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Abstract

Belief propagation(BP) is a local-messag@assing
techniquethat solves inferenceproblemson graph-
ical models. Though[12] proved BP corvergesto
a unique x ed point on singly connectedgraphs,
researcherdiave shavn that BP can also produce
greatresultson graphswith loops. Most notable
arethenearShannon-limiof errorcorrectingdecod-
ing andunwrappingof phaseimages[13, 2]. Since
imagescan be easily representedas loopy graphs,
wheregraphnodesare associatedvith pixels or im-
agepatchesmary image-basetenderingesearchers
have experimentedwith BP, with promisingresults.
In this papey | discussan implementatiorthat uses
BP for noiseremoval in images. The following sec-
tions suney other image-basedenderingapplica-
tionsof BP.

1 Intr oduction

Image-basedendering uses existing imagesof a
scenein order to synthesizenenv images. Some
image-basedenderingtechniquesattemptto rst in-
fer knowledgeof ascengsuchas3D shapeslighting,
transpareng, andthenusethe new informationin
imagesynthesislf 3D geometryis extracted for ex-
ample thescenecanberenderedrom differentview-
points. Alternatively, if knowledgeof transparengcis
discovered, the transparenbbjectscan be rendered
againstifferentbackgrounds.

It is reasonabléo expectthatimagestatistics(e.qg.
of intensitiesor gradients)anaid in the inferenceof
sceneinformation. This expectationarisesfrom the
fact thatimages,in general,tendto have very low
variability. For example,the outputof a dervative

Iter appliedto a naturalimageis generallysparse,
with a distribution resemblinghe Laplacian[1]. Be-
lief propagationBP) is an algorithmthat usesprior
probabilitiesof imagesto infer informationabouta
scene.
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Figure1: (a) The obsered, noisyimage. (b) Each
pixel in theimageis onenodein the MRF. (b) The
inferedscenausingBP

In section2, | describethe BP algorithmin detail.
In section3, | shav someresultsof animplementa-
tion of BP in the contet of noiseremoval. Sections
4 to 8 describeotherimage-basedenderingapplica-
tionsof BP. | concluden section9.

2 Belief Propagation

Belief propagation(BP) is a local-messag@assing
techniquehatsolvesinferenceoroblemsongraphical
models. It hasbeenshovn [12] to produceexactin-

ferenceson singly connectedyraphs.Moreover, em-
pirical studies[1, 14, 10] have shavn that, although
beliefsdon't alwayscorverge onloopy graphswhen
they do- they producegreatresults.In fact,loopy BP

hasshavn to be the bestsolution (so far) for turbo-
codesand phaseimage unwrapping.[2 13]. As an
example,considetthe problemof noiseremoval. For

simplicity, assumepixels can have one of two col-

ors: black, or white. Supposeave have a noisy 3x3
imagein which all pixels are black exceptfor one
thatis white (seeFigure1). Theimagecanbe con-
sideredevidenceof an underlyingscenethat is the
uncorruptedversionof theimage. In this scenewe
couldexpectall pixelsto beblack.

Here, the pixels are nodesin a pairwise Markov



random eld (MRF). The white circles, , arehid-

den nodesrepresentinghe pixels in the scene,and
the black circles, , are the evidencenodes,rep-
resentingthe image pixels. In BP, we de ne com-
patibility, or potential functions betweenneighbor

ing hiddennodes , andbetweenhiddennodesand
their correspondingbsered nodes . An appropri-
ateassumptiorfor this particularapplicationis that,

in general,neighboringpixels have the samecolor.

This assumptiorcanbe codedinto the compatibility
functions. For example,we seta high compatibil-
ity betweemeighboringpixelsthathave similar col-

ors,andlow compatibility betweemeighboringpix-

els with differing colors. We setthe local potentials
in asimilarmanner Thesepotentialsareusedin mes-
sageghatarepropagatedetweerthe pixels to indi-

catewhatcoloreachscenegixel shouldhave. In gen-
eral,wede ne thejoint probabilitydistribution for all

thenodego be

- 1)

We wish to maximize , thatis, we want to
nd the mostlikely statefor all the hiddennodes
givenall theevidencenodes . In BP, we usebeliefs
to approximatehis probability Thebelief ofa
nodeis

(2)

wherethe 'sarethemessagethatnodei receves
from its neighbors.The messageare updatedusing
thefollowing rule:

3)

In equation3, the productof messagesvill not in-
cludethe onefrom nodej, the nodewe arepassinga
messag¢o.

Both the messages, , andthe local poten-
tials, , are vectorswhoselength corresponds
to the numberof statesthatnode canbein. The
neighbouringpotentials, , areN x M ma-
triceswhereN is the numberof stateghat canbe
in, and M is the numberof statesfor node . As
canbe seenfrom equation3, the BP algorithmis ex-
ponentialin the numberof states. Many solutions
have beenproposedor casesvhich requirecontinu-
ousstatespacesOnesolutionuses’a hybrid method
thatallows bothgood tting andfastpropagation”[4.
Here,the authorsrepresenthe statesas mixturesof
gaussiang3], andthen usesamplingtechniquego
reducecomputation.

Pearl[12] has proved that for singly connected
graphs, the belief at a node will cornverge to the
maiginal probabilityfor thatnode.Thatis,

(4)

One would think that BP should not work cor
rectly for graphsthat containloops. The messages
propagatedhroughoutthe graphwill end up being
countedmultiple times, causingevidencepreviously
accountedfor to be consideredagain, as nev evi-
dence However, it turnsoutthat”all evidenceis dou-
ble countedin equalamounts”[15]. In this casethe
beliefswill be wrong, but the proportionalityof be-
liefs in differentstateswill becorrect. Thereforewe
cannotuseindividual beliefsthemseles, but we can
still maximizethem.

3 NoiseRemoval using BP

| have implementeda programthat usedBP to re-
move noisein imagesthatcontaina smallnumberof

stateg(colors). The programtakes a noisy imageas
input,andproducesacleanewersion.] nd thenum-
berof colorsin theimageandsetthoseto bethestates
in MRF nodescorrespondindo imagepixels. Each
nodestoresnformationaboultit' s neighbourssuchas
nodeindex, messageto be passedpotentials etc. |

make thesimplifying assumptiothatpotentialspoth
local and neighbouring,are identical for all nodes
pairs. However, allowing for different potentialsis
aneasyextensionto add.

Figure2 shaw resultsof runningBP onanoisyMi-
crosoftpainting(b). The original imagecanbe seen
in (a), andis courtesyof Ritchie Argue(Imagerlab).
As canbe seenin (c), runningstandardBP remaoves
mostof the noise.All the noisewasremoved, except
for a little peiceof the scratchin the cloud. On the
otherhand thealgorithmfailsto aroundthetreearea.
Thetreebranchesaresothin, thatthey aremistalen
for noiseandarereplacedwith the blackcolor of the
roof or the blue of the sky, which arein the back-
ground. BP is very e xible though. We canmodify
thelocal compatibilitiesto have strongbeliefsin cer
taincolors.(d) shav animprovedversionof theclean
image,wherelocal compatibilitiesof brown, black,
andyellow pixelsweresetto the 1. For example,if
animagepixel is blackk, thereis very high probabil-
ity thatthe correspondingcenepixel shouldalsobe
black.
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Figure 2: (a) Original image. (b) Noisy versionof
original (c) StandardBP onnoisyimage (d) BP with
extremelyhigh local potentialsfor black,brown, and
yellow. (e) BP with funky potentialfunctions.

Although this programis meantto be usedfor
noise removal it can be easily extendedfor usein
otherapplications.For instance with simpletweak-
ing of compatibilities,we cangetinterestingimages
suchastheonein Figure2(e). To producethisresult,
| simply negatedthe compatibilitiesto be very low
if neighborsare similar, andvery high if they have
differentcolors. Other lessartistic applications,n-
cludecleaningdisparitymapsor imagesegmentation
outputs.

Figure 3 illustrateshow BP canbe usedto clean
the output of image segmentations. In (a) we see
the original output after segmentingan image of a
tiger. Many pixels aremisclassi ed. In (b) someof
thosepixels arecorrectlyclassi ed. The compatibil-
ities only exist betweenneighboringpairs of pixels.
This malesit hard to remove noisethat is several
pixelsin diameter A possiblesolutionis to encode
furthur assumptionsnto the potentials. Anotherso-
lution is constructinga MRF on several scalesof the
image.For example,we couldadda MRF to thecur
rentone,that containsmagepatchesratherthanin-
dividual pixels. The compatibilitieswill then have
to exist betweemodesacrossscaleaswell asspace.
The MRF of imagepatcheswill allow BP to propa-
gatethe correctstatedo patcheghatcontainnoiseof
largerdiameter

4 Transparency

A dif cult taskin computervisionis identifying ob-
jectsin ascendrom imagedata. If thedatacontains
a transparenbbiject, the taskis even harder Image
basedrenderingcould also bene t from knowledge
of transparencin animage. For instance pnecould
extract the transparenbbjectand placeit in a new
scenelf onedescribesanimage asacompo-
sitionof two layers, , the
goalwouldbeto nd thebestdecompositiorti.e.,one
the separatethe semi-transparerabjects). With an
in nite numberof possibledecompositionssimply
checkingall of themis infeasiblefor a decentsized
image. [1] take advantageof the statisticsof natural
images(i.e. the sparsenessf imagedervatives)to
de ne prior probabilitiesover imagegradients. The
authorsthen pick asthe most probabledecomposi-
tion, the onethe minimizesthe numberof edgesand
cornerswhich canbeidenti ed usinggradients.The
probability of animageis de ned in termsof thelog
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Figure 3: (a) ,(b) Segmentationof tiger image. (c)
SegmentatiorafterBP

overtheimagegradient:

(5)
Here, c(x,y) is the output of a cornerdetector To
getthe probability of thedecompositionpnecanjust
sumthe log probabilitiesof the gradientsof the two
imagelayers . The authorsconstructa graphi-
cal modelof the image,whereeachhiddennodein
the graphrepresentshe gradient of
oneof thelayers.The gradientof the secondayeris
implicitly de ned as . Thejoint
probability of the gradientof the rst layeris given
by [1]

— (6)

where the compatibility is
overa2x2 pixel neighborhoodNoticethattheneigh-
boringcompatibilitiesarenot pairwiseasin thenoise
removal example. Thus, we could not simply con-
struct a pairwise MRF and run BP as before. In
fact,the moresuitablegraphicalmodelfor the trans-
pareng applicationis afactorgraphasshavnin g-

ure 4. The circle nodesare the gradients,and the

squaresare clustersof the surroundingd nodes.The

messagaipdaterules are more complicatedfor the

factor graph,asone needsto considertwo typesof

messagesrom clustersto nodesandfrom nodesto

clusters.However, asis statedn [9], thetwo graphi-
cal models(factorgraphsandMRFs) aremathemati-
cally equvalentandonecaneasilyconvert backand
forth.

O

Figure4: Thefactorgraphabove canbe easilycon-
vertedinto a pairwiseMRF, for whichwe detailecthe
BP updaterules.

The following two equationsof the local and
neighboring compatibilities are basedon the his-
togramsof derivative lters andcornerdetectorsre-

.-
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Figure5: After runningBP, (b),(c) arethe mostprob-
abledecompositiorof (a) [1]



spectvely. In both casesthehistogramgenerallyre-
sembleghe exponentialfunctionwherethe exponent
is

(7)

The gradientspacewas discretizedallowing four
possiblestatesat eachnode:

. SinceBP is
exponentialin the numberof statesthe authorskept
the numberof candidategradientstatessmall. They
claimthat,in ary casetheirresultswerenot affected
by addingmorepossiblestates.

The algorithm works very well on syntheticim-
agesandonsimplenaturalimagessuchastheonein
gured. However, the algorithmfails onimageswith
more comple textures. One way the authorsmean
to dealwith thislimitation is to measurghe statistics
of moresophisticateeddgeandcornerdetectorsthat

take texturesinto account.

5 SuperResolution

In superresolution,the goalis to increasethe reso-
lution, or zoominto images. Standardnterpolation
methods,such as cubic spline interpolationcan be
usedfor this purpose however, they "introducearti-
factsor blur edges’14]. In [5, 14], BP onapairwise
Markov random eld is usedto infer high resolution
detailsby learningfrom atrainingsetcontainingpairs
of highandlow resolutionimages.

To constructan MRF from a low-resolutionim-
age,theauthorsrst applyaninitial interpolationso
thatthe imageis the samesize asthe requiredhigh
resolutionimage. The imageis then divided into
patches,where eachpatchis an obsered nodein
the MRF. The correspondindpigh-resolutiorpatches
are the hidden nodes. Candidatestatesfor each
patcharetaken from the training set. For eachlow-
resolutionpatchin the image,they searchthe train-
ing setfor patcheghatbestresemblgheinput. The
high-resolutiorpatchesorrespondingo the best10-
20 patchesare usedas possiblestatesfor the hid-
den nodes. Note that simply choosingthe match
for eachpatchin the nal imageresultsin a useless
semirandomimage. The reasoncanbe seenin g-
ure ??. (a) is the low resolutionimage patch. (b)
shawvs the best16 low-resolutionmatches(c) shavs

the high resolutionpatchescorrespondingo the best
matchedoundin the training setsearch.Notice that
even thoughthe low-resolutionpatchesare similar,

thehigh-resolutioronesarefairly different. Thus,lo-

calinformationalonewill notsufce.

(8)
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Figure 6: (a) The low-resolutioninput. (b) Best
matchesfrom the training set. (c) Corresponding
high-resolutiorpatcheg14]

To evaluate the compatibilities betweenneigh-
boring hidden nodes, and between pairs of hid-
den/obserablenodestheimageis dividedsothatthe
correspondindpigh-resolutiorpatchesverlap. If the
overlappingpixelsof two nodestatesnatch,thecom-
patibility betweerthosestateswill behigh. Thecom-
patibility is evaluatedusingthefollowing equation

(9)

where is the sum of squareddifferences
betweeroverlappingpixels.

Figure 5 shaws resultsof the BP algorithm for
supefresolution[5]. The top-left imageis the low-
resolutionimage whereaghebottom-rightis thecor
rect high-resolutionimage we wish to obtain. The
top-rightandbottom-leftareresultsaftercubicspline
interpolationandBP, respectiely. Noticethatthethe
BP versionis muchsharpetin thehairandeye areas.



Figure 7: top-left: low-resolutionimage. top-right:
cubic splineinterpolation. bottom-left: BP approx-
imation. bottom-right: real high-resolutionimage.
[14]

BP, in this contet, hasaninherentlimitation that
exists for all superresolutiontechniques.The high-
resolutionimagewill mostlikely not be the correct
one. It merelyprovidesa plausibleapproximatiorto
theideal. Someapplicationshowever, requirelittle
more. For instancejf someonenantsto enlage a
family picture, that personis not going to be con-
cernedwith the correctnesf eachhair strandon
their daughtes head but ratheris interestedn a vi-
sually pleasingenlagementof the photo.

6 Shape-Time Photography

Describingmotionin a singleimagecanbe usefulin
a variety of applicationssuchas action summaries,
education(e.g., analyzinghumanmotion or natural
phenomena)art, etc. A primitive approachsimply
usesmultiple-exposure.However, over-exposureis a
problem. Moreover, onecannotgeta senseof the 3-
D changesof objectsover time. Anotherapproach,
which [6] calls "layer-by-time] overcomeghe limi-
tationsof multiple exposurgechniquesHere,images
arerenderedn top of eachotherin sequencewhile
only overwriting areasof the new foregroundimage.
With this technique, 3D informationis present,but
only in areaswherethe last foregroundimagedoes
not occludeprevious foregroundimages. In [6], the
authorswish to "describethe shaperelationshipse-
tweenforegroundobjectsat differenttimes”. Figure
6 shaws the resultsof the threetechniquesliscussed

above, namely multiple exposure,”layer-by-time”,
andshape-timghotography

In shape-timgohotographyeachpixel in the com-
positeimageis chosenfrom the input imagewhose
pixel is in foregroundcomparedo all otherimages.
"This allows the objectsto occludethemselesat dif-
ferenttimes,revealing3-D shapeelationships”.The
authorsusedepthinformation,extractedusingstereo
techniques.They de ne to be the left
andright valuesof the kth pixel, respectrely. More-
over, they de ne to be the distanceto the sur
faceprojectedontothekth pixel of theleft image.

Decidingwhich pixel goesin the kth pixel
of the left view of the compositeimageamountsto
minimizing

(10)

where will bereferredto asalayeras-
signment.Thatis, thelayer (oneof theinputimages)
which is assignedo the compositeimageat the kth

pixel.

Theproblemwith equationlOis thatevensmaller-
rorsin the measuredlistancesesultin unacceptable
visual artifacts. To remove theseerrors,the authors
run the BP algorithm on their initial results. BP is
an appropriatesolutionif the following two assump-
tionsaremade:(1) Layerassignmentsf neighboring
pixels arelikely the same.(2) "Layer transitionsare
morelikely to happenat imageedgesbecausdhey
may be occludingedgeswherea layer switch should
occur”[6].

The authorsbuild an MRF whosenodesarelayer
assignmentst pixels. The possiblestatesfor the
nodesare the indices of the input images:

, whereN is the numberof input images.
The compatibilities, , in equationl areinterpreted
asthe likelihood of the transitionbetweenthe layer
assignmentst the two nodes.Basedon assumption
(1) and(2) above, they evaluatetheseto be 1 if the
two nodesarein the samelayer (i.e., no transition
at all is preferable).Otherwise they setthe compat-
ibilities to be ,
where is the squaredmagnitudeof the image
gradientattheimageindex by t andthe pixel indexed
by k. The local compatibility , will be treatedas
the likelihoodthat the a certainlayerin a nodeis in
the foregroundin the compositeimage. This proba-
bility dependson the measuredlepths andthe
correspondingneasuredincertainties

Figure6 shavs theresultof runningBP ontheini-
tial layer assignmentswhere eachcolor in the im-
agescorrespondso adifferentlayerassignmentThe
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Figure 8: (a) The input images. (b) Multiple-
exposuresummary (c) Layerby-time summary (d)
Shape-timesummary[6]

@) (b)

Figure9: (a) Initial layerassignments(b) Approxi-
matingmostprobabldayerassignmentssingBP[6]

resultingassignmentgb) allow for a much cleaner
shape-timghotograph.

7 Unwrapping Phaselmages

Many applicationssuchasradar satellite,andmed-
ical imaging, producephaseimagesin which "each
real-\alued obsenration ... is measurednodulusa
known wavelength”[d. If onecouldobtainthegradi-
ent eld of theoriginal surface,reconstructiorwould
simply amountto integratingover this eld.

A gradientcanbefoundby inferringthe numberof
wrappingsbetweeneachpair of measurementslihe
numberof wrappings,n turn, canbe representeds
integer"shifts”[2]. A shift of 1 impliesthatthe mea-
surementhave wrappedaroundin the positive x or
y direction,a -1 shift corresponds$o wrappingin the
negative directionof x or y, anda shift of zeromeans
that no wrappinghasoccured. Assumingthat adja-
centmeasurementrefor themostpartcloseto each
other one could infer integer shifts by minimizing
the distancebetweerireal” measurementsSuppose,
for example,that obsered measurementarein the
range[0,1]. If two adjacentpoints are measureds
0.4 and0.5, the numberof wrappingsherewould be
zero, whereasthe shift betweenobsered measure-
ments0.0and0.9would be 1.

Previously, the leastsquaresandbranchcut meth-
odshave beenusedto infer the gradient eld of the
original surfacefrom a phaseimage. However, both
techniquegproducesuboptimalresultsbecausef an
initial greedyselectionof the gradients.

In [2] the authors’conjecturethatalthoughphase
unwrappings generallyNP-hard thereexistsanear
optimal phaseunwrappingalgorithm for Gaussian



processriors. Further [they] believe thatalgorithm
to beloopy beliefpropagation”.
Let the setof all shifts be

andthe setof

all obsered measurementse
. Here,

a(x,y) andb(x,y) denoteshiftsin the x-directionand
y-direction,respectiely. Theauthorsassumehatthe
unwrappedsuriacecanbe describedasa productof
Gaussians:

where simply enforcesthe integrability constraint
aroundevery loop.

The graphical model constructedfor phaseun-
wrappingcan be seenin gure 7 (b). Here, pixels
are denotedas X, the white circlesare graphnodes
that correspondo shiftsin the x or y direction,and
blackcirclesareclustersof thefour surroundingshift
nodes.Theimportanceof theblacknodess to ensure
thatthefour gradientgepresenedly the shiftsarein-
tegrable.Thisis calledthe "zero-curlconstraint[2],
andsimply meanghatthesumof all theshiftsaround
eachloop mustequalzero.

As with thetransparegnapplicationthegraphical
modelhereis afactorgraph.Hence theBP messages
and beliefs are more complicatedthan equations23
dividedfor which messageare

Figure 10: "A graphicalmodel that describesthe
zero-curlconstraintgblackdiscs)betweemeighbor
ing shift variables(white discs). 3-elementprobabil-
ity vectors( 's) ontherelative shiftsbetweemeigh-
boringvariables(-1, 0, +1) arepropagate@crosshe
network. ” [2]

Figure 7 shavs the result of running BP on the
graphin gure 7. (a)isthewrappedopographienap,

@
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Figurell: (a) A wrappedopographianapmeasured
onaZ2-dimensionagrid. (b) Unwrappedsurfaceafter
integratingthe shiftsinferredby BP. [2]

and(b) is theestimatedinrwappedsurface.[2] shav
that the BP algorithmfor unwrappingphaseimages
resultsin muchlower rconstructiorerrorsthanprevi-
oustechniques.

8 Shadingand Re ectance Intrinsic
Images

Althoughl have notimeto discusghis applicationin
detail, gure 12 shavs somevery nice resultsof ap-
plying BP to therecovery of shadingandre ectance
imagedrom asingleimage.

In general,[10] usecolor and grayscaleinforma-
tion to classify local changesin color as resulting
from shadingeffects or re ectance changes. BP
is usedto propagatdanfromationfrom pixels where
classi cationis clear to areasvhereit is ambiguous.

9 Conclusion

As discussedn the sectionsabove, Pearls BP algo-
rithm can generategreatresultseven on graphthat
containloops. Researcherbave sincetried to nd

sometheoreticakxplanationsf why BP shouldwork
at all for loopy graphsand,in consequencejerved



more sophisticatedand generalizedBP algorithms

8, 7, 11].

In this paper | discussedesultsof an

implementationof belief propagationas appliedto

the problemof noiseremoval in images.| discussed

otherimage-basedenderingapplicationsof BP. BP
hasbeenmuchmoresuccessfuthanotheralgorithms

in unwrappingphase@mages.For otherimage-based

renderingapplications,BP shavs resultsthat com-
petewell with previoustechniques.
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