ICS.6D, Fall 2007, Quiz 1, October 8, 2007
1)  Determine whether each of these statements is True or False, by circling the correct answer:
    If 5=5, then 10=10
T or F


If 5=5, then 10=749 

T or F
    If 5=0, then 10=10
T or F


If 5=0, then 10=749

T or F    
2)
  a)  Write the truth table for the following proposition:  p Vq ) (  p.
     

(Extra columns have been provided for your work.  Please label those you use.)
	 p
Ans:
p
	q
	
	
	
	
	p V q ) (p

	T
	T
	
	
	
	
	

	T
	F
	
	
	
	
	

	F
	T
	
	
	
	
	

	F
	F
	
	
	
	
	


b) Using the above table, decide if the following is a tautology, contradiction, or contingency:

(p Vq ) (  p)(   p
:     ______________ 
3)    Determine the truth value of each statement below, assuming the domain is integers:

(x (x > 6) _________________             (x (x > 6)
_________________ 

(x (y (y > x) _______________            (x (y (y > x)   __________________ 

4) Let L(x) = “x loves Larry”, and let J(x) = “x loves Jerry”.

Express the following statements using quantifiers and predicates L(x) and J(x):

a)  “Some people love Larry and some people love Jerry.”   :  
__________________
b)  “Some people love Larry but don’t love Jerry.”   :  

__________________
c)  “Everyone who loves Larry must also love Jerry.”   :   

__________________
d)  “If everyone loves Larry then everyone loves Jerry.” :

__________________
ICS.6D: Discrete Mathematics For Computer Science, Fall 2007, Quiz 2

1) Label each of the following True or False:  {1} ( {1} ____,   {1} ( {1} ____,   {1} ( {1} ____, 

    [21pts]
                 ( ( {1} ___,    ( ( {1} ____,    ( ( {1} ____,    ( ( {(}  ____
2) [21pts] If A = {s, t, t, q, r, t, q} and B = {t, v, t}, then

    |A| = ______,    |P(A)| = __________,    |A(B| = ________

    A ( B = _________________________


    A – B = ______________________________


    A ( B = _________________________________________,  

    {r,s,r} ( B = ______________________________________
3) [12pts] Compute the following values: 

       (- 4.3( = _______      (4.3( = ________      (4/3( = _______       (- 4/3( = ________    

4) [20pts] State whether each of these functions from Z to Z (Z=Integers) is Injective (one-to-one), Surjective (onto), Bijective, or Neither, and briefly explain/justify each answer.

     f(n) = 5n+1
___________________________________________________________
     f(n) = n2 - 4
___________________________________________________________

     f(n) = (n / 5(
___________________________________________________________

     f(n) = 5 - n
____________________________________________________________

5) [26pts] Prove the following claim (for any sets A and B):


A ( (B - A) ( (
Do it on the next page where we list several facts that can be useful in this claim.  You don’t have to use all the facts listed or explain which of the stated facts you are using.

We’ll give partial credit if some part of your argument is correct and other part is not.  If you are not sure how to prove it using logical argument, you can argue it using Venn Diagram’s or Set Membership tables, and you’ll get [16pts] for either correct Venn diagram argument or correct Set Membership table argument.

Claim:


A ( (B - A) ( (
Your proof:

As a reminder, here are several facts about sets and logic which can be useful in this proof:


Fact 1:    x ( A ( B
iff
x ( A ^ x ( B

[definition of set intersection]

     
Fact 2:    x ( A – B
iff
x ( A ^ x ( B

[definition of set difference]


Fact 3:    x ( A
iff
x ( A


[definition of set complement]


Fact 4a:  A ( A = (



Fact 5a:  A ( ( = (



Fact 6a:  A ( (B ( C) = (A ( B) ( C


Fact 7a:  (B ( C) = (C ( B)


Fact 4b:  q ^ q  =  F


Fact 5b:  q ^ F = F


Fact 6b:  q ^ (r ^ s) = (q ^ r) ^ s


Fact 7b:   (r ^ s) = (s ^ r)

ICS.6D: Discrete Mathematics For Computer Science, Fall 2007, Quiz 3

1) [20pts] Compute:
67 mod 30 = ________                       -7 mod 30 = ___________

67 div 30 = __________                       -7 div 30 = ___________  

2) [20pts] Using the Euclidean Algorithm, compute gcd(150,93) =  ____________

[Hint for those who forgot the algorithm:  It uses the fact that gcd(a,b)=gcd(a, b mod a)]

Show your work:

3) [20pts] Let a = 23•3•52 and b = 22•35•7

Compute:

        gcd(a,b) = _________________
  lcm(a,b) = ________________

(It’s enough to give all answers in a similar form as we used to express a and b, i.e. as products of prime powers!)

4) [20pts] List positive integers less than 18 which are relatively prime to 18:

____________________________________________________________

5) [20pts] Prove or disprove (e.g. by giving a counterexample) the following:

5a)  If a|b and a|c then a|(b+c)

5b)  If a|c and b|c then (a+b)|c

ICS.6D: Discrete Mathematics For Computer Science, Fall 2007, Quiz 4

1) 48 points     Fill in the blanks:   

  (1011) 2 =          (______________)10,




  (1000 1100) 2 = (______________)10,

  (15) 10 =  (_____________________________)2

  (33) 10 =  (_____________________________)2
  (AED) 16 = (_____________________________)2 

   (1010  1101  0011) 2 = (___________)16
  (2F) 16 = (___________________)10 

   (41) 10 = (___________)16
2)  52 points    Using induction prove the following for all integers n > 1:

1/1 + 1/4 + 1/9 +….+ 1/n2  <  2 – 1/n

Basis Step:
           What you will prove: _____________________________________

           Proof:

Induction step:

            What you are assuming: __________________________________

            What you will prove: ______________________________________

Proof:

ICS.6D, Fall 2007, Midterm, November 5, 2007

1) True, False, or Depends?  [ 48 pts = 16 items x  3pts each ]   
For each statement mark whether it’s True, False, or it depends on the instantiation of the variables and/or the definition of the predicates:

a. If (p and q) then p


T
F
depends

b. If p then (10=5 and a=a)    

T
F
depends 

c. (p ( p)




T
F
depends

d. (p ( p) is a contradiction

T
F
depends

e. ((x A(x))  if  ((x A(x)) 

T
F
depends

f. {1,4} ( ({1,2,3,4,5} – {2,3})

T
F

g. |{1,1,2,2,3} x {1,1,1}| = 3

T
F

h. |P({1,1,2})| = 2



T
F

i. Ø ( { Ø }




T
F

j. Ø ( { Ø }




T
F


k. S ( S 




T
F
depends

l. (A ( B) ( C = (A ( C) ( (B ( C)
T
F
depends

m. 22•32 = gcd( 22•33 , 22•31 )

T
F 

n. gcd(a,b) = gcd(b mod a, a)

T
F
depends

o. a = (a div b) • b + (a mod b)

T
F
depends

p. If a•b divides c then a divides c
T
F
depends

2) English Sentences and Quantified Boolean Formulas [10 pts]  

Let S(x) = “x takes 6D”, C(x) = “x is a CS major”, and E(x) = ”x is a EECS major”.

Express the following statements using quantifiers and predicates S(x), C(x), and E(x):

a)  There are EECS majors who don’t take 6D:

_____________________

b)  Every CS major takes 6D:  



_____________________

3)  Functions [12 pts]  

State whether each of these definitions result in a function from Integers to Integers which is Injective (one-to-one), Surjective (onto), Bijective, or Neither, or if the definition Fails to define a function on Integers at all.  Briefly explain/justify each answer. 
a)   f(n) = n for all n except n=2, and f(2)= 3

 
I
S
B
N
F

b)   f(n) = n for n>0, and f(n) = -n for all n<0


I
S
B
N
F

c)   f(n) = n for all even n, and f(n) = -n for all odd n

I
S
B
N
F

(Recall that n is even if 2|n, and it’s odd otherwise.)

4)  Representations [12 pts]     Translate the following representations from base-16 to base-2 and base-10.  Supply intermediate results to get partial credit in case you make some numerical mistake, and try to check whether your answers below are consistent with each other!

(7A) 16 =  (______________________________________________________________)2
(7A)16 = (______________________________________________________________)10

5)  Induction [18 pts]    Prove by induction that for all integers n>0,  1+2+22+23+…+2n = 2n+1-1
Basis Step:

What you will prove:         ___________________________________

Proof:
 

Inductive Step:

            What you are assuming:  ___________________________________

            What you will prove:        ___________________________________

Proof: 

ICS.6D: Fall 2007, Quiz 5

1) [32 points] State whether each of the following is as a recursive definition of some function from nonnegative integers to integers, or not.  Circle the right answer:
a)  f(0) = 1,  f(n) = f(n – 1)  for n ≥ 1


Good One

Failed

b)  f(0) = 1,  f(n) = f(n – 2)  for n ≥ 1


Good One

Failed 

c)  f(0) = 1,  f(n) = f(n – 2)  for n ≥ 2


Good One 

Failed 

a) f(0) = 1, f(1) = 1, f(n) = f(n – 2)  for n ≥ 3

Good One

Failed  

2) [36 points] State whether each of the following is a good definition of the set of (all) even positive integers, i.e. {2,4,6,8,10,…}, or not.  Circle the right answer:
a)  2(S, and if n(S then n+2(S.



Good One

Failed 



b)  2(S, and if n(S then 2*n(S.



Good One

Failed 



c)  2(S, and if n1(S and n2(S then (n1+n2)(S.

Good One

Failed 



3) [32 points]  Structural induction proof.

Here are recursive definitions of (1) a string, (2) string inverse inv(r), and (3) bit-wise xor xor(r):

1) Base: λ is a string.   Inductive case:  s•b is a string for any string s and bit b. 

2) Base: inv(λ) = λ.      Inductive case:  inv(s•b) = b•inv(s) for any string s and bit b.

3) Base: xor(λ) = 0.      Inductive case:  xor(s•b) = (xor(s) + b mod 2) for any string s and bit b.

4) Assume also the following fact: xor(b•s) = (xor(s) + b mod 2) for any string s and bit b.

Using definitions (1), (2), (3) and fact (4), prove that (5): xor(inv(r)) = xor(r) for any string r:

a) Base case.  First, write the string which you need to consider:  r = ___________
     Prove claim (5) for this r:

b) Inductive case.  First, write a string which you need to consider:   r = ____________
     Proof claim (5) for this r, assuming that the claim holds for r’s component string(s):

ICS.6D: Fall 2007, Quiz 6

1) [64 points]   How many 5-digit strings of decimal digits satisfy the following constraint: 

     a) Have no repeated digits:
__________________________________

     b) Start with “5”: 


__________________________________

     c) Start with string “56”:    
__________________________________

     d) Start with an odd digit: 
__________________________________

     e) Start with an odd digit and end with an even digit: ________________________________

     f) Start with an odd digit or end with an even digit: __________________________________

     g) Contain digit “5”:

__________________________________

         [hint: first consider all 5-digit numbers that do not satisfy this constraint]

     h) Contain digits “5” or “6”:
__________________________________

         [hint: same hint as above] 



2) [36 points] Suppose that each course in the ICS department must have course names either of the form  “ics.XA”  or  “ics.XYA” ,  where.:

-  X can be any decimal digit, 

-  Y can be any decimal digit between 0 and 4, 

-  A can be any English letter.

How many letters are necessary to use in the “A” part of course names if ICS has 181 courses?

ICS.6D: Fall 2007, Quiz 7

1a) Why is C(n,k) = C(n,n-k)?  
Give a combinatorial argument first:

1b) Now give a numerical argument using the formula for C(n,k): 
2a) Why is P(n,k) = C(n,k) * P(k,k)?     Give a combinatorial argument first:

2b) Now give a numerical argument using the formulas for C(n,k) and P(n,k): 
3) How many bit strings of length 16:

     a) Are there in total?




______________

     b) Contain exactly four 1’s?



______________

4) How many seven-letter strings can be formed using the English alphabet (26 letters):

     a) In total?



  


______________

     b) Using distinct letters?




______________

     c) Using distinct letters with substring “AB?


______________

ICS.6D: Fall 2007, Quiz 8

1). [20 points].  List the first six terms of the following recursively defined sequences:

a)  an =  an-1 + an-2
   a0= 1, a1= 1   ,a2 = ________,a3 = ________,a4 = ________,a5 = ________
b)  an =  an-1 + an-2
   a0= 3, a1= -2  ,a2 = ________,a3 = ________,a4 = ________,a5 = ________

2). [20 points].  Are the following sequences solutions to recurrence relation an =   3an-1 - 2an-2 ?  Circle the correct answers:

a)  an =  c, for any integer c

Solution

Not a Solution
b)  an =  2n




Solution

Not a Solution
3). [30 points].  

a)  State the general form of any (and every) solution to recurrence relation an =  3an-1 - 2an-2  :  

b)  Give the particular solution to this relation if initial conditions are a0 = 3 and a1 = 4 :  
4. [30 points].  Imagine an exotic country where coins have denominations of 5, 10, and 25 units.  Let sn be the number of ways in which one can insert coins into a vending machine (where order matters, because in that country vending machines often jam depending on the order in which you enter coins!), so that the coins sum to n units.  Assume n is a multiple of 5, n≥0, and s0=1.
a)  State the initial conditions:  s5 = _____   , s10 = _____   , s15 = _____   , s20 = _____
b)  Give a recurrence relation for sn, for n ≥ 25:
     sn =  ______________________________
