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Abstract

In non-ergodicbelief networks theposteriorbe-
lief of many queriesgivenevidencemaybecome
zero.Thepapershowsthatwhenbeliefpropaga-
tion is appliediteratively overarbitrarynetworks
(the so called,iterative or loopy belief propaga-
tion (IBP)) it is identical to an arc-consistency
algorithmrelative to zero-beliefqueries(namely
assessingzeroposteriorprobabilities).This im-
plies thatzero-beliefconclusionsderivedby be-
lief propagationconverge andaresound. More
importantly, it suggeststhat the inferencepower
of IBP is asstrongandasweak as that of arc-
consistency. This allows the synthesisof belief
networks for which belief propagationis use-
lesson onehand,and focusesthe investigation
on classesof belief networks for which belief
propagationmay be zero-complete.Finally, we
show empirically that IBP's accuracy is corre-
lated with extreme probabilities, thereforeex-
plainingits successovercodingapplications.

1 INTRODUCTION AND MOTIVATION

The paperprovesthat zero-beliefconclusionsmadeby it-
erative belief propagationarecorrect. The proof is done
usinga transformationof thebelief propagationalgorithm
to anarc-consistency algorithmin constraintnetworks.

Thebeliefpropagationalgorithmis adistributedalgorithm
thatcomputesposteriorbeliefsfor tree-structuredBayesian
networks (poly-trees) [Pearl1988]. However, in recent
yearsit wasshown to work surprisinglywell in many ap-
plicationsinvolving networks with loops, including turbo
codes,whenappliediteratively [McElieceet al.1997].

Thesuccessof Iterative Belief Propagation(IBP) inspired
extensionsinto a generalclassof Generalizedbeliefprop-
agation[Yedidiaet al.2001] algorithmsthattry to improve
on its performance.A classof suchalgorithmscallediter-

ativejoin-graphpropagation, IJGP(i)[Dechteretal.2002],
extendsIBP into anytime algorithms.Algorithm IJGPap-
pliesthebeliefpropagationideato clustersof functionsthat
form a join-graphratherthan to single functions,and its
parameteri allows theuserto controlthetradeoff between
complexity and accuracy. When the join-graphis a tree
thealgorithmis exact.Empiricalevaluationof thisclassof
algorithmsshowed that IJGP improvessubstantiallyover
IBP andprovidesanytimeperformance.

While there is still very little understandingas to why
and when IBP works well, some recent investigation
shows that when IBP converges, it converges to a sta-
tionary point of the Bethe energy, thus making connec-
tions to approximationalgorithmsdevelopedin statistical
physicsand to variationalapproachesto approximatein-
ference[Welling andTeh2001, Yedidiaet al.2001]. How-
ever, theseapproachesdonotexplainwhy IBP is successful
whereit is, anddo not allow any performanceguarantees
onaccuracy.

This papermakessomesimpleobservationsthatmayshed
light on IBP's behavior, andon the moregeneralclassof
IJGPalgorithms.Zero-beliefsarevariable-valuepairsthat
have zeroconditionalprobability given the evidence. We
show that: if a value of a variableis assessedas having
zero-beliefin any iterationof IBP, it remainsa zero-belief
in all subsequentiterations;thatIBP �nitely convergesrel-
ative to its setof zero-beliefs;and,most importantly that
the set of zero-beliefdecidedby any of the iterative be-
lief propagationmethodsis sound.Namelyany zero-belief
determinedby IBP correspondsto a true zeroconditional
probabilityrelative to thegivenprobabilitydistributionex-
pressedby theBayesiannetwork.

While eachof theseclaimscanbeproveddirectly, our ap-
proachis to associatea belief network with a constraint
network andshow a correspondencebetweenIBP applied
to thebelief network andanarc-consistency algorithmap-
plied to the correspondingconstraintnetwork. Sincearc-
consistency algorithmsarewell understoodthiscorrespon-
dencenot only provesright away the targetedclaims,but
mayprovideadditionalinsightinto thebehavior of IBP and



IJGP. In particular, not only it immediatelyjusti�es the it-
erativeapplicationof belief propagationalgorithmsonone
hand,but it alsoilluminatesits ”distance”from beingcom-
plete,on theother.

Section2 provides preliminaries,section3 describesthe
classof dual join-graphsandde�nes IBP asaninstanceof
propagationondualjoin-graphs,section4 relatesthebelief
network to aconstraintnetworkandIBP to arc-consistency,
anddescribesclassesof strongandweakinferencepower
for IBP, section5 providesempiricalevaluationandsection
6 concludes.

2 PRELIMIN ARIES AND BACKGROUND

Belief networks. Beliefnetworksprovide a formalismfor
reasoningaboutpartial beliefsunderconditionsof uncer-
tainty. A belief network is de�ned by a directedacyclic
graph over nodesrepresentingrandom variables. For-
mally, it is a quadrupleB N = < X ; D ; G; P > (also
abbreviated< G; P > when X andD are clear) where
X = f X 1; : : : ; X n g is a set of randomvariables,D =
f D1; :::; Dn g is the setof the correspondingdomains,G
is a directedacyclic graphover X andP = f p1; :::; pn g,
wherepi = P(X i jpai ) (pai are the parentsof X i in G)
denoteconditionalprobability tables(CPTs),eachde�ned
on a variableand its parentset. The belief network rep-
resentsa probability distribution over X having the prod-
uct form P(x1; : : : ; xn ) =

Q n
i =1 P(x i jxpa i ), where an

assignment(X 1 = x1; : : : ; X n = xn ) is abbreviated to
x = (x1; : : : ; xn ) andwherexs denotestherestrictionof a
tuplex to thesubsetof variablesS. An evidencesete is an
instantiatedsubsetof variables.We useuppercaseletters
for variablesandnodesin a graphand lower caseletters
for valuesin variables'domains. Given a function f , we
denotethesetof argumentsof f by scope(f ). Thefamily
of X i , denotedby Fi , includesX i andits parentvariables.

Belief updating. Thebeliefupdatingproblemde�nedover
abeliefnetwork (alsoreferredto asprobabilisticinference)
is the taskof computingthe posteriorprobability P(Y je)
of querynodesY � X given evidencee. We will focus
on two cases:1) whenY consistsof a singlevariableX i ;
namelyon computingB el(X i ) = P(X i = xje); 8X i 2
X ; 8x 2 D i ; 2) when Y consistsof the scopeof an
original CPT; that is, we computeB el(Fi ) = P(Fi =
tje); 8Fi f amil y in B; 8t 2 � X i 2 F i D i :

Constraint networks. A constraint network R =
(X ; D ; C) is de�ned over a set of variables X =
f X 1; :::; X n g, their respective domainsof valuesD =
f D1; :::; Dn g and a set of constraintsC = f C1; :::; Ct g.
Eachconstraintis a pair Ci = (Si ; Ri ), whereSi � X is
the scopeof the relation R i , and Ri de�nes the allowed
combinationsof values. In a binary constraint network
eachconstraint,denotedR ij , is de�ned over pairsof vari-
ablesX i andX j . The primary queryover constraintnet-
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Figure 1: a) A belief network: P(g; f ; d; c;b;a) =
P(gjf ; d)� P(f jc;b)�P(djb;a)�P(bja)�P(cja)�P(a); b) A
constraintnetwork with relationshaving thesamescopes;

works is to determineif thereexistsa solution,namelyan
assignmentx = (x1; : : : ; xn ) to all thevariablesthatsatis-
�es all theconstraints(i.e. 8i; xSi 2 Ri ), andif so,to �nd
one. A constraintnetworks canbe associatedwith a con-
straint graphwhereeachnoderepresentsa variable,and
any two variablesappearingin thesameconstraint's scope
areconnected.We saythata constraintnetwork R repre-
sentsits setof all solutionssol(R).

Example2.1 Figure 1a givesan exampleof a belief net-
work over 6 variablesand Figure 1b showsa constraint
networkover thesamesetof variables,with relationshav-
ing thesamescopesasthefunctionsof 1a.

DEFINITION 2.1(dual graphs) Given a set of functions
F = f f 1; :::; f l g over scopesS1; :::; Sl , the dual graph
of F is a graph DG = (V; E ; L ) that associatesa node
with each function, namely V = F and an arc con-
nectsany two nodeswhosescopeshare a variable, E =
f (f i ; f j )jSi \ Sj 6= � g . L is a setof labelsfor thearcs,
each arc beinglabeledbythesharedvariablesof its nodes,
L = f l ij = Si \ Sj j(i; j ) 2 Eg.

The de�nition of a dual graph is applicable both to
Bayesiannetworksandto constraintnetworks. It is known
that thedualgraphof a constraintnetwork transformsany
non-binarynetwork into a binary one,wherethe domains
of the variablesare the allowed tuples in eachrelation
andtheconstraintsof thedualproblemforceequalityover
sharedvariableslabelingthearcs[Dechter1992].

Constraint propagation algorithmsis a classof polyno-
mial timealgorithmsthatareatthecenterof constraintpro-
cessingtechniques.They wereinvestigatedextensively in
the pastthreedecadesandthe mostwell known versions
arearc-,path-,andi-consistency [Dechter1992].

DEFINITION 2.2(arc-consistency)[Mackworth1977]
Givena binary constraint network(X ; D ; C), thenetwork
is arc-consistentiff for every binary constraint R ij 2 C,
everyvaluev 2 D i hasa valueu 2 D j s.t. (v; u) 2 Rij .

Whenabinaryconstraintnetwork isnotarc-consistent,arc-
consistency algorithmscan enforcearc-consistency. The



algorithmsremove valuesfrom the domainsof the vari-
ablesthat violate arc-consistency until an arc-consistent
network is generated.A varietyof improvedperformance
arc-consistency algorithmsweredevelopedover theyears,
however for thesake of this paperwe will considera non-
optimaldistributedversion,which we call distributedarc-
consistency.

DEFINITION 2.3(distrib uted arc-consistency)Thealgo-
rithm is a message passingalgorithm. Each nodemain-
tainsa currentsetof viablevaluesD i . Letne(i ) betheset
of neighborsof X i in theconstraint graph.EverynodeX i

sendsa messageto anynodeX j 2 ne(i ), which consistsof
thevaluesin X j ' sdomainthatare consistentwith thecur-
rentD i , relativeto theconstraint that they share. Namely,
themessage thatX i sendsto X j , denotedbyD j

i , is:

D j
i  � j (Rj i 1 D i ) (1)

(where, join (1 ) and project (� ) are the usual relational
operators)andin additionnodei computes:

D i  D i \ (1 k2 ne( i ) D i
k ) (2)

Clearly the algorithmcanbe synchronizedinto iterations,
wherein eachiterationeverynodecomputesits currentdo-
main basedon all the messagesreceived so far from its
neighbors(eq.2), andsendsa new messageto eachneigh-
bor (eq. 1). Alternatively, equations1 and2 canbe com-
bined.ThemessageX i sendsto X j is:

D j
i  � j (Rj i 1 D i 1 k2 ne( i ) D i

k ) (3)

Theabovedistributedarc-consistency algorithmcanbeap-
plied to thedualproblemof any non-binaryconstraintnet-
work aswell. This is accomplishedby the following rule
appliedby eachnodein thedualgraph. We call thealgo-
rithm distributedrelationalarc-consistency.

DEFINITION 2.4 (distrib uted relational arc-consisten-
cy; DR-AC) Let Ri and Rj be two constraints sharing
scopes,whosearc in thedual graphis labeledby l ij . The
messageRi sendsto Rj denotedhj

i is de�nedby:

hj
i  � l ij (Ri 1 (1 k2 ne( i ) hi

k )) (4)

Example2.2 Figure 2 describespart of the executionof
DR-AC for a probleminspired by graph coloring, on the
graph of �gur e 1b. All variableshavethe samedomain,
f 1,2,3g, exceptfor C which is 2, andG which is 3. Arcsin
�gur e 1b correspondto not equalconstraints. The dual
graph of this problemis given in �gur e 2, and each ta-
ble showsthe initial constraints (there are unary, binary
and ternary constraints). To initialize the algorithm, the
�r stmessagessentoutbyeach nodeareuniversal relations
over the labels. For this example, DR-AC actually solves
theproblemand�nds theuniquesolutionA=1, B=3, C=2,
D=2, F=1, G=3.
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Figure2: Partof theexecutionof DR-AC algorithm;

Proposition1 Distributedrelationalarc-consistencycon-
vergesafter O(t � r ) iterationsto thelargestarc-consistent
networkthat is equivalentto theoriginal network,where t
boundsthenumberof tuplesin each constraint andr is the
numberof constraints.

Proposition2 (complexity) Thecomplexity of distributed
arc-consistencyis O(r 2t2logt).

3 ITERATIVE BELIEF PROPAGATION
OVER DUAL JOIN-GRAPHS

Iterative belief propagation(IBP) is an iterative applica-
tion of Pearl's algorithm that was de�ned for poly-trees
[Pearl1988]. Sinceit is a distributedalgorithm, it is well
de�ned for any network. In this sectionwe will present
IBP asaninstanceof join-graphpropagationover variants
of thedualgraph.

Considera Bayesiannetwork B = < X ; D ; G; P > . As
de�ned earlier, thedualgraphDG of theBelief network B,
is an arc-labeledgraphde�ned over the CPTsasits func-
tions.Namely, it hasanodefor eachCPTanda labeledarc
connectingany two nodesthatshareavariablein theCPT's
scope.Thearcsarelabeledby thesharedvariables.A dual
join-graph is a labeledarc subgraphof DG whosearc la-
belsaresubsetsof the labelsof DG suchthat the running
intersectionproperty, alsocalledconnectednessproperty,
is satis�ed. Therunningintersectionpropertyrequiresthat
any two nodesthat sharea variablein thedual join-graph
be connectedby a path of arcswhoselabelscontainthe
sharedvariable.Clearlythedualgraphitself is a dualjoin-
graph.An arc-minimaldualjoin-graphis adualjoin-graph
for which noneof the labelscanbe further reducedwhile
maintainingtheconnectednessproperty.

Interestingly, therearemany dual join-graphsof thesame
dualgraphandmany of themarearc-minimal. We de�ne
Iterative Belief Propagationon a dual join-graph. Each
nodesendsa messageover an arc whosescopeis identi-
cal to the labelon that arc. SincePearl's algorithmsends
messageswhosescopesare singletonvariablesonly, we
highlight arc-minimalsingletondual join-graph.Onesuch
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Figure3: a) A belief network; b) A dual join-graphwith
singletonlabels;c) A dualjoin-graphwhich is a join-tree;

graphcan be constructeddirectly from the graphof the
Bayesiannetwork, labelingeacharc with the parentvari-
able.It canbeshown that:

Proposition3 The dual graph of any Bayesiannetwork
hasan arc-minimaldual join-graphwhere each arc is la-
beledbya singlevariable.

Example3.1 Considerthe belief networkon 3 variables
A; B ; C with CPTs1.P(CjA; B ), 2.P(B jA) and3.P(A),
givenin Figure3a. Figure3bshowsa dualgraphwith sin-
gleton labelson the arcs. Figure 3c showsa dual graph
which is a join tree, on which beliefpropagationcansolve
the problemexactly in one iteration (two passesup and
downthetree).

Wewill next presentIBP algorithmthatis applicableto any
dual join-graph(Figure4). Thealgorithmis a specialcase
of IJGPintroducedin [Dechteret al.2002]. It is easyto
seethatoneiterationof IBP is time andspacelinearin the
sizeof thebelief network, andwhenIBP is appliedto the
singletonlabeleddualgraphit coincideswith Pearl'sbelief
propagationapplieddirectly to theacyclic graphrepresen-
tation.For spacereasons,wedonot includetheproofhere.
Also, whenthedual join-graphis a treeIBP convergesaf-
ter oneiteration(two passes,up anddown the tree)to the
exactbeliefs.

4 FLATTENING THE BAYESIAN
NETWORK

Given a belief network B we will now de�ne a �attening
of the Bayesiannetwork into a constraintnetwork called
f lat(B) whereall thezeroentriesin theCPTsareremoved
from the correspondingrelation. f lat(B ) is a constraint
network de�ned over thesamesetof variablesandhasthe
samesetof domainvaluesasB. Formally, for every X i

and its CPT P(X i jpai ) 2 B we de�ne a constraintRF i

over the family of X i , Fi = f X i g [ pai as follows: for
everyassignmentx = (x i ; xpa i ) to Fi ,

(x i ; xpa i ) 2 RF i if f P(x i jxpa i ) > 0.
The evidenceset e = f e1; :::; er g is mappedinto unary
constraintsthatassignthecorrespondingvaluesto theevi-
dencevariables.

Algorithm IBP
Input: An arc-labeleddual join-graphD J = (V; E ; L ) for a
Bayesiannetwork B N = < X ; D ; G; P > . Evidencee.
Output: An augmentedgraphwhosenodesincludetheorig-
inal CPTsand the messagesreceived from neighbors. Ap-
proximationsof P (X i je); 8X i 2 X . Approximationsof
P (F i je); 8F i 2 B.
Denoteby: hv

u themessagefrom u to v; ne(u) theneighbors
of u in V ; nev (u) = ne(u) � f vg; luv thelabelof (u; v) 2 E ;
elim (u; v) = scope(u) � scope(v).
� One iteration of IBP
For everynodeu in D J in a topologicalorderandback,do:
1. Processobserved variables
Assignrelevantevidenceto theeachpi andremovetherelevant
variablesfrom thelabeledarcs.
2. Computeand sendto v the function:

hv
u =

X

elim ( u;v )

(pu �
Y

f h u
i ;i 2 ne v ( u ) g

hu
i )

Endfor
� Computeapproximationsof P (F i je), P (X i je):
For every X i 2 X let u bethevertex of family F i in D J ,
P (F i je) = � (

Q
h u

i ;u 2 ne ( i ) hu
i ) � pu ;

P (X i je) = �
P

scope ( u ) �f X i g P(F i je).

Figure4: Algorithm IterativeBelief Propagation;

THEOREM 4.1 Givena belief networkB and evidencee,
for anytuplet: PB (t je) > 0 , t 2 sol(f lat(B ; e)) .

Proof. PB (t je) > 0 , � i P(x i jxpa i )jt > 0 ,
8i; P(x i jxpa i )jt > 0 , 8i; (x i ; xpa i )jt 2 RF i , t 2
sol(f lat(B ; e)) , wherej t is therestrictionto t. 2

We next de�ne an algorithmdependentnotion of zerotu-
ples.

DEFINITION 4.1(IBP-zero) Givena CPT P(X i jpai ), an
assignmentx = (x i ; xpa i ) to its family Fi is IBP-zeroif
someiteration of IBP determinesthatP(x i jxpa i ; e) = 0.

It is easyto seethat when IBP is appliedto a constraint
network wheresumandproductarereplacedby join and
project,respectively, it becomesidenticalto distributedre-
lationalarc-consistency de�nedearlier. Therefore,apartial
tuple is removedfrom a �at constraintby arc-consistency
if f it is IBP-zerorelative to theBayesiannetwork.

THEOREM 4.2 WhenIBP is applied in a particular vari-
able ordering to a dual join-graphof a Bayesiannetwork
B, its traceis identical, relativeto zero-tuplesgeneration,
to that of DR-AC applied to the corresponding�at dual
join-graph. Namely, taking a snapshotat identical steps,
any IBP-zero tuple in the Bayesiannetworkis a removed
tuplein thecorrespondingstepof DR-AC over the�at dual
join-graph.

Proof. It suf�ces to provethatthe�rst iterationof IBP and
DR-AC generatesthesamezerotuplesandremovedtuples,



respectively. We prove the claim by induction over the
topologicalorderingthat de�nes the order in which mes-
sagesaresentin thecorrespondingdualgraphs.
Basecase:By thede�nition of the�at network,whenalgo-
rithmsIBP andDR-AC start,everyzeroprobabilitytuplein
oneof theCPTsPX i in thedualgraphof theBayesiannet-
work, becomesa removedtuple in thecorrespondingcon-
straintRF i in thedualgraphof the�at network.
Inductivestep: Supposethe claim is true after n corre-
spondentmessagesaresentin IBP andDR-AC. Suppose
the (n + 1)th messageis scheduledto be the one from
node u to node v. Indexing messagesby the nameof
the algorithm, in the dual graphof IBP, nodeu contains
pu and hI B P

u
i ; i 2 nev (u), and in the dual graph of

DR-AC, nodeu containsRu andhD R� AC
u
i ; i 2 nev (u).

By the inductive hypothesis,the zero tuples in pu and
hI B P

u
i ; i 2 nev (u) are the removed tuples in Ru and

hD R� AC
u
i ; i 2 nev (u), respectively. Therefore,the zero

tuplesin the product(pu � (
Q

i 2 ne v (u) )h
u
i ) correspondto

theremovedtuplesin thejoin (Ru 1 (1 i 2 ne v (u) )hu
i ). This

provesthatthezerotuplesin themessageof IBP
hI B P

v
u =

P
elim (u;v ) (pu � (

Q
i 2 ne v (u) )h

u
i ), correspondto

theremovedtuplesin themessageof DR-AC
hD R� AC

v
u = � l uv (Ru 1 (1 i 2 ne v (u) )hu

i ).
Thesameargumentcannow beextendedfor everyiteration
of thealgorithms. 2

Corollary 1 Algorithm IBP zero-converges. Namely, its
setof zero tuplesdoesnot changeafter t � r iterations.

Proof. From Theorem4.2 any IBP-zerois a no-goodre-
movedby arc-consistency over the�at network. Sincearc-
consistency converges,theclaim follows. 2

THEOREM 4.3 WhenIBP is appliedto a dual join-graph
of a Bayesiannetwork,anytuplet that is IBP-zero satis�es
PB (t je) = 0.

Proof. From Theorem4.2 if a tuple t is IBP zero, it
is also removed from the correspondingrelation by arc-
consistency over f lat(B; e). Thereforethis tuple is a no-
goodof the network f lat(B; e) and,from Theorem4.1 it
follows thatPB (t je) = 0. 2

4.1 ZEROS ARE SOUNDFOR ANY IJGP

The resultsfor IBP can be extendedto the more general
classof algorithmscallediterativejoin-graphpropagation,
IJGP[Dechteretal.2002]. IJGPcanbeviewedasa gener-
alizedbelief propagationalgorithmandwasshown to ben-
e�t both from thevirtuesof iterative algorithmsandfrom
theanytime characteristicsof boundedinferenceprovided
by mini-bucketsschemes.

The message-passingof IJGP is identical to that of IBP.
Thedifferenceis in theunderlyinggraphthatit uses.IJGP
typicallyhasanaccuracy parameteri calledi-bound,which
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Figure5: a)A beliefnetwork; b) An arc-minimaldualjoin-
graph;

restrictsthemaximumnumberof variablesthatcanappear
in anode(cluster).Eachclustercontainsasetof functions.
IJGPperformsmessage-passingona graphcalledminimal
arc-labeledjoin-graph.

It is easyto de�ne a correspondingDR-AC algorithmthat
operateson a similar minimal arc-labeljoin-graph. Ini-
tially, eachclusterof DR-AC cancontaina numberof re-
lations,which arejust the �at correspondentsof theCPTs
in theclustersof IJGP. Theidenticalmechanicsof themes-
sagepassingensurethatall thepreviousresultsfor IBP can
beextendedto IJGP.

4.2 THE INFERENCE POWER OF IBP

Wewill next show thattheinferencepowerof IBP is some-
timesverylimited andothertimesstrong,exactlywherever
arc-consistency is weakor strong.

4.2.1 Casesof weak inferencepower

Example4.4 Considera belief networkover 6 variables
X 1; X 2; X 3; H1; H2; H3 where thedomainof theX vari-
ables is f 1; 2; 3g and the domain of the H variables is
f 0; 1g (see Figure5a). There are three CPTs over the
scopes:f H1; X 1; X 2g, f H2; X 2; X 3g, andf H3; X 1; X 3g.
The values of the CPTs for every triplet of variables
f H k ; X i ; X j g are:

P(hk = 1jx i ; x j ) =

8
<

:

1; if (3 6= x i 6= x j 6= 3);
1; if (x i = x j = 3);
0; otherwise;

P(hk = 0jx i ; x j ) = 1 � P(hk = 1jx i ; x j ):

Considerthe evidencesete = f H 1 = H2 = H3 = 1g.
Onecanseethat thisBayesiannetworkexpressestheprob-
ability distribution that is concentratedin a singletuple:

P(x1; x2; x3je) =
�

1; if x1 = x2 = x3 = 3;
0; otherwise:

In other words, any tuple containing an assignmentof
”1” or ”2” for any X variable has a zero probability.
The �at constraint network of the above belief network
is de�ned over the scopesS1 = f H1; X 1; X 2g, S2 =



f H2; X 2; X 3g, S3 = f H3; X 1; X 3g. Theconstraints are
de�ned by: RH k ;X i ;X j = f (1; 1; 2); (1; 2; 1); (1; 3; 3);
(0; 1; 1); (0; 1; 3); (0; 2; 2); (0; 2; 3); (0; 3; 1); (0; 3; 2)g.
Also, the prior probabilities for X i ' s becomeunary con-
straintsequalto thefull domainf 1,2,3g (assumingthepri-
ors are non-zero). An arc-minimaldual join-graphwhich
is identicalto theconstraint networkis givenin Figure5b.

In the�at constraint network,theconstraintsin each node
are restrictedafter assigningtheevidencevalues(seeFig-
ure 5b). In this case, DR-AC sendsas messages the full
domainsof thevariablesandthereforeno tupleis removed
fromanyconstraint. SinceIBP infersthesamezerosasarc-
consistency, IBP will alsonot infer anyzerosfor anyfamily
or anysinglevariable. However, sincethetrue probability
of mosttuplesis zero we can concludethat the inference
powerof IBP on this exampleis weakor non-existent.

The weaknessof arc-consistency as demonstratedin this
exampleis not surprising.Arc-consistency is known to be
a weakalgorithmin general.It impliesthesameweakness
for belief propagationand demonstratesthat IBP is very
far from completeness,at leastas long aszero tuplesare
concerned.

The above examplewas constructedby taking a speci�c
constraintnetwork with known propertiesandexpressing
it asa belief network usinga known transformation.We
associateeachconstraintRS with a bi-valuednew hidden
variableX h , directarcsfrom theconstraintvariablesto this
new hiddenvariableX h , andcreatetheCPTsuchthat:

P(xh = 1jxpah ) = 1 ; if f xpah 2 RS :
while zerootherwise[Pearl1988]. The generatedbelief
network conditionedonall theX h variablesbeingassigned
”1” expressesthe sameset of solutionsas the constraint
network.

4.2.2 Casesof strong inferencepower

TherelationshipbetweenIBP andarc-consistency ensures
that IBP is zero-completewhenever arc-consistency is. In
general,if for a �at constraintnetwork of a Bayesiannet-
work B, arc-consistency removesall the inconsistentdo-
main values(it createsminimal domains),then IBP will
alsodiscoverall thetruezerosof B. We next considersev-
eralclassesof constraintsthatareknown to betractable.

Acyclic belief networks. When the belief network is
acyclic, namely when it has a dual join-graph that is a
tree,the �at network is an acyclic constraintnetwork that
canbe shown to be solvableby distributedrelationalarc-
consistency [Dechter1992]. Notethatacyclic Bayesiannet-
worksis astrictsupersetof polytrees.Thesolutionrequires
only oneiteration(two passes)of IBP. Therefore:

Proposition4 IBP is completefor acyclicnetworks,when
appliedto thetreedual join-graph(andtherefore it is also
zero-complete).
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Figure6: a) A belief network that correspondsto a Max-
closedrelation;b) An arc-minimaldualjoin-graph;

Example4.5 We refer back to the exampleof Figure 3.
Thenetworkis acyclic becausethere is a dual join-graph
that is a tree, given in Figure 3c, and IBP will be zero-
completeon it. Moreover, IBP is knownto becompletein
this case.

Belief networks with no evidence. Another interesting
caseis whenthe belief network hasno evidence. In this
case,the�at networkalwayscorrespondsto thecausalcon-
straint networkde�ned in [DechterandPearl1991]. The
inconsistenttuplesor domainvaluesarealreadyexplicitly
describedin eachrelation,andnew zerosdo not exist. In-
deed,it is easyto see(either directly or throughthe �at
network) that:

Proposition5 IBP is zero-completefor anyBayesiannet-
workwith noevidence.

In fact,it canbeshown [Bidyuk andDechter2001] thatIBP
is also completefor non-zeroposteriorbeliefs of many
variableswhenthereis noevidence.

Max-closedconstraints. Considernext theclassof Max-
closedrelationsde�ned as follows. Given a domainD
that is linearly orderedlet Max be a binary operatorthat
returnsthe largest elementamong2. The operatorcan
be applied to 2 tuplesby taking the pair-wise operation
[JeavonsandCooper1996].

DEFINITION 4.2(Max-closedrelations) A relation is
Max-closedif whenever t1; t2 2 R so is M ax(t1; t2). A
constraint networkis Max-closedif all its constraintsare
Max-closed.

It turnsoutthatif aconstraintnetwork is Max-closed,it can
besolvedby distributedarc-consistency. Namely, if nodo-
mainbecomesemptyby thearc-consistency algorithm,the
network is consistent.While arc-consistency is not guar-
anteedto generateminimal domains,thusremoving all in-
consistentvalues,it cangenerateasolutionby selectingthe
maximalvaluefrom thedomainof eachvariable.Accord-
ingly, while IBP will notnecessarilydiscoverall thezeros,
all thelargestnon-zerovaluesin thedomainsof eachvari-
ablearetruenon-zeros.



Therefore,for abeliefnetwork whose�at network is Max-
closedIBP is likely to bepowerful for generatingzerotu-
ples.

Example4.6 Consider the following belief network:
There are 5 variables f V; W; X ; Y; Z g over domains
f 1; 2; 3; 4; 5g. andthefollowing CPTs:

P(xjz; y; w) 6= 0; if f 3x + y + z � 5w + 1
P(wjy; z) 6= 0; if f wz � 2y
P(yjz) 6= 0; if f y � z + 2
P(vjz) 6= 0; if f 3v � z + 1
P(Z = i ) = 1=4; i 2 f 1; 2; 3; 4g

All theotherprobabilitiesare zero. Also,thedomainof W
doesnotinclude3 andthedomainzdoesnotinclude5. The
problem'sacyclicgraphis givenin Figure 6a. It is easyto
seethat the �at networkis the setof constraints over the
above speci�ed domains: w 6= 3, z 6= 5, 3v � z + 1,
y � z+ 2, 3x + y + z � 5w+ 1, wz � 2y. Anarc-minimal
dual join-graphwith singletonlabelsis givenin Figure6b.
It has 5 nodes,one for each family in the Bayesiannet-
work. If we apply distributed relational consistencywe
will get that the domainsare: D V = f 1g, DW = f 4g,
DX = f 3; 4; 5g, DY = f 4; 5g andDZ = f 2; 3g. Sinceall
theconstraintsareMax-closedandsincethere is noempty
domainthe problemhasa solutiongivenby the maximal
valuesin each domain: V = 1, W = 4, X = 5, Y = 5,
Z = 3. Thedomainsare notminimalhowever: there is no
solutionhavingX = 3 or X = 4.

Basedon the correspondencewith arc-consistency, we
knowthat applyingIBP to thedual join-graphwill indeed
infer all the zero domainsexceptthoseof X , which vali-
datesthat IBP is quitepowerfulfor this example.

An interestingcasefor propositionalvariablesis theclass
of Horn clauses.A Horn clausecanbe shown to be Min-
closed(by simply checkingits models). If we have an
acyclic graph,andwe associateevery family with a Horn
clauseexpressedasa CPTin theobviousway, thenapply-
ing Belief propagationon a dual join-graphcanbeshown
to be nothingbut theapplicationof unit propagationuntil
thereis no change.It is well known thatunit propagation
decidesthe consistency of a setof Horn clauses(even if
they arecyclic). However, unit propagationwill notneces-
sarily generatetheminimal domains,andthusnot infer all
thezeros,but it is likely to behavewell.

Implicational constraints. Finally, a classthat is known
to be solvable by path-consistency is implicational con-
straints,de�ned asfollows:

DEFINITION 4.3 A binary networkis implicational,iff for
everybinary relationeveryvalueof onevariableis consis-
tenteitherwith only oneor with all thevaluesof theother
variable [Kir ousis1993]. A Bayesiannetworkis implica-
tional if its �at constraint networksis.
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Figure7: Exampleof a �nite precisionproblem;

Clearly, a binary function is an implicational constraint.
SinceIBP is equivalent to arc-consistency only, we can-
not concludethat IBP is zero-completefor implicational
constraints.Thisraisesthequestionof whatcorrespondsto
path-consistency in belief networks, a questionwhich we
donotattemptto answerat this point.

4.3 A FINITE PRECISION PROBLEM

Algorithmsshouldalwaysbeimplementedwith careon �-
nite precisionmachines. We mentionherea casewhere
IBP's messagesconverge in the limit (i.e. in an in�nite
numberof iterations),but they donotstabilizein any �nite
numberof iterations.Consideragaintheexamplein Figure
5 with the priors on X i 's given in Figure7. If all nodes
H k aresetto value1, thebelief for any of theX i variables
asa function of iterationis given in the tablein Figure7.
After about300iterations,the �nite precisionof our com-
puter is not ableto representthe valuefor B el(X i = 3),
andthis appearsto be zero,yielding the �nal updatedbe-
lief (:5; :5; 0), whenin fact the true updatedbelief should
be (0; 0; 1). This doesnot contradictour theory, because
mathematically, B el(X i = 3) never becomesa true zero,
andIBP neverreachesa quiescentstate.

5 EMPIRICAL EVALUATION

We testedtheperformanceof IBP andIJGPbothon cases
of strong and weak inferencepower. In particular, we
looked at networks where probabilitiesare extreme and
checkedif thepropertiesof IBP with respectto zerosalso
extendto � smallbeliefs.

5.1 ACCURACY OF IBP ACROSSBELIEF
DISTRIBUTION

We investigatedempirically the accuracy of IBP's predic-
tion acrosstherangeof belief valuesfrom 0 to 1. Theoret-
ically, zerovaluesinferredby IBP areprovedcorrect,and
wehypothesizethatthispropertyextendsto � smallbeliefs.
That is, if the �at network is easyfor arc-consistency and
IBP infers a posteriorbelief closeto zero,thenit is likely
to becorrect.
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Figure8: Coding,N=200,1000instances,w*=15;
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Figure9: 10x10grids,100instances,w*=15;

To capturethe accuracy of IBP we computedits absolute
error per intervals of [0; 1]. Using namesinspiredby the
well known measuresin informationretrieval, we useRe-
call AbsoluteError andPrecisionAbsoluteError. Recallis
theabsoluteerroraveragedover all theexactposteriorbe-
liefs thatfall into theinterval. For Precision, theaverageis
takenoverall theapproximateposteriorbeliefvaluescom-
putedby IBP that fall into the interval. Our experiments
show that the two measuresare strongly correlated. We
alsoshow thehistogramsof distribution of belief for each
interval, for theexactandfor IBP, which arealsostrongly
correlated.Theresultsaregivenin Figures8-11. The left
Y axiscorrespondsto thehistograms(thebars),theright Y
axiscorrespondsto theabsoluteerror(thelines).All prob-
lems have binary variables,so the graphsare symmetric
about0.5andweonly show theinterval [0, 0.5]. Thenum-
berof variables,numberof iterationsandinducedwidth w*
arereportedfor eachgraph.

Coding networks are the notoriouscasewhereIBP has
impressive performance.Theproblemsarefrom theclass
of linearblock codes,with 50nodesperlayerand3 parent
nodes. Figure8 shows the resultsfor threedifferentval-
uesof channelnoise: 0.2, 0.4 and0.6. For noise0.2, all
thebeliefscomputedby IBP areextreme. TheRecalland
Precisionarevery small,of theorderof 10� 11. So,in this
case,all thebeliefsareverysmall(� small)andIBP is able
to infer themcorrectly, resultingin almostperfectaccuracy
(IBP is indeedperfectin this casefor the bit error rate).
Whenthenoiseis increased,theRecallandPrecisiontend
to getcloserto abell shape,indicatinghighererrorfor val-
uescloseto 0.5 andsmallererror for extremevalues.The
histogramsalsoshow thatlessbelief valuesareextremeas
the noiseis increased,so all thesefactorsaccountfor an
overalldecreasein accuracy asthechannelnoiseincreases.

Grid networks resultsaregiven in Figure9. Contraryto
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Figure10: Random,N=80,100instances,w*=15;
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Figure11: CPCS54,100 instances,w*=15; CPCS360,5
instances,w*=20;

the caseof codingnetworks, the histogramsshow higher
concentrationaround0.5. Theabsoluteerror peakscloser
to 0 andmaintainsaplateau,asevidenceis increased,indi-
catinglessaccuracy for IBP.

Randomnetworks resultsaregivenin Figure10. Thehis-
togramsaresimilar to thoseof the grids, but the absolute
error hasa tendency to decreasetowards0.5 asevidence
increases.Thismaybedueto thefactthatthetotalnumber
of nodesis smaller(80) thanfor grids (100),andthe evi-
dencecanin many casesmake theproblemeasierfor IBP
bybreakingmany of theloops(in thecaseof gridsevidence
haslessimpactin breakingtheloops).

CPCSnetworks arebelief networksfor medicine,derived
from theComputerbasedPatientCaseSimulationsystem.
Wetestedontwo networks,with 54and360variables.The
histogramsshow opposingtrendsin thedistribution of be-
liefs. Although irregular, the absoluteerror tendsto in-
creasetowards0.5 for cpcs54. For cpcs360it is smaller
around0 and0.5.

We notethat for all thesetypesof networks,IBP hasvery
smallabsoluteerrorfor valuescloseto zero,soit is ableto
infer themcorrectly.

5.2 GRAPH-COLORING TYPE PROBLEMS

We alsotestedthe behavior of IBP andIJGPon a special
classof problemswhichweredesignedto behardfor belief
propagationalgorithmsin general,basedon the fact that
arc-consistency is pooron the�at network.

We considera graphcoloring problemwhich is a gener-
alization of example4.4, with N = 20 X nodes,rather
than3, andavariablenumberof H nodesde�ning theden-
sity of theconstraintgraph.X variablesare3-valuedroot



Table1: Graphcoloringtypeproblems:20 root variables
Absoluteerror

� H=40,w*=5 H=60,w*=7 H=80,w*=9
0.0 0.4373 0.4501 0.4115

IBP 0.1 0.3683 0.4497 0.3869
0.2 0.2288 0.4258 0.3832
0.0 0.1800 0.1800 0.1533

IJGP(2) 0.1 0.3043 0.3694 0.3189
0.2 0.1591 0.3407 0.3022
0.0 0.0000 0.0000 0.0000

IJGP(4) 0.1 0.1211 0.0266 0.0133
0.2 0.0528 0.1370 0.0916
0.0 0.0000 0.0000 0.0000

IJGP(6) 0.1 0.0043 0.0000 0.0132
0.2 0.0123 0.0616 0.0256

nodes,H variablesarebi-valuedandeachhastwo parents
whichareX variables,with theCPTsde�ned likein exam-
ple 4.4. EachH CPT actuallymodelsa binary constraint
betweentwo X nodes.All H nodesareassignedvalue1.
The�at network of this kind of problemshasonly oneso-
lution, whereevery X hasvalue3. In our experimentswe
alsoaddednoiseto theH CPTs,makingprobabilities� and
1 � � ratherthan0 and1.

The resultsare given in Table 1. We varied parameters
along two directions. Onewas increasingthe numberof
H nodes,correspondingto higher densitiesof the con-
straintnetwork (theaverageinducedwidth w� is reported
for eachcolumn). The otherwasincreasingthe noisepa-
rameter� . We averagedover 50 instancesfor eachcombi-
nationof theseparameters.In eachinstance,thepriorsfor
nodesX were randomuniform, and the parentsfor each
nodeH werechosenrandomly. We reporttheabsoluteer-
ror, averagedoverall values,all variablesandall instances.
We shouldnote that theseare fairly small size networks
(w*=5-9), yet they proveto beveryhardfor IBP andIJGP,
becausethe �at network is hard for arc-consistency. It is
interestingto notethatevenwhen� is notextremeanymore
(0.2) theperformanceis still poor, becausethestructureof
thenetwork is hardfor arc-consistency. IJGPwith higher
i-boundsis goodfor � = 0 becauseit is ableto infer some
zerosin thebiggerclusters,andthesepropagatein thenet-
work andin turn infer morezeros.

6 CONCLUSIONS

The paperinvestigatesthe behavior of belief propagation
algorithmsby makinganalogiesto well known andunder-
stoodalgorithmsfrom constraintnetworks. By a simple
transformation,called�attening of the Bayesiannetwork,
IBP (as well as any generalizedbelief propagationalgo-
rithm) can be shown to work similar to distributed rela-
tionalarc-consistency relativeto zerotuplesgeneration.In
particularweshow thatIBP's inferenceof zerobeliefscon-
vergesandis sound.

While thetheoreticalresultspresentedherearestraightfor-
ward, they help identify new classesof problemsthat are

easyor hardfor IBP. Basedonempiricalwork, weobserve
that goodperformanceof IBP andmany small beliefs in-
dicate that the �at network is likely to be easyfor arc-
consistency. On the otherhand,whenwe generatedhard
networks for arc-consistency, IBP wasvery poor in spite
of thepresenceof many zerobeliefs. We believe that the
successof IBP for coding networks can be explainedby
thepresenceof many smallbeliefson onehand,andby an
easy-for-arc-consistency �at network on theother.
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