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Abstract
In sparse data environments, greater classi�cation accuracy can be achieved

by learning several concept descriptions of the data and combining their
classi�cations. Stochastic search is a general tool which can be used to
generate many good concept descriptions (rule sets) for each class in the
data. Bayesian probability theory o�ers an optimal strategy for combining
classi�cations of the individual concept descriptions, and here we use an
approximation of that theory. This strategy is most useful when additional
data is di�cult to obtain and every increase in classi�cation accuracy is
important. The primary result of this paper is that multiple concept de-
scriptions are particularly helpful in \at" hypothesis spaces in which there
are many equally good ways to grow a rule, each having similar gain. An-
other result is experimental evidence that learning multiple rule sets yields
more accurate classi�cations than learning multiple rules for some domains.
To demonstrate these behaviors, we learn multiple concept descriptions by
adapting HYDRA, a noise-tolerant relational learning algorithm.

Academic Track. Area: Machine Learning
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1 Introduction

We present a method for learning multiple concept descriptions (rule sets) for each

class1 in the data and for combining classi�cations produced by these concept de-

scriptions. Learning multiple descriptions of the same class can be used as a tool to

increase accuracy in domains where additional data are hard to obtain and where

small improvements in accuracy can lead to large savings in cost. Although many

systems learn attribute-value descriptions, there exist many concepts which are not

easily represented in attribute-value form but which can be succinctly represented

in relational form. In order to learn these concepts, we use the relational learning

algorithm HYDRA (Ali & Pazzani, 1993; Ali & Pazzani, 1992). We present re-

sults on the following relational problems: predicting �nite-element mesh structure

(Dolsak and Muggleton, 1991), learning the King-Rook-King concept (Muggleton

et al., 1989), classifying a document block (Esposito et al., 1993) and predicting

whether a person is required to make payments on their student loan (Pazzani

and Brunk, 1991). The document block classi�cation domain requires learning a

concept description containing recursion. Although previous work has shown that

learning multiple concept descriptions increases accuracy for other kinds of con-

cept descriptions (e.g. decision trees, Buntine 1990) there has been no prior work

in learning multiple concept descriptions for relational problems or in learning

multiple concept descriptions, each one being a rule set.

The learning task addressed in this paper takes as input a collection of examples

belonging to a set of speci�ed classes which partition the example space and it also

takes as input a set of background relations for which full de�nitions are provided

to the learning algorithm. The task then is to build a concept description for each

class using combinations of the background relations. An example is a sequence

1We will use the terms \class" and \concept" interchangeably.
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of ground terms (such as (1,foo)); examples of all classes are of the same length

(arity). After learning, the task is to take a novel test example and �nd which class

it belongs to. This framework is a generalization of the work of Quinlan (1990)

on learning relational descriptions. In this paper we will refer to �rst-order Horn

clauses (e.g. Lloyd, 1984) as rules. A �rst-order Horn clause such as class-a(X,Y)

 b(X); c(Y ) consists of a head (class-a(X,Y)) and a body which is a conjunction

of literals (b(X); c(Y ))2. The arrow signi�es logical implication. In this paper, we

will refer to a list of such rules, each with the same head, as a concept description

or rule set. A collection of such concept descriptions, one for each class in the data,

is called a model. Classi�cation of a novel test example (in the case of a single

model) proceeds as follows: an attempt is made to resolve the test example with

each rule for every class. Hopefully, only rules for a single class will successfully

resolve with the example and so it will be classi�ed to that class. Later in the

paper we discuss what to do if it resolves with rules of more than one class or if it

does not resolve with any rules of any class.

In order to learn multiple concept descriptions for each class, we have modi�ed

HYDRA which we have previously shown can learn accurately in noisy, relational

\real world" domains. Most learning programs, including HYDRA, learn just one

model of the data. In this paper we present HYDRA-MM which learns multiple

models of the data, each model being a collection of concept descriptions (Fig-

ure ??). Therefore, HYDRA-MM also learns multiple concept descriptions for a

given class. Learning multiple concept descriptions and combining their classi�-

cations is one way to improve accuracy on \real world" concepts which may not

be representable by a set of rigid rules (Smith and Medin, 1981) but, rather, need

evidence combination from many sources. Multiple descriptions of a concept o�er

2b and c are background relations whose de�nition is presented to the learner.
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class-a(X,Y) :- b(X),c(Y).

    ...

class-b(X,Y) :- g(X),class-b(Y,X).

    ...

2nd model of the data

2nd concept description for class a

class-a(X,Y) :- d(X,Z),h(Z,Y).

1st concept description for class a

class-a(X,Y) :- b(X),c(Y).

    ...

1st concept description for class b

class-a(X,Y) :- d(X,Z),e(Z,Y).

class-b(X,Y) :- g(X),class-b(Y,X).

    ...

1st model of the data

class-b(X,Y) :- e(X,Y),f(X,X). class-b(X,Y) :- e(X,Y),k(X,X).

2nd concept description for class b

Figure 1. Multiple rule sets: most algorithms learn one model for the data.
HYDRA-MM learns several (each consisting of a rule set) and combines classi-
�cations between rule sets for a given class.

one way of making decisions based on evidence combination. Figure ?? for in-

stance, shows 2 models learned from data consisting of 2 classes. Note that the

rules are �rst-order Horn clauses and can be recursive. Figure ?? shows that

typically, concept descriptions for a given class are correlated, and may involve

replacing a literal such as e(Z,Y) with some other literal which approximates the

�rst: h(Z,Y). Of course, this does not preclude the possibility of greater variation

between the concept descriptions for a given class.

The primary goal of this research is to characterize the conditions under which

learning multiple concept descriptions from training examples is bene�cial to clas-

si�cation accuracy on novel, test examples. Another objective is to create a useful

tool by applying Bayesian probability theory which postulates that for optimal ac-

curacy, one should make classi�cations based on voting among all possible concept

descriptions in the hypothesis space, each one weighted by its posterior probability.
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1st model of the data

1st concept description for class a

class-a(X,Y) :- b(X),c(Y).

1st concept description for class b

class-b(X,Y) :- e(X,Y),f(X,X).

2nd model of the data

class-a(X,Y) :- b(X),d(X,Z),c(Y).

2nd concept description for class b

class-b(X,Y) :- g(X),f(X,X).

2nd concept description  for class a

Figure 2. Multiple rules approach learns multiple descriptions for each concept.
Because those descriptions consisted of single rules rather than rule sets, they
cannot easily be applied to concepts containing multiple disjuncts.

In practice, however, it is only possible to learn a few \good" (high posterior prob-

ability) descriptions and then make classi�cations based on voting among those

descriptions. Therefore, we also investigate alternative methods for generating

multiple concept descriptions. We also experimentally show that learning multi-

ple rule sets yields higher accuracy than learning multiple rules on a domain in

which the classes consist of multiple disjuncts. For this paper, a class is said to

contain multiple disjuncts, if (with respect to the hypothesis language being used)

the target description that the algorithm is trying to learn can only be modeled

with more than one rule.

2 Issues in multiple concept descriptions

In this paper we argue that for concepts containing many disjuncts it is more ap-

propriate to learn multiple concept descriptions where each consists of a rule set

(multiple rule sets) rather than a rule (multiple rules). Two objectives motivate

our work on learning multiple rule sets. First, to ensure that each disjunct in the

target concept is modeled by more than one rule. Second, two ensure that some

rules are learned for minor disjuncts. Figure 3 illustrates a concept containing a

major disjunct (large dark circle) and a minor disjunct (small dark circle). Light
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Single Model Multiple Rules Multiple rule sets
Figure 3. Comparison of 3 algorithms trying to learn on a domain where the
�rst class consists of 2 disjuncts (dark circles). The area outside the dark circles
corresponds to the other class in this domain. Light lines show the coverage of
rules learned by the 3 algorithms.

lines indicate learned rules that try to approximate the underlying disjuncts. The

leftmost �gure illustrates what is learned using a separate and conquer technique

(e.g. FOIL, Quinlan, 1990) which learns an approximation (rule) to the �rst dis-

junct and then removes training examples covered by that rule in order to learn

subsequent rules. The middle �gure illustrates what may be learned by a multiple

rules approach told to learn 6 rules. Note that the multiple rules approach (e.g.

Kononenko and Kovacic, 1992) does not remove training examples covered by pre-

viously learned rules in order to learn other rules. It uses a metric which gives a

greater reward for covering previously uncovered examples. Even though the ap-

proach of Quinlan and the approach of Kononenko and Kovacic both produce a set

of rules, they are used and interpreted in di�erent ways. In Quinlan's method, each

rule attempts to model one disjunct in the target concept. In what we are calling

the multiple rules approach (e.g. Kononenko and Kovacic), each rule models the

entire target concept. This kind of multiple rules approach does not meet the

second objective - attempts to model the minor disjunct are distracted by training

examples from the major disjunct. Finally, the rightmost �gure illustrates what is

ideally learned by HYDRA-MM - which applies a separate and conquer approach
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many times. Figure 3 shows HYDRA-MM has learned 3 concept descriptions for

the �rst class (areas inside dark circles), each concept description being learned by

a separate and conquer approach. The �gure shows that each concept description

consists of 2 rules. Note that this meets both of the objectives outlined above:

each disjunct is modeled multiple times and attempts to model the small disjunct

are less inuenced the major disjunct.

Previous methods for generating multiple concept descriptions include beam

search (Smyth et al., 1992), stochastic search (Kononenko et al., 1992; Bun-

tine, 1990), user-intervention (Kwok and Carter, 1990) and n-fold cross-validation

(Gams, 1989). In the approach of Kwok and Carter, the user examines the best

candidate splits for growing a decision tree and can then choose to use some of

them to grow separate trees. Gams partitions the training set into 10 equal sub-

sets and then uses leave one out on the subsets to generate 10 rule sets. In a �nal

pass he uses all the data to learn, only retaining rules that appear in a signi�cant

proportion of the 10 rule sets. Except for the stochastic search methods, these

methods do not generate concept descriptions that are independent of each other

(conditional on the training data) so they cannot use several theoretically sound

evidence combination methods. Kononenko and Kovacic use the naive Bayesian

combination method even though their rules do not meet the assumptions under

which that method can be used.

Evidence combination methods previously used include naive Bayesian com-

bination (Kononenko, Smyth) and combination according to the posterior proba-

bility of the concept description (Buntine). In this paper we will compare these

two methods. We will use the odds3 form of naive Bayesian combination because

HYDRA associates likelihood odds ratios (Duda et al., 1979) with rules rather

3The odds of a proposition with probability p are p=(1� p).
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than class probability vectors.

3 Theoretical background

The Bayesian approach postulates that assuming we want to maximize some utility

function u that depends on some action and an incompletely known state of the

world, we should take the action A that maximizes the Bayesian expected utility

where the expectation is summed over all possible worlds H. In our case, this

implies that we should make the classi�cation (A) whose expected accuracy (u)

is maximal, with the expectation being taken over all possible hypotheses in the

hypothesis space of the learning algorithm. In practice, we only compute this

expectation over a small set of \good" hypotheses. Using the notation in Buntine

(1990), let c be a class, T be the set of hypotheses the learning algorithm has

produced, x be a test example and ~x denote the training examples. Then, we

should assign x to c that maximizes

pr(cjx;T ) =
X

T inT

pr(cjx; T )pr(T j~x) (1)

A rule set can be viewed as a decision tree with compound tests at the nodes, each

test corresponding to the body of one clause. This allows us to use equation ??

to compute the probability of a rule set. For a rule, pr(cjx; T ) can be roughly

approximated from the training accuracy of that rule. pr(T j~x) for a binary tree

structure is de�ned as

pr2(n1;1; n2;1; n1;2; n2;2)
def
= pr(T j~x) / pr(T )�

VY

k=1

B(n1;k + �1; n2;k + �2)

B(�1; �2)
(2)

where pr(T ) is the prior of the tree, B is the beta function4, V is the number

of leaves of the tree, �1 and �2 are parameters and ni;j denotes the number of

training examples of class i at the j-th leaf of the tree. pr2 is the probability of a

4For integer, strictly positive p and n, B(p; n) = (p� 1)!(n� 1)!=(p+ n� 1)!



Ali & Pazzani, Tools with AI, 1994. 8

binary subtree with 2 leaves and uniform prior (it is used in section ?? to prove a

property of the Bayes gain metric).

Letting n1;ij and n2;ij respectively denote the number of positive and negative

examples covered by the j-th rule of the i-th class, and V the number of rules in

a rule set for class i, we can use equation ?? to compute the posterior probability

of a rule set learned by HYDRA.

Buntine observes that being able to compute the posterior probability of a

tree means one should use the posterior probability as a gain metric to search

for the most probable trees (although both our systems are limited by a one step

lookahead). To compute the gain of adding a test to a tree (or a literal to a clause)

then, one computes the di�erence between the probability after addition and the

probability before addition (using equation ??).

4 Separate and Conquer Strategy

HYDRA uses a separate and conquer control strategy based on FOIL (Quinlan,

1990) in which a rule is learned and then the training examples covered by that

rule are separated from the uncovered examples for which further rules are learned.

A rule for a given class such as class-a(V1,V2) is learned by a greedy search strat-

egy. It starts with an empty clause body, which in logic is equivalent to the rule

class-a(V1,V2)  true and so covers all remaining positive and negative exam-

ples. Next, the strategy considers all literals that it can add to the clause body

and ranks each by the information gained (Quinlan, 1990) by adding that lit-

eral. Briey, the information gain measure favors the literal whose addition to

the clause body would cover many positive examples and exclude many nega-

tive examples. For example, if the algorithm is considering adding a literal to

the rule class-a(V1,V2)  d(V1,V3) and the set of background relations is fb,dg
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Table 1. Pseudo-code for FOIL.

FOIL(POS,NEG,Metric): (Metric is usually Information Gain)

Let POS be the positive examples.

Let NEG be the negative examples.

Set NewClauseBody to empty.

Until POS is empty do:

Separate: (begin a new clause)

Remove from POS all positive examples that satisfy the NewClauseBody.

Remove from NEG all negative examples that satisfy the NewClauseBody.

Reset NewClauseBody to empty.

Until NEG is empty do:

Conquer: (build a clause body)

Choose a literal L using Metric

Conjoin L to NewClauseBody.

Remove from NEG examples that do not satisfy NewClauseBody.

where b is of arity 1 and d is of arity 2, the literals it will consider are fb(V1),

b(V2), b(V3), d(V1,V1), d(V1,V2), d(V1,V3), d(V1,V4), d(V2,V1), d(V2,V2),

d(V2,V3), d(V2,V4), d(V3,V1), d(V3,V2), d(V3,V3), d(V3,V4), d(V4,V1), d(V4,V2),

d(V4,V3)g. The strategy keeps adding literals until one of the two following condi-

tions occurs: the clause covers no negative examples or there is no candidate literal

with positive information gain. Examples covered by the clause are removed from

the training set and the process continues to learn on the remaining examples,

terminating when no more positive examples are left.

5 HYDRA

HYDRA is derived from the inductive learning component of FOCL (Pazzani and

Kibler, 1991) which added to FOIL the ability to learn using intensionally de�ned

prior background knowledge. HYDRA di�ers from FOCL in three important ways.
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1. HYDRA learns a set of rules for each class so that each set can compete to

classify test examples.

2. HYDRA attaches a measure of classi�cation reliability to each clause.

3. The metric used by HYDRA to search for literals trades o� positive training

coverage against training accuracy more in favor of coverage than is done by

the information gain metric. Trading o� in this manner discourages over�t-

ting the data.

Knowledge Representation- Clauses learned by HYDRA are accompanied by

a likelihood odds ratio (our choice for measuring clause reliability). The likelihood

odds ratio of the ij-th clause of the i-th rule set is de�ned as follows:

lsij =
pr(clauseij(� ) = true j � 2 Classi)

pr(clauseij(� ) = true j � 62 Classi)
(3)

where � represents an arbitrary example. The likelihood odds ratio is a general-

ization of the notion of su�ciency that the body of a clause has for the head of

that clause. Muggleton et al. (1992) show that training coverage is a more reliable

indicator of the true accuracy of a clause than apparent accuracy measured from

the training data. We choose to use LS as a reliability measure because it has

the avor of measuring both coverage and accuracy. Between 2 clauses covering

n1 positive and 0 negative, and n2 positive and 0 negative respectively, the LS of

the �rst clause will be higher if n1 > n2. Furthermore, if the clauses cover some

negative examples, LS is equivalent to measuring accuracy, normalized with the

prior probabilities of the classes.

HYDRA classi�es an example by sorting all clauses (of all rule sets) according

to their LS values and then assigning the test example to the class associated with

the �rst satis�ed clause. When a test example satis�es no clause of any class,

HYDRA guesses the most frequent class.
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Table 2. Pseudo-code for HYDRA

HYDRA(Metric,POS_1,...,POS_n):

For i in classes 1 to n do

POS = POS_i

NEG = (POS_1 union ... POS_n) - POS_i

ConceptDescription_i = FOIL(POS,NEG,Metric)

For rule R in ConceptDescription_i do

Augment R with its LS

Learning in HYDRA- HYDRA uses the same separate and conquer strategy

used in FOCL. However, HYDRA uses the ls-content metric which is de�ned as

follows. If the j-th clause covers p positive examples5 and n negative examples and

there were pj and nj examples uncovered after the �rst j� 1 clauses, its ls-content

is de�ned as:
ls-content(p; n; pj ; nj) = ls(p; n; pj ; nj)� p

Using this metric HYDRA compares the ls-content before addition of a literal to

a clause to that after addition of the literal. When there are no literals that cause

an increase in ls-content or if the clause no longer covers any negative examples,

HYDRA moves onto the next clause. HYDRA learns more accurate rule sets using

ls-content than it does using information gain (Ali and Pazzani, 1993).

After all the clauses have been learned, HYDRA forms an estimate of the

likelihood ratio lsij associated with clause ij of concept i (this time, it uses the

entire training data, not just the examples uncovered by previous clauses). We use

Laplace's law of succession to compute estimates for the two probabilities in lsij

giving,

lsij = ls(p; n; p0; n0) �
(p + 1)=(p0 + 2)

(n+ 1)=(n0 + 2)
(4)

5Because clauses can introduce variables not found in the head of the clause, each example
may become \extended" through new variables. In HYDRA, all counts of examples are done in
the unextended space.
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where p0 and n0 respectively denote the numbers of positive and negative training

examples (of Classi) and p and n denote the numbers of examples covered by the

clause. Clauses with lsij � 1 are discarded.

5.1 HYDRA with multiple concept descriptions

HYDRA generates one rule set per class whereas HYDRA with multiple concept

descriptions (HYDRA-MM) generates many rule sets for each class. Stochastic

search is used to generate multiple concept descriptions. During stochastic search

in HYDRA-MM instead of choosing the literal which maximizes the literal selection

metric, it stores the MAX-BEST top literals (ranked by gain) and then chooses

among them with probability proportional to their gain. Recall that Bayesian

theory recommends making classi�cations based on voting from all concept de-

scriptions in the hypothesis space but in practice we want to �nd a few \good"

concept descriptions. Stochastic search is one way of trying to �nd these \good" de-

scriptions. Ideally, one would want the n most probable concept descriptions with

their probability being evaluated globally, but the search would be intractable. In-

stead, we settle for a tractable (greedy search) approximation to the theoretically

optimum goal. For the experiments described in section ??, we set MAX-BEST

to 2. Note that our method for probabilistically generating concept descriptions

di�ers from Kononenko et al. (1992) in that we do not initialize each clause with

a randomly selected literal. It also di�ers in that we are greedily searching for

the most probable descriptions whereas their work involves maximizing an ad-hoc

metric.

Classi�cation with multiple concept descriptions learned using ls-content pro-

ceeds as follows for some class Classi. For rule set Mij of Classi, let lsij denote

the LS of the clause with the highest LS value (taken only over clauses satis�ed
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by the current test example). We combine these LS values using the odds form

of Bayes rule (Duda et al., 1979) in which the prior odds of a class are multiplied

by the LS's of all satis�ed clauses. If Mi denotes the collection of rule sets for the

i-th class and Mij denotes the ij-th rule set, then

O(ClassijMi) / O(Classi)�
Y

j

O(ClassijMij) (5)

O(Classi) are the prior odds of Classi and we use lsij for O(ClassijMij) because

for a given test example, each rule set is represented by the most reliable clause

- the satis�ed clause having the greatest LS. The test example is assigned to the

class maximizing O(ClassijMi).

We will compare HYDRA-MM using ls-content with HYDRA-MM using the

Bayes gain function - which we now de�ne. As Bayesian theory prescribes voting

among concept descriptions with weight proportional to the posterior probability

of the concept description, it makes sense to search for concept descriptions with

high posterior probability (Buntine, 1990). This implies that the function pr2

(equation ??) should be used as a literal selection metric for learning clauses.

The problem with using pr2 for learning clauses in HYDRA-MM is that pr2 is

symmetric so that a clause covering 5 (p) out of 10 (p0) positive and 1 (n) out of

10 (n0) negative examples will receive the same score as one covering 5 out of 10

negative and 1 out of 10 positive examples. Thus, we use a modi�ed pr2 function:

one in which pr2 is assigned 0 if p=n � p0=n0. We chose a value of 1 for �1 and �2

because that value is consistent with the weight to the prior used in Laplace's law

of succession.

For our work with multiple concept descriptions involving the Bayesian gain

metric, we followed the approach for ls-content and decided that for a given test

example, each rule set would be represented by only one clause. Accordingly,

we choose the satis�ed clause whose product of accuracy and probability is the
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largest. Such a choice is made for each rule set for a given class and then all these

products (within the class) are combined according to equation ?? to yield the

posterior probability for that class. HYDRA-MM assigns the test example to the

class maximizing equation ??.

6 Experimental Results

The main goal of our experiments was to see whether multiple concept descriptions

are most useful in \at" hypothesis spaces. Other goals were to see how increasing

the number of models a�ects accuracy and to compare HYDRA-MM using ls-

content to HYDRA-MM using the Bayes gain metric. Table 1 compares accuracies

obtained by 1 deterministically generated concept description to those generated

by stochastic hill-climbing. The concept descriptions were generated incrementally

so, for instance, the 2 concept description accuracies include the model that gen-

erated the 1 concept description accuracies. We tested four variants in table 1.

Lsc denotes learning with ls-content using uniform priors. Lsc+p denotes use of

\priors" using global frequencies observed in the training data. Any di�erences

in accuracy between these two variants was due to the inuence of priors. Bayes

denotes learning with the Bayes gain metric and voting using the accuracy of the

clause and the probability of the concept description (equation ??). Bayes-p is

a simpli�cation in which concept descriptions vote using just the accuracy of a

clause. These 2 variants used the same learned description.

We tested HYDRA-MM with the ls-content and the Bayesian gain metrics

on the following well-known relational domains: �nite element mesh structure

with 5 objects (Dzeroski and Bratko, 1992), King-Rook-King illegality (Muggleton

et al., 1989), document block classi�cation (Esposito et al., 1993) and student

loan prediction (Brunk and Pazzani, 1991). In addition, we also tested it on
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the following domains traditionally regarded as \attribute-value domains". In

the breast cancer recurrence prediction domain and the lymphography domain we

added the relation equal-attr(X,Y) which allows attribute-attribute comparisons in

addition to attribute-value comparisons. In the DNA promoters domain we added

the predicate y(X) which is true if the base-pair X is a T or a C, and the predicate

r(X) which is true if X is an A or a G. We also use the King-Rook King-Pawn

(KRKP) domain which has been demonstrated to have small disjuncts (Holte et

al., 1989).

Representation- For the attribute-value domains we created tuples whose

length matched the number of attributes. This minimized the need to introduce

attributes through literals involving existentially quanti�ed variables - a relatively

expensive process. For the relational domains, we used the same representation

used by previous authors.

Testing Methodology - For the �nite-element mesh data set, the examples

are derived from 5 objects. Dzeroski and Bratko use a \leave one object out" testing

strategy in which on the i-th trial, positive examples from object i are used for

testing and positive and negative examples from other objects are used for training.

The fact that testing never occurs on negative examples is important in explaining

some of the results on this domain. Leave-one-out testing was used on the DNA

promoters domain and 10-fold cross validation was used on the document block

classi�cation domain. For the KRK data sets, we used 20 independent training and

test sets. For the cancer and lymphography data sets, we used 20 partitions of the

entire data, split 70% and 30%. For the students domain, we used 100 training and

900 testing examples and for the KRKP domain, we used 200 training and 1000

testing examples. In the KRK domain entries in Table 1, the �rst �gure indicates

number of training examples, the second represents the percentage of class noise
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that was arti�cially introduced.

6.1 Discussion

The major goals of this research are to determine the conditions under which

learning multiple descriptions yields the greatest increase in accuracy and to learn

multiple descriptions in a way consistent with Bayesian probability theory. Table

1 shows that except for the KRK 160,20 task and some Mesh variants, multiple

concept descriptions always increase accuracy either by a statistically signi�cant

margin or by a substantial margin (when the t-test is not applicable). Our hy-

pothesis is that multiple concept descriptions help in domains where no one literal

has much higher gain than others. To measure this \atness" during the learning

process of adding a literal to a clause, we keep track of the number of occasions on

which multiple candidates tied for the best gain. Table 1 indicates that multiple

concept descriptions are most helpful in the DNA promoters domain which also

has a very \at" hypothesis space with respect to the ls-content metric. In fact,

for this domain, the fraction of occasions on which 10 or more candidates tied for

the best gain was 12.2%, much more than for other domains.

In table 1, Bayes gets signi�cantly higher accuracy (1 deterministic description)

than Lsc on 4 domains, worse on 3 and the same on 2 domains. Later in this

section we show that the Bayes gain metric has an undesirable property which may

explain its relatively poor performance on those 3 domains. At 11 descriptions,

Bayes does better than Lsc on only the KRK 160,20 task, and worse on DNA and

Mesh domains. That is, as the number of descriptions is increased, there is an

equalization between the algorithms. However, we observe that if an algorithm

has a superior accuracy to another for 1 description, then usually it is equal or

better at 11 descriptions.
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Domain Algo- Deter- 1 2 5 11 SIG. ties # Train
rithm ministic CD CDs CDs CDs eg.s

Promoters Lsc 77.4 75.5 83.0 89.6 92.5 NA 24.0% 53,53
Lsc+p 77.4 74.5 83.0 89.6 92.5 NA
Bayes 65.1 75.0 77.2 85.9 84.8 NA
Bayes-p 65.1 73.6 82.1 84.0 85.8 NA

Lymph. Lsc 79.6 75.5 78.9 80.1 82.3 80 21.1% 3,41,
Lsc+p 78.3 76.4 79.5 81.1 82.4 95 54,1
Bayes 79.3 80.5 80.5 82.0 82.8 98
Bayes-p 79.3 77.7 78.4 79.2 79.8 NS

Cancer Lsc 67.2 68.1 68.6 69.4 70.4 95 9.3% 54,127
Lsc+p 70.4 70.7 71.7 70.9 71.1 NS
Bayes 71.2 71.5 71.1 71.1 71.1 NS
Bayes-p 71.2 70.9 71.1 72.4 72.1 NS

KRKP Lsc 94.5 94.1 95.0 95.7 95.7 95 18.7% 104,96
Lsc+p 94.3 94.0 94.9 95.7 95.7 95
Bayes 94.6 94.3 94.8 94.8 94.9 NS
Bayes-p 94.6 94.0 94.8 95.6 95.7 95

Mesh Lsc 50.7 60.4 53.6 62.9 61.2 NA 3.9% 222,2272
Lsc+p 32.0 22.3 15.4 38.5 52.2 NA
Bayes 33.5 36.7 50.7 49.3 21.2 NA
Bayes-p 33.5 43.0 47.0 45.9 39.1 NA

Document Lsc 99.2 99.2 99.6 99.6 100 NA 25.2% 22,198
Lsc+p 98.4 98.3 99.6 99.6 100 NA
Bayes 98.3 97.4 98.4 99.0 99.5 NA
Bayes-p 98.3 97.4 98.4 99.0 99.0 NA

Students Lsc 82.9 83.3 85.9 88.7 89.2 99 7.3% 64,36
Lsc+p 87.9 87.0 87.4 89.0 89.2 80
Bayes 86.1 85.4 86.9 88.9 90.4 99
Bayes-p 86.1 85.0 86.4 87.7 89.4 99

KRK 160,20 Lsc 90.6 88.6 89.6 90.0 89.9 NS 7.2% 48,112
Lsc+p 91.3 89.5 90.2 91.0 90.3 NS
Bayes 92.3 91.6 91.8 91.9 92.0 NS
Bayes-p 92.3 90.3 90.7 90.9 91.6 NS

KRK 320,20 Lsc 93.3 92.5 93.6 94.4 94.7 90 5.8% 96,224
Lsc+p 93.7 92.5 94.2 94.7 95.0 80
Bayes 95.5 94.9 95.3 95.6 95.5 NS
Bayes-p 95.5 93.9 94.2 94.8 95.2 NS

Table 1. Accuracies obtained by 4 HYDRA variants. The numbers in the 2nd-last
column give the signi�cance level (SIG) at which 11 concept descriptions (CDs) accu-
racy di�ers from that of 1 deterministic description according to the paired 2-tailed
t-test. NS - not signi�cant, NA - t-test not applicable.
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Now we examine if priors help when learning with ls-content. For 1 concept

description, priors help signi�cantly for the breast-cancer domain and hurt for the

Mesh and students domains. At 11 concept descriptions, there is an equalization so

that priors become less of an issue. We illustrate the e�ect of priors by examining

the Mesh domain where the priors are markedly skewed in favor of class Non-mesh

by 9 : 1. Therefore, according to equation ??, the only way an example could be

classi�ed to class Mesh is if6

Q
j O(MeshjMij

Q
j O(Non �MeshjMij)

> 9

This occurs infrequently with 1 concept description, hence a lot of errors are made

on test examples of class Mesh. Table 1 shows that as the number of descriptions

is increased, it becomes more likely that the ratio of product of LS's for Mesh to

that for Non-mesh exceeds 9, allowing correct classi�cations on test examples of

class Mesh.

We now analyze the Mesh domain for which the general trend of increased ac-

curacy with greater number of concept descriptions does not hold. To maintain

compatability with Dzeroski and Bratko (1992), a single 5-fold cross-validation

(CV) trial was used. Unfortunately, this testing methodology is inferior to that of

multiple independent trials because only one pass is made over the data in a 5-fold

CV trial. This is particularly inappropriate when learning descriptions stochasti-

cally, but we maintain this test methodology to be compatible with previous work.

This high variance particularly a�ects the accuracies for 1 stochastically learned

concept description and therefore we will restrict our analysis to comparing 5 and

11 descriptions. As the number of descriptions increases from 5 to 11, there is a

relatively larger increase in the coverage of rule sets for Non-mesh than for Mesh.

This is to be expected from a data modeling point of view - there are more training

6Recall that O(ClassjRule) is instantiated in HYDRA-MM by the LS associated with a rule.
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examples of Non-mesh. Close examination shows that for 5 descriptions 55.2% of

the examples were classi�ed as Mesh without contention from rule sets of the other

class. 25.0% of examples were classi�ed (without contention) as Non-mesh. At 11

descriptions only 4.2% of the examples were classi�ed without contention as Mesh,

and 25.0% were classi�ed as Non-mesh. By only using positive test examples,

Dzeroski and Bratko's test methodology violates the assumption that the test and

training examples will be drawn from the same distribution. This may explain

why increasing the number of descriptions is not bene�cial for this domain.

We now present evidence for an undesirable property of the Bayes metric. As

the Bayesian metric is more established in the context of learning decision trees,

we will illustrate the problem in that context. Consider equation ?? with uniform

priors (�1 = 1, �2 = 1, V = 2). Consider two ways of splitting a tree node covering

11 (p0) positive and 2 (n0) negative examples. In the �rst, 1 positive and 0 negative

examples go to the left branch and 10 positive and 2 negative go the right branch

(denoted ((1; 0); (10; 2))). According to the C-SEP family of measures (Fayyad

and Irani, 1992) one should prefer the ((4; 0); (7; 2)) over this one. However, the

Bayes gain function gives a gain of 5:8 � 10�4 to the �rst split and 5:5 � 10�4 to

the second split. More generally, consider two candidate splits: ((p; 0); (p0�p; n0))

and ((p + 1; 0); (p0 � p � 1; n0)). It is possible to prove that if p =
�2(p0�1)�n0�1

n0+2�2
is

an integer, then the Bayes gain of these 2 splits will be the same7. Even worse, for

smaller values of p, as p decreases, the gain will increase. This will lead to larger

concept descriptions than is necessary.

7To prove this, use equation ?? solve pr2(p; 0; p0� p; n0) = pr2(p + 1; 0; p0� p� 1; n0) for p,
using the factorial expression for the beta function.
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6.2 Multiple rule sets versus multiple rules

Although Kononenko's work on the KRK domain provides a basis for comparing

multiple rules against multiple rule sets, his algorithm is disadvantaged by not

being able to learn relational rules. To compare multiple rule sets to multiple

rules, we adapt HYDRA to produce HYDRA-R which stochastically learns multi-

ple concept descriptions, each consisting of one rule. To encourage learning covers

for all disjuncts, a learned rule is only retained if its syntactic form di�ers from all

previously learned rules. If in 20 attempts, a new rule cannot be found, learning

for that class and trial is terminated.

For the KRK 320,20 task, HYDRA-MM learning 11 concept descriptions (using

ls-content) produced an average (over 20 trials) of 221 rules for class illegal and 183

for legal. We attempted to �nd 221 syntactically distinct rules using HYDRA-R

but on average, could only �nd 168 rules for illegal and 150 rules for legal (MAX-

BEST was set to 20 to increase the chances of �nding distinct rules). The resulting

average accuracy of 87.9% is statistically lower than that obtained by HYDRA-

MM (94.7%) for this task. This suggests that HYDRA-R was unable to e�ectively

learn the minor disjuncts and that if there are minor disjuncts in the concept,

it is better to use the multiple rule sets approach rather than the multiple rules

approach.

Kononenko's method discourages learning of multiple rules for each disjunct

because his Quality metric rewards rules that cover examples not covered by pre-

viously learned rules. There is no explicit e�ort that ensures each disjunct is

modeled by more than one rule. Thus, his approach cannot simultaneously sat-

isfy the objectives laid out in section ?? - that all disjuncts should be modeled,

and they should be modeled more than once. Although we cannot exclude the

possibility that some multiple rule method could learn accurately on this task,
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this experiment suggests that at least for this concept, multiple rule sets have an

advantage over multiple rules.

6.3 Multiple recursive concept descriptions

Previous work in learning multiple concept descriptions has been restricted to

concepts expressible in attribute-value form. The following task requires learn-

ing a recursive de�nition which cannot be simulated using attribute-value rules

or decision trees. The document block classi�cation task requires learning some

approximation of the following clause:

date-block(X) :- to-the-right(X,Y), date-block(Y)

The extensional de�nition of date-block is used during learning. During testing,

the test-time component of HYDRA-MM is called for the recursive literal. In

HYDRA-MM, the recursive call has the following semantics. Assume that the

clause above is part of the i-th concept description. It returns true if the test-time

component of HYDRA-MM (using only the i-th concept description) would have

classi�ed the example bound to Y as a date-block. The recursive call cannot use

voting among concept descriptions because that would violate the independence of

the concept descriptions. Table 1 shows that use of multiple concept descriptions

led to increased accuracy in this domain.

6.4 Comparison to previous work

On the promoters domain, as far as we know, the 92.5% accuracy obtained here is

higher than for any symbolic method (ID3 or C4.5) and equal to that of standard

neural-net back-propagation (Towell et al., 1990). KBANN (Towell et al., 1990)

which can take advantage of prior knowledge gets 96%. The output of KBANN is

a set of M-of-N rules which multiple rule sets may be able to approximate.
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On the mesh domain, HYDRA-MMwith ls-content learns rules that cover some

negative examples and this explains why its accuracy is much higher than that for

GOLEM (29%) reported in Dzeroski and Bratko (1992). However, we believe this

e�ect may be mainly due to a limitation of their testing methodology - testing

solely on positive examples.

On the KRK domain, the algorithms of Kononenko et al. (1992) can only

achieve 82.9% with 1000 examples whereas HYDRA with 100 examples achieves

96.8% primarily because it can learn relational descriptions and because this con-

cept contains small disjuncts for which the multiple rule sets is more appropriate

than the multiple rules approach.

7 Conclusions

There are three major results of this work. First, our experiments characterize sit-

uations under which learning multiple concept descriptions is most useful; namely,

when the hypothesis space is relatively \at" with respect to the learning gain

metric. This opens up the possibility that a learning program could decide how

many models to build because it can detect the atness of the hypothesis space.

Second, over several domains our results show that combining evidence from rule

sets in a manner consistent with Bayesian theory is a general tool for improving ac-

curacy over that of a single deterministically learned concept description. Finally,

we show that for some domains, multiple rule sets have an advantage over multiple

rules in that they allow each disjunct to be modeled several times and they also

allow learning for all disjuncts in the target concept. Further research topics in

this area include determining how many concept descriptions to learn and ways to

increase comprehensibility of multiple concept descriptions.
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