ICS.6D, Fall 2007, Midterm, November 5, 2007,   SOLUTIONS
1) True, False, or Depends?  [ 48 pts = 16 items x  3pts each ]   
For each statement mark whether it’s True, False, or it depends on the instantiation of the variables and/or the definition of the predicates:
a. If (p and q) then p

True, because (p and r) implies p for any r.

b. If p then (10=5 and a=a)    
Depends, because it’s true whenever p ≡ F and false whenever p ≡ T, because (10=5 and a=a) ≡ F, and (p→F) ≡ (p).
c. (p ( p)



False, because it’s false for all p.
d. (p ( p) is a contradiction
The answer to (d) is “True” because the answer to (c) is “False”.  In other words, (p ( p) is a contradiction because it’s a statement that’s false for all values of the variable p. 
e. ((x A(x))  if  ((x A(x)) 
True, because these two statements are equivalent for all predicates A.  Note that implicitly both quantifiers are over the same universe (which was not stated but was to be assumed). 
f. {1,4} ( ({1,2,3,4,5} – {2,3})
True, because {1,4} is a proper subset of {1,4,5}
g. |{1,1,2,2,3} x {1,1,1}| = 3
True, because |{1,1,2,2,3}|=3, |{1,1,1}|=1, and 3*1=3
h. |P({1,1,2})| = 2


False, because |{1,1,2}|=2, so |P({1,1,2}|=22=4
i. Ø ( { Ø }



True, just a case of a({a} for some a.
j. Ø ( { Ø }



True, because Ø (  A for all A and Ø ≠ {Ø}
k. S ( S 



False, because S=S for all S.
l. (A ( B) ( C = (A ( C) ( (B ( C)
True.  It’s one of the distribution laws and it can be quickly checked using basic definitions of union or intersection or using a Venn Diagram.
m. 22•32 = gcd( 22•33 , 22•31 )
False, because the gcd here is 22•31 
n. gcd(a,b) = gcd(b mod a, a)
True for all integers (a,b) s.t. a≠0.  The Euclidean Algorithm for fast gcd computation is based on this fact for b>=a.  However it’s also true for a>b because if a>b then (b mod a) = b, and it’s true for b=a because gcd(0,a)=a if a≠0.
[When making the quiz I have overlooked the fact that if a=0 then expression (b mod a) is undefined, and therefore if the implicit domain includes a=0 then in this case this expression will not be a preposition because one cannot assign a true/false value to it. No one pointed this case out to me during the quiz, but If someone points it out on the quiz itself then they get full credit for this item.  Marking “Depends” will be given full credit, because I have to assume that someone might have pointed out this way that the truth value of this expression is not defined for some elements of the implicit range, namely for a=0.]
o. a = (a div b) • b + (a mod b)
  True for all integers except b=0.   We defined divisor q and remainder r for (a,b) s.t. b≠0 as a unique pair of integers which satisfies two constraints:  a = q•b + r and 0 <= r <= b-1.
[However, similarly as in problem (n.) above, I overlooked the fact that if b=0 ten expression (a mod b), is undefined.  If someone points this out they’ll get full credit as well.  Marking “Depends” will be also given full credit, because I have to assume that someone might have pointed out this way that the truth value of this expression is not defined for some elements of the implicit range, namely for b=0.]
p. If a•b divides c then a divides c     True for all integers, because if there exists integer n s.t. c=a•b•n then there exists integer m s.t. c=a•m, namely m=b•n.
[However, if you considered  the implicit domain of a,b as rationals or reals, the possibility that I didn’t foresee while making the test, then the question is not well-formed because, for example, if a=1/2, b=4, and c=10, then statement “a*b divides c” is a proposition (and it’s truth value is True) but the statement “a divides c” is not a proposition because the notion of divisors is only defined for integers.  While you were supposed to identify the implicit domain as the domain over which the expression is a proposition, this is a potentially confusing case because the first part of the implication is a proposition e.g. if a=1/2 and b=4, but the second part is not.  Therefore we’ll again accept “Depends” for the same reasons as above.] 
2) English Sentences and Quantified Boolean Formulas [10 pts]  
Let S(x) = “x takes 6D”, C(x) = “x is a CS major”, and E(x) = ”x is a EECS major”.
Express the following statements using quantifiers and predicates S(x), C(x), and E(x):
a)  There are EECS majors who don’t take 6D:


( x (   E(x)  ^  S(x)  )
b)  Every CS major takes 6D:  




(x (   C(x)  →  S(x)  )
3)  Functions [12 pts]  

State whether each of these definitions result in a function from Integers to Integers which is Injective (one-to-one), Surjective (onto), Bijective, or Neither, or if the definition Fails to define a function on Integers at all.  Briefly explain/justify each answer. 
a)   f(n) = n for all n except n=2, and f(2)= 3

 
N [Neither]
It’s a function, but it’s not surjective, because there’s no n s.t. f(n)=3, and it’s not injective, because f(2)=f(3).  

(You get 2/4 is you answer either S or I part correctly, giving a brief correct reason.)
b)   f(n) = n for n>0, and f(n) = -n for all n<0


F [Fails]
This fails to define a function on (all) Integers, because it does not define what’s f(n) for n=0.   However, if you said that it does define a function from Non-zero integers to Integers and you said that it’s “N” because such a function is neither injective, e.g. because f(-1)=f(1), nor surjective, because no element maps to 0, then we’ll give 2/4 points for such answer.  But if you said nothing about considering a different domain, namely non-zero integers instead of just integers, then we’ll give 0/4 points for any attempt at treating this as a well-defined function!
c)   f(n) = n for all even n, and f(n) = -n for all odd n

B [Bijective]
(Recall that n is even if 2|n, and it’s odd otherwise.)
This function is bijective because for all integers m there exists n s.t. f(n)=m [hence it’s a surjection], and moreoever this n is unique [hence it’s an injection].   Specifically if m is even then n=m and if m is odd then n=-m. 

(You get 2/4 is you answer either S or I part correctly, giving a brief correct reason.)
4)  Representations [12 pts]     Translate the following representations from base-16 to base-2 and base-10.  Supply intermediate results to get partial credit in case you make some numerical mistake, and try to check whether your answers below are consistent with each other!
(7A) 16 =  (0111 1010)2  

(Partial credit, 3/6, is given if one of the blocks of digits is correct)

(7A) 16 =  (7*16 + 10 = 112+10 = 122)10

You should check that (0111 1010)2 = (26+25+24+23+21 = 64+32+16+8+2 = 112 + 10)10
If you answer wrongly on one of the hexadecimal digits but you did so consistently, e.g. if you mistook (A)16 as (9)10 and hence also (1001)2, instead of (10)10, you get only 3 points off.
5)  Induction [18 pts]    Prove by induction that for all integers n>0,  1+2+22+23+…+2n = 2n+1-1
You can define a predicate P(n) = “1 + 2 + … + 2n = 2n+1 - 1”.
It’s also convenient to denote the sum 1 + 2 + … + 2n as some function of n, e.g. S(n).

Note that you can rewrite S(n) as S(n) = 20+21+…+2n.   This is a convenient form for expressing the basis case clearly, but it’s not necessary.
Basis Step:

What you will prove:   P(1), because the base case n0=1.
[3pts]

   
   In other words we need to prove that S(1)= 20+21 = 21+1-1 
Proof:
 This is true because both sides are equal to 3.

[2pts]
Inductive Step:

            What you are assuming:  P(k) for some k>0.  

          In other words, assume S(k) = 2k+1 – 1 for some k>0

[3pts]
            What you will prove:         P(k+1), in other words that S(k+1) = 2k+2 – 1

[2pts]
Proof:  First note that S(k+1) = S(k) + 2k+1


Second, by the inductive assumption that S(k) = 2k+1 – 1 we get that 

S(k+1) = (2k+1 – 1) + 2k+1
[5pts for this step]


And now we develop the right side to show that:


S(k+1) = (2k+1 – 1) + 2k+1 = 2*2k+1 – 1 = 2k+2 – 1,

as needed!
[4pts for this step]
