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Abstract

In this paper we describe a generalprobabilis-
tic framework for modeling waveforms such
as heartbeats from ECG data. The model
is basedon segmetal hidden Markov mod-
els (as usedin speed recognition) with the
addition of random e ects to the generative
model. The random e ects componert of the
model handlesshape variabilit y acrossdi er-

ent waveformswithin a generalclassof wave-
forms of similar shape. We shaw that this
probabilistic model providesa uni ed frame-
work for learning these models from sets of
waveform data as well as parsing, classi ca-
tion, and prediction of new waveforms. We
derive a computationally e cient EM algo-
rithm to t the model on multiple waveforms,
and introduce a scoring method that evalu-
ates a test waveform basedon its shape. Re-
sults on two real-world data setsdemonstrate
that the random e ects methodology leadsto
improved accuracy (compared to alternative
approades) on classi cation and segmeta-
tion of real-world waveforms.

1 Intro duction

Automatically parsing and recognizing waveforms
basedon their shape is a classic problem in pattern
recognition (Fu, 1982). Applications include auto-
mated classi cation of heartbeat waveforms in ECG
data analysis (Koski, 1986), interpretation of wave-
forms from turbulent ow experiments (Bruun, 1995),
and discrimination of nuclear everts and earthquakes
in seismographdata (Bennett & Murphy, 1986). Typ-
ically in these applications it is impractical for a hu-
man to continuously monitor the time-seriesdata in
real-time (or to scanlarge archives of such data) and
there is a needfor accurate and automated real-time
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waveform detection. Other applications of waveform
modeling occur in database systemsand information
retrieval, for systemsthat can take a waveform as an
\input query" and seard alarge databaseto nd simi-
lar waveformsthat match this query (e.g., Yi & Falout-
s0s,2000). While the human visual system can easily
recognizethe characteristic signature of a particular
waveform shape (a heartbeat waveform for example)
the problem canbe quite di cult for automated meth-
ods. For example, as Figure 1(a) shows, there can be
signi cant variability in shape among waveforms be-
longing to the samegeneralclass.

A generally useful approac to these problems is to
construct a generative model for the waveform and
then use this model to detect and parse new wave-
forms. For example, syntactic grammars decompse
the waveform into a set of componert parts gener-
ated by a set of grammatical rules. To model shape
variability these grammars require the addition of a
stochastic componert, and to learn such models from
data requiresallikelihood function expressingthe prob-
ability of an obsened set of waveforms given a model
and its parameters. In this general context relatively
simple statistical grammars such as hidden Markov
models (HMMs) have beenpursued (e.g., Koski, 1996;
Hugheset al., 2003), given that stochastic grammars
with richer represenations are generally much more
dicult to learn. The parametersof thesemodels can
be learned from a set of examplar waveforms|new
waveforms can then be parsedand classi ed basedon
the likelihood of the new waveform given the trained
model.

A potentially useful extension of standard HMMs
for shape modeling is the so-called segmemal hidden
Markov model, originally introduced in the speed
recognition community (Levinson, 1986; Ostendorf et
al., 1996) and proposed for more general waveform
modelingin Ge & Smyth (2000). The segmemal model
allows for the obsened data within eah segmen (a
sequenceof states with the samevalue) to follow a



n
N

o e
o m

S

y (measurements)
-

y (measurements)
~

o

&
w

o
@
3
=
1)
3
-
N
I}
3
N
a
3
o

) 50 50 100 150 200 250
time time

(@) (b)
segmental HMMs
— waveform data

N
n

[

y (measurements)
o =

y (measurements)
- o N

N
()

w
w

IS

50 100 150 200 250 50 100 150 200 250
time time

(© (d)

Figure 1: Bubble-probe interaction data: (a) a set
of waveforms obtained from bubbles that are split by
a probe during interaction, (b) an example of single
waveform, (c) piecewiselinear approximation of (b),
and (d) segmemtal HMMs t to a test waveform.

)

general parametric regressionform, suc as a linear
function of time with additive noise. This allows us
to model the shape of the waveform directly, in this
caseas a sequenceof piecewiselinear componerts, as
shawn in Figure 1(c).

A limitation of the standard segmemal model is that

it assumeghat the parametersof the model are xed.

Thus, the only source of variability in an obsened
waveform arises from variation in the lengths of the
segmens and obsenation noise added to the func-
tional form in ead segmem. The limitation of this

can clearly be seenin Figure 1(d), where a segmen-
tal model has beentrained on the data in Figure 1(a)
and then usedto parsethe speci ¢ waveformin Figure
1(b) (\parsing" meansinferring the most likely state
sequencagiven the model). We can seethat the slopes
and intercepts provided by the model do not match the
obsened data particularly well in eady segmen, e.g.,
in the rst segmen the intercept is clearly too low
on the y-axis, in the secondsegmen the slope is too
small, and so forth. By using the same xed parame-
ters for all waveforms,the model cannot fully accourt

for variability in waveform shapes.

To overcome this limitation, in this paper we com-
bine segmemal HMMs with random e ects models
(Laird & Ware, 1982). The general idea of model-
ing with random e ects is to allow parametersto have
individual-lev el (or waveform-level) random variation,
while still being coupled together by an overall \p op-
ulation prior." By extending the segmemal HMM to

include random e ects, we can allow the slopesand in-
tercepts of eadh waveform to vary accordingto a prior
distribution, within ead segmemn. The parameters of
this prior can be learnedfrom data in the form of sets
of waveformsin an unsupervised manner. In fact the
resulting model can be viewed as a directed graphical
model, allowing for application of standard methods
for inference and learning. For example, we can in
principle learn that the slopes acrossmultiple wave-
forms for the rst segmem in Figure 1(c) tend to have
a characteristic mean slope and standard deviation.
The random e ects approac provides a systematic
mechanism for allowing variation in \shape space"in
a manner that can be parametrized.

The primary cortributions of this paper areto (a) pro-
posethe use of random e ects segmetal HMMs for
general waveform modeling applications, (b) derive a
computationally e cient EM procedure for learning
sucdh models (reducing complexity by a factor of T?2
where T is the length of a waveform), (c) proposetwo
separatelik elihood-basedscoresfor shape and for noise
(which arethen shawn to improve recognition accuracy
over using just likelihood alone), and nally (d) illus-
trate on two real waveform data sets how these mod-
els can be used for waveform parsing, classi cation,
and prediction. The closestrelated work is Holmes &
Russell (1999) who explored a similar idea for using a
distribution over parametersin segmemal HMMs, in
the context of speet recognition. Our work extends
these ideas by deriving a provably correct EM algo-
rithm, shawing how the computational complexity of
this EM algorithm can be signi cantly reduced, and
generalizingthe applicability of the method.

We begin our discussion by introducing segmeial
HMMs in Section2. In Section3, we extend this model
to incorporate random e ects models, and describe the
EM algorithm for parameter estimation aswell asthe
inferencealgorithms and the scoring methods for test
waveforms. In Section4, we evaluate our model on two
applications involving bubble-probe interaction data
and ECG data, with conclusionsin Section 5.

2 Segmental HMMs

Standard discrete-time nite-state HMMs impose a
geometric distribution on run lengths (or segmen
lengths) for ead state value and assumethat obser-
vations are conditionally independent with a constart
mean within such segmems. Segmemal HMMs relax
these modeling constraints by allowing (a) arbitrary
distributions on run lengths and (b) \segmert mod-
els" (regressionmodels) that allow the meanto be a
function of time within ead segmer.

A segmemal HMM with M states is described by an



M M transition matrix, plus a duration distribu-
tion and segmen distribution for ead state k, where
k= 1;:::;M. The transition matrix A (which is sta-
tionary in time) has ertries ax, namely, the probabil-
ity of beingin state k at time t+ 1 given state | at time
t. The initial state distribution can be included in A
as transitions from state 0 to ead state k. In wave-
form modeling, we typically constrain the transition
matrix to allow only left-to-right transitions and no
self-transitions. Thus, there is an ordering on states,
ead state can be visited at most once,and states can
be skipped.

In this paper, we model the duration distribution of
state k, using a Poissondistribution,

e « 01
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(shifted to start at d = 1 to prevert a silernt state).
Other choicesfor the duration distribution could also
be used. Once the processenters state k, a duration
d is drawn, and state k producesa segmen of obser-
vations of length d from the segmen distribution. In
what follows we assumethat the shape of waveforms
can be approximated asa sequenceof linear segmetts,
and model the rth segmem of obsenations of length d,
Y, generatedby state k, asa linear regressionfunction
in time,

P(dj q) = d=1,2:::

yr = X Nq(0; 2|d); 1)

where | isa2 1 vector of regressioncoe cien ts, e
isad 1 vector of Gaussian noise with variance 2
in each componert, and X; isad 2 design matrix
consisting of a column of 1's (for the intercept term)
and a column of x valuesrepresetting the time values.
Note that this model can easily be generalizedto allow
nonlinear polynomial functions of x that are still linear
in the parameters . For simplicity, ? is assumedto
be commonacrossall states; againthis canbe relaxed.
One could enforce continuity of the mean functions
acrosssegmers in the probabilistic model, but this is
not discussedin the presen paper.

k+ er er

Treating the unobsened state sequenceasmissing, we
can estimate the parameters, = fA; 4= f (k=

EM algorithm with the forward-badkward (F-B) algo-

rithm asa subroutine for inferencein the E step (Deng

et al., 1994). The F-B algorithm for segmemal HMMs,

modi ed from that of standard HMMs to take into ac-

court the duration distribution, recursively computes
t (k) = P(y1.;stay in state k endsat tj )

t (k) = P(y1t;stay in state k startsat t+ 1j ) (2)
in the forward pass,and

t(K) = P(yt+1: TjStay in state k endsat t; )

¢ (K) = P(yi+1: TjsStay in state k starts att+ 1; ) (3)

in the badckward pass,and returns the resultsto the M
step assu cien t statistics (Rabiner & Juang, 1993).

Inference algorithms for segmemal HMMs provide a
natural way to evaluate the performanceof the model
on test data. The F-B algorithm scoresa previously
unseenwaveformy by calculating the likelihood
X X
p(yi )= ply;sl )= 7 (K): (4)
s k
In addition, the Viterbi algorithm can be usedto pro-
vide a segmemation of a waveform by computing the
most likely state sequence. The addition of duration
distributions in segmemal HMMs increasesthe time
complexity of both the F-B and Viterbi algorithms
from O(M 2T) for standard HMMs to O(M 2T?), where
T is the length of the waveform (i.e. the number of ob-
senations).

3 Segmental HMMs with Random
E ects

A random e ects model is a general statistical frame-
work when the data generation processcan be seenas
having hierarchical structure. At ead level of the gen-
erative process,the model de nes a prior distribution

over the individual group parameters, called random
e ects, of one level below. Typically, the random ef-
fectsare not obsenable, sothe EM algorithm is a pop-
ular approad to learning model parametersfrom the
obsened data (Dempster et al., 1981; Laird & Ware,
1982). By combining segmetal HMMs and random
e ects models we can take advantage of the strength
of eadh in waveform modeling.

3.1 The Mo del

Beginning with the segmemal HMMs describedin Sec-
tion 2, we can extend the segmem distributions of
the model as follows. Consider the rth segmen y!
of length d from the ith individual waveform gener-
ated by state k. Following the discussionin Laird &
Ware (1982), we describe the generative model as a
two-stage process. At stage one, we model the ob-
serned data y! as

yi = Xp o+ Xiugte e Ng(0; 2lg); (5)
where €} is the measuremen noise, X! isad 2 de-
sign matrix for the time measuremets corresponding
to y!, (  + u}) are the regressioncoe cien ts, and
1 i N (for N waveforms). | represerts the mean
regressionparametersfor segmen k, and u, represers
the variation in regression(or shape) parameters for



the ith individual waveform. At this stage,the individ-
ual random e ects u}, aswell as , and 2 are viewed
as parameters. At the secondstage, u|, is viewed as a
random variable with distribution

ul N2(0; k); (6)

where i is a2 2 covariance matrix, and u‘k is inde_—
pendert of ;. In this setup, it can be shown that y;
and u} have the following joint distribution:

X X% 21y xio
i0 (7)
kX K
Also, from Equation (7), the posterior distribution of
u, can be written as
i
2 N2 Ak; A , (8)

k

UkjYrs ki ks
where
i . . S0, .
M= 00K 200 XY XD )
and

I G I

k

(10)

Figure 2(a) is a plate-like diagram that illustrates how
the segmem model described above generatesa sin-
gle waveform segmen y! when the duration d of the
state is given. As we enter state s} (that then re-
peats itself for d time steps), the model generatesthe
individual random e ects parameter vector u! from

yl = fyl;:::;yLg from Equation (5). ul belongsto
the individual waveform i, whereas , , and 2 are
global parameters.

3.2 Inference

To handle the random e ects componert in the F-
B and Viterbi algorithms for segmemtal HMMs, we
notice from Equation (7) that the marginal distri-
bution of a segmem y! generated by state k is
Ng(XP o Xt W Xi%+ 214), and that this corre-
sponds to Equation (1) with the covariance matrix
2|4 replacedby (X! X%+ 2l4). Replacing the
two-level segmen distribution with this marginal dis-
tribution, and collapsing the hierarchy into a single
level, as showvn in Figure 2(b), we can use the same
F-B and Viterbi algorithm asin segmemal HMMs in
the marginalized spaceover the random e ects.

The F-B algorithm recursively computes the quarti-
ties in Equations (2) and (3). Theseare then usedin

| i=1:N
- l/sll—slz gl
Uk
] : ? ?
ok
(@) (b)

Figure 2: Plate-like diagramsfor the segmen distribu-
tion of random e ects segmetal HMMs. This shows
the generative processfor onesegmen, yi;:::; Yy} given
the duration d of states} = s, = = sl. (a) shovsa
two-stagemodel with random e ects parameters, and
(b) the model after integrating out random e ects pa-
rameters.

the M step of the EM algorithm. The likelihood of a
waveformy, given xed parameters = fA; 4; ¢ =

f i k( 2jk = 1;:::;Mgg, but with statess and
random e ects u unknown, is evaluated as
- X Z -
plyj ) = p(y;s;uj )du (11)
X X
= ply;si )= T (K):
s k

As in segmemal HMMs, the Viterbi algorithm can be
usedasa method to segmemn a waveform by computing
the most likely state sequence.

What appears to make the inference in random ef-
fects segmemal HMMs computationally much more
expensiwe than in segmemal HMMs is the inversion of
the d d covariance matrix, X! kX‘r0+ 2|4, of the
marginal segmen distribution during the evaluation of
the likelihood of a segmem. For example,in the F-B
algorithm, the likelihood of a segmen y! of length d
givenstate k, p(y!j «; «; 2), needsto be calculated
for all possibledurations d in ead of the (k) and

t (K) expressionsat ead recursion. The naive compu-
tation of a segmen likelihood using direct inversion of
the d d covariance matrix would require O(T?2) com-
putations, whereT is the upper bound for d, leadingto
an overall time complexity of O(M 2T%). This can be
computationally impractical when we have long wave-
forms with a large value of T, (for example, T = 256
for the data shown in Figure 1).

In the discussionof computational issuesfor random
e ects models, Dempster et al. (1981) suggestan ex-
pressionfor the likelihood that is simple to evaluate.
Applying their method to the segmen distribution of
our model, we rewrite, using Bayes'rule, the likelihood



of a segmen y! generatedby state k as

PO ki ki 2.
pUY: i ks )]
wherethe numerator and the denominator of the right-

hand side are given as Equations (7) and (8), respec-
tively. The right-hand side of the above equation holds

for all valuesof ul. By setting ul to ", asgivenin
Equation (9), we can simplify the expressionfor the
segmen likelihood to a form that involves only O(d)
computations for ead step, where previously this in-
volved O(d®) computations in the caseof the naive
approac with matrix inversions. Thus, the time com-
plexity of the F-B and Viterbi algorithms is reduced
to O(M2T3). As shown in Mitchell et al. (1995) for
segmemal HMMs we can further reduce this compu-
tational complexity to O(M 2T?2) by precomputing the
segmen likelihood and storing the valuesin a table|
howevwer, this precomputation is not possiblewith ran-
dom e ects models, leading to the additional factor of
T in the complexity term.

k) =

PIYIH

3.3 Parameter Estimation

In this section, we describe how to obtain maximum
likelihood estimates of the parameters from a train-
ing set of multiple waveforms for a random e ects
segmemal HMM using the EM algorithm. We can
augmert the obsened waveform data with both (a)
state sequencesand (b) random e ects parameters
(both are consideredto be hidden). The log likelihood
of the complete data of N waveforms, D compl ete =

the state sequences’ implies Ry segmetts in wave-
form i, is:

logp(y';s;u'jA; o 1)

i=1

log L( jDcomplete) =

wRs o
= logP(s;js; 1;A) (12)

i=1 r=1
X R . A

+ logP(dij a,:k=s}) (13)
i=1 r=1

+ logp(y;ju; «; %k =s;d)(14)
i=1 r=1
X R -

+ logp(uyj «;k=s): (15)
i=1 r=1

As we can seefrom the above equation, giventhe com-
plete data, the log likelihood decouplesinto four parts,
where the transition matrix, the duration distribution

parameters, the bottom level parameters ,; 2, and

the top level parametersul, of random e ects models
appear in ead of the four terms. If we had complete
data, we could optimize the four sets of parameters
independertly. When only parts of the data are ob-
sened, by iterating between the E step and the M
stepin the EM algorithm asdescribed in the following
section, we can nd a solution that locally maximizes
the likelihood of the obsened data.

3.3.1 E Step

In the E step, we nd the expected log likelihood of
the complete data,

Q( (t); ) = E[logL( chompI ete)]; (16)
with respect to
pS;UjY; W)= pujs;y; Op(siy; @)
whk
= p(upjsi = kiyrs O)P(s = kjyr; ); (7)
i=1r=1

where () is the estimate of the parameter vector
from the previous M step of the tth EM iteration.
P(si = kjyi; ) in Equation (17) can be obtained
frgqm the F-B algotithm. TRe sucient statisticg,
E uljsi=kY; ® and E ululfs = kv; @,
for P(uljsi = k;yi; M) in Equation (17) can be
directly obtained from Equations (9) and (10). The
computational complexity for an E stepis O(M 2T3N)
where N is the number of waveforms.

332 M Step

In the M step, we nd the values of the parameters
that maximize Equation (16). As we can seefrom
Equations (12)-(15) and Equation (16), the optimiza-
tion problem decouplesinto four parts ead of which
involvesa distinct set of parameters(the equationsare
omitted here due to lack of spacebut are provided in
Kim et al., 2004). The computational complexity for
eah M stepis O(M T3N).

3.4 Mo del Evaluation and Score Functions

An obvious choice for evaluating a new test waveform
basedon a probabilistic model is to compute the likeli-
hood of the waveform given the parameters, as shown
in Equation (11). A dierent method that we propose
in this sectionusesthe fact that waveformsare scored
basedon two di erent aspects of how the model ts

the test waveform.

Each level of the random e ects model models a dif-
ferert sourceof variability. At stagetwo, the covari-
ancematrix  in Equation (6) explains the amount
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Figure 3: Scoresfor test waveforms from the random
e ects segmemal HMM trained using the data shown
in Figure 1(a).

of noise in shape space. Unlike segmetal HMMs,
where the variance 2 in Equation (4) is forced to ex-
plain both shape deformationsand measuremen noise,
random e ects models allow for modelling them sepa-
rately with a hierarchical structure. Howewer, the like-
lihood in e ect mixes both \lack of t* terms into a
singlescore. Consequetly, smooth waveformsthat are
well approximated by linear segmetts with little mea-
suremen noisebut with a considerableerror in shape
(as shown in Figure 3(a)) can receiwe the samelikeli-
hood scoreaswaveformswith high measuremen noise
and little shape deformation from the mean shape (as
shown in Figure 3(b)).

From the decomposition of the complete data likeli-
hood in Equations (12)-(15), we notice that Equation
(15) is a cortribution from stage two of the random
e ects component, and that Equation (14) is a cortri-
bution from stage one. Equations (12) and (13) can
be viewed as represeting the shape deformation ex-
plained by the segmemal HMM part of the model. The
scoredecomposition is,

Rs
SCOr@hape = E[( logP(srjsr 1;A))

r=1

Rs ,
+( logP(drj gk = sr))
r=1
Rs _ _
+( logp(ukj k= s )iy T
r=1
%S - 2 .
Scoreeise = E[  logp(yrjuk; «; S k=s)iy; [,
r=1

wherethe expectation is takenwith respectto the pos-
terior distribution of the unobsened data, p(s; ujy; )
(Equation (17)). Figure 3 shawvs examples of wave-
forms with these two scores. The results from our
experiment in Section 4 demonstrate that using this

scoredecomposition (i.e., using both scoresasfeatures
instead of a singlelik elihood score)improvesthe recog-
nition accuracy

4 EXp erimen ts

We apply our model to two real world data sets, hot-
Im anemometry data in turbulent bubbly ow and
ECG heartbeat data. In all of our experiments, we
compare the results from our new model with those
from segmemal HMMs. We use seweral methods to
evaluate the models:

LogP Score We compute logp(yj ) scores(Equa-
tions (4) and (11) for each model) for test wave-
formsy to seehow well the parameters learned
from the training data can model test waveforms.

Segmentation Qualit y To evaluate how well the
model can segmen test waveforms, we rst ob-
tain the segmemations of test waveformswith the
Viterbi algorithm, estimate the regressioncoe -
cierts " of eadh segmen, and calculate the mean
squareddi erence betweenthe obsened data and
x" (good segmemations produce low scores).

One-Step-Ahead Prediction To evaluate the pre-
dictive power of the models, we use one-step-
ahead prediction on test waveforms. Given all of
the obsenations up to time step (t 1) for a test
waveform y, we compute the logP scoresof the
obsened value at time t and the mean squared
error of the predicted values, for the next time
step.

In all of theseexperiments, we use v e-fold crossvali-
dation. To ewaluate the performanceof our model for
classi cation, we include in the test set negative ex-
amples of the shape that we are modeling, and build
a k-nearestneighbor classi er with varying values for
k using the scoresfrom the model as a feature vector
for eath waveform. For the model from ead of the
v e-fold cross validation runs, using the positive ex-
amplesin the test setfor that model and the negative
examples,we usethree-fold crossvalidation to obtain
the classi cation accuracy of the classi er.

4.1 Hot-lm Anemometry in Turbulen t

Bubbly Flow

Hot- Im anemometryis a technique commonly usedin
turbulent bubbly ow measuremets in uid physics.
Interactions betweenthe bubblesand the probein tur-
bulent gas ow, suc as splitting, bouncing, and pen-
etration, lead to characteristic interaction waveform



Table 1: Performanceon Bubble-probe Interaction Data

One Step Ahead Prediction
LogP Scores| LogP Mean Squared Error | Segmeration Error
Segmenal HMMs -75.92 -0.2824 0.1035 0.0231
Random E ects Segmerial HMMs 248.68 0.9863 0.0247 0.0050

Table 2: Performanceon ECG Data for Normal Heartbeats

One Step Ahead Prediction
LogP Scores| LogP [ Mean SquaredError | Segmeration Error
Segmeral HMMs 64.59 0.2073 0.0630 0.00620
Random E ects Segmertal HMMs 394.71 1.9393 0.0068 0.00052

shapes. Physicists are interested in detecting the oc-
currence and type of interactions automatically from
such waveforms (Bruun, 1995). There can be large
variability in the shape of the waveforms causedby
various factors sud as velocity uctuations and dif-
ferent gas fractions during measuremeh Labels are
available for the type or classof ead interaction based
on high-speedimage recordings of the evernt obtained
simultaneously with the interaction signal. In the re-
sults of this paper, we model waveformsfor onespeci ¢
type of interaction where the probe splits the bubble.
Our data consistof 50 waveforms sud asthose shovn
in Figures 1(a) and (b). We randomly sampled 20
waveformsfrom this data setto form a training setfor
ead of v e-fold crossvalidation runs. Given that Fig-
ure 1(c) is a reasonablepiecewiselinear approximation
of the general shape, we subjectively choseM = 6 as
the number of states for both segmemal HMMs and
random e ects segmemal HMMs.

Figure 4(a) illustrates visually that the quality of the
segmetations of the waveforms using the Viterbi al-
gorithm is much better with random e ects than with-

out. Table 1 shows a reduction of approximately 80%
in squared error from using random e ects for these
segmemations. Table 1 also shows a signi cant in-

creasein logP scoresfor the test waveforms in the
models with random e ects parametersas well as sig-
ni cantly better one-step-aheadpredictions. To eval-
uate the performance of the models for classi cation,

we used 72 additional waveforms of negative examples
labeled as bouncing, penetrating, and glancing inter-
action types, and plot the classi cation accuracy in

Figure 5. In addition to the two probabilistic models,
we include the results of using the direct meansquared
distance between two waveforms as a distance mea-
sure in k-nearest neighbor algorithms (as a baseline
method). Using the two decomposed scoresimproves
the accuracy of k-nearest neighbor classi ers signi -

cartly over just using the likelihood.

4.2 ECG Data

The shape of heartbeat cyclesin ECG data canbe used
to diagnosethe heart condition of a patient (Koski,
1996; Hugheset al. 2003). For example, Figure 4(b)
shaws the typical shape of normal heartbeats, whereas
Figure 4(c) is taken from a heart experiencing a pre-
mature vertricular cortraction. However, even among
heartbeat recordingsfor the sameheart condition from
the sameindividual, there is a signi cant variability
in terms of shape and length. We chose an ECG
recording from the MIT-BIH Arrhythmia database,
and manually divided it into individual waveformsto
obtain 28 normal heartbeats and 28 abnormal heart-
beatsof a premature vertricular cortraction. 10 wave-
forms from ead of the resulting data sets were used
to train the models with the number of statesM = 9
in normal casesand M = 6 in abnormal cases. The
results from 5-fold crossvalidation are shown in Table
2 and 3. Again we seea signi cant improvemerts for
the random e ects model. In terms of classi cation
(details not shavn) our new models were 100% accu-
rate in all experiments versusan average accuracy of
98% for segmemal HMMs.

5 Conclusions

In this paper, we proposeda probabilistic model that
extends segmemal HMMs to include random e ects.
This model allows an individual waveform to vary
its shape in a constrained manner via a prior dis-
tribution over individual waveform parameters. We
demonstrated that random e ects segmemal HMMs
can achieve a signi cant improvemert in modeling,
segmetation, and classi cation of waveforms.
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Table 3: Performanceon ECG Data for Premature Vertricular Contractions

One-Step-Ahead Prediction

LogP Scores

LogP Mean Squared Error | Segmeration Error
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by the Viterbi algorithm for segmemal HMMs (left)
and for random e ects segmemal HMMs (right)
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