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Abstract

This paper presents a unifying probabilistic frame or for clustering in i i uals or systems
into groups hen the a ailable ata measurements are not multi ariate ectors of e
imensionality  or e ample one might ha e ata from a set of me ical patients here
for each patient one has i erent numbers of time series obser ations each time series of
i erent lengths e propose a general mo el base frame or for clustering heterogeneous
ata types of this form e iscuss a general  pectation a imi ation proce ure
for clustering ithin this frame or an outline ho it can be applie to clustering of
se uences time series histograms tra ectories an other non ector ata  esho thata
number of earlier algorithms can be ie e as special cases ithin this unifying frame or
The paper conclu es ith se eral illustrations of the metho inclu ing clustering of t o
imensional histograms of re bloo cell ata in a me ical iagnosis conte t clustering of
proteins from cur es of gene e pression ata an clustering of in i i uals base on their
se uences of eb na igation
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lustering is a fun amentalan i ely applie metho ologyin un erstan ing an e ploring
large atasets lustering algorithms are typically applie to ector measurements of e
imension or e ample e may ha e a measurements on a set of me ical patients an
e represent the measurements on in i i ual as a imensional ector or such ata
there are a ealth of i erent clustering metho s a ailable both mo el base metho s
eg raley an  aftery an  istance base metho s eg ain an  ubes
n this paper e are intereste in the problem of clustering in i i uals gi en obser e
ata about thein i i uals here the obser e ata oes not naturally occur in ector form

e elaborate on this belo euse the or in i i uvals in abroa sense it can encom
pass humans animals organisms organi ations natural phenomena mechanical systems
an so forth peci ¢ e amples inclu e clustering in i i uals base on their obser e eb
bro sing beha ior a e et al clustering animals gi en beha ioral obser ations

accou an eelis clustering e tra tropical cyclones base on their temporal e o
lution  len er et al an clustering genes from e pression ata isen et al

learly there is a notion of each in i i ual in a sense representing a an

e ish to cluster these systems base on obser ations of their ynamic beha ior
tan ar ector base clustering techni ues are not irectly applicable to this type of

clustering problem since the ata arises in non ector form eg se uences time series
tra ectories etc an  ecan ha e i erent amounts of obser e atafor i erentin i i u
als Table sho s ane ample of such ata The ata represent categori e page re uests
from traces of eb na igation for i erent in i i uals  ach in i i ual is characteri e
by i erent sessions i erent se uences an each of these se uences ary in length e

oul li e to be able to cluster in i i uals into groups base on their obser e na igation
beha ior but it is not at all ob ious ho one oul go about this in a principle man
ner  ur goal in this paper is to formulate a general mo el base clustering frame or for
clustering in i i uals hen the ata are non homogeneous as in this e ample

ne approach to clustering in this conte t is the feature ector approach namely to
re uce the obser e ata to feature ectors of e imensionality an wuse stan ar multi
ariate clustering techni ues to cluster in i i uals gi en this representation or e ample
len er et al represent e tra tropical cyclones as a concatenation of ays orth
of latitu e longitu e pairs space at hour inter als to yiel a imensional rep
resentation of each cyclone The means clustering algorithm as then applie in this



imensional space to n clusters of cyclones imilarly isen et al represent
gene e pression ata from i erent time course e periments as e imensional ectors
gglomerati e hierarchical clustering is then applie to n clusters of genes using a ector
istance measure  lthough interesting scienti c insights ere pro uce in both of these
cases e argue that this ector metho ology is not necessarily appropriate or a e uate
for clustering ynamic beha ior n particular for se uential or temporal ata the con
ersion to ector form necessarily incurs a loss of information e g in the e amples abo e
the temporal e olution of cyclones an genes respecti ely is not e plicitly retaine in the
ector representation
nother general approach to this problem is to e ne pair ise istances bet een all
in i 1 uals in some manner eg e it istance for se uences an then use istance base
clustering metho s e g hierarchical i culties here arise ith e ninge ecti e istance
measures for comple problems ore ample if i erentin i i uals ha e i erent amounts
of ata eg arying numbers of se uences perin i i ual there may be no principle ay
to irectly account for this multiplicity of information ia a istance function
e propose instea a general probabilistic metho ology for han ling these issues base
on the frame or of This probabilistic frame or is particularly
useful for problems of this type since it allo s us to irectly a ress the t o problems
mentione abo e of mo eling non ector ata in its nati e form an han ling
multiplicities of ata si es an ata types across in i i uals
pecial cases of the mo el base probabilistic frame or presente in this paper ha e
been e elope earlier for speci c classes of ata types an cluster mo els n particular
the concept of using a generati e mo el for clustering non ector ata has been in epen
ently pursue in se eral i erent conte ts or e ample in clustering se uences oulsen

intro uce a particular form of ar o mi tures an an algorithm for mo eling
heterogeneous beha ior in consumer purchasing ata  ore general ersionsof ar o mi
tures eresube uently in epen ently e elope by both myth an i ge ay
inclu ing a general frame or for learning in this conte t  lustering of re
gression cur es has been in estigate by path e arbo li er an  angas amy
e elan teen amp an in a more general non parametric form by a ney
an myth

The or presente here represents a generali ation of all of the abo e i eas ithin a
single uni e frame or ur or is more general in the sense that e e plicitly iscuss
the case hen i erentin i i uals ha e i erent amounts of ata  hich is an important
factor in many practical applications e note that once e e ne a proper li elihoo o er

the ata of interest then speci cation of any speci ¢ algorithm for any particular type
of mo el follo sin a irect manner from the general principles of eg empster

air  an  ubin ¢ achlan an rishnan n fact this algorithm is

uite similar to the stan ar algorithm  ith the e ception that i erentin i i uals
ha e i erent e ects on the estimation process epen ing on hether they ha e more or
less obser ations this is not surprising see ection Thus our frame or ill
be rather straightfor ar to any rea ers familiar ith in general for these rea ers e

ish to emphasi e the generality of the approach as e i ence by the i erse applications

ection or rea ers less familiar ith mo el base clustering an in general the
goal of the paper is to emonstrate that a large number of non tri ial clustering problems
can be elegantly han le  ithin this mo el base frame or



e propose the follo ing generati e frame or for mo el base clustering

nin i i valisran omly ra nfrom the o erall population uni erse an isin e e
by the letter thein e represents the in i i ual

Thein i i ual is assigne tooneof clusters ith probability
here e use toin icate the cluster membership of
in i1 ual
ach cluster has a ata generating mo el here are the

parameters of the probability istribution

ata  is no generate for anin i i ual by a ata generating probability mo el
once the cluster membership forin i i ual is no n an gi en
represents the heterogeneous ata associate  ith in i i ual an can be uite
general in form e g se uences images histograms te t ectors or combinations of
any of these aslong as e can e ne an appropriate ensity function on such ata

s a simple but concrete e ample consi er the case here for eachin i i ual eha e

a set of iscrete alue se uences ie s s S here each se uence s can be

of a i erent length or e ample each se uence coul represent the obser e recor of

page re uests forin i i ual at a particular ebsite an the i erent se uences represent

i erent sessions for thatin i i ual e can use the frame or abo e to mo el the o erall
ata generating process as follo s

The population of eb usersis ii e into  groups or clusters an a ran omly
chosen user has probability of belonging to cluster

The beha ior of each cluster is go erne by a nite state ar o mo el a stochastic
nite state machine ith parameters the initial state probabilities an transition

matri for that cluster This ar o mo el pro i es a probabilistic generati e mo el

for se uences from that group f the mo el has an absorbing state an en state

then se uences ra n from this mo el may ha e i erent lengths ith a length
istribution epen ing on The probability of a particular se uence s un er the
ar o mo el for cluster is s

There is a generati e mechanism for session initiation eg a istribution on the
number  of sessions for in i i uval for each group eg a eometric mo el ith
parameter an istribution

e coul also couple the ynamic characteristics of the in i i ual as obser e ia
the se uences s to other factors co ariates such as emographic ariables li e age
income etc e o not e plore this e plicitly in this paper but see myth
for ho this type of coupling of static an  ynamic beha ior can be mo ele an
learne

Thus in our mo el so far the o erall parameters for each cluster consist of



The probability of a set of se uences fromin i i ual S S con itione
on assuming that is a member of cluster  can then be ritten as

S S

here e assume for simplicity that the se uences are con itionally in epen ent gi en
the mo el

The probability of a set of se uences  forin i i ual hose cluster membership is
un no n can be ritten as

ie asa of ata generating processes  here the probability mo el for each
component is speci e by  uation

inally e can compute the probability thatin i i ual belongs to cluster by ayes
rule ie

The mo el abo e allo s us to mo el heterogeneous ata across i erent in i i uals in
a fairly general frame or sing the mo el our goal ill be to estimate the cluster
parameters an cluster eights gi en only obser e ata
s e ill see later in the paper this probabilistic frame or has some istinct a an
tages o er alternati e metho s for clustering in i i uals ore ample clustering se uences
of 1 erent lengths is not problematic The ey i ea is that ob ects are e ne to be sim
ilar in terms of common similarity to a mo el e presse through the li elihoo function
T o ob ects are consi ere similar if they both ha e higher li elihoo un er
one particular mo el than un er any other mo el ore ample consi er t o clusters each
mo ele bya ar o mo el onefa oringshort runsof san s theother fa oring longer
runs n this conte t a short se uence an a longer se uence
coul both be consi ere similar relati e to the short run mo el ie gi entheset omo els
there is a much higher probability that they both originate from the short run mo el than
the long run one
e ill sho that e can learn the cluster mo el parameters from a ata set

escribing in i i uals using an algorithm base on the proce ure e

ill further sho that this algorithm generali es the stan ar ector base algorithm
for mi turemo elsint o irections that are entirely intuiti e membership probabilities
are associate  ith in i i uals rather than in i i ual measurements an in i1 uals

ith more orless ata ha e more orless in uence on the parameter estimation process

n this section e pro i e a general escription of an algorithm that can be applie
to mi ture mo el clustering of in i i uals The mo el that e consi er here is actually a



special case of a ayesian hierarchical frame or for this class of clustering problems but
ue to space limitations e o not pursue this ayesian ie point further in this paper see

a e an myth for more etails
e use notation similar to that intro uce in the pre ious section peci cally let there
be in i i uals an let there be a ata set associate  ith each in i i ual note that
e sometimes refer to the ata set itself as an ach ata set consists of
obser ations here each obser ation represents another smaller ata
subset The ata set for all in i i uals is enote ith in i 1 ual
ata ccor ing to the generati e cluster mo el each in i i ual
is assigne to a single cluster an has an associate probability ensity

function of

here  represents parameters for all the clusters an  here
is the cluster i entity of the thin i i ual
e further assume that the obser ations are con itionally in epen ent gi en the mo el
parameters so that e can rite the probability of thein i i ual oranin i i uals ata
gi en that the in i i ual belongs to the cluster  as

This is e ui alent to assuming in a eb bro sing scenario for e ample that an in i i
ual s eb na igation patterns in any one session are in epen ent of their patterns from
pre ious sessions gi en the o erall parameters go erning that in i i ual hile this is an
appro imation to hat is really going on there may in fact be some se uential session to
session e ects e con ecture that it ill be a reasonably accurate an useful assumption
in practice

e are intereste in learning the ma imum li elihoo or ma imum a posteri
ori parameter estimates gi en the ata ie arg ma an
arg ma here un er the usual assumption that ata from if

ferent in i i uals are con itionally in epen ent gi en the un erlying mo el e ha e

no n as the li elihoo

The algorithm is a general techni ue for n ing or parameters hen
some aspect of the ata is consi ere  missing n a mi ture conte t the missing ata
consists of the cluster labels  for each in i i ual if e ne these labels then parameter
estimation oul be uite straightfor ar The algorithm can be ie e as operating
int osteps nthe step one calculates class con itional probabilities for each
in i 1 ual un er each of the  cluster mo els using the current alue of the parameters

n the step one up ates parameters by eighting each in i i ual accor ing to

their class con itional probability This yiel s a ery intuiti e algorithm that is guarantee
to lea to a se uence of s hich ha e non ecreasing li elihoo or posterior probability
ie un er fairly broa con itions it ill n at least a local ma imum of the or
ob ecti e function



n the ne t section e illustrate ho this algorithm can be applie to the case hen
e ha e i erent amounts of atafor i erentin i i uals a generali ation of the stan ar
frame or

s a speci ¢ e ample of this general frame or e re isit in more etail the problem
iscusse in ection of clustering iscrete alue se uences ta ing alues from to
e ill assume that e are using a mi ture of ar o chains mo el  ach in i i ual
can ha e se uences eg i erent obser e sessions of eb na igation beha ior The
generati e mo el has the general mi ture form escribe in ection here the component
mo el for each obser ation in each cluster in  uation  ta es the form of a
ar o mo el s e coul of course use any se uential mo el that e nes a ensity
on possible se uences but choose the ar o mo el for simplicity of illustration
The mo el parameters for each ar o cluster consist of an initial state probability
ector an an transition matri here enote iscrete
states n a ition there is a set of eights that e nes the mi ing
proportions of the component mo els pre iously enote as The intuition is that
i erent clusters ill ha e i erent ar o beha ior an e ish to learn these i erent
beha iors from obser e se uences
e follo the general approach outline in ection to e neali elihoo an in ection
to eri e an associate algorithm  n important point is that this proce ure is uite
general one simply enco es one s assumptions about the generati e nature of the mo el
ia the li elihoo an the associate algorithm follo s irectly
et S s S be the ata for the thin i i ual heres isthe th
se uence obser e for this in i i ual from before s correspon s to the th subset
of ata or obser ation for anin i i ual rom the e nition of a ar o chain e can
e ne the li elihoo of any particular se uence s  con itione on a particular cluster
ith parameters as

here enotes the th element of the thse uence forin i i ual an is the length
of the th se uence forin i i ual
Thus the probability of all of the ata from in i i ual con itione on cluster
can be ritten as

s
in accor ance ith  uation ere e o note plicitly mo el the istribution on ie
a istribution mo eling ho many se uences are pro uce by members of cluster n

e ect this is e ui alent to assuming a uniform at prior on
ince e o not no a priori hich cluster in i i ual came from their marginal
probability gi en the mo el parameters can then be ritten in mi ture mo el form as



an  here the full li elihoo can be ritten as a pro uct of these terms o er as
in  uation
uations an  completely specify our generati e mo el for the obser e ata
n this manner a full li elihoo for all of the obser e ata can be constructe in
a straightfor ar systematic manner by buil ing up rst from a mo el of an in i i ual

se uence uation  toamo el of ho a set of se uences are generate for anin i i ual
uations an toamo el of ho atafor asetofin i i uals is generate uation
nce the li elihoo is e ne in this manner the proce ure is relati ely straight

for ar to e ne The stepis a straight for ar e aluation of

ia the li elihoo terms e ne abo e The  step becomes

This e uation states that the ne mi ing proportions are proportional to the membership
probabilities  hile the ne initial state probabilities an transition probabilities are ob
taine by counting initial states an transitions an  eighing them by the membership
probabilities The term represents the count of transitions from state  to state
in all the se uences associate  ith in i i ual
The computational comple ity of this algorithm at a high le el is the same as the stan

ar multi ariate algorithm for mi tures ie linear in the total number  ofin i i
uals in the total number of obser ations an in the number of iterations of the
algorithm ithin each iteration for each obser ation the computation of the step an
the step 1ill be mo el epen ent or ar o mi tures for e ample the comple ity is
linear in the sum of the lengths of all se uences ie linear in the total number of iscrete
symbols obser e  an thus the o erall algorithm retains its linearity = or more comple
component mo els the comple ity can be higher

ecall that the stan ar approach to mi ture mo eling in ol es a single obser ation ector
perin i i ual Thus e cluster ectors rather thanin i i uvals The frame or outline
in this paper i ersint o important aspects from this stan ar approach

n the stepof wuation  the membership eights are associate  ith in i i uals

rather than ith ata obser ations This is uite intuiti e e can ie this as
ha ing the memberships of each ata obser ation being tie to a single probability
membership istribution forin i i ual



n the step ifonein i i ual has more obser ations than another e g either more
se uences an or longer se uences then that in i i uals ata ill get more
eight in parameter estimation through the  terms in  uation Ithough it
is intuiti e that this shoul be the case it is orth pointing out that the proba
bilistic frame or ta es care of this issue of i erent amounts of ata for i erent
in i 1 vals ia the li elihoo mo el in an automatic an consistent fashion n a
non probabilistic frame or there is no ob iously consistent frame or for han ling
this issue

Table sho sasmall fraction of actual eb session ata obtaine from a large commercial
soft are company etails of the ata are proprietary but can be characteri e in the
follo ing manner  age re uests from a eb bro ser are recor e on in i i uals client
machines an o nloa e nightly to a central archi e  essions are e ne some hat
arbitrarily as any set of page re uests here the gap bet een successi e re uests oes not
e cee minutes age re uests are automatically categori e into i erent categories

base on the nature of the ebsite from hich the page is re ueste
e in estigate the use of ar o mi tures for this problem Thus for this particular

ata set e ha e the follo ing instantiation of our general approach

ata  iscrete alue se uences ariable length multiple se uences for
some in i i uals

mi ture of ar o components

ara t rs eight initial state istribution an transition matri per cluster

The ata set contains in i 1 vals ith a total of sessions se uences ach

se uence consists of page re uests categori e into categories states  n the results
presente here e clustere the ata into clusters

igure sho s three transition matrices summari ing three interesting clusters  ach

s uare in the gure represents a oint probability of the transition ote that

this information not only ta es into account ho i ely it is that a user ill go from state

to state but also ho often the user is in state The rst cluster contains users

that mostly stay ithin a single category high self transition probability = The secon
cluster sho s users that ten to na igate among three i erent categories but stay slightly
longer in the rstt o The thir cluster sho s users that mostly stay in a single state but
occasionally ma e a short isit to another state

ie ing transition matrices are one ay to isuali e resultant clusters or a larger scale
stu y an a itional results ith a similar type of atasee a e et al submitte

ene e pression atapro i esanother irect application for our clustering frame or  nan
e ort to classify an un erstan the beha ior of the human genome scientists employ tiny
mircoarrays hich a or the placement of thousan s of istinct genes in a compact



igure  Three oint transition probability matrices for the eb page re uest ata ach
s uare represents oint probability here an are all combinations of the
a ailable states ighter s uares represent higher probability

igure  This picture sho s the actual gene e pression ata  ote that only one fth of
the ata setis isplaye



igure ernel regression clusters returne on gene e pression ata



rectangular array The microarrays allo scientists to test the responses or e pressions of
a set of arious genes un er speci ¢ stimuli
typical gene e pression ata set contains a set of se uences hose alues measure
the le el of response for a certain set of genes o er time or e ample a ata set might
contain se uences measuring the responses of i erent genes o er a hour
perio  This ata set might contain response measurements in each se uence yiel ing
measurements in total
cientists n it useful to be able to cluster a set of genes into se eral groups in hich
each group contains genes e incing similar beha ior  rme  ith such a clustering scientists
may be able to more easily probe the functional purpose or role for hich these super
groups are responsible
The results in this section ere obtaine from a gene e pression ata set containing
se uences each consisting of  measurements The measurements ere ta en o er a
hour perio The etails are as follo s

ata real alue se uences as a function of time e length
mi ture of ernel regression components

ara t rs eight ban 1 th

isen et al escribe this ata set in greater etail an pro i e a clustering using
stan ar hierarchical a erage lin age clustering

ere esho that it is asimple matter to cluster this ata using our uni e frame or

e chose to mo el this ata ith a mi ture mo el containing ernel regression mi ture

components This type of mo el seems more natural than employing a stan ar hierarchical
approach ector base since you are e plicitly mo elling a genes e pression epen ent
on time ee a neyan myth for a more etaile iscussion of ernel regression
mi ture mo els

igure sho s a picture of a portion of the ata set The y a is sho s the le el of
response an the a is simply in e es time  igure sho s of the clusters that ere
returne  hen the ata as analy e The returne clusters match those foun by isen
et al rather closely

e bloo cell cytograms are t o imensional histograms of re bloo cells olume an
hemoglobin concentration They are routinely obtaine from o cytometric machines
a ailable in some me ical labs n erstan ing properties of oint istribution of olume
an hemoglobin concentration is an important iagnostic tool in isco ering patients ith
some types of bloo  isor ersli eiron e cient anemia c aren en
more important scienti c insights can be obtaine by e amining a population of in i i uals

here each in i i ual can be represente by one or more cytograms or e ample this
analysis can re eal ariability among in i i uals ariability of a single in i i ual o er
time or it can be use to classify ne patients

n an earlierstu y a e etal esho e ho each cytogram can be character

ie asan imensional ector This ay eachin i i ual has one or more imensional
ector ata points associate  ith him or her n the e periments presente here e specif
ically loo at cytograms per in i i ual the so calle uplicates uplicates e ist since
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igure e bloo cell patient ata a labele into control an iron e cient classes ith

t o measurements per patient b results of running our clustering frame or on the ata
in a ith the class labels remo e

each bloo sample is typically analy e t ice itha  minuteinter alin bet een The re
bloo cell ata set consists of  controls healthy in i i uals an patients ith
igure sho s the mostimportant imensions out of  a ailable that can be ie e
as an appro imation to cytogram mean  ach ot represents a single uplicate so there
are t ice as many ots as there are in i i uals The left gure sho s true classi cation
hile the right gure sho s results of our clustering using imensional ector ata an
ith class labels remo e The right gure also sho s i erent wuplicates ith i erent
symbols re ealing ariability of in i i ual ata
To summari e this ata set an mo el can be escribe as

ata ector ata ariable number of ata points perin i i ual
mi ture of aussian components

ara t rs eight mean an co ariance matri per cluster

e presente a unifying probabilistic frame or for clustering in i i uals or systems into
groups hen the a ailable ata measurements are not multi ariate ectorsof e imen
sionality a e eri e a general algorithm for clustering this type of ata an

emonstrate its usefulness ithin se eral applie e amples ey i eain this paper is the
fact that one is able to plug in an appropriate mo el for a ata set an apply it ithin our
general frame or to generate parameter estimates an cluster mo els in a straightfor ar
an consistent manner This allo s the ata analyst to ta e full a antage of all of the
a ailable ata on an in i i ual ithout ha ing to e elop speciali e algorithms for each
i erent type of ata present
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