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Abstract

In this paper, we study discrete swarm algorithms, whereilmofibots (or “mobots”) move around
interacting in an environment to solve computational peai8. This work extends recent work on swarm
algorithms in the distributed computing, artificial intgénce, and robotics literatures in that we assume
that mobots areomputational that is, they have additional memory and hardware so asablecom-
putations that are somewhat more sophisticated than fiigite automata. We describe efficient swarm
algorithms for a number of foundational problems, which essential prerequisites for coordinated
movement, data gathering, and data processing compwatiatuding rectangle ranking, prefix sums
and products, permutation routing, and sorting. Each ofatgmrithms is optimal in at least one com-
plexity measure.

[Regular submission to SPAA 2008.]



1 Introduction

Motivated by recent developments with mobile sensors ameblmats, this paper is directed at the study
of distributed algorithms for computing devices that mavielligently. Such collections of mobile robots
(which are sometimes calledobots[7]) suggest an intriguing paradigm, where computing devigove
around an environment to perform a computation, all witreauttralized control. For example, there might
be a decentralized action that the mobots need to perforch, @s1a coordinated search for survivors of an
avalanche or pieces of a crashed airplane. Additional el such environmentally-induced computa-
tions could include the detection and monitoring of hazasdepills, physical resource allocation, and mili-
tary applications. We envision a computational paradignerela swarm can perform all aspects of a com-
putation, including setup, distributed search and datatjmgollective data processing, and post-processing
action, all without centralized control.

The PMR Model. To facilitate the design and analysis of computationaridhigted swarm algorithms, let
us define a parallel computational model that captures thenéal features of how mobots can be used to
collectively solve computational problems. Given somejgien distance, based on robot size and sensing
capabilities, this model discretizes the environment g0 psovide a simple notion of location. Specifically,
define a model, which we will refer to as tRarallel Mobile Robot(PMR) model, as follows:
e Each mobot has storage capacity that is at least as large@s:, wherem is the number of mobats
This allows mobots to at least be able to count each otheex@ample.
e The mobot collection is coarsely synchronizddhe coarse-grained clock can be implemented using
reasonably-synchronized internal clocks or an externedless clock.
e The environment is two-dimensional, with coordinates ifigelcdby integerr- andy-coordinates, each
mobot knows its location in the environment, and each grdtion can hold at most one mobot
¢ In any step, a mobot may stay in its cell or it may move to ancadjacell, but only if such a move is
collision-avoiding If a mobot attempts to move into an adjacent grid cell thatiupied by another
mobot, then it fails and stays in its cell. Likewise, if two buts attempt to move into the same cell,
then they both fail.
e A mobot can communicate a single message to an adjacent motrod stepThere are a number of
ways such communication can be implemented, including $ieeadl infrared transmitters/receivers,
RF antennas, or even the collision-avoidanceltule

Variations. With no extensions to the above rules, we define uhg-cost PMR model. We also can
consider an extension of this model, however, to a variantalethe long-haul PMR model, which is
motivated by mobile robots that can move quickly in a straljte:
e A mobot can move horizontally or vertically from a pgirtb a pointg in a single stepThis movement

in the long-haul variant is allowed, however, only if no such paths cross. Wavasuch paths to

overlap, but they may not share common endpoints.
Note that this rule only allows mobots on long-haul pathsoltow one another. Some algorithms assume
that a single vertical or horizontal long-haul track is iemlented physically as a single lane. This as-
sumption implies that long-haul paths cannot be complatehtained inside other long-haul paths, for a
long-haul path completely inside another means that a motndt stop short in front of another, which
would cause a crash. Other algorithms instead assume tigehiaul tracks consist of a travel lane and a
parking lane, in which case we can allow long-haul paths tedrapletely contained in other long-haul
paths, since a mobot that has reached its destination caotyspull into the “parking spot” at that point
(which must be open, since long-haul paths cannot sharearidp Algorithms that do not use this mobot
parking capability are calleparking-free

The collision-avoidance rule allows a pair of mobots sefearay a single grid cell to “dance” so as to communicate bits,,
by having an attempt to move to an adjacent space be a ‘1’ aldd¢k of such an attempt be a ‘0.’



Analyzing PMR Algorithms. In traditional parallel models, algorithms are typicallyadyzed in terms
of running time, memory space, and processor count. For a Bllgitithm, specified by (small) programs
stored in the mobots, there are various ways of measurirgeziy:

e The number of mobatJypically, we assume that the number of mobots is equal the input size.

e The number of steps required by the algorithwide refer to this bound as the “running time.” Note
that the number of steps also provides a bound on commumicatimplexity, which, in this paper,
we focus on the case when mobots pass 1-bit messages in a siagl(i.e., a bit-communication
analysis).

e The maximum distance traveled by any mobbhis measure corresponds to the amount of power
needed by each mobot to perform a given computation.

Previous Related Work. In the artificial intelligence (Al) and robotics literatwethere has been consid-
erable work done on algorithms for collections of mobileatsh(e.g., see [6, 21]). The main focus of this
previous work has been on the study of emergent behavior ollective from simple rules defined for the
mobots. In fact, this motivation is the reason why such ctiltes are usually callesivarms Interestingly,
with only a handful of simple rules for the mobots, simulascof swarm algorithms show a remarkable
ability to mimic the behavior of groups of ants, bees, fishyiads [2, 15, 21, 22, 23, 24, 25, 26, 28]. More-
over, such algorithms have useful applications in film mgkas they can be used to create lifelike moving
images of large groups. For example, swarm algorithms wsd to create some of the scenes in the “Lord
of the Rings” movie trilogy (sebtt p: / / ww. nassi vesof t war e. cont).

Although the subject of emergent collective behavior frampde rules is interesting and even prof-
itable, our interest is complementary to existing work omasw algorithms. That is, we are not focused in
this project on getting mobots to act like ants, bees, fisljrols, but are instead interested in models and
algorithms forcomputationalswarms, which describe in a step-by-step fashion how adtimlte of mobots
can work together to solve specific computational probleimgrestingly, even at the model level, our ap-
proach contrasts with the prior work on swarm algorithms, ifothe PMR model, we allow for a limited
internal memory for each mobot, which can be used to do caamtipas internal to that mobot. Existing
swarm models, in contrast, assume only a constant numbeemfony bits and restrict each mobot's com-
putational strength to that of a finite state automaton (HZA)This limitation seems artificially restrictive
in a world where a digital camera can store gigabytes on avehie card the size of a dime. Fortunately,
some researchers in the robotics community are also reziagrihis fact and are allowing swarming robots
to have reasonably sized memories (e.g., see [3]). Evenrsm® sellular automata can simulate Turing
machines [20], we note that a sufficient number of FSA-baselolats can simulate a Turing machine (basi-
cally by building it out of a large number of mobots). Thusyypding for limited mobot memory allows for
discrete swarm algorithms to be more efficient and makes &nailysis more realistic, but it doesn’t extend
the class of computable functions.

There has also been some prior workdistributed robot swarncomputations, for robot dispersion,
separation, search, and organization tasks. Hssrad. [12] study methods for dispersing mobile robots
in an unknown environment, using a model that is similar ® BMR model but nevertheless restricts
robot memory to constant-size and the control mechanism #S#A. Wang and Zhang [30] study a simple
separation task, where all the mobots are colored red ordidethey wish to separate into two clusters
of identically-colored mobots. Arkiet al. [1] study the “freeze-tag problem,” which involves “waking
up” a collection of mobile robots to perform a collectivekas hey address the optimization problem of
minimizing the running time of the algorithm, showing it i®Mhard, but approximation algorithms exist.
Beslonet al. [5] study mobile robot searching strategies, where mob@daoking for desired locations
while avoiding obstacles. Cieliebal. [8] study the problem of bringing a collection of mobile rd&do
a common point. There is also previous work that solves mgatiter and dispersal problems by viewing
mobots as particles with attractive and repulsive forcéim@apon them (e.g., see [4, 9, 10, 19]). In spite
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of this previous work on distributed swarm robots, some oicitontains elements of the PMR model
described above, we are not aware of previous work thategucthmputational swarm models with the
features we consider here, including the modeling of motwlsave reasonable memory sizes and coarse-
grain awareness of time, all of which are easily realizakith modern hardware.

There are also some observations that we can draw fromrexistirk on parallel algorithms. For exam-
ple, we can assign mobots to grid locations in &@n x y/n mesh and have them simulate a mesh-computer
algorithm [17]. Once the mobots configure themselves infguaie mesh, they can then communicate with
their neighbors to simulate the mesh algorithm. Thus, anghnmaégorithm can become a PMR algorithm
with the number of steps in such a simulation be(gnax{+/n, T'(n)}), whereT'(n) is the (bit-complexity)
running time of the mesh algorithm they are simulating.

Similarly, n» mobots can simulate a uniform circuit, by physically traieg a “drawing” of it. This
simulation is only possible for circuits that can easily lesaibed iro(n) space. In addition, a collection of
mobots can easily simulate a set of cellular automata, wérielgrids of non-moving cells with finite state
that can change state in reaction to the states of neigitpoeits [14, 27, 31].

Our Results. In this paper, we give discrete swarm algorithms for theofeihg problems:

e Rectangle rankingsort mobots by location, so each mobot learns its lexiquucarank according to
(starting)x- andy-coordinates. This subproblem is useful, for example, Inisg mobot dispersion,
compression, and coordinated search problems.

e Prefix products compute the value of an associative function for each padflgxicographic ranks.
This subproblem is useful, for example, in aggregatingaedata and in weighted ranking problems.

e Coordinated motionroute a collection of mobots so that they physically movalternative positions
specified by a permutation (that is, such that no two mobots titee same destination address).

e Parallel sorting physically sort mobots by (stored) input values.

We believe these problems are foundational, in that ariserally in the solutions to other swarm al-
gorithms, which would naturally come in future work. Our@ighms for these problems are all optimal,
in terms of their running times or the maximum distance tievgoer mobile robot. In addition, our algo-
rithms illustrate the additional power that can be achiesietply by giving mobile robots a small amount
of memory (whose size depends on the number of mobots). REonge, several of our algorithms make
use of a technique where we have a group of mobots perform putation that is aehearsalfor a future
computation. Even with limited memory, the mobots can retmemtheir previous rehearsal so that they can
perform the future actual computation without conflicts.

2 Rectangle Ranking and Parallel Prefix Computations

Rectangle ranking and parallel prefix computations sohsicharoblems for swarms of mobile robots. For
example, they form foundational subproblems in the probd¢rvenly distributing mobots in an environ-
ment or for performing a coordinated search for an objectadfie. In this section, we present several
efficient algorithms in the PMR model for these problems.

The Rectangle Ranking Problem. In therectangle rankingproblem, we are given a configuration of
mobots (although they may not know the valuewpfn an N x M grid, and we are interested in numbering
the mobots from to n based on a lexicographical ordering of their coordinatahiminitial configuration.

The Prefix Products Problem. In theprefix productsproblem, we are given a configurationsofmobots
inanN x M grid, and we are interested in computing, for each mahgthe productr; ® 2o ® - - - ® x4,
where® is any associative operator and the subscripts are basedumlaering of the mobots frormto n
in a lexicographical ordering of their coordinates in thigial configuration.



2.1 Solving the Prefix Products Problem in the PMR Model

We describe in this subsection a solution to the prefix prisdpmblem in the long-haul model that runs
in O((log N + log M )w) time with maximum distanc&® (N + M), wherew is the word size needed to
store values of the operator. This result immediately implies a solution in tim&-cost model that runs in
O(N + M) time for reasonable values of
Expand theN x M grid to a2N x 2M grid, by having each mobot move to thecoordinate double
its own and then theg-coordinate double its own (so there is an empty row and coluext to every
mobot). Imagine that we define a complete binary tree on the akeach occupied row of the grid and
then a complete binary tree on these rows. Letenote this tree (even though we don't explicitly stére
anywhere). Each nodeof T is associated with a subgrid of our environment, which isuthien of all the
cells that are descendentswoplus the empty cells above and to the right of these cellsdttitian, let us
associate with each sueha center poinp(v) in an empty row ob’s subgrid, and note that each such center
point will have a grid cell to the left gf(v) and a grid cell to the right gf(v). Based on its initial position,
each mobot is assigned to a leaf of the tfeeAt a high level, the algorithm for prefix products consists o
the following two phases, which mimic the parallel prefixaithm of Ladner and Fischer [16]:
1. In the first phase, which we call th-sweephase, the collective computes, for each internal node
of T', the product of values stored in mobots that are in cellsciestsal with descendents of
2. In the next phase, which we call tdewn-treephase, the collective computes, for each nodd 7',
the product of values stored at mobots in the preorder leafquessors af.
The final values associated with the leave§ @re the solutions to the prefix products problem.

The Up-sweep Phase. Suppose inductively we have a mobot associated with eaolinoflT on leveli
that has at least one mobot in a descendent cell. Each suabt moipves to the (appropriate left/right side
of the) center point of the subgrid of si2é(v) x M (v) associated with’s parent in7". This movement
can be done i (1) time in the long-haul model, using the empty rows and colulikes'streets,” with the
distance traveled bein@ (N (v)) during the horizontal combination rounds an@\/ (v)) during the vertical
combination rounds. Ift meets another mobot there, then the two mobots are desigtatexchange
information, i.e.,x shares its product value associated wittnd receives the product value from the mobot
for v's sibling inT". This information exchange can be done using the bit-coniratian rule to run ir0(w)
time. If there is no other mobot waiting at the meeting pdiménv’s sibling has no mobots associated with
its descendents and its product value is taken tb. b&t the same time, one of the communicating mobots
is chosen as keaderto represent the parent node of the two nodes. For examplegdbot associated with
the right sibling could always be chosen as the leader (snhese is no right mobot, in which case the left
mobot is chosen). The leader node calculates the resultodupt of the two values and saves this. The
non-leader mobot stores its value as well (this value wilubed during the down-sweep phase). The two
mobots chosen as leaders at stgpoceed in step + 1 to communicate with each other, representing the
internal nodes that are siblings in the tree. In this way, arioue marching up the implicitly-defined tree
T computing the products of mobot descendents for each node

Note that at the end of the up-sweep phase, for each inteau-left child,v, there is a mobot sitting
at a meeting point that stores the product of descendents of

The Down-sweep phase. During the down-sweep phase of the algorithm, we have eaalete store
the product of preorder mobot descendents of the mddel” it is representing, and we askto retrace its
steps. When a mobat returns to meet with a mobgt « knows the product of preorder leaf predecessors
of y's node,u. Soz tells y this value, which takes at moél(w) time. Likewise,y tells = (again) the
value ofy’s product of mobot descendents. The molpdhen multiplies this value to its current value of
preorder leaf predecessors, which gives the correct valugd sibling, which now becomes the node’Bf
associated witlr. This givesr the information it needs to then proceed ddivio the next level, continuing



the down-sweep phase.

There are)(log N +log M) rounds in the above algorithm, each of which tak€s)) steps. In addition,
any mobot travels distance at m@3tV) during all the horizontal rounds (since that side-lengttiagbling
with each such round) and distance at m@&d/) in all the vertical rounds (since that side-length is daudpli
with each such round). Thus, we have the following.

Theorem 1. Givenn mobots in anV x M grid, the prefix products problem can be solvedif(log N +
log M)w) steps and with maximum distance traveledV + /) in the long-haul PMR model with word-size
w, in a parking-free fashion.

We note that the above distance bound is optimal in the wasst.cThat is, a mobot may have to traverse
a distance ofD(N + M) just to meet another mobot. Moreover, the above theoremiésiph algorithm
in the unit-cost model that runs @(N + M) time. We can, however, do better than Theorem 1 for the
rectangle ranking problem, as well as many useful examgld®® operator, as we show next.

2.2 Improved Rectangle Ranking and Prefix Sums

For the rectangle ranking and prefix sums problems, we canifisgntly improve Theorem 1. Rectangle
ranking and prefix sums are special cases of prefix produatseshis addition. In the rectangle ranking
problem we also have the additional constraint that evetialivalue stored in a mobot is. Thus, for this
problem,w is O(log n), which isO(log N + log M ). Likewise, we expectv to beO(log N + log M) for
most applications of prefix sums as well.

In this section, we describe how to solve the prefix sums aathmgle ranking problems i®(w +
log N + log M) time in the long-haul PMR model with maximum distar@éN + A). The main idea of
our improved algorithm is to first bring together groupsafw) mobots, which then can act in concert to
perform a series of pipelined summations.

Let us describe then how we can bring together groug3(ef) mobots. We begin by partitioning the
N x M grid into subgrids of sizé&(w + log N + log M) and compressing all the mobots in each subgrid
in O(w + log N + log M) using unit-cost steps. By starting from these subgrids, areassume that each
internal node irf” has a (physical) queue of sizgw) associated with it, while keeping the overall rectangle
dimensions aD(N) x O(M).

We then perforn©(log N +log M +w) steps of an attempt to route mobots towards the rot a/hen
two mobots are the first to meet at a nadef T', one of them stays behind and the other continues up the
treeT. The mobot that stays behind is called trmuncer. It is the job of the bouncer to keep a count of the
number of mobots that pass througiso that it can inform new mobots that comevtavhether or not they
can join one of two queues associated witha left queue and a right queue. A mobot adds itself to a queue
by first getting approval from the bouncer and then marchiext to the queue from the front until it finds
the free spot, where it inserts itself. Such a protocol alow to pipeline queue insertionsar(1) time per
insertion. The bouncer adds mobots coming framleft child tov’s left queue and mobots fromis right
child to v’s right queue. The bouncer continues to allow queue irmestuntil it sees a total ab mobots, at
which point we say that is completed Whenv is completed, the bouncer atinforms any other mobots
wishing to joinv’s queues that they are not allowed. A bouncer continuedaw ahobots to leave its queues
until the bouncer at’s parent,u, rejects insertions to its queues. The bouncer always girarsedence to
the mobots ins’s left queue, however, over its right queue. That is, witbhestep that one af's queues is
nonempty, the bouncer farlets a mobot: leave a queue far and try to move ta:'s queue, giving priority
to mobots in the left queue. ifis rejected by.'s bouncer, then it returns toimmediately, and the bouncer
for v stops allowing mobots to travel up to If x is not rejected by:’s bouncer, then it joins one af's
queues. Likewise, it’s left queue is empty, then the bouncer allows a mabti proceed similarly ta
from v’s right queue. Thus, mobots continue to move up accordinipeo inorder relationships and be
queued at nodes in the tréeuntil reaching the root or a completed node



Note that if a node becomes completed, then all its ancestiirbecome completed as well, using
only O(w + log N + log M) steps. After this computation is done, we run it in reverse lahthe mobots
repeat their actions backwards, which they can remembeg asi internal memory of siz@(w + log N +
log M). But rather than having mobots return all the way to the Isafd’, we have them stop at the first
uncompleted node on the path frafts root to their leaf starting point. Each such uncompletedav can
have at mostv mobots return to it; hence, all of them can fitils queue. Moreover, by our priority scheme,
the mobots inv’s queue are sorted in reverse inorder. Thus, we can reveissertlering inO(w) time to
sort each group of mobots according to the inorder of thairtisg point inT, that is, according to their
lexicographic order in the starting rectangle.

At this point, we have all the mobots distributed into contigs linear queues of sizé(w) in their
correct orders. Lefay,aq,...,a;} denote the values stored in these mobots, in lexicograpiier.o In
each group, we now initiate a pipelined prefix sum computatrehere, starting with least-significant bits,
we computea; + a9, a1 + as + as, ..., a1 + --- + ag. Each time a mobot determines a bit of its prefix
sum, it communicates that bit with its next-door neighbdnug; since it take®(w) steps to compute the
next prefix sum given the previous one, and thergre) mobots in the group, this pipelining allows each
mobot in such a group to compute its associated prefix sumadtabdf O(w) steps.

At this point, we have computed a prefix sum in each grou@@f) mobots associated with a node
in T that is uncompleted, but which is the child of a completedendthe remainder of our computation is
to perform the up-sweep and down-sweep phasédsima similar pipelined fashion to how we computed
the prefix sums in each group. The main challenge is that tHeshim7” are not right next to each other, as
was the case of the mobots in each group.

We now are ready to perform the up-sweep and down-sweep phese We elect the last member of
each group as the representative of that group, sendingnitiadt to the parent node ifi to communicate
the sum of values from this group and perform the additiomiaf¥alue with the sum from the sibling node
in T". Mobots from each group also begin a routing to the root. But the job of the mobots not computing
sums of two children values is to communicate bits from adctuila parent. That is, as each bit is computed
in a pipelined addition at a node there is a mobot that carries that bit to the parent so tlainitbe used to
perform the next binary addition at the parent, and so orer&iw + log N + log M) steps the up-sweep
phase will be done. A similar computation in reverse perfothe down-sweep phase (stopping at the nodes
just below completed nodes). Moreover, each mobot is gtegdrto traverse each edgelofit mostO(1)
times. Thus, the total distance traveledigV + M ). Therefore, we have the following:

Theorem 2. Givenn mobots in anV x M grid, with each mobot storing a numerical value represemtéd
w bits, we can compute all the prefix sums of these valuéxin+ log N + log M) time in the long-haul
model in a parking-free fashion with maximum distatbeV + M).

Improved Prefix Products for NC Functions. An n-input Boolean functionf is in NC if it can be
computed in polylogarithmic depth by a logspace-unifornoBan circuit of polynomial size (e.g., see [13]).
If we assume that such a circuit is represented in a layesttidia, it can easily be simulated by a polynomial
number of mobots in polylogarithmic time with polynomial xmum distance. We can use this fact to
improve our prefix products algorithm for associative opmsathat can be computed NC such that there
is an upper bound on the input and output size (corresponding to the word sizéhk values in the prefix
products problem). For example, modular multiplicatiosush a problem.

Let ® now be an associative operator that can be comput&tCinthat is, by a bounded fan-in circuit
of size O(n*) and depthO(log* n), for constant: > 0. To improve our prefix products algorithm in this
scenario, we perform a preprocessing step, where we doangdetranking and compress the mobots into
anO(n'/?) x O(n'/?) grid, maintaining their lexicographic ordering, as eitiéror M must be at least
n!/2. This implies that the tre@ is a balanced binary tree.

We then divide the computation of the up-sweep and down{sywhkases into two subphases each. Let



us focus on the up-sweep phase, as the down-sweep phasalas. simthe first subphase, we solve the
prefix product problem up the trd@using the algorithm of Section 2.1, but we stop when we redehed
in T such that each nodeon that level ha®(w") descendents, wheteis the constant for the size of the
circuit needed to perforr®. Thus, this subphase tak€gw log w) time, since we do not count the time for
performing ther operation inside a single mobot on two of its internal values

Once the first subphase is complete, we will have completeddmputation of the up-sweep phase up
to each node in T with O(w*) mobot descendents. At this point, we change modes and ndarpethe
remainder of the computations dpusing groups of)(w*) mobots to simulate thBIC circuit to compute
® at each remaining level. Since the inputs to these circaitsbe computed iW(1) time in parallel, this
implies that we can perform each remainiggoperation inO(logk w) time, by simulating theNC circuit
with each group of)(w*) mobots. Thus, the entire subphase can be implement@dlig n log" w) time.
Therefore, we have the following:
Theorem 3. Let ® be an associative operator that can be computeN@with a (layered) circuit of size
O(w*) in O(logk w) time, such that there is an upper bouadon its input and output size (corresponding
to the word size for the values in the prefix products probleBuppose further that a value in the domain
of ® is stored in each of. mobots in anV x M grid. Then inO(w log w 4 log N +log M + log nlog" w)
time we can solve the prefix products problemgoin the long-haul PMR model in a parking-free fashion.

3 Coordinated Motion

Let us consider the problem of solving a coordinated motianmng problem, where we havemobots,
with initial positions, and each would like to move to a diffat, distinct position in a collision-free fashion.
Naturally, we would like to perform this motion as quickly@sssible. Note that we can reduce this problem
to that of routing a permutation ef mobots that are initially placed in a(,/n) x O(y/n) grid (say, after
rectangle-ranking and compression steps). In additiomeoneed to perform coordinated motion in any
distributed robot swarm, this problem is also motivated by fact that we can simulate each step of a
bit-EREW PRAM algorithm by having one group of mobots repredsmemory cells and another group
represent processors, with a permutation routing donedmtihe two to perform the reads and writes.

3.1 Grid Lock with the Greedy Algorithm

As in the mesh-computer model (e.g., see [17], the greedyitign for permutation mobot routing is to
have each mobot first move to its desired column and then nuoie desired row. In the mesh-computer
model, it is easy to see that this algorithm will route(q,/n) steps with queues of siz@(,/n). For
mobots, however, the algorithm is potentially quite inédft.

Theorem 4. There is a permutation that causes the greedy mobot algorftr » mobots in arO(y/n) x
O(+/n) grid to take®(n) time.

Proof. Assign Cartesian coordinates to the locations so that allatschave their destinatiopx, y) address
greater than their source address. WLOG, let us assumdnthyaall attempt to move leftwards to the correct
y-address, and then turn onto a vertical track to move upwartite correctz-address, but are blocked from
turning when the vertical track is occupied. We’ll also asststraight-going traffic has priority over turning
traffic. We fix a parametet ~ /n/4. We place an initial set gf(k+ 1) mobots a{x, y) for 0 < z < kand

0 <y < k. The mobots atk, y) go to(k, 2k +y). The mobots atx,y) forx < k —y goto(k+y, k+x).
The remaining mobots &tr, y) go to (2k — y — 1,3k + z). So, each row has a train of mobots heading
for columnk + y, together with one mobot in each earlier column. Initiathye mobots in columi: are
blocking all the other mobots: they are moving verticallgaglumnk and each other row starts with a mobot
that wants to move into columi After the first step, these mobots are followed into coluniy khe train

of mobots in ron0, and all the other rows stay frozen. Only after the end of tfzsign passes row, after



k steps, can the first mobot in roivmove into columnk. This frees the train of mobots in rowto start
moving into columrk + 1, which they do just in time to block each higher row, and so on. O

3.2 Constant-Time Deterministic Long-Haul Routing

In this section, we show that the permutation routing pnobdan be solved in constant time in the long-haul
model with an efficient bound on the maximum distance traleBefore we give this algorithm, however,
observe that if we have mobots lined up compactly in a single row (or column), thencar easily route
any permutation irO(1) time with maximum distanc®(n), simply by having all the mobots move to
their destinations, first with those wishing to move left dnein with those wishing to move right. Such an
approach uses parking, of course, but we can achieve a sneslalt without parking by having the mobots
move on different tracks based on their direction and deéslistance they wish to move.

The Spread-and-Compress Algorithm. We can achieve an improved bound for maximum distance trav-
eled for constant-time routing, however, by being moreal@ how we organize movements. In particular,
we can achieve constant-time routing Mﬂ@n2/3) maximum distance, which we conjecture is optimal for
constant-time routing.

Let us assume that the mobots are initially configured indA x n!/2 grid (we omit floor and ceiling
notation to keep the discussion simple). Using a verticdlfarizontal move, spread these out to@f® x
n?/3 grid, so that there are'/® empty rows and columns between mobot positions. More to dve,mext
to each mobot: there is an empty.!/¢ x n'/¢ subgrid,G(z), which containg:!'/? cells. Divide the entire
grid into vertical slabs of dimension/3 x n2/3, each of which contain mobots in an expandéd® x n!/2
grid. Number the slabs left to right fromto n!/3. Each mobot: has a current column locatighin its
slab and a slalz that it wishes to move to. For each slabmove each mobat in that slab to position
i in G(x) (using a row-major numbering). (See Figure 1a.) Next, haah enobot move to positiohin
G'(z), which is a translation of/(z) to locationj in slabk. This is a horizontal movement for each mobot.
Moreover, since there are at mest® mobots that may want to move to positigiin slabk, each coming
from a different slab, there are no conflicts in this greedwemeent of mobots to their desired slabs. (See
Figure 1b.) Of course, it is possible to have a completelysiubgrid G’ (z), if all the mobots in a row wish
to move to the same slab.

At this point, each mobot is in its desired destination siabich contains:!/¢ destination columns of
sizen!/2 each, but it still may not be in its desired column or row. N&wveless, each mobot is in a “mega”
column ofn2/3 cells. We now view this mega-column a&/? destination columns stacked on top of one
another, from top to bottom. That is, each destination calisviewed as being replicatedf/3 times, and
all the copies of the same destination column are lined uptoeach other horizontally. We then have each
mobot move vertically in its mega-column to its desired iesion column and row in that column. (See
Figure 1c.) There will be no conflicts in this movement, sim@are routing a permutation. Once that is
done, we merge all the mega-columns in a slab into one mdgaino As with the previous movement, this
movement will not cause any conflicts, since we are routingrenptation. (See Figure 1d.)

After this movement, each slab will be stacked up in a singdgancolumn. We then unstack this mega-
column and compress the entire expanded grid back to'@nx n'/2 grid to complete the process. Thus,
we complete an arbitrary permutation of the mobots in a @mstumber of steps, with the total movement
made by any mobot in the entire algorithm beign?/3).

Theorem 5. Givenn mobots in am!/2 x n'/2 grid, with unique grid destinations, each mobot can move
in the long-haul PMR model to its destinationdr{1) steps withO(n?/3) maximum distance.

This algorithm is not parking-free, however. We describehsan algorithm next.



3.3 Randomized Long-Haul Routing

In this section, we show how to route a permutation amengobots in am!/2 x n'/2 grid in O(log n)
time with maximum distanc®(n!/2), with high probability, in the long-haul PMR model. The maiea
of our algorithm is to mimic the algorithm of Maggs and Sitaemn [18] for routing packets on a butterfly
network. Their algorithm uses constant-size queues ardséypackets from each aV inputs to random
destinations iMD(k + log N) steps. Such an algorithm can be used for arbitrary routiimgugaliant’s
idea [29] of routing first to random locations and then fromréhto their true destinations.

Our routing algorithm is based on applying these two ideasstmewhat coarse-grained level, where
we subdivide the grid into vertical slabs of width(logn) and likewise into horizontal slabs of height
O(log n). First we route each mobot to a random column slab and theratodmm row slab. Then we route
each mobot to its destination vertical slab, and from theriéstdestination horizontal slab (keeping in the
destination vertical slab). From there we then route eachatio its true destination using the unshuffle-
route-reshuffle algorithm of the previous subsection (walh horizontal slab in a group 6flog n) slabs
using a different vertical column for the unshuffle).

Emulating the Maggs-Sitaraman algorithm presents sorgedisiing technical challenges:

1. We need to layout butterfly networks in each row and colusinguparking-free mobot long-haul

tracks without increasing the'/2 x n'/2 grid by more than a constant factor.

2. The Maggs-Sitaraman algorithm uses empty packets, whahcall “tokens,” to separate waves of
actual packets. We need to emulate their algorithm usingotsolwvhich, using their terminology,
correspond only to actual packets, not tokens.

3. The Maggs-Sitaraman algorithm uses busy-waiting toahst a full queue becomes unfull. We must
avoid busy-waiting, as it could negatively impact our masimdistance bound.

4. We need to show that applying Valiant’s idea at the cograet slab level allows us to route a per-
mutation inO(log n) steps so that, for any destination slab row or slab columeantimber of des-
tinations in that row/column i€ (log n) w.h.p. This allows us to expand the grid by only a constant
factor, keeping the maximum distance traveled t@e'!/?).

We give the details in the full version how we overcome thevaliechnical challenges. Let us never-
theless sketch the main ideas here. First, for the layodtigmp we use the scheme illustrated in Figure 2,
which includes the inputs and outputs. Since thereMare: O(nl/z/log n) slabs in any row, we can lay-
out anN-node butterfly using)(N log N) = O(n'/?) cells, including constant-sized (physical) queues
associated with each butterfly network input.

To emulate the Maggs-Sitaraman algorithm without tokeresimplement each routing in three phases.
We number the mobots in a row/column that we wish to route. Hase 1, each odd mobot will act as an
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Figure 1: Constant-time routing. (a) moving to positioin a grid G(x); (b) moving to slabk; (c) moving
to the destination row-column copy in a mega-column; (d)gmgr mega-columns.



actual packet while each even mobot acts as a token. We thaaterthe Maggs-Sitaraman algorithm, with
all the mobots remembering the steps they took (which carohe dsingO(log n) space).
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Figure 2: Layout out of the butterfly network using long-htaacks.

We then undo this phase, as it is onlyehearsal(but the odd mobots must still continue to remember
the steps they took in this phase). We then perform Phase &ewhe odd mobots act as tokens and the
evens as real packets, with the odds again rememberingeihetbiey take. After performing this phase, the
even mobots are at their destinations. We then undo thiegbathe odd mobots and, using the information
saved from their rehearsal in Phase 1, we have them repeégiatfiarmance in Phase 3 to route themselves
without conflicts to their destinations.

To avoid busy-waiting is actually simple. We use friendlyitivey instead, so that once a queue becomes
unfull, the last mobot in that queue returns to its previoadento tell the waiting mobot that it can now
proceed. In this way, each mobot will traverse each edge-badikforth at most twice during any phase;
hence, the maximum distance traveled is equabfa'/?) the width of a horizontal slab (or height of a
vertical slab). Finally, we use a Chernoff bound to show,thath high probability, the number of mobots
wishing to enter any row of a vertical slab or column of a homital slab isO(log n).

Theorem 6. Givenn mobots in am!/2 x n'/2 grid with unique grid destinations, the mobots can move to
their destinations irO(log n) time with maximum distana@(n'/2), with high probability, in the long-haul
PMR model, in a parking-free fashion.

3.4 Routing in the Unit-Cost Model using Shrinking Squares

We can show that we can routemobots in an'/? x n'/2 grid in O(n'/?) time in the unit-cost model.
We omit the details here, but the main idea is to emulate a+oestputer sorting algorithm (e.g., see [17])
O(logn) times, once for each bit in the destination addresses, iowagige fashion. To show that the total
time isO(n'/?) we observe that we can shrink subgrids by a constant factbresich recursive call.

4 Sorting

In the full version, we describe an algorithm that sarteems, stored one per mobot,inlog n) comparison
rounds using: mobots in the long-haul PMR model. We assume that as inputevgieenn mobots packed
inan/n x /n square. As the output, the algorithm will rearrange the n®boa snake-like fashion in a
square. Our algorithm is a simulation of Cole’s EREW paltalteting algorithm [11].

Performing this simulation in the long-haul PMR model présea number of interesting challenges.
For example, Cole’s algorithm runs @(log n) time by pipelining a series of parallel merges. We would
like to likewise pipeline “living” merges, but do so fastéran our general routing algorithms presented in
the previous section. In addition, we have onlynobots to perform the work aP(nlogn) comparisons,
which presents an interesting assignment problem. Finaddating many copies of individual values is
trivial in the PRAM model, and this fact is used by Cole’s altjon. Copying values in the PMR model
is complicated by the coherence problem presented whee thalges are carried by different mobots to
different physical locations in the enviorment. We providere of the details of how we deal with these
challenges in the appendix.
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A Sorting

In this appendix, we describe an algorithm that saritems, stored one per mobot,@(log n) comparison
rounds in the long-haul PMR model, where a comparison roomolies the comparison of two items by
two mobots. We assume that as input we are givemobots packed in ag/n x /n square. As the output,
the algorithm will rearrange the mobots in a snake-like ifastin a square. Our algorithm is a simulation
of Cole’s EREW parallel sorting algorithm [11]. We assumdéhiis appendix that the reader is familiar with
the details of Cole’s algorithm.

The area where sorting is conducted is partitioned intoasebs in the following recursive manner. In
the center of the plane a square of the total are@(ef) is allocated. Therefore, the square dimensions are
O(y/n) x O(y/n). This square corresponds to the root of the computationirir€le’s sorting algorithm
and all computations associated with the root node are abedun this area. On the left and right of the
central square rectangular areas of the same height asttelsguare are allocated. These two rectangular
areas correspond to the two children of the root node of thgerteee.

Above and below the rectangular spaces squares are atloeatarsively to conduct all the calculations
associated with sorting the items at the leaves of the sedbt@oted at the grandchildren of the root node
(see Figure 3).

OLDSUP(w) | OLDSUP(v) |OLDSDOWN(v) OLDSUP(x)

n
T (/%)
OLDSDOWN(U]  SUP(v) DOWN(v) OLDSUP(y)
T(vn) | o(yn)
n
T( Z) WORKING SPACE

Figure 3: Recursive partitioning of the space for sortinghgisnobile robots and a zoom-in look at the
subareas of the central square

The dimension of each side of the total space is determinglebfollowing recurrence:

T(v/n) = O(vn) + 2T(v/n/2) = O(v/nlog n)

Thus, the total space allocated l@a&,/n logn) x O(y/nlogn) dimensions.

To sort the input ofr items in the PMR model, first, the mobots which store the ispravel to the
squares which correspond to the leaves of the computaten Each mobot can determine its destination
coordinates by first conducting rectangle ranking as a pogssing step of the algorithm and then calculat-
ing the exact coordinates, for a given layout.

In addition to each input mobot, we’'ll need some auxiliarybois. In particular, in each space asso-
ciated with a single node of a tree we’ll have mobots which represent the data of theviahg arrays
SURwv), SDOWNv), OLDSURv), OLDSDOWNv), OLDSURw), OLDSDOWNu), OLDSURz) and
OLDSURY) (see Figure 3 for an example of how these arrays might bedjtdxmote, that OLDSURw) U
OLDSDOWNu) defines DOWNv) and OLDSURz) U OLDSURy) defines URv). At the end of each
stage of the algorithm, the mobots associated with the @liday data are replaced with mobots associated
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with newly calculated arrays and the mobots being repladgkdnove up to areas associated with the parent
nodes in the computation tree. Enough space is allocatedtfre begining to accomodate all the mobots of
the auxilary arrays for every stage of the computation dtribde. Since, the largest space required for each
of the above arrays is at mobtv), the total area allocated within each nod®ig.(v)). We also allocate
additionalworking spaceat each node. This working space is proportional to the ditleecarrayl at that
node. Thus, the total area still remaif$L(v)) at each node, which justifies the above recurrence equation.

Each of the mobots associated with the above arrays sta@ethesponding rankings (a)—(j). During
calculation of Steps 1 through 5, if a desired ranking isestoat a different node of the tree, the mobot
travels to that node and receives the desired ranking by eonwating with the corresponding mobot there.
For example, in Step 1(ii), every mobot of OLDSU# array at node» of the tree needs to travel to the
corresponding mobot of the OLDSUP array in they node of the tree to obtain the OLDSUR —
SUR(y) ranking.

Once all the rankings required for the final calculation ofagtipular step are in place, the arrays from
the neighboring nodes that need to be updated are moved &wigodiorking area. There the final cross-
rankings are calculated according to the merging algorittsing at most 5 comparisons, that (1)
comparison rounds. After the cross-rankings are calalildéle old arrays participating in cross-ranking are
replaced with the new ones. The mobots corresponding tetpective old arrays at the children nodes are
used as the new arrays. They are moved up to their parentsnvdeking area, the values of the mobots in
the working area are copied and they are moved to the apptemiea in the node. After this, the mobots
in the working area return to their original locations.

Here are the detailed calculations of each step for modi@r simplicity we will say “arrayl. is moving”
to mean that mobots associated with arfagre moving.

Stepl. Arrays OLDSUR=z) and OLDSURYy) travel to appropriate sections of nodeandy to receive
the rankings described in Step 1(ii) through Step 1(v). Ghose rankings have been updated, they travel
together with the arrays SUP) and SURy) of nodesr andy to the working area of nodewhere the cross
ranking SURz) x SUR(y) are calculated. After the cross-rankings have been caééayjlarrays OLDSU:)
and OLDSURy) move to the working area of nodewhere they are joined by similar arrays from node
w. There they communicate with newly cross-ranked arrays(8JJdkhd SURw) and become exact copies
of those arrays. The new copies of SWPand SURw) travel to the location of old OLDSUR) and
OLDSURw), which have been moved up themselves to the parent nodeAifthis point, back at node,
the locations of OLDSUR:) and OLDSURy) have been similarly filled with the appropriate arrays from
nodesr andy now carrying new values of the cross-ranked arrays @WY&nd SURy). At this point, arrays
SURz) and SURy) in the working area return to their original position in nedeandy.

Step2. Arrays OLDSURw) and OLDSDOWNQu) travel to appropriate sections of nodesndw to
receive the rankings described in Step 2(ii) through Step Z§nce those rankings have been updated, they
travel together with the arrays SUP) and SDOWNu) of nodesw andu, respectively, to the working area
of nodev where the cross ranking SUP) x SDOWN) are calculated. After the cross-rankings have been
calculated, arrays OLDSUR) and OLDSDOWNu) move to the working area of nodewhere they are
joined by similar arrays from node. There they communicate with newly cross-ranked arrays(g{Bnd
SDOWNw) and become exact copies of those arrays. The new copies qi§dRd SDOWNu) travel to
the location of old OLDSURv) and OLDSDOWNu), which have been moved up themselves to the parent
node ofu. At this point, back at node, the locations of OLDSURv) and OLDSDOWNu) have been
similarly filled with the appropriate arrays from nodeandy now carrying new values of the cross-ranked
arrays SUPw) and SDOWNQu). At this point, arrays SURv) and SDOWNuw) in the working area return
to their original position in nodes andu.

Step3. At the beginning of Step 3, arrays S@P and SDOWNv) move to the location of arrays
OLDSURv) and OLDSDOWNw), respectively, while arrays OLDSW#) and OLDSDOWNuv) are no
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longer needed and, therefore, they are moved up toatathe locations of arrays SU®) and SDOWNuw).
There, they are joined with the appropriate arrays from nedeThe values of these mobots are reset
and they will be used to create arrays NEWSDOWNand NEWSURw). Similarly, arrays OLDSUR:)
and OLDSURy) move up to the (now vacant) location of SU; while arrays OLDSDOWNz) and
OLDSDOWNy) move up to (now vacant) location of SDOWA. The values of the mobots of these ar-
rays will be reset and will be populated with values of arrB§@WVSURv) and NEWSDOWNw) during
Step 3.

Arrays SURv), SURw), and SDOWNu) (keeping in mind the new locations of these arrays) travel to
the appropriate sections of nodesndw to receive the rankings described in Step 3(ii). Arrays SJP
SURy) and SDOWNQw) travel to the appropriate sections of nodeandy to receive the rankings described
in Step 3(iii). Atthe end of each of the substeps the valug¢efrrays NEWSDOWN) and NEWSURv)
are also populated. The rest of the rankings are alreadyeagpropriate arrays at node At this point,
arrays SUPv), SDOWNv), NEWSDOWNwv) and NEWSURv) travel to the working area of nodewhere
the cross-ranking NEWSUP) x NEWSDOWNv) are calculated. Once the arrays have been cross-ranked,
all the arrays in the working area return to their appropriatations.

For Steps4 and 5 all the rankings of all required arrays have alreadynlmalculated from previous
steps and are already at node So the only thing left to do is for the required arrays to ¢fato the
working area and calculated the desired cross-rankings NEW) x NEWSDOWNv) and NEWSURv) x
NEWDOWN(v). After which they return to their original locations.

15



