedby eachnodein the dual graph. We call the algo-
rithm distributedrelationalarc-consistenc

DEFINITION 2.4 (distributed relational arc-consisten-
cy; DR-AC) Let R; and R; be two constaints sharing
scopeswhosearc in the dual graphis labeledby I . The

messge R; sendgo R; denotech! is de nedby:

h! i (Ri 1 (Lxzneq) hi)) 4)

Example 2.2 Figure 2 describespart of the executionof
DR-AC for a probleminspired by graph coloring, on the
graphof gure 1b. All variableshavethe samedomain,
f1,2,3y, exceptfor C whichis 2,andG whichis 3. Arcsin

gure 1b correspondto not equalconstaints. The dual
graph of this problemis givenin gure 2, and ead ta-

ble showsthe initial constaints (there are unary, binary
and ternary constaints). To initialize the algorithm, the
r stmessgessentoutby each nodeare universalrelations
over the labels. For this example DR-AC actually solves
theproblemand nds theuniquesolutionA=1, B=3, C=2,

D=2, F=1, G=3.
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Figure?2: Part of theexecutionof DR-AC algorithm;

Proposition 1 Distributedrelational arc-consistencgon-
vemgesafter O(t r) iterationsto thelargestarc-consistent
networkthatis equivalento the original network,wheet
boundghe numberof tuplesin eac constaintandr is the
numberof constaints.

Proposition 2 (complexity) Thecompleity of distributed
arc-consistencys O(r%t?logt).

3 ITERATIVE BELIEF PROPAGATION
OVER DUAL JOIN-GRAPHS

Iterative belief propagation(IBP) is an iterative applica-
tion of Pearls algorithm that was de ned for poly-trees
[Pearl1988 Sinceit is a distributedalgorithm, it is well
de ned for any network. In this sectionwe will present
IBP asaninstanceof join-graphpropagatiorover variants
of thedual graph

Considera Bayesiannetwork B =< X;D;G;P >. As
de ned earlier thedual graph D¢ of the Belief network B,
is an arc-labeledgraphde ned over the CPTsasits func-
tions. Namely it hasanodefor eachCPTandalabeledarc
connectingary two nodeghatshareavariablein theCPT's
scope.Thearcsarelabeledby thesharedvariables A dual
join-graphis a labeledarc subgraphof Dg whosearc la-
belsare subsetof the labelsof Dg suchthatthe running
intersectionproperty, alsocalled connectednessroperty;
is satis ed. Therunningintersectiorpropertyrequireshat
ary two nodesthat sharea variablein the dual join-graph
be connectedby a path of arcswhoselabelscontainthe
sharedvariable.Clearlythe dualgraphitself is a dualjoin-
graph.An arc-minimaldualjoin-graphis a dualjoin-graph
for which noneof the labelscanbe further reducedwhile
maintainingthe connectednegzroperty

Interestingly therearemary dual join-graphsof the same
dualgraphandmary of themarearc-minimal. We de ne
Iterative Belief Propagationon a dual join-graph. Each
nodesendsa messagever an arc whosescopeis identi-
cal to thelabelon thatarc. SincePearls algorithmsends
messagesvhose scopesare singletonvariablesonly, we
highlight arc-minimalsingletondualjoin-graph.Onesuch



Figure 3: a) A belief network; b) A dual join-graphwith
singletonlabels;c) A dualjoin-graphwhichis ajoin-tree;

graph can be constructeddirectly from the graph of the
Bayesiannetwork, labelingeacharc with the parentvari-
able.It canbeshown that:

Proposition3 The dual graph of any Bayesiannetwork
hasan arc-minimaldual join-graphwhee ead arc is la-
beledby a singlevariable

Example 3.1 Considerthe belief networkon 3 variables
A; B; C with CPTs1.P(CjA; B), 2.P(BjA) and3.P(A),
givenin Figure 3a. Figure 3b showsa dual graphwith sin-
gletonlabelson the arcs. Figure 3c showsa dual graph
which is a join tree onwhich beliefpropagationcansolve
the problemexactly in one iteration (two passesup and
downthetree).

Wewill next presentBP algorithmthatis applicableto ary
dualjoin-graph(Figure4). Thealgorithmis a specialcase
of IJGPintroducedin [Dechteretal.2003. It is easyto
seethatoneiterationof IBP is time andspacdinearin the
sizeof the belief network, andwhenIBP is appliedto the
singletonlabeleddualgraphit coincideswith Pearls belief
propagatiorapplieddirectly to the agyclic graphrepresen-
tation. For spacaeasonswe do notincludetheproofhere.
Also, whenthe dualjoin-graphis a treelBP corvergesaf-
ter oneiteration(two passesup anddown the tree)to the
exactbeliefs.

4 FLATTENING THE BAYESIAN
NETWORK

Given a belief network B we will how de ne a attening
of the Bayesiannetwork into a constraintnetwork called
f lat(B) whereall thezeroentriesin theCPTsareremoved
from the correspondingelation. f lat(B) is a constraint
network de ned over the samesetof variablesandhasthe
samesetof domainvaluesasB. Formally, for every X;
andits CPT P(Xijpa) 2 B we de ne a constraintRg,
over the family of X, F; = fX;g[ pa asfollows: for
everyassignmenk = (X;;Xpa; ) t0Fi,

(Xi;Xpa;) 2 Re; if £ P(XijXpa, ) > 0.
The evidencesete = fey;:::; e g is mappedinto unary
constraintghatassignthe correspondingaluesto the evi-
dencevariables.

Algorithm IBP
Input: An arc-labeleddualjoin-graphDJ = (V;E;L) fora
Bayesiametwork BN =< X;D;G; P >. Evidencee.
Output: An augmentedjyraphwhosenodesincludethe orig-
inal CPTsand the messageseceived from neighbors. Ap-
proximationsof P (Xije); 8Xi 2 X. Approximationsof
P(Fije); 8F; 2 B.
Denoteby: hy, themessagérom u to v; ne(u) the neighbors
ofuinV;ney(u) = ne(u) fvg;lyw thelabelof (u;v) 2 E;
elim (u; v) = scopgu) scopgv).
Oneiteration of IBP
For everynodeu in DJ in atopologicalorderandback,do:
1. Procesobsewned variables
Assignrelevantevidenceto theeachp; andremaovetherelevant
variablesrom thelabeledarcs.
2. Compute and sendto v the function:
X Y
|’]\L/J = (pu hlu)
elim (uyv) fhi“;iZne\,(u)g
Endfor
Compute approximations of P (Fije), P (Xije):
For every X @( let u bethevertex of family Fi inDJ,
P(Fije) = (P hiu;uZne(i)hiu) Pu;

P(Xije): scope (u) f XigP(Fije)'

Figure4: Algorithm Iterative Belief Propagation;

THEOREM 4.1 Givena belief networkB and evidencee,
for anytuplet: Pg(tje) > 0, t 2 sol(flat(B;e)).

Proof. Pg(tje) > 0, iP(XijXpa; )it > 0O,
8i; P(XijXpa)jt > 0, 8i; (Xi;Xpa)jt 2 Re; , 12
sol(f lat(B; €)), wherej; is therestrictiontot. 2

We next de ne analgorithmdependennotion of zerotu-
ples.

DEFINITION 4.1 (IBP-zero) Givena CPTP(Xjpa), an
assignmenk = (X;j;Xpa;) to its family F; is IBP-zeroif
someiteration of IBP determineshat P (X jXpa, ;€) = O.

It is easyto seethat when IBP is appliedto a constraint
network wheresum and productarereplacedby join and
project,respectiely, it becomesdenticalto distributedre-
lationalarc-consistencde ned earlier Thereforeapartial
tupleis removedfrom a at constraintby arc-consistenc
iff it is IBP-zerorelative to the Bayesiametwork.

THEOREM 4.2 WhenlIBP is appliedin a particular vari-
able orderingto a dual join-graph of a Bayesiannetwork
B, its traceis identical, relativeto zeo-tuplesgeneation,
to that of DR-AC applied to the correspondingat dual
join-graph. Namely taking a snapshofat identical steps,
any IBP-zep tuple in the Bayesiannetworkis a remwed
tuplein thecorrespondingstepof DR-AC overthe at dual
join-graph.

Proof. It sufces to provethatthe rst iterationof IBP and
DR-AC generatethesamezerotuplesandremovedtuples,



respectiely. We prove the claim by induction over the
topologicalorderingthat de nes the orderin which mes-
sagesaresentin thecorrespondinglualgraphs.
Basecase:By thede nition of the at network, whenalgo-
rithmsIBP andDR-AC start,every zeroprobabilitytuplein
oneof theCPTsPx, in thedualgraphof the Bayesiamet-
work, becomesa removedtuplein the correspondingon-
straintRg, in thedualgraphof the at network.

Inductive step: Supposethe claim is true after n corre-
spondentmessageare sentin IBP and DR-AC. Suppose
the (n + 1)th messagas scheduledo be the one from
nodeu to nodev. Indexing messagedy the name of
the algorithm, in the dual graphof IBP, nodeu contains
pu andhigp{';i 2 ney(u), andin the dual graph of
DR-AC, nodeu containsR, andhpr ac i“;i 2 ney(u).
By the inductive hypothesis,the zero tuplesin p, and
higpi';i 2 ney(u) arethe removed tuplesin R, and
hor aci;i 2 ney(u), res&ect’vely. Therefore the zero
tuplesin the product(p, ( i2nev(u))hi“) correspondo
theremovedtuplesin thejoin (Ry 1 (1i2ne, (u))hi'). This
provesthaghezerotuplesinéhe messagef IBP

higrl = eim wy)(Pu (" i2ne, (u)hY), Correspondo
theremovedtuplesin the messagef DR-AC

hor acy = 1w (Rul (Lizne, (u))ht').
Thesameargumenicannow beextendedor everyiteration
of thealgorithms. 2

Corollary 1 Algorithm IBP zeo-corverges. Namely its
setof zeo tuplesdoesnot change aftert r iterations.

Proof. From Theorem4.2 ary IBP-zerois a no-goodre-
movedby arc-consistencoverthe at network. Sincearc-
consisteng corvergestheclaimfollows. 2

THEOREM 4.3 WhenlIBP is appliedto a dual join-graph
of a Bayesiametwork,anytuplet thatis IBP-zep satis es
Ps(tje) = 0.

Proof. From Theorem4.2 if a tuplet is IBP zero, it
is also removed from the correspondingelation by arc-
consisteng over f lat(B; e). Thereforethis tupleis a no-
goodof the network f lat(B; €) and,from Theorem4.1 it
followsthatPg(tje) = 0. 2

4.1 ZEROSARE SOUNDFOR ANY 1IJGP

The resultsfor IBP can be extendedto the more general
classof algorithmscallediterativejoin-graphpropagation,

IJGP[Dechteretal.2003. IJGPcanbeviewedasagener

alizedbelief propagatioralgorithmandwasshaown to ben-
e t bothfrom the virtuesof iterative algorithmsandfrom

the anytime characteristicef boundednferenceprovided
by mini-bucketsschemes.

The message-passimgyf 1JGP is identical to that of IBP.
Thedifferenceis in theunderlyinggraphthatit uses.lJGP
typically hasanaccurag parameter calledi-bound,which
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Figure5: a) A beliefnetwork; b) An arc-minimaldualjoin-
graph;

restrictsthe maximumnumberof variableshatcanappear
in anode(cluster).Eachclustercontainsa setof functions.
IJGPperformsmessage-passirgn a graphcalledminimal

arc-labeledjoin-graph

It is easyto de ne a correspondindR-AC algorithmthat
operateson a similar minimal arc-labeljoin-graph. Ini-

tially, eachclusterof DR-AC cancontaina numberof re-
lations,which arejustthe at correspondentsf the CPTs
in theclustersof IJGR Theidenticalmechanic®f themes-
sagepassingensurghatall the previousresultsfor IBP can
beextendedo IJGRP

4.2 THE INFERENCE POWER OF IBP

We will next shaw thattheinferencepowerof IBP is some-
timesvery limited andothertimesstrong,exactlywherever
arc-consistengis weakor strong.

4.2.1 Casesof weakinferencepower

Example 4.4 Considera belief networkover 6 variables
X1;X2:X3;H1;Ho; Hz where the domainof the X vari-
ablesis f 1;2; 3g and the domain of the H variablesis
f0; 1g (seeFigure5a). Thewe are three CPTs over the
scopesfH1; X1;X20,fH2; X2; X309, andfHg; X1; X30.
The values of the CPTs for every triplet of variables
fHy; Xi; X;gare:

8
< 1, if (36 x;86 X6 3)

P(he = 1jxi;xj) = 1 if (xi = % = 3);
0; otherwise;
P(hk = Oin;Xj) = 1 P(hk = 1in;Xj):

Considerthe evidencesete = fH; = H, = Hz = 1g.
Onecanseethatthis Bayesiametworkexpressesheprob-
ability distribution thatis concentatedin a singletuple:

1, if X1=Xo=X%x3=3;

P(X1;X2:X3€) = ' Giherwise-

In other words, any tuple containing an assignmentof
"1” or "2" for any X variable has a zeo probability.
The at constaint network of the above belief network
is de ned over the scopesS; = fH1;X1;X20, S =



fH2; X2;X30, Ss = fH3; X1;X30. Theconstaints are
dened by: Ry,x,x; = f(1;12); (1;21); (1;3;3);
(0:1;1); (0;1;3); (0:2;2); (0;23); (0;3;1); (0;3;2)g.
Also, the prior probabilitiesfor X;'s becomeunary con-
straintsequalto thefull domainf 1,2,3y (assuminghe pri-
ors are non-zeo). An arc-minimaldual join-graphwhich
is identicalto the constaint networkis givenin Figure 5b.

In the at constaint network,the constaintsin ead node
are restrictedafter assigningthe evidencevalues(seeFig-
ure 5b). In this case DR-AC sendsas messgesthe full
domainsof thevariablesandtherefore no tupleis removec
fromanyconstaint. SincelBP infersthesamezensasarc-
consistencyBP will alsonotinferanyzewosfor anyfamily
or anysinglevariable However, sincethetrue probability
of mosttuplesis zeo we can concludethat the inference
powerof IBP onthis exampleis weakor non-«istent.

The weaknesof arc-consistencas demonstratedn this
exampleis not surprising.Arc-consisteng is known to be
aweakalgorithmin general.lt impliesthe sameweaknes
for belief propagationand demonstrateshat IBP is very
far from completenessat leastaslong as zerotuplesare
concerned.

The above examplewas constructedby taking a speci ¢
constraintnetwork with known propertiesand expressin
it asa belief network usinga known transformation.We
associateeachconstraintRs with a bi-valuednew hidden
variableX y,, directarcsfrom theconstraintvariablego this
new hiddenvariableX ;,, andcreatethe CPT suchthat:
P(Xn = 1jXpa,) = 1 ;if T Xpa, 2 Rs:
while zerootherwise[Pearl1988 The generatedelief
network conditionedonall theX , variablesbeingassigned
"1" expresseghe samesetof solutionsas the constraint
network.

4.2.2 Casesof stronginferencepower

TherelationshipbetweenBP andarc-consistencensures
thatIBP is zero-completevhenever arc-consistengis. In
generalif for a at constraintnetwork of a Bayesianmnet-
work B, arc-consistencremaovesall the inconsistentdo-
main values(it createsminimal domains),then IBP will
alsodiscoverall thetruezerosof B. We next considerser-
eralclasse®f constraintdhatareknown to betractable.

Acyclic belief networks. When the belief network is

agyclic, namelywhen it hasa dual join-graphthat is a

tree,the at network is anacgyclic constraintnetwork that
canbe showvn to be solvable by distributedrelationalarc-

consisteng [Dechter1992 Notethatagyclic Bayesiamet-

worksis astrictsupersebf polytrees.Thesolutionrequires
only oneiteration(two passespf IBP. Therefore:

Proposition4 IBP is completeor acyclicnetworkswhen
appliedto thetreedualjjoin-graph (andtherefore it is also
zeo-complete).

Figure6: a) A belief network that correspondso a Max-
closedrelation;b) An arc-minimaldualjoin-graph;

Example 4.5 We refer bad to the exampleof Figure 3.
Thenetworkis acyclic becausehere is a dual join-graph
that is a tree givenin Figure 3c, and IBP will be zeo-
completeonit. Moreover, IBP is knownto be completen
this case

Belief networks with no evidence. Anotherinteresting
caseis whenthe belief network hasno evidence. In this
casethe at network alwayscorrespondto thecausalcon-
straint networkde ned in [DechterandPearl1991 The
inconsistentuplesor domainvaluesare alreadyexplicitly

describedn eachrelation,andnew zerosdo not exist. In-

deed,it is easyto see(eitherdirectly or throughthe at

network) that:

Proposition5 IBP is zeo-completeor any Bayesiamet-
work with noevidence

In fact,it canbeshavn [Bidyuk andDechter200]LthatIBP
is also completefor non-zeroposteriorbeliefs of mary
variableswhenthereis no evidence.

Max-closedconstraints. Considemext the classof Max-
closedrelationsde ned as follows. Given a domainD

thatis linearly orderedlet Max be a binary operatorthat
returnsthe largestelementamong?2. The operatorcan
be appliedto 2 tuplesby taking the pairwise operation
[JeavonsandCooper199p

DEFINITION 4.2(Max-closedrelations) A relation is
Max-closedif wheneert;;t; 2 R sois M ax(ty;tz). A
constaint networkis Max-closedf all its constrints are
Max-closed.

It turnsoutthatif aconstrainhetwork is Max-closedijt can
besolvedby distributedarc-consistenc Namely if nodo-
mainbecome&mptyby thearc-consistencalgorithm,the
network is consistent.While arc-consistencis not guar
anteedo generateninimal domains thusremoving all in-
consistenvaluesjt cangeneratasolutionby selectinghe
maximalvaluefrom the domainof eachvariable. Accord-
ingly, while IBP will notnecessarilgiscoverall the zeros,
all thelargestnon-zerovaluesin the domainsof eachvari-
ablearetruenon-zeros.



Thereforefor abelief network whose at network is Max-
closedIBP is likely to be pawerful for generatingzerotu-
ples.

Example 4.6 Consider the following belief network:
There are 5 variables fV;W; X;Y;Zg over domains
f1;2; 3; 4; 5g. andthefollowing CPTs:

P(xjz;y;w) 6 0; iff 3x+y+z 5w+1
P(wjy;z) 6 0, if f wz 2y

P(yjz) 6 O; iffy z+2

P(vjz) 6 O; iff 3v. z+1
P(z=1i)=1=4;, 12f1;2;3,4g

All the otherprobabilitiesare zeo. Also,the domainof W
doesnotinclude3 andthedomainz doesnotinclude5. The
problemsacyclicgraphis givenin Figure 6a. It is easyto
seethat the at networkis the setof constrints over the
above speci eddomains:w 6 3,z 6 5 3v z+ 1,

y z+2,3x+y+z 5w+ 1,wz 2y.Anarc-minimal
dualjoin-graphwith singletonlabelsis givenin Figure 6b.

It has 5 nodes,one for eac family in the Bayesiannet-
work. If we apply distributed relational consistencywe
will get that the domainsare: Dy = flg, Dy = f4g,

Dy = f3;4;59,Dy = f4;5gandD; = f2;3g. Sinceall

theconstaintsare Max-closedandsincethere is no empty
domainthe problemhasa solution given by the maximal
valuesin eadrdomain:V = 1, W = 4, X = 5 Y = 5,

Z = 3. Thedomainsare not minimalhowever: thereis no
solutionhavingX = 3or X = 4.

Basedon the correspondencewith arc-consistengywe
knowthat applyingIBP to the dual join-graphwill indeed
infer all the zeo domainsexceptthoseof X , which vali-
datesthat IBP is quite powerfulfor this example

An interestingcasefor propositionalvariablesis the class
of Horn clauses.A Horn clausecanbe showvn to be Min-
closed(by simply checkingits models). If we have an
agyclic graph,andwe associatevery family with a Horn
clauseexpressecisa CPTin the obviousway, thenapply-
ing Belief propagatioron a dualjjoin-graphcanbe shavn
to be nothing but the applicationof unit propagatioruntil
thereis no change.lt is well known thatunit propagation
decidesthe consisteng of a setof Horn clausegeven if
they arecyclic). However, unit propagatiorwill notneces-
sarily generatehe minimal domainsandthusnotinfer all
thezerosbutit is likely to behare well.

Implicational constraints. Finally, a classthatis known
to be solvable by path-consistencis implicational con-
straintsde ned asfollows:

DEFINITION 4.3 A binary networkis implicational, iff for
everybinaryrelationeveryvalueof onevariableis consis-
tenteitherwith only oneor with all the valuesof the other
variable [Kirousis199R A Bayesiannetworkis implica-
tional if its at constaint networkss.

PriorforX; | #iter |Bel(X,=1):Bel(X;=2) Bel(X;=3)

X P(X)
1 & 1 45 45 1
2 .45

3 1

2 49721 49721 .00545

3 49986 .49986 .00027

100 le-129

X P(HIXLX) 200

X 1le-260
1:2 1

2

3

i 300 5 5 0

H
1
CPTforH, |1
1
1

1
3 1 True
0 belief

Figure7: Exampleof a nite precisionproblem;

Clearly, a binary function is an implicational constraint.
SinceIBP is equialentto arc-consistenconly, we can-
not concludethat IBP is zero-completedor implicational
constraintsThisraiseshe questiorof whatcorrespondso
path-consistencin belief networks, a questionwhich we
do notattemptto answeratthis point.

4.3 AFINITE PRECISION PROBLEM

Algorithmsshouldalwaysbeimplementedvith careon -
nite precisionmachines. We mentionherea casewhere
IBP's messagesorverge in the limit (i.e. in an in nite
numberof iterations) but they do notstabilizein ary nite
numberof iterations.Consideragaintheexamplein Figure
5 with the priorson X;'s givenin Figure7. If all nodes
Hy aresetto valuel, thebelieffor any of the X; variables
asa function of iterationis givenin thetablein Figure?7.
After about300iterations,the nite precisionof ourcom-
puteris not ableto representhe valuefor Bel(X; = 3),
andthis appeargo be zero,yielding the nal updatedbe-
lief (:5;:5; 0), whenin factthe true updatedbelief should
be (0; 0; 1). This doesnot contradictour theory because
mathematicallyB el(X; = 3) never becomesatrue zero,
andIBP neverreaches quiescenstate.

5 EMPIRICAL EVALUATION

We testedthe performanceof IBP andlJGPboth on cases
of strongand weak inferencepower. In particular we

looked at networks where probabilitiesare extreme and

checledif the propertiesof IBP with respecto zerosalso

extendto smallbeliefs.

5.1 ACCURACY OF IBP ACROSSBELIEF
DISTRIBUTION

We investigatecempirically the accurayg of IBP's predic-
tion acrosgherangeof belief valuesfrom 0 to 1. Theoret-
ically, zerovaluesinferredby IBP areprovedcorrect,and
we hypothesizehatthis propertyextendsto smallbeliefs.
Thatis, if the at network is easyfor arc-consistencand
IBP infers a posteriorbelief closeto zero,thenit is likely
to becorrect.
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Figure9: 10x10grids,100instancesw*=15;

To capturethe accurag of IBP we computedits absolute
error perintenvals of [0; 1]. Using namesinspiredby the
well known measureén informationretrieval, we useRe-
call AbsoluteError andPrecisionAbsoluteError. Recallis
the absoluteerror averagedover all the exact posteriorbe-
liefs thatfall into theinterval. For Precision theaverages
takenoverall theapproximateposteriorbelief valuescom-
putedby IBP thatfall into the interval. Our experiments
shav that the two measuresre strongly correlated. We
alsoshawv the histogramsof distribution of belief for each
interval, for the exactandfor IBP, which arealsostrongly
correlated.Theresultsaregivenin Figures8-11. Theleft
Y axiscorrespond$o thehistogramgthe bars) theright Y
axiscorrespondso theabsoluteerror (thelines). All prob-
lems have binary variables,so the graphsare symmetric
about0.5andwe only show theinterval [0, 0.5]. Thenum-
berof variablesnumberof iterationsandinducedwidth w*
arereportedfor eachgraph.

Coding networks are the notoriouscasewhere IBP has
impressve performance.The problemsarefrom the class
of linearblock codeswith 50 nodesperlayerand3 parent
nodes. Figure 8 shaws the resultsfor threedifferentval-

uesof channelnoise: 0.2,0.4 and0.6. For noise0.2, all

the beliefscomputedoy IBP are extreme. The Recalland
Precisionarevery small,of the orderof 10 . So,in this
caseall thebeliefsarevery small( small)andIBP is able
to infer themcorrectly resultingin almostperfectaccuray

(IBP is indeedperfectin this casefor the bit error rate).
Whenthe noiseis increasedthe RecallandPrecisiontend
to getcloserto abell shapejndicatinghighererrorfor val-

uescloseto 0.5 andsmallererror for extremevalues.The
histogramsalsoshow thatlessbelief valuesareextremeas
the noiseis increasedso all thesefactorsaccountfor an

overalldecreas@ accurag asthechannehoiseincreases.

Grid networks resultsaregivenin Figure9. Contraryto
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Figure10: RandomN=80, 100instancesw*=15;
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Figure11: CPCS54,100 instancesw*=15; CPCS3605
instancesw*=20;

the caseof coding networks, the histogramsshav higher
concentratioraround0.5. The absoluteerror peakscloser
to 0 andmaintainsa plateauasevidenceis increasedindi-
catinglessaccurag for IBP.

Random networks resultsaregivenin Figure10. Thehis-
togramsare similar to thoseof the grids, but the absolute
error hasa tendeny to decreasdaowards0.5 as evidence
increasesThis maybedueto thefactthatthetotal number
of nodesis smaller(80) thanfor grids (100), andthe evi-
dencecanin mary casegnalke the problemeasierfor IBP
by breakingmary of theloops(in thecaseof gridsevidence
haslessimpactin breakingtheloops).

CPCSnetworks arebelief networksfor medicine derived
from the ComputebasedPatientCaseSimulationsystem.
We testedon two networks,with 54 and360variables.The
histogramshav opposingtrendsin the distribution of be-
liefs. Although irregular, the absoluteerror tendsto in-

creasetowards0.5 for cpcs54. For cpcs360it is smaller
around0 and0.5.

We notethatfor all thesetypesof networks, IBP hasvery
smallabsoluteerrorfor valuescloseto zero,soit is ableto
infer themcorrectly

5.2 GRAPH-COLORING TYPE PROBLEMS

We alsotestedthe behaior of IBP andIJGPon a special
classof problemsvhichweredesignedo behardfor belief
propagationalgorithmsin general,basedon the fact that
arc-consistengis pooronthe at network.

We considera graphcoloring problemwhich is a gener
alization of example4.4, with N = 20 X nodes,rather
than3, andavariablenumberof H hodesde ning theden-
sity of the constraintgraph. X variablesare 3-valuedroot



Tablel: Graphcoloringtypeproblems:20rootvariables

[ Absoluteerror |

H=40,w*=5 H=60,w*=7 H=80,w*=9

0.0 0.4373 0.4501 0.4115

IBP 0.1 0.3683 0.4497 0.3869
0.2 0.2288 0.4258 0.3832

0.0 0.1800 0.1800 0.1533
IJGP(2) | 0.1 0.3043 0.3694 0.3189
0.2 0.1591 0.3407 0.3022

0.0 0.0000 0.0000 0.0000
IJGP(4) | 0.1 0.1211 0.0266 0.0133
0.2 0.0528 0.1370 0.0916

0.0 0.0000 0.0000 0.0000
IJGP(6) | 0.1 0.0043 0.0000 0.0132
0.2 0.0123 0.0616 0.0256

nodesH variablesarebi-valuedandeachhastwo parents
whichareX variableswith theCPTsde nedlikein exam-
ple 4.4. EachH CPT actuallymodelsa binary constraint
betweertwo X nodes.All H nodesareassigned/aluel.

The at network of this kind of problemshasonly oneso-
lution, whereevery X hasvalue3. In our experimentsve

alsoaddedhoiseto theH CPTs,makingprobabilities and
1 ratherthan0 and1.

The resultsare given in Table 1. We varied parameters
alongtwo directions. Onewasincreasingthe numberof
H nodes,correspondingo higher densitiesof the con-
straintnetwork (the averageinducedwidth w is reported
for eachcolumn). The otherwasincreasingthe noisepa-
rameter . We averagedover 50 instancedor eachcombi-
nationof theseparametersln eachinstancethe priorsfor
nodesX wererandomuniform, andthe parentsfor each
nodeH werechoserrandomly We reportthe absoluteer
ror, averagecbverall values all variablesandall instances.
We should note that theseare fairly small size networks
(w*=5-9), yetthey proveto bevery hardfor IBP andlJGR
becausdhe at network is hardfor arc-consistengc It is
interestingo notethatevenwhen is notextremeanymore
(0.2)the performancss still poor, becausehe structureof
the network is hardfor arc-consistenc IJGPwith higher
i-boundsis goodfor = 0 becausét is ableto infer some
zerosin the biggerclusters andthesepropagatén the net-
work andin turninfer morezeros.

6 CONCLUSIONS

The paperinvestigateghe behaior of belief propagation
algorithmsby makinganalogiego well known andunder
stoodalgorithmsfrom constraintnetworks. By a simple
transformationgalled attening of the Bayesianmetwork,
IBP (aswell asary generalizecbelief propagationalgo-
rithm) can be shovn to work similar to distributed rela-
tionalarc-consistengcrelativeto zerotuplesgeneration.In
particularwe shav thatIBP's inferenceof zerobeliefscon-
vergesandis sound.

While thetheoreticakesultspresentedherearestraightfor
ward, they help identify new classeof problemsthat are

easyor hardfor IBP. Basedon empiricalwork, we obsene
that good performanceof IBP andmary small beliefsin-
dicatethat the at network is likely to be easyfor arc-
consisteng. On the otherhand,whenwe generatedhard
networks for arc-consisteng IBP wasvery poor in spite
of the presencef mary zerobeliefs. We believe thatthe
succesof IBP for coding networks can be explainedby
the presencef mary smallbeliefson onehand,andby an
easy-forarc-consistenc at network ontheother
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