ICS.6D: Fall 2007, Quiz 5 Solutions
1) [32 points] State whether each of the following is as a recursive definition of some function from nonnegative integers to integers or not.  Circle the right answer:
a)  f(0) = 1,  f(n) = f(n – 1)  for n ≥ 1


Good one, f(n)=1 for all n≥0
b)  f(0) = 1,  f(n) = f(n – 2)  for n ≥ 1


Failed, because f(1) is “defined” using f(-1)
c)  f(0) = 1,  f(n) = f(n – 2)  for n ≥ 2


Failed, because f(1) is undefined.
d) f(0) = 1, f(1) = 1, f(n) = f(n – 2)  for n ≥ 3

Failed, because f(2) is undefined
2) [36 points] State whether each of the following is a good recursive definition of the set of (all) even positive integers, i.e. {2,4,6,8,10,…}, or not.  Circle the right answer:
a)  2(S, and if n(S then n+2(S.



Good One



b)  2(S, and if n(S then 2*n(S.



Failed, because e.g. 6 is not in this set S.
                   (Btw, this is a good recursive definition but of a different set, namely S = {2k | k ≥ 1}.)
c)  2(S, and if n1(S and n2(S then (n1+n2)(S.

Good One.  Note that we can have n1=n2.
3) [32 points]
Here are definitions of (1) a string, (2) a string inverse, and (3) a string bit-wise xor:

1) λ is a string, and s•b is a string for any string s and bit b. 
2) inv(λ) = λ, and inv(s•b) = b•inv(s) for any string s and bit b.

3) xor(λ) = 0, and xor(s•b) = (b+xor(s) mod 2) 
Fact 4)  xor(b•s) = (b+xor(s) mod 2) for any string s and bit b, 
Using these definitions show by structural induction that xor(inv(s)) = xor(s) for any string s:
a) [6 points] Base case.  First, write the string which you need to consider: ___Empty string, i.e.λ
     Now prove that the claim is true for this string:

xor(inv(λ)) = xor(λ) because inv(λ) = λ by the base case of definition (2).
b) [26 points] Inductive case.  First, write a string which you need to consider: ___s•b_______
     Now prove that the claim is true for this string assuming it holds for its component(s):


xor(inv(s•b)) 
= xor( b•inv(s) )
 
% by recursive case of definition (2)



= xor(inv(s)) + b mod 2
% by fact (4)
= xor(s) + b mod 2

% by the (structural) inductive assumption



= xor(s•b)


% by recursive case of definition (3)
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4) [64 points]   How many 5-digit strings of decimal digits satisfy the following constraint: 

     a) Have no repeated digits:
10*9*8*7*6______   

[ 4/8pts  for “no consecutive repeated digits”, which is 10*94]
     b) Start with “5”: 


104__________________________________

     c) Start with string “56”:    
103__________________________________
     d) Start with an odd digit: 
5*104__________________________________

     e) Start with an odd digit and end with an even digit:      5*5*103_______
     f) Start with an odd digit or end with an even digit: 
       5*104  + 5*104  -  5*5*103_______

[ 4/8pts for doing an exclusive or, which is 2*5*104  -  2*5*5*103]

     g) Contain digit “5”:
|All| - |those that don’t contain 5|  =  105  - 95  
         [hint: first consider all 5-digit numbers that do not satisfy this constraint]

     h) Contain digits “5” or “6”:     |All| - |those that don’t contain 5 or 6| = 105  - 85
         [hint: same hint as above] 



 [ 4/8pts for doing an exclusive or:
|those that contain 5 but not 6| +

+  |those that contain 6 but not 5| = (95 - 85) + (95 - 85)
5) [36 points] Suppose that each course in the ICS department must have course names either of the form “ics.XA”  or  “ics.XYA”, where.:

-  X can be any decimal digit, 

-  Y can be any decimal digit between 0 and 4, 

-  A can be any English letter.

How many letters are necessary to use in the “A” part of course names if ICS has 181 courses?

Answer:  
With n letters you can designate 10*n + 10*5*n = 60n classes.  Therefore to take care of 181 courses, by pigeonhole principle, we cannot have 60n < 181.  
Therefore we must have n ≥ 4.
[16 points for correct answer,  20 points for correct reasoning.  

20/36 points for doing it as if course numbers were only ics.XA or only ics.XYA.]
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1a) Why is C(n,k) = C(n,n-k)?  
Give a combinatorial argument first:

Both sides express the number of ways to pick an k-element subset in an n-element set.  Picking a subset in a set is like assigning some chosen color, say red, to those elements we include in the subset, and assign some other color, say blue, to those elements we don’t include.  The left side expresses the number of ways to color k elements red (and hence the ways to color n-k elements blue), while the right side expresses the number of ways to color (n-k) elements blue (and hence the ways to color n-(n-k)=k elements red).  Therefore they are the same.
1b) Now give a numerical argument using the formula for C(n,k): 
C(n,k)=n! / (k! * (n-k)!), and C(n,n-k) = n! / ((n-k)! * (n-(n-k))!).  

The two are equal because (n-(n-k))! = k!
2a) Why is P(n,k) = C(n,k) * P(k,k)?     Give a combinatorial argument first:

The left one counts the ways in which you can pick k elements from a set of n elements in an ordered way, while the right one counts the ways in which you can pick k elements in a set of n elements in an unordered way multiplied by the number of ways you can order these k elements.  Hence they ought to be the same.
2b) Now give a numerical argument using the formulas for C(n,k) and P(n,k): 
P(n,k)=n! / (n-k)!

C(n,k) * P(k,k) =  n! / (k! * (n-k)!)  *  k! / (k-k)! = n! / (n-k)!

Hence they are equal.

3) How many bit strings of length 16:

     a) Are there in total?




____216_______

     b) Contain exactly four 1’s?



____C(16,4)__________

4) How many seven-letter strings can be formed using the English alphabet (26 letters):

     a) In total?



  


_____267_________

     b) Using distinct letters?




_____P(26,7)__
     c) Using distinct letters with substring “AB”?


_____6*P(24,5)_____

[the last one is because there’s 5 letters left to pick, and there’s six ways to stick string “AB” among 5 chosen letters.]
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1. [20 points].  List the first six terms of the following recursively defined sequences:

a)  an =  an-1 + an-2
   a0= 1, a1= 1   ,a2 = ___2___,a3 = ___3____,a4 = ___5___,a5 = __8_____
b)  an =  an-1 + an-2
   a0= 3, a1= -2  ,a2 = ___1____,a3 = ___-1____,a4 = __0____,a5 = __-1__

2. [20 points].  Are the following sequences solutions to recurrence relation an =   3an-1 - 2an-2 ?  Circle the correct answers:

a)  an =  c, for any integer c

Solution, because c = 3c – 2c for all c
b)  an =  2n




Solution, because 2n = 3*2n-1 – 2*2n-2 
3). [30 points].  

a)  State the general form of any (and every) solution to recurrence relation an =  3an-1 - 2an-2  :  

First of all, this is a homogeneous linear recurrence relation of degree 2, so you should use the method of section 7.2 to solve it.  The characteristic equation is r2=3r-2, which is equivalent to 0 = r2-3r+2 = (r-1)(r-2), so you have two roots, r1=1 and r2=2, and hence you know that the general form of every solution to this relation is an  = c*1n  + d*2n= c + d*2n, for some constants c,d.  

(Btw, you can also derive the fact that the general solution is of this form from exercise 2 above, by the fact that any linear combination of two solutions to a homogeneous linear recurrence relation must be a solution to this relation as well.)

b)  Give the particular solution to this relation if initial conditions are a0 = 3 and a1 = 4 :  
The initial conditions give constraints c+d=3 and c+2d=4, which you solve to get d=1 and c=2, so the particular solution is an  = 2 + 2n.

4. [30 points].  Imagine an exotic country where coins have denominations of 5, 10, and 25 units.  Let sn be the number of ways in which one can insert coins into a vending machine (where order matters, because in that country vending machines often jam depending on the order in which you enter coins!), so that the coins sum to n units.  Assume n is a multiple of 5, n≥0, and s0=1.
The clarification in class was that the coins of the same type are indistinguishable.   For example there’s 5 ways to pay 20 units: (5,5,5,5), (5,5,10), (5,10,5), (10,5,5), and (10,10).

a)  State the initial conditions:  s5 = __1___   , s10 = __2___   , s15 = __3___   , s20 = __5___
b)  Give a recurrence relation for sn, for n ≥ 25:
     sn =  _____ sn-25 + sn-10 + sn-5 ______

(see the explanations to solutions for homework 8:  it’s similar)
