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Abstract

Belief propagation(BP) is a local-messagepassing
techniquethat solves inferenceproblemson graph-
ical models. Though[12] proved BP converges to
a unique �x ed point on singly connectedgraphs,
researchershave shown that BP can also produce
great resultson graphswith loops. Most notable
arethenearShannon-limitof error-correctingdecod-
ing andunwrappingof phaseimages[13, 2]. Since
imagescan be easily representedas loopy graphs,
wheregraphnodesareassociatedwith pixels or im-
agepatches,many image-basedrenderingresearchers
have experimentedwith BP, with promisingresults.
In this paper, I discussan implementationthat uses
BP for noiseremoval in images.The following sec-
tions survey other image-basedrenderingapplica-
tionsof BP.

1 Intr oduction

Image-basedrendering uses existing images of a
scenein order to synthesizenew images. Some
image-basedrenderingtechniquesattemptto �rst in-
fer knowledgeof ascene(suchas3D shapes,lighting,
transparency), and then usethe new information in
imagesynthesis.If 3D geometryis extracted,for ex-
ample,thescenecanberenderedfrom differentview-
points.Alternatively, if knowledgeof transparency is
discovered, the transparentobjectscan be rendered
againstdifferentbackgrounds.

It is reasonableto expectthat imagestatistics(e.g.
of intensitiesor gradients)canaid in theinferenceof
sceneinformation. This expectationarisesfrom the
fact that images,in general,tend to have very low
variability. For example, the output of a derivative
�lter appliedto a naturalimageis generallysparse,
with a distribution resemblingtheLaplacian[1]. Be-
lief propagation(BP) is an algorithmthat usesprior
probabilitiesof imagesto infer informationabouta
scene.

(a)

X1

Y1

(b) (c)

Figure1: (a) The observed, noisy image. (b) Each
pixel in the imageis onenodein the MRF. (b) The
inferedsceneusingBP

In section2, I describetheBP algorithmin detail.
In section3, I show someresultsof an implementa-
tion of BP in thecontext of noiseremoval. Sections
4 to 8 describeotherimage-basedrenderingapplica-
tionsof BP. I concludein section9.

2 Belief Propagation

Belief propagation(BP) is a local-messagepassing
techniquethatsolvesinferenceproblemsongraphical
models.It hasbeenshown [12] to produceexact in-
ferenceson singly connectedgraphs.Moreover, em-
pirical studies[1, 14, 10] have shown that,although
beliefsdon't alwaysconvergeon loopy graphs,when
they do- they producegreatresults.In fact,loopy BP
hasshown to be the bestsolution(so far) for turbo-
codesand phaseimageunwrapping.[2, 13]. As an
example,considertheproblemof noiseremoval. For
simplicity, assumepixels can have one of two col-
ors: black, or white. Supposewe have a noisy 3x3
image in which all pixels are black except for one
that is white (seeFigure1). The imagecanbe con-
sideredevidenceof an underlyingscenethat is the
uncorruptedversionof the image. In this scene,we
couldexpectall pixelsto beblack.

Here, the pixels are nodesin a pairwiseMarkov



random�eld (MRF). The white circles, ��� , arehid-
den nodesrepresentingthe pixels in the scene,and
the black circles, �

� , are the evidencenodes,rep-
resentingthe imagepixels. In BP, we de�ne com-
patibility, or potential functionsbetweenneighbor-
ing hiddennodes� , andbetweenhiddennodesand
their correspondingobserved nodes� . An appropri-
ateassumptionfor this particularapplicationis that,
in general,neighboringpixels have the samecolor.
This assumptioncanbecodedinto thecompatibility
functions. For example,we set a high compatibil-
ity betweenneighboringpixels thathave similar col-
ors,andlow compatibilitybetweenneighboringpix-
els with differing colors. We setthe local potentials
in asimilarmanner. Thesepotentialsareusedin mes-
sagesthatarepropagatedbetweenthepixels to indi-
catewhatcoloreachscenepixel shouldhave. In gen-
eral,wede�ne thejoint probabilitydistribution for all
thenodesto be
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We wish to maximize
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 , that is, we want to
�nd themostlikely statefor all thehiddennodes��� ,
givenall theevidencenodes�

� . In BP, we usebeliefs
to approximatethis probability. Thebelief �
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wherethe &

$

� 'sarethemessagesthatnodei receives
from its neighbors.Themessagesareupdatedusing
thefollowing rule:
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In equation3, the productof messageswill not in-
cludetheonefrom nodej, thenodewe arepassinga
messageto.

Both the messages,&
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tials, �
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 , are vectorswhoselength corresponds
to the numberof statesthat node �4� canbe in. The
neighbouringpotentials,�
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 , areN x M ma-
triceswhereN is thenumberof statesthat ��� canbe
in, and M is the numberof statesfor node ��� . As
canbeseenfrom equation3, theBP algorithmis ex-
ponentialin the numberof states. Many solutions
have beenproposedfor caseswhich requirecontinu-
ousstatespaces.Onesolutionuses”a hybridmethod
thatallowsbothgood�tting andfastpropagation”[4].
Here,the authorsrepresentthe statesasmixturesof
gaussians[3], and then usesamplingtechniquesto
reducecomputation.

Pearl [12] has proved that for singly connected
graphs, the belief at a node will converge to the
marginalprobabilityfor thatnode.Thatis,
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One would think that BP should not work cor-
rectly for graphsthat containloops. The messages
propagatedthroughoutthe graphwill end up being
countedmultiple times,causingevidencepreviously
accountedfor to be consideredagain, as new evi-
dence.However, it turnsoutthat”all evidenceis dou-
ble countedin equalamounts”[15]. In this case,the
beliefswill be wrong, but the proportionalityof be-
liefs in differentstateswill becorrect.Therefore,we
cannotuseindividual beliefsthemselves,but we can
still maximizethem.

3 NoiseRemoval using BP

I have implementeda programthat usedBP to re-
move noisein imagesthatcontaina smallnumberof
states(colors). The programtakesa noisy imageas
input,andproducesacleanerversion.I �nd thenum-
berof colorsin theimageandsetthoseto bethestates
in MRF nodescorrespondingto imagepixels. Each
nodestoresinformationaboutit' sneighbours,suchas
nodeindex, messagesto bepassed,potentials,etc. I
makethesimplifying assumptionthatpotentials,both
local and neighbouring,are identical for all nodes
pairs. However, allowing for different potentialsis
aneasyextensionto add.

Figure2 show resultsof runningBPonanoisyMi-
crosoftpainting(b). Theoriginal imagecanbeseen
in (a), andis courtesyof RitchieArgue(Imagerlab).
As canbe seenin (c), runningstandardBP removes
mostof thenoise.All thenoisewasremoved,except
for a little peiceof the scratchin the cloud. On the
otherhand,thealgorithmfails to aroundthetreearea.
Thetreebranchesareso thin, that they aremistaken
for noiseandarereplacedwith theblackcolorof the
roof or the blue of the sky, which are in the back-
ground. BP is very �e xible though. We canmodify
thelocal compatibilitiesto have strongbeliefsin cer-
taincolors.(d) show animprovedversionof theclean
image,wherelocal compatibilitiesof brown, black,
andyellow pixels weresetto the1. For example,if
animagepixel is blackk, thereis veryhighprobabil-
ity that thecorrespondingscenepixel shouldalsobe
black.



(a) (b)

(c) (d)

(e)

Figure 2: (a) Original image. (b) Noisy versionof
original (c) StandardBPonnoisyimage (d) BPwith
extremelyhigh local potentialsfor black,brown, and
yellow. (e)BPwith funky potentialfunctions.

Although this programis meant to be used for
noise removal it can be easily extendedfor use in
otherapplications.For instance,with simpletweak-
ing of compatibilities,we canget interestingimages
suchastheonein Figure2(e).To producethis result,
I simply negatedthe compatibilitiesto be very low
if neighborsaresimilar, andvery high if they have
differentcolors. Other, lessartistic applications,in-
cludecleaningdisparitymapsor imagesegmentation
outputs.

Figure3 illustrateshow BP canbe usedto clean
the output of image segmentations. In (a) we see
the original output after segmentingan imageof a
tiger. Many pixels aremisclassi�ed. In (b) someof
thosepixelsarecorrectlyclassi�ed. Thecompatibil-
ities only exist betweenneighboringpairsof pixels.
This makes it hard to remove noise that is several
pixels in diameter. A possiblesolution is to encode
furthur assumptionsinto the potentials.Anotherso-
lution is constructinga MRF on severalscalesof the
image.For example,wecouldaddaMRF to thecur-
rentone,thatcontainsimagepatches,ratherthanin-
dividual pixels. The compatibilitieswill then have
to exist betweennodesacrossscaleaswell asspace.
The MRF of imagepatcheswill allow BP to propa-
gatethecorrectstatesto patchesthatcontainnoiseof
largerdiameter.

4 Transparency

A dif�cult taskin computervision is identifying ob-
jectsin a scenefrom imagedata.If thedatacontains
a transparentobject, the task is even harder. Image
basedrenderingcould also bene�t from knowledge
of transparency in animage.For instance,onecould
extract the transparentobject and placeit in a new
scene.If onedescribesanimage�
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 , the
goalwouldbeto �nd thebestdecomposition(i.e.,one
the separatesthe semi-transparentobjects). With an
in�nite numberof possibledecompositions,simply
checkingall of themis infeasiblefor a decentsized
image. [1] take advantageof thestatisticsof natural
images(i.e. the sparsenessof imagederivatives) to
de�ne prior probabilitiesover imagegradients.The
authorsthen pick as the most probabledecomposi-
tion, theonetheminimizesthenumberof edgesand
corners,whichcanbeidenti�ed usinggradients.The
probabilityof animageis de�ned in termsof thelog



(a) (b)

(c)

Figure 3: (a) ,(b) Segmentationof tiger image. (c)
SegmentationafterBP

over theimagegradient:
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Here, c(x,y) is the output of a cornerdetector. To
gettheprobabilityof thedecomposition,onecanjust
sumthe log probabilitiesof the gradientsof the two
imagelayers � �

�

��� . The authorsconstructa graphi-
cal modelof the image,whereeachhiddennodein
thegraphrepresentsthegradient
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oneof thelayers.Thegradientof thesecondlayeris
implicitly de�ned as �
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� . Thejoint
probability of the gradientof the �rst layer is given
by [1]
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where the compatibility :����
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 is
overa2x2pixel neighborhood.Noticethattheneigh-
boringcompatibilitiesarenotpairwiseasin thenoise
removal example. Thus, we could not simply con-
struct a pairwise MRF and run BP as before. In
fact,themoresuitablegraphicalmodelfor thetrans-
parency applicationis a factorgraphasshown in �g-
ure 4. The circle nodesare the gradients,and the

squaresareclustersof thesurrounding4 nodes.The
messageupdaterules are more complicatedfor the
factorgraph,asoneneedsto considertwo typesof
messages:from clustersto nodes,andfrom nodesto
clusters.However, asis statedin [9], thetwo graphi-
cal models(factorgraphsandMRFs)aremathemati-
cally equivalentandonecaneasilyconvert backand
forth.

Figure4: The factorgraphabove canbeeasilycon-
vertedinto apairwiseMRF, for whichwedetailedthe
BPupdaterules.

The following two equationsof the local and
neighboring compatibilities are basedon the his-
togramsof derivative �lters andcornerdetectors,re-

(a)

(b) (c)

Figure5: After runningBP, (b),(c)arethemostprob-
abledecompositionof (a) [1]



spectively. In bothcases,thehistogramgenerallyre-
semblestheexponentialfunctionwheretheexponent
is �
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The gradientspacewas discretizedallowing four
possiblestatesat eachnode:
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 . SinceBP is
exponentialin thenumberof states,theauthorskept
the numberof candidategradientstatessmall. They
claim that,in any case,their resultswerenotaffected
by addingmorepossiblestates.

The algorithm works very well on syntheticim-
ages,andonsimplenaturalimagessuchastheonein
�gure4. However, thealgorithmfails on imageswith
morecomplex textures. Oneway the authorsmean
to dealwith this limitation is to measurethestatistics
of moresophisticatededgeandcornerdetectors,that
take texturesinto account.

5 Super-Resolution

In superresolution,the goal is to increasethe reso-
lution, or zoominto images. Standardinterpolation
methods,suchas cubic spline interpolationcan be
usedfor this purpose,however, they ”introducearti-
factsor blur edges”[14]. In [5, 14], BPonapairwise
Markov random�eld is usedto infer high resolution
detailsby learningfrom atrainingsetcontainingpairs
of highandlow resolutionimages.

To constructan MRF from a low-resolutionim-
age,theauthors�rst applyan initial interpolationso
that the imageis the samesizeas the requiredhigh
resolution image. The image is then divided into
patches,where eachpatch is an observed node in
theMRF. Thecorrespondinghigh-resolutionpatches
are the hidden nodes. Candidatestatesfor each
patcharetaken from the training set. For eachlow-
resolutionpatchin the image,they searchthe train-
ing setfor patchesthatbestresemblethe input. The
high-resolutionpatchescorrespondingto thebest10-
20 patchesare usedas possiblestatesfor the hid-
den nodes. Note that simply choosingthe match
for eachpatchin the �nal imageresultsin a useless
semirandomimage. The reasoncanbe seenin �g-
ure ??. (a) is the low resolutionimagepatch. (b)
shows thebest16 low-resolutionmatches.(c) shows

thehigh resolutionpatchescorrespondingto thebest
matchesfoundin the trainingsetsearch.Notice that
even thoughthe low-resolutionpatchesare similar,
thehigh-resolutiononesarefairly different.Thus,lo-
cal informationalonewill not suf�ce.

(a)

(b)

(c)

Figure 6: (a) The low-resolution input. (b) Best
matchesfrom the training set. (c) Corresponding
high-resolutionpatches[14]

To evaluate the compatibilities betweenneigh-
boring hidden nodes, and betweenpairs of hid-
den/observablenodes,theimageis dividedsothatthe
correspondinghigh-resolutionpatchesoverlap.If the
overlappingpixelsof two nodestatesmatch,thecom-
patibility betweenthosestateswill behigh. Thecom-
patibility is evaluatedusingthefollowing equation
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where 0 ���

�

�������'�0
 is the sum of squareddifferences
betweenoverlappingpixels.

Figure 5 shows resultsof the BP algorithm for
super-resolution[5]. The top-left imageis the low-
resolutionimage,whereasthebottom-rightis thecor-
rect high-resolutionimagewe wish to obtain. The
top-rightandbottom-leftareresultsaftercubicspline
interpolationandBP, respectively. Noticethatthethe
BPversionis muchsharperin thehairandeyeareas.



Figure7: top-left: low-resolutionimage. top-right:
cubic spline interpolation. bottom-left: BP approx-
imation. bottom-right: real high-resolutionimage.
[14]

BP, in this context, hasan inherentlimitation that
exists for all superresolutiontechniques.The high-
resolutionimagewill most likely not be the correct
one. It merelyprovidesa plausibleapproximationto
the ideal. Someapplications,however, requirelittle
more . For instance,if someonewantsto enlarge a
family picture, that personis not going to be con-
cernedwith the correctnessof eachhair strandon
their daughter's head,but ratheris interestedin a vi-
suallypleasingenlargementof thephoto.

6 Shape-Time Photography

Describingmotionin a singleimagecanbeusefulin
a variety of applicationssuchas action summaries,
education(e.g., analyzinghumanmotion or natural
phenomena),art, etc. A primitive approachsimply
usesmultiple-exposure.However, over-exposureis a
problem.Moreover, onecannotgeta senseof the3-
D changesof objectsover time. Anotherapproach,
which [6] calls ”layer-by-time,” overcomesthe limi-
tationsof multipleexposuretechniques.Here,images
arerenderedon top of eachotherin sequence,while
only overwriting areasof thenew foregroundimage.
With this technique,3D information is present,but
only in areaswherethe last foregroundimagedoes
not occludeprevious foregroundimages.In [6], the
authorswish to ”describetheshaperelationshipsbe-
tweenforegroundobjectsat differenttimes”. Figure
6 shows theresultsof thethreetechniquesdiscussed

above, namely, multiple exposure,”layer-by-time”,
andshape-timephotography.

In shape-timephotography, eachpixel in thecom-
positeimageis chosenfrom the input imagewhose
pixel is in foregroundcomparedto all otherimages.
”This allows theobjectsto occludethemselvesatdif-
ferenttimes,revealing3-D shaperelationships”.The
authorsusedepthinformation,extractedusingstereo
techniques.They de�ne �
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 to be the distanceto the sur-
faceprojectedontothekth pixel of theleft image.

Decidingwhich pixel �
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 goesin the kth pixel
of the left view of the compositeimageamountsto
minimizing 0��
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 will bereferredto asa layeras-
signment.Thatis, thelayer(oneof theinput images)
which is assignedto the compositeimageat the kth
pixel.

Theproblemwith equation10is thatevensmaller-
rors in themeasureddistancesresultin unacceptable
visual artifacts. To remove theseerrors,the authors
run the BP algorithm on their initial results. BP is
anappropriatesolutionif thefollowing two assump-
tionsaremade:(1) Layerassignmentsof neighboring
pixelsarelikely thesame.(2) ”Layer transitionsare
morelikely to happenat imageedges,becausethey
maybeoccludingedgeswherea layerswitchshould
occur”[6].

The authorsbuild an MRF whosenodesarelayer
assignmentsat pixels. The possiblestatesfor the
nodesare the indices of the input images:
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� , whereN is the numberof input images.
The compatibilities,� , in equation1 areinterpreted
asthe likelihoodof the transitionbetweenthe layer
assignmentsat the two nodes.Basedon assumption
(1) and(2) above, they evaluatetheseto be 1 if the
two nodesare in the samelayer (i.e., no transition
at all is preferable).Otherwise,they setthecompat-
ibilities to be &
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 is the squaredmagnitudeof the image
gradientat theimageindex by t andthepixel indexed
by k. The local compatibility, � , will be treatedas
the likelihoodthat thea certainlayer in a nodeis in
the foregroundin the compositeimage. This proba-
bility dependson themeasureddepths0��
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 andthe
correspondingmeasureduncertainties�
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Figure6 shows theresultof runningBPon theini-
tial layer assignments,whereeachcolor in the im-
agescorrespondsto adifferentlayerassignment.The



(a)

(b) (c)

(d)

Figure 8: (a) The input images. (b) Multiple-
exposuresummary. (c) Layer-by-timesummary. (d)
Shape-timesummary[6]

(a) (b)

Figure9: (a) Initial layerassignments.(b) Approxi-
matingmostprobablelayerassignmentsusingBP[6]

resultingassignments(b) allow for a much cleaner
shape-timephotograph.

7 Unwrapping PhaseImages

Many applications,suchasradar, satellite,andmed-
ical imaging,producephaseimagesin which ”each
real-valued observation ... is measuredmodulusa
known wavelength”[2]. If onecouldobtainthegradi-
ent�eld of theoriginalsurface,reconstructionwould
simplyamountto integratingover this �eld.

A gradientcanbefoundby inferringthenumberof
wrappingsbetweeneachpair of measurements.The
numberof wrappings,in turn, canbe representedas
integer”shifts”[2]. A shift of 1 impliesthatthemea-
surementshave wrappedaroundin the positive x or
y direction,a -1 shift correspondsto wrappingin the
negative directionof x or y, andashift of zeromeans
that no wrappinghasoccured. Assumingthat adja-
centmeasurementsarefor themostpartcloseto each
other, one could infer integer shifts by minimizing
thedistancebetween”real” measurements.Suppose,
for example,that observed measurementsare in the
range[0,1]. If two adjacentpointsaremeasuredas
0.4 and0.5, thenumberof wrappingsherewould be
zero, whereasthe shift betweenobserved measure-
ments0.0and0.9wouldbe1.

Previously, the leastsquaresandbranchcut meth-
odshave beenusedto infer the gradient�eld of the
original surfacefrom a phaseimage. However, both
techniquesproducesuboptimalresultsbecauseof an
initial greedyselectionof thegradients.

In [2] theauthors”conjecturethat althoughphase
unwrappingis generallyNP-hard,thereexistsanear-
optimal phaseunwrappingalgorithm for Gaussian



processpriors. Further, [they] believe thatalgorithm
to beloopy beliefpropagation”.
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unwrappedsurfacecanbe describedasa productof
Gaussians:
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where
�

simply enforcesthe integrability constraint
aroundevery loop.

The graphical model constructedfor phaseun-
wrappingcan be seenin �gure 7 (b). Here, pixels
aredenotedasX, the white circlesaregraphnodes
that correspondto shifts in the x or y direction,and
blackcirclesareclustersof thefour surroundingshift
nodes.Theimportanceof theblacknodesis to ensure
thatthefour gradientsrepresenedby theshiftsarein-
tegrable.This is calledthe”zero-curlconstraint”[2],
andsimplymeansthatthesumof all theshiftsaround
eachloopmustequalzero.

As with thetransparecny application,thegraphical
modelhereis afactorgraph.Hence,theBPmessages
andbeliefsaremorecomplicatedthanequations23
dividedfor whichmessagesare

Figure 10: ”A graphicalmodel that describesthe
zero-curlconstraints(blackdiscs)betweenneighbor-
ing shift variables(white discs).3-elementprobabil-
ity vectors( � 's) on therelative shiftsbetweenneigh-
boringvariables(-1, 0, +1) arepropagatedacrossthe
network. ” [2]

Figure 7 shows the result of running BP on the
graphin �gure 7. (a) is thewrappedtopographicmap,

(a)

(b)

Figure11: (a)A wrappedtopographicmapmeasured
ona2-dimensionalgrid. (b) Unwrappedsurfaceafter
integratingtheshiftsinferredby BP. [2]

and(b) is theestimatedunrwappedsurface.[2] show
that the BP algorithmfor unwrappingphaseimages
resultsin muchlower rconstructionerrorsthanprevi-
oustechniques.

8 Shading and Re�ectance Intrinsic
images

AlthoughI haveno timeto discussthisapplicationin
detail, �gure 12 shows somevery nice resultsof ap-
plying BP to therecovery of shadingandre�ectance
imagesfrom asingleimage.

In general,[10] usecolor andgrayscaleinforma-
tion to classify local changesin color as resulting
from shadingeffects or re�ectance changes. BP
is usedto propagateinfromation from pixels where
classi�cationis clear, to areaswhereit is ambiguous.

9 Conclusion

As discussedin thesectionsabove, Pearl's BP algo-
rithm can generategreatresultseven on graphthat
containloops. Researchershave sincetried to �nd
sometheoreticalexplanationsof whyBPshouldwork
at all for loopy graphsand,in consequence,derived



more sophisticatedand generalizedBP algorithms
[8, 7, 11]. In this paper, I discussedresultsof an
implementationof belief propagationas applied to
theproblemof noiseremoval in images.I discussed
other image-basedrenderingapplicationsof BP. BP
hasbeenmuchmoresuccessfulthanotheralgorithms
in unwrappingphaseimages.For otherimage-based
renderingapplications,BP shows resultsthat com-
petewell with previoustechniques.
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