Quiz 1:  (all questions viable for midterm!)
1)  Determine whether each of these statements is True or False, by circling the correct answer:
[6 pts each]
    If 5=5, then 10=10
T


If 5=5, then 10=749 

F
    If 5=0, then 10=10
T


If 5=0, then 10=749

T
2)
  a)  Write the truth table for the following proposition:  p Vq ) (  p.
     

(Extra columns have been provided for your work.  Please label those you use.)
[3 columns to write, 12 pts]
	 p
Ans:
p
	q
	 p
	p V q )
	
	
	p V q ) (p
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	T
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	T
	
	
	F

	T
	F
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	F
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	T
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b) Using the above table, decide if the following is a tautology, contradiction, or contingency:

(p Vq ) (  p)(   p   [8 pts] tautology, because the corresponding columns are same
3)    Determine the truth value of each statement below, assuming the domain is integers:
[6 pts for each]
(x (x > 6) ____T_____________             (x (x > 6)
___F______________ 

(x (y (y > x) __T_____________            (x (y (y > x)   ____F_____________ 

4) Let L(x) = “x loves Larry”, and let J(x) = “x loves Jerry”.
[6 pts for each]
Express the following statements using quantifiers and predicates L(x) and J(x):
a)  “Some people love Larry and some people love Jerry.”   :  
( x L(x) ^ (x J(x)
b)  “Some people love Larry but don’t love Jerry.”   :  

( x ( L(x) ^ J(x) )
c)  “Everyone who loves Larry must also love Jerry.”   :   
(x (  L(x) => J(x)  )
d)  “If everyone loves Larry then everyone loves Jerry.” :
(x L(x)  =>  (x J(x)
[last two were pretty tricky…]
Quiz 2:  (all questions viable for midterm!)
1) Label each of the following True or False:      [18pts]
{1} ( {1} _T (case of A(A),   
{1} ( {1} _F (not true because {1}={1}),

{1} ( {1} _F 

( ( {1} __F,    

( ( {1} _T_(( ( A for all non-empty sets A)

( ( {(}  _T__

2) [21pts] If A = {s, t, t, q, r, t, q} and B = {t, v, t}, then.  (First note that A={s,t,q,r} and B={t,v})
    |A| = __4____,    |P(A)| = ___24=16_______,    |A(B| = __4*2=8______
    A ( B = ____{t}
    A – B = ______{s,q,r}
    A ( B = _____{s,t,q,r,v}
    {r,s,r} ( B = ____{r,s} x B = {(r,t),(r,v),(s,t),(s,v)}
3) [12pts] Compute the following values: 

       (- 4.3( = __-5_____      (4.3( = ___5_____      (4/3( = __1_____       (- 4/3( = ___-1_____    

4) [20pts] State whether each of these functions from Z to Z (Z=Integers) is Injective (one-to-one), Surjective (onto), Bijective, or Neither, and briefly explain/justify each answer.

     f(n) = 5n+1
I but not S (injective because 5n+1=5n’+1 only if n=n’, but it’s not onto because only elements m s.t. m=1 mod 5 are in the range of this function)
     f(n) = n2 - 4
N (Not injective because for example f(2)=f(-2).  Also not surjective because all values smaller than -4 are not in the range of this function) 
     f(n) = (n / 5(
S but not I (Not injective because for example f(1)=f(2).  But surjective because for every intereger m there is n s.t. f(n)=m, for example n=5m.) 
     f(n) = 5 - n
B  (It’s injective because 5-n=5-n’ only if n=n’.  It’s surjective because for every for example f(1)=f(2).  But surjective because for every intereger m there is n s.t. f(n)=m, namely n=5-m. Check that f(n)=f(5-m)=5-(5-m)=m...) 
5) [26pts] Prove the following claim (for any sets A and B):


A ( (B - A) ( (
Do it on the next page where we list several facts that can be useful in this claim.  You don’t have to use all the facts listed or explain which of the stated facts you are using.

We’ll give partial credit if some part of your argument is correct and other part is not.  If you are not sure how to prove it using logical argument, you can argue it using Venn Diagram’s or Set Membership tables, and you’ll get [16pts] for either correct Venn diagram argument or correct Set Membership table argument.

Claim:


A ( (B - A) ( (
Your proof:

Many possible proofs are possible!!  Here is one:

You need to show that for all x, if x is in A ( (B - A)  then it’s in (.   But since nothing can be in an empty set, this is equivalent to saying that nothing is in set A ( (B - A), so this is what we need to prove.  Let’s take any x in A ( (B - A).

By fact 1 below, this is equivalent to [(x in A) and (x in B-A)]

By fact 2 below, this is equivalent to [(x in A) and ((x in B) and (x not in A))]

By facts 7b and 6b below, this is equivalent to [((x in A) and (x not in A)) and (x in B)]

By fact 4b below this is equivalent to [False and (x in B)]

By fact 5b below this is equivalent to [False]

So therefore we showed that assumption that x is in A ( (B - A) led to falsehood.

Therefore the assumption must be false, and this proves that A ( (B - A) is empty, as needed.
As a reminder, here are several facts about sets and logic which can be useful in this proof:


Fact 1:    x ( A ( B
iff
x ( A ^ x ( B


[definition of set intersection]

     
Fact 2:    x ( A – B
iff
x ( A ^ (not x ( B)

[definition of set difference]


Fact 3:    x ( complement(A)
iff
(not x ( A)
[definition of set complement]


Fact 4a:  A ( A = (



Fact 5a:  A ( ( = (



Fact 6a:  A ( (B ( C) = (A ( B) ( C


Fact 7a:  (B ( C) = (C ( B)


Fact 4b:  q ^ q  =  F


Fact 5b:  q ^ F = F


Fact 6b:  q ^ (r ^ s) = (q ^ r) ^ s


Fact 7b:   (r ^ s) = (s ^ r)

Quiz 3:  (all questions viable for midterm!)
1) [20pts] Compute:
67 mod 30 = __7______                       -7 mod 30 = __23_________

67 div 30 = ____2______                       -7 div 30 = ___-1________  

Recall: (q,r)=(x div m, x mod m) satisfies (1) 0<=r<m and (2) x = q*m + r

2) [20pts] Using the Euclidean Algorithm, compute gcd(150,93) =  ___3_________

[Hint for those who forgot the algorithm:  It uses the fact that gcd(a,b)=gcd(a, b mod a)]

Show your work:  [see the Euclidean Algorithm in the book and the lecture slides]
(150 mod 93) = 150 – 93 = 57

(93 mod 57) = 93 – 57 = 36

(57 mod 36) = 57 – 36 = 21

(36 mod 21) = 36 – 21 = 15

(21 mod 15) = 21 – 15 = 6

(15 mod 6) = 15 – 2*6 = 3

(6 mod 3) = 6 – 2*3 = 0

So the answer is 3

You can check this by factoring 150=5*30=5*3*6=5*32*2 and 93=31*3.  So clearly 3 is the only common non-trivial divisor and hence it is the gcd of 150 and 93.
3) [20pts] Let a = 23•3•52 and b = 22•35•7

Compute:

        gcd(a,b) = __22•3_______________
  lcm(a,b) = 23•35•52•7

(It’s enough to give all answers in a similar form as we used to express a and b, i.e. as products of prime powers!)   You should check that gcd(a,b)*lcm(a,b)=a*b
4) [20pts] List positive integers less than 18 which are relatively prime to 18:

____________1, 5, 7, 11, 13, 17_______  

(Common-enough mistake was to list instead all primes smaller than 18…  We gave 5/20 points for that because that showed that at least you knew what primes are)

5) [20pts] Prove or disprove (e.g. by giving a counterexample) the following:

5a)  If a|b and a|c then a|(b+c)

This is TRUE.  Proof:  Since a|b and a|c then there exists integer n1,n2 s.t. b=a*n1 and c=a*n2.  Therefore b+c=a*n1+a*n2=a*(n1+n2), and therefore there exists integer n (namely n=n1+n2) s.t. b+c=a*n.  And therefore a|(b+c).

5b)  If a|c and b|c then (a+b)|c

This is NOT TRUE.  One counterexample (there are many possible counterexamples!):  a=1, b=2, c=2.  Note that both 1 and 2 divide 2 but 1+2=3 does not divide 2.
Quiz 4:  (all questions viable for midterm!)
1) 48 points     Fill in the blanks:   (6 points each, partial credit given for blocks, digits, etc)
  (1011) 2 =          (1*23+0*22+1*21+1*20 = 8+2+1 = 11)10,

  (1000 1100) 2 = (27+23+22 = 128+8+4 = 140)10,

  (15) 10 =  (1111)2  check: 8+4+2+1=15 [follow the “mod 2, div 2” algorithm, see hmw4 solutions]

  (33) 10 =  ( 10 0001 )2  check: 32+1=33  [again, same algorithm to compute this]

  (AED) 16 = (1010  1110  1101)2   translate each character independently, A=10, E=14, D=13

(1010 1101  0011) 2 = (A D 3)16  here again translate each block of 4 bits independently,

+ you can reuse the fact that A=1010 and D=1101 from above

  (2F) 16 = (2*16 + 15 = 32+15 = 47)10   btw, remember that (F)16=(15)10 and (10)16=(16)10 

  (41) 10 = (2*16 + 9)10 = ( 29 )16   

You can follow the “mod 16, div 16” algorithm, or guess the answer because digits are small: You see that it cannot be a one-digit number because that would be at most 15 and 15<41.  Then try (1x)16 for any x, but that’s at most 16+15=31<41.  So try (2x)16 for some x, and it works for x=9.

2)  52 points    Using induction prove the following for all integers n > 1:





1/1 + 1/4 + 1/9 +….+ 1/n2  <  2 – 1/n

Predicate P(n) is that “1/1 + 1/4 + 1/9 +….+ 1/n2  <  2 – 1/n” holds.  [I wrote this on the board]

Basis Step:
           What you will prove:  You need to prove P(2), because the base case is n0=2





  P(2) says that “1+1/4 < 2 – 1/2”  (10 points) 

           Proof:
 It’s obvious because 1+1/4 = 5/4 < 6/4 = 2 – 1/2 (5 points)

Induction step:

            What you are assuming:  P(k), i.e. that 1 + ….+ 1/k2  <  2 – 1/k  for some integer k>1   (*)

            What you will prove:         P(k+1), i.e. that 1 + ….+ 1/(k+1)2  <  2 – 1/(k+1)
                   (**)


(7 points for each of the above:  14 pts total)

Proof:

First you need to relate P(k+1) to P(k).  Here’s how:

1 + ….+ 1/(k+1)2  = 1 + ….+ 1/k2  + 1/(k+1)2  <  (2-1/k) +  1/(k+1)2 [by assumption (*)]  

(10 pts for linking P(k+1) to P(k) correctly)

So now all you have to show is that

(***)
(2-1/k) + 1/(k+1)2 < 2-1/(k+1), and by transitivity of “<”, the claim (**) will follow.  

(6 pts for restating the goal in terms of such inequality)

Now we need to show inequality (***), and this will do by standard math:  (7pts for this math)

(***) is equivalent to:
-1/k + 1/(k+1)2 < -1/(k+1)

which is equivalent to:
1/(k+1) + 1/(k+1)2 < 1/k

which is equivalent to:
 (k+1)/(k+1)2 + 1/(k+1)2 = (k+2)/(k+1)2 < 1/k

which is equivalent to (by cross-multiplying the denominators):
(k+2)k < (k+1)2
which is equivalent to:
k2+2k < k2+2k+1, which is true

Therefore (***) is true, and therefore P(k+1) is true, which ends the inductive part and the whole proof.
