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ABSTRACT

Motivation: Finding a good network null model for protein-protein
interaction (PPI) networks is a fundamental issue. Such a model
would provide insights into the interplay between network structure
and biological function as well as into evolution. Also, network (graph)
models are used to guide biological experiments and discover new
biological features. It has been proposed that geometric random gra-
phs are a good model for PPI networks. In a geometric random graph,
nodes correspond to uniformly randomly distributed points in a metric
space and edges (links) exist between pairs of nodes for which the
corresponding points in the metric space are close enough according
to some distance norm. Computational experiments have revealed
close matches between key topological properties of PPl networks
and geometric random graph models. In this work, we push the
comparison further by exploiting the fact that the geometric property
can be tested for directly. To this end, we develop an algorithm that
takes PPI interaction data and embeds proteins into a low dimensio-
nal Euclidean space, under the premise that connectivity information
corresponds to Euclidean proximity, as in geometric random graphs.
We judge the sensitivity and specificity of the fit by computing the
area under the Receiver Operator Characteristic (ROC) curve. The
network embedding algorithm is based on Multi-Dimensional Scaling,
with the square root of the path length in a network playing the role of
the Euclidean distance in the Euclidean space. The algorithm exploits
sparsity for computational efficiency, and requires only a few sparse
matrix multiplications, giving a complexity of O(N?) where N is the
number of proteins.

Results: The algorithm has been verified in the sense that it suc-
cessfully rediscovers the geometric structure in artificially constructed
geometric networks, even when noise is added by re-wiring some
links. Applying the algorithm to 19 publicly available PPI networks of
various organisms indicated that: (a) geometric effects are present,
and (b) two-dimensional Euclidean space is generally as effective as
higher-dimensional Euclidean space for explaining the connectivity.
Testing on a high-confidence yeast data set produced a very strong
indication of geometric structure (area under the ROC curve of 0.89),
with this network being essentially indistinguishable from a noisy geo-
metric network. Overall, the results add support to the hypothesis that
PPI networks have a geometric structure.

Availability: MATLAB code implementing the algorithm is available
upon request.

Contact: natasha@ics.uci.edu
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1 INTRODUCTION

Large, complex networks (also called graphs) arisein avast array of
applications (Newman, 2003). Efforts to develop models that des-
cribe and summarize complex networks have focused on various
network features such as motifs (Milo et al., 2002), graphlets (Przulj
et al., 2004) and graphlet degree distributions Przulj (2006), clu-
stering coefficients (Weatts and Strogatz, 1998), pathlengths (Watts
and Strogatz, 1998) and degree distributions (Khanin and Wit, 2006;
Newman, 2003; Thomaset al., 2003).

Studying protein-protein interaction (PPl) networks has recently
become possible due to advances in experimental high-throughput
technologies such as yeast-2-hybrid (Y2H) (lto et al., 2000; Uetz
et al., 2000), tandem affinity purification (TAP) (Gavin et al., 2002),
and high-throughput mass spectrometric protein complex identi-
fication (HMS-PCI) (Ho et al., 2002). A significant amount of
experimental PPl network data for several organisms has already
been generated (Ito et al., 2000; Uetz et al., 2000; Gavin et al., 2002;
Hoet al., 2002; Giot et al., 2003; Li et al., 2004; Stelzl et al., 2005;
Rual et al., 2005; Krogan et al., 2006).

Understanding the patterns of intricate wiring in PPl networksis
clearly of great importance for basic biological understanding, and
aso has the potential to feed back into the strategies for optimal
interactome detection (Lappe and Holm, 2004). Further benefits of
an accurate PPl model include (&) generation of synthetic data sets
of any sizein order to test computational algorithms, (b) detection of
false positives and false negatives, (c) possible insightsinto the evo-
lutionary processes that created the network, and (d) convenience
of representing complex networks in terms of a small number of
model parameters and thereby distinguishing between networks for
different organisms. Thus, modelling of PPl networks has become
an active research area and severa different random graph models
have already been suggested (Vazquez et al., 2001; Grindrod, 2002;
Thomaset al., 2003; Grindrod and Kibble, 2004; Przulj et al., 2004,
Morrison et al., 2006; Przulj and Higham, 2006). Among them
are geometric random graphs (Przulj et al., 2004, 2006) in which
nodes correspond to uniformly randomly distributed points in a
low-dimensional Euclidean space and edges exist between pairs of
nodes in the graph if the corresponding points in the space are close
enough (within some radius €) according to the Euclidean distance
norm. Other models include: Erdds-Rényi random graphs (Erdos
and Reényi, 1959, 1960), generalized random graphs (Bender and
Canfield, 1978), small-world (Watts and Strogatz, 1998), scale-free
(Simon, 1955; Barabasi and Albert, 1999), and stickiness (Przulj and
Higham, 2006) networks.
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Our research focuses on geometric random graphs. The key obser-
vation that drives our work is that, in contrast with other putative
PPl models, the geometric structure can be examined constructively.
To test whether a given PPl network has a geometric structure, rat-
her than measuring local and global statistics of the PPl network
and comparing these with local and global statistics of random
geometric graphs, amore direct question can be addressed:

can we represent the given PPl network as a geometric graph
by embedding the proteins in R?, R* or R* and finding an e
such that proteins are connected if and only if they are e-close?

There are two main themes to this work. The first theme is desi-
gning and testing an algorithm to discover whether anetwork has an
underlying geometric structure. Thistheme is dealt with in sections
2-4. The second theme, covered in section 5, is to use this tool to
study PPl networks.

We remark that the reverse engineering problem considered here
is related to the general, but less well-defined, tasks of ordering
and clustering (Grindrod, 2002; Grindrod and Kibble, 2004; Titz
et al., 2004). Spectra (eigenvalue/eigenvector-based) algorithms
have proved successful for ordering and clustering (Grindrod and
Kibble, 2004; Higham, 2003), and this provides motivation for a
spectral algorithm to address the geometric embedding issue.

2 THEORETICAL BASIS

Asin previousstudies (Przulj et al., 2004; Przulj, 2006), we focus on
non-periodic, uniform, Euclidean geometric random graphs in R?,
R? and R*. These are defined as follows (see (Penrose, 2003) for
further details about geometric random graphs and their properties).
In the two-dimensional case, to create a network (an undirected,
unweighted graph) with N nodes we place a set of N points,
{2 | uniformly in the unit square; that is, each 27! € R? has
its two components drawn independently from the uniform (0,1) dis-
tribution, and all points are generated independently. Then, for each
pair of points (z(!, 21'), we create an edge between nodes i and j
of the geometric random graph if and only if ||z} — zUl||; < e,
where || - ||2 denotes Euclidean distance and € > 0 isaparameter. In
other words, nodes ¢ and j arelinked if and only if points: and j are
within Euclidean distance e. The process is illustrated in the upper
left picture of Figure 1. The three- and four-dimensional cases are
defined analogously, by placing pointsin R? and R*.

Our algorithm makes use of ideas from Multi-Dimensional Sca-
ling (MDS). We summarize here the necessary details, referring the
reader to (Cox and Cox, 1994) for further information and historical
references, and (Taguchi and Oono, 2004) and (Kaski et al., 2003)
for examples where MDS has been used in bioinformatics.

Suppose that, for a set of N objects, we are given the pairwise
Euclidean distances d;; between all pairs, and we are asked to find
aset of N vectors {z11Y , in R™ such that

| 2 — 2V ||y = dyy,  foralli, j. @
In other words, our task is to find locations in R™ for the objects
so that the pairwise distances are respected. Finding the smallest
dimension m for which a solution is possible may be regarded as
part of the problem. In our context, we will think of the dimension
as being fixed at 2, 3 or 4, and we will be seeking N locations
{z!"}; for which the constraints (1) are well approximated in a
sense that will be made precise.

Given data {d;;} that respects the triangle inequality, double
centering produces the symmetric, positive semi-definite matrix
A € RV*N defined by

i =} (- 130
@)

Letting X € R™* " be the matrix whose ;" columnis z!, it may
then be shown that

X"'x=4 = | -2y =dy, foralli,j. (3)
Now A has the real Schur decomposition (Golub and Van Loan,
1996) A = UTXU, where U € R™*¥ js orthogonal (its rows
are eigenvectors of A) and X = diag(o;) isdiagonal with diagonal
entries ordered high-to-low (these are the eigenvalues of A). We
then see that a solution X in (3) may be computed as

X =320 )

To find an “optimal” approximation such that =/ € R”, we may
truncate (4) using only the » most positive eigenvalues, so that

ﬁalu[l]T
X= : : ®)

oulrl”

where ul¥_€ R is the k" row of U. This is optimal in the
sense that X isthe closest rank-r matrix to X, in any orthogonally
invariant norm (Golub and Van Loan, 1996).

3 INITIAL ALGORITHM

In this section, we outline the main ideas behind the algorithm and
show how we propose to evaluate its accuracy. Our task isto embed
proteinsinto R?, R? or R* given the PPI network. Rather than Eucli-
dean distances, we have only {0, 1} connectivity information. For
this reason, we will use afunction of the pathlength in lieu of Eucli-
dean distance. By construction, if nodes A and B in a geometric
graph are connected (pathlength one), then their Euclidean distance
is between zero and e. Similarly, a pathlength of two indicates that
an intermediate node, C, is e-close to both A and B, with the Eucli-
dean distance between A and B lying somewhere between e and 2e.
In the absence of exact distance information we will adopt the heu-
ristic that a “typical” configuration has a right-angle for the angle
ABC, and assume that a typical length-two path corresponds to a
distance of v/2e. The square root can also be regarded as an att-
empt to compromise between the opposing factors where (1) one
of the distances A-to-C or C-to-B is much less than ¢ and (2) the
nodes A, B, and C are co-linear. More generaly, we will use the
sguare root of the graph pathlength in lieu of Euclidean distance, so
that d;; in (1) is taken to be |/path,;, where path,; denotes the
pathlength between nodes i and j. In practice, wetried several alter-
native monotonically increasing functions of path, ; and found that
the resulting algorithm was insensitive to this detail.

A minor issueis the natural scale-invariance of the problem—re-
scaling e and the distances d;; does not change the network. Because
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