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Abstract

This is a note to explain support vector regression. It is usefull to first
read the ridge-regression and the SVM note.

1 SVR

In kernel ridge regression we have seen the final solution was not sparse in the variablesα.
We will now formulate a regression method that is sparse, i.e. it has the concept of support
vectors that determine the solution.

The thing to notice is that the sparseness arose from complementary slackness conditions
which in turn came from the fact that we had inequality constraints. In the SVM the penalty
that was paid for being on the wrong side of the support plane was given byC

∑
i ξk

i for
positive integersk, whereξi is the orthogonal distance away from the support plane. Note
that the term||w||2 was there to penalize largew and hence to regularize the solution.
Importantly, there wasnopenalty if a data-case was on the right side of the plane. Because
all these data-points do not have any effect on the final solution theα was sparse. Here
we do the same thing: we introduce a penalty for being to far away from predicted line
wΦi + b, but once you are close enough, i.e. in some “epsilon-tube” around this line,
there is no penalty. We thus expect that all the data-cases which lie inside the data-tube
will have no impact on the final solution and hence have correspondingαi = 0. Using the
analogy of springs: in the case of ridge-regression the springs were attached between the
data-cases and the decision surface, hence every item had an impact on the position of this
boundary through the force it exerted (recall that the surface was from “rubber” and pulled
back because it was parameterized using a finite number of degrees of freedom or because
it was regularized). For SVR there are only springs attached between data-cases outside the
tube and these attach to the tube, not the decision boundary. Hence, data-items inside the
tube have no impact on the final solution (or rather, changing their position slightly doesn’t
perturb the solution).

We introduce different constraints for violating the tube constraint from above and from



below,

minimize−w, ξ, ξ̂
1
2
||w||2 +

C

2

∑

i

(ξ2
i + ξ̂2

i )

subject to wT Φi + b− yi ≤ ε + ξi ∀i
yi −wT Φi − b ≤ ε + ξ̂i ∀i (1)

The primal Lagrangian becomes,

LP =
1
2
||w||2+C

2

∑

i

(ξ2
i +ξ̂2

i )+
∑

i

αi(wT Φi+b−yi−ε−ξi)+
∑

i

α̂i(yi−wT Φi−b−ε−ξ̂i)

(2)
Remark I: We could have added the constraints thatξi ≥ 0 andξ̂i ≥ 0. However, it is not
hard to see that the final solution will have that requirement automatically and there is no
sense in constraining the optimization to the optimal solution as well. To see this, imagine
someξi is negative, then, by settingξi = 0 the cost is lower and non of the constraints is
violated, so it is preferred. We also note due to the above reasoning we will always have at
least one of theξ, ξ̂ zero, i.e. inside the tube both are zero, outside the tube one of them is
zero. This means that at the solution we haveξξ̂ = 0.
Remark II: Note that we don’t scaleε = 1 like in the SVM case. The reason is that{yi}
now determines the scale of the problem, i.e. we have not over-parameterized the problem.

We now take the derivatives w.r.t.w, b, ξ andξ̂ to find the following KKT conditions (there
are more of course),

w =
∑

i

(α̂i − αi)Φi (3)

ξi = αi/C ξ̂i = α̂i/C (4)

Plugging this back in and using that now we also haveαiα̂i = 0 we find the dual problem,

maximizeα,α̂ −1
2

∑

ij

(α̂i − αi)(α̂j − αj)(Kij +
1
C

δij) +
∑

i

(α̂i − αi)yi −
∑

i

(α̂i + αi)ε

subject to
∑

i

(α̂i − αi) = 0

αi ≥ 0, α̂i ≥ 0 ∀i (5)

From the complementary slackness conditions we can read the sparseness of the solution
out:

αi(wT Φi + b− yi − ε− ξi) = 0 (6)

α̂i(yi −wT Φi − b− ε− ξ̂i) = 0 (7)

ξiξ̂i = 0, αiα̂i = 0 (8)

where we added the last conditions by hand (they don’t seem to directly follow from the
formulation). Now we clearly see that if a case is above the tubeξ̂i will take on its smallest
possible value in order to make the constraints satisfiedξ̂i = yi − wT Φi − b − ε. This
implies thatα̂i will take on a positive value and the farther outside the tube the larger the
α̂i (you can think of it as a compensating force). Note that in this caseαi = 0. A similar
story goes ifξi > 0 andαi > 0. If a data-case is inside the tube theαi, α̂i are necessarily
zero, and hence we obtain sparseness.



We now change variables to make this optimization problem look more similar to the SVM
and ridge-regression case. Introduceβi = α̂i−αi and usêαiαi = 0 to writeα̂i+αi = |βi|,

maximizeβ −1
2

∑

ij

βiβj(Kij +
1
C

δij) +
∑

i

βiyi −
∑

i

|βi|ε

subject to
∑

i

βi = 0 (9)

where the constraint comes from the fact that we included a bias term1 b.

From the slackness conditions we can also find a value forb (similar to the SVM case).
Also, as usual, the prediction of new data-case is given by,

y = wT Φ(x) + b =
∑

i

βiK(xi,x) + b (10)

It is an interesting exercise for the reader to work her way through the case where the
penalty is linear instead of quadratic, i.e.

minimizew,ξ,ξ̂

1
2
||w||2 + C

∑

i

(ξi + ξ̂i)

subject to wT Φi + b− yi ≤ ε + ξi ∀i
yi −wT Φi − b ≤ ε + ξ̂i ∀i (11)

ξi ≥ 0, ξ̂i ≥ 0 ∀i (12)

leading to the dual problem,

maximizeβ −1
2

∑

ij

βiβjKij +
∑

i

βiyi −
∑

i

|βi|ε

subject to
∑

i

βi = 0 (13)

−C ≤ βi ≤ +C ∀i (14)

where we note that the quadratic penalty on the size ofβ is replaced by a box constraint,
as is to be expected in switching fromL2 norm toL1 norm.

Final remark: Let’s remind ourselves that the quadratic programs that we have derived are
convex optimization problems which have a unique optimal solution which can be found
efficiently using numerical methods. This is often claimed as great progress w.r.t. the old
neural networks days which were plagued by many local optima.

1Note by the way that we could not use the trick we used in ridge-regression by defining a constant
featureφ0 = 1 andb = w0. The reason is that the objective does not depend onb.


