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Contrasting Linkage Disequilibrium as a Multilocus Family-Based
Association Test

Zhaoxia Yu1� and Shuang Wang2

1Department of Statistics, University of California, Irvine, California
2Department of Biostatistics, Mailman School of Public Health, Columbia University, New York, New York

Linkage disequilibrium (LD) of genetic loci is routinely estimated and graphically illustrated in genetic association studies.
It has been suggested that the information in LD is also useful for association mapping and genetic association can be
detected by comparing LD patterns between cases and controls. Here, we extend this idea to analyze case-parents data by
comparing LD patterns between transmitted and nontransmitted genotypes. We provide the condition when contrasting LD
is valid for testing gene-gene interactions. A permutation procedure is given to assess statistical significance. One advantage
of our proposed methods is that haplotype information is not required. Thus, the implementation of our methods is
straightforward and the resulted tests are free from potential bias caused by assumptions made to estimate haplotypes
in silico. Since our test statistics use pairwise LD measurements, they are less affected by missing data than many
other multilocus methods. With simulated data, we demonstrate that examining LD patterns of case-parents data is a useful
multilocus association mapping strategy and it complements existing association mapping methods. The application of our
methods to a Crohn’s disease data set shows that our methods can detect multilocus association that might be missed by
other association methods. Our permutation procedure can also be modified to allow multiple offspring from a family to be
analyzed. Genet. Epidemiol. 35:487–498, 2011. r 2011 Wiley-Liss, Inc.

Key words: composite linkage disequilibrium; multilocus analysis; nuclear family; case-parents; gene-gene interaction;
association mapping

Contract grant sponsor: NIH; Contract grant number: R01 HG004960.
�Correspondence to: Zhaoxia Yu, Department of Statistics, University of California, Irvine, CA 92697. E-mail: yu.zhaoxia@ics.uci.edu
Received 14 November 2010; Revised 20 April 2011; Accepted 24 April 2011
Published online 18 July 2011 in Wiley Online Library (wileyonlinelibrary.com/journal/gepi).
DOI: 10.1002/gepi.20598

INTRODUCTION

Testing the association between a disease and a genetic
region is critical in both candidate gene studies and genome
scans. In a case-control study, the distribution of genotypes
of cases is compared to that of controls. Although case-
control studies have been widely used, they are not robust
against potential spurious associations caused by popula-
tion stratification [Li, 1969]. In contrast, data from the
case-parents design or other family-based designs, when
analyzed appropriately, have the advantage of avoiding
such spurious associations. For example, using the
transmission/disequilibrium test (TDT) [Spielman et al.,
1993; Terwilliger and Ott, 1992], case-parents data are
efficient in testing both linkage and association between a
disease and a single nucleotide polymorphism (SNP).

Multilocus association methods have been found more
powerful than single-locus association methods in many
situations [Akey et al., 2001; Allen and Satten, 2007;
Clayton et al., 2004; Yu and Schaid, 2007; Zaykin et al.,
2002]. A complex disease might be determined by multiple
genetic loci in cis or in trans. When a disease causal locus is
untyped, the combined information based on its flanking
markers might provide adequate information for the
untyped locus. Another motivation of multilocus analyses
is to test gene-gene interactions. Since the concept of

interactions between genes was introduced more than a
century ago [Bateson, 1909], gene-gene interactions have
been defined from a wide variety of perspectives by
researchers in different scientific disciplines. Statistical
interaction is often defined as deviations from multipli-
city or additivity, depending on the parameterization.
Although interactions defined in this way might not be
consistent with biological interactions, testing such
defined interactions nevertheless can help uncover disease
associations that might be missed by single-locus analyses.

A variety of strategies has been proposed to jointly
analyze multiple loci for case-parents or more complicated
designs. Broadly speaking, these strategies can be divided
into two classes, haplotype-based or genotype-based,
depending on whether the specific strategy uses haplotype
phase or not. In a haplotype-based analysis, a nature way
to handle haplotypes that consist of a set of tightly linked
loci is to treat haplotypes as alleles of a multiallelic locus
[Clayton, 1999; Clayton et al., 2004; Horvath et al., 2004;
Kaplan et al., 1997; Knapp and Becker, 2003; Lazzeroni and
Lange, 1998; Merriman et al., 1998; Sham, 1997; Wilson,
1997; Zhao et al., 2000]. One problem of haplotype-based
methods is the large number of distinct haplotypes, which
results in a large number of degrees of freedom and can
lead to the loss of statistical power. To avoid the power
loss, different strategies have been proposed, including
haplotype sharing methods [Allen and Satten, 2007;
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Beckmann et al., 2005; Bourgain et al., 2000; Fan et al., 2005;
Lange and Boehnke, 2004; Qian and Thomas, 2001; Van der
Meulen and te Meerman, 1997; Zhang et al., 2003] and
cladogram-based methods [Seltman et al., 2001]. Another
problem of haplotype-based methods is that phase
uncertainty often complicates haplotype-based multilocus
methods. Even in a tightly linked region, the chance for a
case-parents trio to have phase ambiguity increases
quickly with the number of SNPs analyzed. One way to
avoid the unknown phase is to estimate haplotypes using
observed unphased genotype data [Clayton, 1999]. How-
ever, algorithms developed to infer haplotypes usually
make assumptions, such as the Hardy-Weinberg equili-
brium (HWE), at the population level. As a result, those
methods might not be robust against population stratifi-
cation [Allen and Satten, 2007]. In addition, even if
population stratification is not present, HWE may be
violated in regions of genetic association. On the other
hand, genotype-based multilocus methods [Chapman
et al., 2003; Cordell and Clayton, 2002; Fan et al., 2005;
Liang et al., 2001; Rakovski et al., 2007; Xu et al., 2006] have
the advantage of not requiring phase information and
in many scenarios have similar or higher power than
haplotype-based methods [Chapman et al., 2003; Rakovski
et al., 2007; Xu et al., 2006].

Linkage disequilibrium (LD)-based methods have been
developed as a multilocus association mapping tool and
can be either genotype- or haplotype-based. Yang et al.
[Yang et al., 1999] proposed to test gene-gene interactions
by examining LD between two independent loci in cases
sampled from a random mating population. The implica-
tion of no LD between two independent SNPs in cases is
interpreted in terms of haplotype penetrance parameters
by Zhao et al. [2006]. Nielsen et al. [2004] proposed to
contrast LD levels at two loci between cases and controls
and found that their LD contrast test is powerful when the
LD between functional sites and markers is weak. For
multiple loci, LD patterns are often graphically displayed:
the pairwise LD matrix in cases is frequently plotted
and visually compared to that of a control sample or a
reference sample from publically available databases such
as the HapMap [The International HapMap Consortium,
2003]. Zaykin et al. [2006] suggested that the difference in
pairwise LD matrices of multiple loci between cases and
controls can be used as a multilocus association mapping
method. In particular, to avoid the complication and
potential bias resulted from estimating haplotypes in
silico, they used LD measurements that can be directly
estimated from unphased genotype data. Recently, several
important modifications and extensions have been pro-
posed to test association for case-control data [Pan, 2010;
Wang et al., 2007, 2009; Wu et al., 2008]. However, to the
best of our knowledge, no similar methods exist for family
data.

Here we propose to detect association by comparing LD
patterns between affected offspring and their pseudo-
controls formed by nontransmitted genotypes. When there
is no genetic association, the distributions of genotypes
of affected offspring and nontransmitted genotypes are
the same, and both are identical to the distribution of
genotypes in the sampled population. Consequently,
although LD in affected offspring and their pseudo-
controls is shaped by factors such as evolutionary forces
and data sampling scheme, the LD patterns between
affected offspring and their pseudocontrols in a case-parents

data set are expected to be the same when the loci under
study are not associated with the disease. Since the test
statistics we propose to compare LD matrices between
affected offspring and their pseudocontrols are calculated
from genotype data, Monte Carlo permutation procedures
to evaluate significance can be implemented straight-
forwardly. In addition, the LD matrices used in our tests
contain pairwise LD measurements. Thus, compared to
other multilocus methods, power loss resulted from missing
data is not a major concern.

METHODS

In a LD contrast test with the case-control design, one
would first compute LD measurements for cases and
controls separately, and then test whether the two LD
patterns are the same. To apply this strategy to the case-
parents design, we compare the affected offspring and
their pseudocontrols, which are defined to be the non-
transmitted genotypes in case-parents data. It is known
that pseudocontrols defined in this way represent a
random sample from the sampled population [Falk and
Rubinstein, 1987; Spielman et al., 1993], where the sampled
population can be either a single random mating popula-
tion or a mixture of several random mating subpopula-
tions with the weights depending on sampling schemes.
When appropriate tests are applied, comparing affected
offspring and their pseudocontrols can lead to tests that
are robust against potential bias caused by population
stratification. Figure 1 gives an example of a case-parents
trio with an (AA,Bb) offspring, her (Aa,Bb) father, and her
(Aa,BB) mother. The genotype of the pseudocontrol of the
affected offspring is formed by the nontransmitted alleles,
i.e., (aa,BB), as also shown in Figure 1.

This section is organized as follows. We first review LD
measurements and examine the implication of no LD at
two SNPs among affected subjects; we then give the test
statistics to compare LD patterns between affected off-
spring and their pseudocontrols for multiple SNPs; finally,
we present a permutation procedure to assess statistical
significance for the case-parents design.

Fig. 1. The pseudocontrol of an affected offspring with (AA,Bb)
genotype, (Aa,Bb) father, and (Aa,BB) mother. The solid and

filled circle in the figure represents the affected offspring and

the dotted diamond represents the pseudocontrol formed by the

nontransmitted genotype.
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CONTRASTING LD PATTERNS AT TWO SNPS
IN LINKAGE EQUILIBRIUM (LE)

Consider two SNPs in LE with the first one having
alleles ‘‘A’’ and ‘‘a’’ and the second one having alleles ‘‘B’’
and ‘‘b’’. To simplify our presentation, we use the
following notations:

pA: the frequency of allele ‘‘A’’
pB: the frequency of allele ‘‘B’’
pAB: the frequency of haplotypes carrying alleles ‘‘A’’

and ‘‘B’’
pA/B: the frequency that alleles ‘‘A’’ and ‘‘B’’ are on two

different haplotypes
In addition, a measure with a superscript ‘‘D’’ indicates

a measure in cases, and a measure without a superscript
indicates a measure at the population level. For example,
pD

AB and pAB are the frequencies of the haplotype with
alleles ‘‘A’’ and ‘‘B’’ in cases and at the population level,
respectively.

Table I summarizes genotype penetrance parameters for
the nine two-locus genotypes. For example, f00 denotes the
probability of having a disease for a subject with ‘‘aa’’
genotype at SNP1 and ‘‘bb’’ genotype at SNP2. Similar to
Zhao et al. [2006], under the assumptions of random
mating and LE between the two SNPs in the population,
we define the penetrances of haplotypes in terms of allele
frequencies and genotype penetrance parameters:

hAB ¼pApBf221pApbf211papBf121papbf11;

hAb ¼pApBf211pApbf201papBf111papbf10;

haB ¼pApBf121pApbf111papBf021papbf01;

hab ¼pApBf111pApbf101papBf011papbf00;

where hij is the penetrance of the haplotype with allele ‘‘i’’
at SNP1 and allele ‘‘j’’ at SNP2.

The LD coefficient for alleles ‘‘A’’ and ‘‘B’’ at the two
SNPs is defined as

D ¼ pAB � pApB:

This definition implies that haplotype frequencies are
needed to calculate the LD coefficient. In practice, genetic
data are usually available in the form of unphased
genotype data. In this situation, one can use the composite
LD coefficient [Weir, 1996], which is defined as

D ¼ pAB1pA=B � 2pApB:

One of its standardized measures is the composite LD
correlation, defined as Weir [1996]

r ¼
Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½pAð1� pAÞ1DA�½pBð1� pBÞ1DB�
p ;

where DA and DB are the Hardy-Weinberg disequilibrium
coefficients at the first and second SNPs, respectively.

Note that while the composite LD coefficient contains
information about the correlation between the two SNPs,
the Hardy-Weinberg disequilibrium coefficients are func-
tions of parameters at individual SNPs, including hetero-
zygote and homozygote relative risks [Wittke-Thompson
et al., 2005]. In practice, it is convenient to code the
genotypes of each SNP using a trinary variable. For
example, at the first SNP, we can code a genotype based on
the number of copies of allele ‘‘A,’’ i.e., we code genotypes
‘‘aa,’’ ‘‘Aa,’’ and ‘‘AA’’ as 0, 1, and 2, respectively. Similarly,
we can create a trinary variable for the second SNP based
upon the number of copies of allele ‘‘B.’’ It can be shown
that the composite LD coefficient D is equal to one half of
the covariance of the two trinary variables, and the
composite LD correlation r is identical to the Pearson’s
correlation coefficient [Weir, 1979]. Specifically, if we use
X1 and X2 to denote the trinary variables for SNP1 and
SNP2, respectively, then the two LD composite measure-
ments can be rewritten as:

D ¼1
2covðX1;X2Þ ¼

1
2ðE½X1X2� � E½X1�E½X2�Þ;

r ¼CorðX1;X2Þ ¼
E½X1X2� � E½X1�E½X2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Var½X1�Var½X2�
p :

:

Thus, one advantage of the composite LD measurements
over other LD measurements defined on haplotype
frequencies is that the haplotype phase is not required.
Therefore the composite LD measurements can be rapidly
computed by many standard software packages.

Under the assumption of random mating and LE
between the two SNPs in the population, D, D, and their
standardized measurements are zero. Zhao et al. [Zhao
et al., 2006] used the LD coefficient among cases, denoted
by DD, as a measure of interaction. They showed that the
necessary and sufficient condition for DD 5 0 is

habhAB ¼ haBhAb:

Here we show in Appendix A that the necessary and
sufficient condition for DD 5 0 is the same as that for
DD 5 0. We further show in Appendix B that the equation
habhAB ¼ haBhAb indicates multiplicity of genotype pene-
trance parameters, i.e., the nine genotype penetrance
parameters in Table I are reduced to five parameters, as
shown in Table II.

Thus, the LD coefficient D, the composite LD coefficient
D, and the composite LD correlation r can be used to test
multiplicity of genotype penetrance parameters. In the
literature, one definition of gene-gene interaction is the
departure from multiplicative genotype risks. Therefore,
when data are sampled from a random mating population
where the two SNPs are in LE, both nonzero LD in cases in
the case-only design [Yang et al., 1999] and differential LD
between cases and controls in the case-control design
[Zhao et al., 2006] provide evidence for gene-gene

TABLE I. Genotype penetrance parameters

SNP2

bb Bb BB

SNP1 aa f00 f01 f02

Aa f10 f11 f12

AA f20 f21 f22

TABLE II. Multiplicative genotype penetrance parameters

SNP2

bb Bb BB

SNP1 aa f0 b1f0 b2f0
Aa a1f0 a1b1f0 a1b2f0
AA a2f0 a2b1f0 a2b2f0
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interaction. When case-parents trios are sampled from a
random mating population and the two SNPs under study
are in LE in the population, we can also test the interaction
between two SNPs by comparing LD patterns between
affected offspring and their pseudocontrols. Similar to
Zaykin et al. [2006], to avoid the complication and
potential bias caused by the estimation of the haplotype
phase, we prefer to use the two composite LD measure-
ments, i.e., D and r. We develop a permutation procedure
(described in the subsection ‘‘Permutation procedures to
assess significance’’) to examine whether the LD levels of
affected offspring are significantly different from those of
their pseudocontrols.

As will be shown in ‘‘Simulations and Results,’’ with
the conventional numerical coding (using 0, 1, and 2 to
numerically code genotypes), the above LD tests as tests of
gene-gene interactions are only valid when cases/affected
offspring/controls are sampled from a random mating
population and the two loci are in LE in the population.
Violation of either of the two assumptions may lead to
testing other forms of association instead. When the data
are from more than one population or when the two SNPs
are linked, the LD levels of affected offspring and their
pseudocontrols are different even if only one of the two
SNPs is associated with the disease. Thus, under the case-
parents design, for two arbitrarily chosen SNPs, testing the
equality of LDs between affected offspring and their
pseudocontrols is not always a test of gene-gene inter-
actions. However, when no allele or combination of alleles
in a region is associated with the disease, the genotypes of
affected offspring and their pseudocontrols are expected
to have the same distribution. As a result, although testing
equality of LD levels is not always a test of gene-gene
interactions, it nevertheless provides information on
whether there are some types of association between a
genetic region and a disease. For case-control data, the
generalization to more than two SNPs was made by
Zaykin et al. [2006] and further studied by others [Pan,
2010; Wang et al., 2007, 2009; Wu et al., 2008]. In the next
subsection, we present the LD contrast tests for multiple
SNPs under the case-parents design.

CONTRASTING LD PATTERNS IN GENERAL
(MULTIPLE SNPS)

Assume that there are S SNPs in a genomic region. We
are interested in whether this region is associated with
the disease. With the two aforementioned composite LD
measurements, we would like to test the equality of the
composite LD correlation (or coefficient) matrices between
affected offspring and their pseudocontrols, i.e., H0:rY 5 rN

or H0:DY 5DN, where the subscript ‘‘Y’’ indicates
affected offspring and ‘‘N’’ indicates pseudocontrols.
Similar to Zaykin et al. [2006], we consider the mean of
the squared differences of two matrices as the test statistic.
The test statistic to compare two composite LD correlation
matrices is:

dr ¼ trace½ðr̂Y � r̂NÞ
T
ðr̂Y � r̂NÞ�=ðS� ðS� 1ÞÞ

¼
XS

i¼1

XS

j¼1

ðr̂ij;Y � r̂ij;NÞ
2=ðS� ðS� 1ÞÞ;

where r̂ij;Y is the estimate of the composite LD correlation
between SNPs i and j within affected offspring, and r̂ij;N is

that within their pseudocontrols. We have found that the
mean of the squared differences of two composite LD
coefficient matrices is also a reasonable measure, and we
denote it as dD:

dD ¼
X

i;j

ðD̂ij;Y � D̂ij;NÞ
21
X

i

ðD̂ii;Y � D̂ii;NÞ
2

2
4

3
5,ðS� ðS11ÞÞ;

where D̂ij;Y is the estimate of the composite LD coefficient
between SNPs i and j among affected offspring, and D̂ij;N

is that among their pseudocontrols.

PERMUTATION PROCEDURES TO ASSESS
SIGNIFICANCE

It is known that statistical inference based on asymptotic
theories regarding dispersion parameters is sensitive to the
departures from the assumption of normality [Boos and
Brownie, 2004; Zaykin et al., 2006]. Moreover, although it is
possible to develop an asymptotic test to compare the
composite LD coefficients or correlations at two SNPs between
affected offspring and their pseudocontrols, it is difficult to
generalize it to more than two SNPs or to allow multiple
offspring from a family. Therefore, we propose to use a Monte
Carlo permutation procedure to assess whether an observed
statistic dr or dD is large enough to reject the null hypothesis.
Our permutation procedure is summarized as follows:

1. Compute a test statistic based on the observed data.
2. Obtain a permutated data set by randomly switching

the labels of ‘‘transmitted’’ and ‘‘nontransmitted’’ with
probability 1/2 within each trio.

3. Compute the test statistic for the permutated data.
4. Repeat 2 and 3 for a large number of times. The P-value

is defined as the proportion of permutated statistics that
are greater than or equal to the observed statistic.

A similar permutation strategy was also described by
Chapman et al. [2003] and Zhao et al. [2000]. Since the
randomization is performed within a trio, our permutation
tests are robust against the spurious association that is
caused by population stratification.

SIMULATIONS AND RESULTS

We use simulations to study the relative efficiency of
different approaches. Based on the background LD of
SNPs at the population level, two scenarios are considered
in our simulations. In the first scenario, we consider three
genetic models at two SNPs in LE. In the second scenario,
we consider six tightly linked SNPs and two genetic
models. For each genetic model, we use 1,000 permuta-
tions to obtain permuted P-values and 1,000 simulations to
estimate power with a P-value cutoff of 0.05. All simu-
lations are conducted using 200 trios.

TWO SNPS IN LE

For two SNPs in LE, we considered three two-locus
disease models: ‘‘dominant-dominant,’’ ‘‘threshold,’’ and
‘‘multiplicative’’ models. In the first two models, the SNPs
affect disease nonmultiplicatively, i.e., there is a gene-gene
interaction between the two SNPs. The third model
assumes that one SNP has a dominant effect on the
disease and the other SNP has no effect, which is a special
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multiplicative model of the two loci. The penetrance
parameters for the three models are shown in Table III.
For all the three models, we sample case-parents trios
from a random mating population with the following

haplotype frequencies: 0.04 for haplotype ‘‘AB,’’ 0.16
for haplotype ‘‘Ab,’’ 0.16 for haplotype ‘‘aB,’’ and 0.64
for haplotype ‘‘ab.’’ Note that the LD levels between
transmitted and nontransmitted genotypes are equal
to each other under a multiplicative model for data
sampled from a random mating population. To illustrate
the impact of population stratification on our tests, we also
sample case-parents trios from two random mating
populations with equal probabilities for the multiplicative
genetic model. The haplotype frequencies of the two
populations are:

Population 1: 0.04 for AB, 0.16 for Ab, 0.16 for aB, and 0.64
for ab; Population 2: 0.49 for AB, 0.21 for Ab, 0.21 for aB,
and 0.09 for ab.

We compare the two LD contrast tests proposed in the
article to two other commonly used tests. The first test
detects gene-gene interactions under the framework of
conditional logistic regressions [Cordell and Clayton, 2002;
Gauderman, 2002; Wang and Zhao, 2003]. The second test,
max(TDT), computes the maximum of TDT statistics at
individual SNPs and uses a permutation procedure to
assess significance.

Figure 2 shows the estimated power for the simulated
two-SNP data. Compared to the LD composite coefficient,
the LD composite correlation measure has a similar

TABLE III. Three genetic models for two SNPs

SNP2

SNP1 bb Bb BB

Dom-Dom
Aa f0 lf0 lf0
Aa lf0 lf0 lf0
AA lf0 lf0 lf0
Threshold
aa f0 f0 f0
Aa f0 f0 lf0
AA f0 lf0 lf0
Multiplicativea

aa f0 f0 f0
Aa lf0 lf0 lf0
AA lf0 lf0 lf0

aThe model with dominant effect at SNP1 and multiplicative
effect between two SNPs.

Fig. 2. Power of four tests (comp.corr, comp.coef, clog, and max(TDT)) at two independent SNPs. comp.corr: the test based on the
composite LD correlation; comp.coef: the test based on the composite LD coefficient; clog: the test based on conditional logistic

regression; max(TDT): the test based on the maximum TDT statistic at the two SNPs. The two upper plots and the lower left plot show

results using the simulated case-parents data sampled from a random mating population. The lower right plot presents results based on

data sampled from two random mating populations with distinct haplotype frequencies.
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performance under the ‘‘dominant-dominant’’ model or
the ‘‘multiplicative’’ model but is less powerful under the
‘‘threshold’’ model. In most situations the two LD contrast
tests are less powerful than the conditional logistic
regression approach. One explanation is that for two
independent SNPs in the population, the conditional
logistic regression compares each affected offspring to 15
possible pseudocontrols that are generated conditional on
parental genotypes [Cordell and Clayton, 2002; Gauderman,
2002; Wang and Zhao, 2003], which maximizes information
from data under a conditional likelihood framework.
Although the conditional logistic regression tends to be
more powerful, it is difficult to be generalized to study the
joint effects of more than two loci.

Because the two SNPs were assumed to be independent,
the null hypothesis of equal correlations is true under
multiplicative genetic models if data are sampled from a
random mating population. The lower left plot of Figure 2
indicates that the power of detecting gene-gene interac-
tions, which is the Type I error rate in this situation, of the
LD contrast tests and the conditional logistic regression
test are all close to the nominal cutoff of 0.05. This shows
that for two independent loci, both LD contrast tests and
the conditional logistic regression test are valid for testing
interactions when the data are sampled from a random
mating population. However, the lower right plot indicates
that the Type I error rates are inflated in the presence of
population stratification. Note that both the LD contrast
methods and the conditional logistic regression test were
conducted based on the conventional numerical coding,
i.e., numerical values were assigned according to the
number of copies of a specific allele at each locus. This
coding corresponds to assuming the multiplicative main
effect model at each locus. However, in our simulation, the
disease causal SNP has a dominant marginal effect, which
disagrees with the way we coded genotypes. As we have
shown elsewhere [Yu, 2011], when the main effects are
incorrectly specified, Type I error rates might be seriously
inflated in the presence of population stratification. On the
other hand, when the disease is not associated with any
alleles or combination of alleles (corresponding to l5 1 in
Table III), the null hypothesis of equal correlations is still
true, no matter if the data are sampled from a random
mating population or the two SNPs are independent.
Thus, as tests of genetic association, comparing LD levels
between affected offspring and their pseudocontrols are
robust against population stratification.

We also found that max(TDT), the test based on the
maximum TDT statistic at the two SNPs, performs well in
some situations. Under the ‘‘dominant-dominant’’ model,
the marginal effect of each SNP is closer to the dominant
effect model than to other models. As it is known that
when a SNP has a dominant effect and the frequency of
the risk allele is small, the max(TDT) test is efficient. Thus,
it is not surprising to see from the upper left plot of Figure
2 that max(TDT) is more powerful than the other tests. For
the ‘‘threshold’’ model we found that the interactions can
be more efficiently detected by one of the LD contrast tests
and the conditional logistic regression approach. Because
the simulations underlying the lower plots of Figure 2
assumed dominant effect at one SNP and no interactions
between the two SNPs, the max(TDT) shows sufficient
power. These comparisons imply that the LD contrast tests
can complement individual SNP tests in the presence of
gene-gene interactions and weak marginal effects. In the

following, we will show that the LD contrast tests can be
much more powerful than max(TDT) when multiple SNPs
are jointly associated with diseases.

SIX TIGHTLY LINKED SNPS

For multiple tightly linked SNPs, we adopt the
haplotype-driven simulation strategy used by [Zaykin
et al., 2006] to simulate both haplotypes and phenotypes.
We assume that there is no meiotic recombination event.
We first generate haplotype frequencies from the Dirich-
let(1,1,1,1,1,1) distribution and use them as the haplotype
frequencies for a random mating population. We assume
that there is a set of high-risk haplotypes H and a set
of normal haplotypes �H, with the risk of the normal
haplotypes defined as 1 and the risk of the high-risk
haplotypes defined as l(l41). The two genetic models we
consider are:

Model 1: A heterogeneous model. In this model, the set of
high-risk haplotypes H consists of two ‘‘orthogonal’’ haplo-
types: H ¼ f000000; 111111g, where 000000 is the haplotype
consists of alleles ‘‘0’’ at all loci and, 111111 is the haplotype
consists of alleles ‘‘1’’ at all loci. The relative risk for an
offspring is determined by the number of copies of risk
haplotypes. This type of interaction models have been
examined by other researchers [Culverhouse et al., 2004;
Nielsen et al., 2004; Zaykin et al., 2006].

Model 2: A recessive haplotype model. In this model, we
assume that H comprises the haplotype with the largest
frequency among the haplotype frequencies sampled from
the Dirichlet(1,1,1,1,1,1) distribution. In addition, we
assume only offspring with two copies of this haplotype
have an increased risk for the disease.

It is interesting to investigate whether knowing the
haplotype phase would gain power. Consider the paternal
haplotypes ‘‘pt’’ (transmitted), ‘‘pn’’ (not transmitted), and
the maternal haplotypes ‘‘mt’’ (transmitted), and ‘‘mn’’
(not transmitted). The randomization in the aforemen-
tioned permutation procedure for unphased genotype
data is between the transmitted pair and the nontrans-
mitted pair. Therefore, there are 2N possible permutations
for N trios. Using the known haplotype phase, we would
choose one haplotype from each parent to create a
permutated haplotype pair for an affected offspring in a
permutation. Thus, the permutation procedure for data
with known haplotype phase is similar to the one we just
described, except that step 2 is modified as the following:

2. Obtain a permutated data set by randomly selecting
one haplotype from each parent and label the chosen
haplotype pair as ‘‘transmitted’’ and the remaining
haplotype pair as ‘‘nontransmitted’’ within each trio.

This modification leads to 4N possible permutations for
N trios, which is much larger than the possible number of
permutations based on genotype data. Since the haplotype
phase is known in the simulated data, we can examine the
difference of the power between treating data as unphased
genotypes and phased haplotypes. In addition, we also
compare the following three test statistics:

(1) dr: the mean of the squared differences of two
composite LD correlation matrices;

(2) dD: the mean of the squared differences of two
composite LD coefficient matrices;
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(3) max(TDT): the maximum TDT statistic among the TDT
tests for all SNPs.

For each of the three test statistics, the regional P-value
is estimated by permutations. While the two LD contrast
statistics lead to multilocus tests, the test based on
max(TDT) is essentially a single-locus test with the
family-wise error rate appropriately controlled by the
permutations.

Table IV shows the results for the heterogeneity genetic
model. Because we assumed the two ‘‘orthogonal’’-like
haplotypes are the risk haplotypes, the marginal effects of
individual SNPs are small and it is not surprising to see
the power of max(TDT) is low. On the other hand,
contrasting LD patterns gives much higher power.
Table V shows the results from simulations under the
recessive haplotype model, in which only subjects carrying
two copies of the risk haplotype have an increased risk.
Again, contrasting LD is more powerful than max(TDT).
Those results suggest that our LD contrast methods are an
important complement to max(TDT).

It is interesting to know whether haplotype phase
improves the power of the LD contrast tests. The estimated
power, illustrated in Tables IV and V, shows the permuta-
tion procedure based on the haplotype data is more
powerful than the one based on unphased genotype data.
The difference, however, is typically quite small, with the
maximum difference less than 2%. When haplotype data
are not directly observed, it is known that using estimated
haplotypes might lead to biased results if the estimation
process relies on assumptions, such as the HWE, which
may not hold in the sampled population. Therefore, we
recommend not to estimate the haplotype phase if it is not
directly observed.

With regard to the relative efficiency of the two LD
measurements, our simulation results do not prefer one
over the other. Under the heterogeneous model, the
composite LD correlation is slightly more powerful than
the composite LD coefficient, as shown in Table IV;
however, under the recessive haplotype model, the
composite LD correlation is less powerful than the
composite LD coefficient, as shown in Table V.

A REAL EXAMPLE

We apply our methods to a real data set that was used to
show genetic association between the 5q31 cytokine gene
cluster and Crohn’s disease [Rioux et al., 2001]. Crohn’s
disease is one of the two major types of inflammatory
bowel diseases. Using a linkage analysis of nuclear
families with inflammatory bowel disease patients, [Rioux
et al., 2000] detected linkage signals on human chromo-
some 5q31. To narrow down the candidate region, they
genotyped SNPs at 5q31 for 139 case-parents trios from the
databases of the Mount Sinai Hospital and the Toronto
Hospital [Rioux et al., 2001]. We downloaded the
publically available subset, i.e., 129 trios genotyped at
103 common SNPs. These 103 SNPs cover a 500-kb region
on 5q31. The LD structure of the 103 SNPs was first
reported by Daly et al. [2001] and then re-analyzed by
many others. Among the 129 trios, two of them have more
than 40% of missing genotypes. We exclude those two and
only analyze the remaining 127 trios.

We first evaluate the regional evidence of association
based on two test statistics: (1) the mean of the squared
differences of the composite LD correlation matrices
between the affected offspring and their pseudocontrols
(dr); (2) the maximum TDT statistic (max(TDT)). We also
examine the composite LD correlation for all pairs of
SNPs. Both the two regional P-values and the pairwise
P-values are estimated using 100,000 permutations. For
interesting subsets of SNPs that are selected based on
pairwise P-values, we further increase the number of
permutations to 1,000,000.

The composite LD correlation matrices for affected
offspring (transmitted) and their pseudocontrols (non-
transmitted) are shown in Figure 3. A visual inspection of
the composite LD correlation plots reveals that the LD in
the 127 affected offspring is higher than that in the
nontransmitted. The mean values of the composite LD
correlations in transmitted and nontransmitted genotypes
are 0.26 and 0.17, respectively. The mean values of squared
correlations are 0.20 and 0.16, respectively. The higher
composite LD correlation on 5q31 in the affected offspring
than that in their pseudocontrols indicates that affected
subjects might be more similar to each other than subjects
that are randomly chosen from the sampled population,
which provides evidence that this region is associated with
Crohn’s disease. Based on 100,000 permutations, the
regional P-value using the composite LD correlation is
4.30� 10�4. When the maximum TDT statistic was used as
the test statistic, the regional P-value is 4.04� 10�4,which
is similar to the P-value based on the composite LD
correlation. However, as will be shown in the following,
contrasting LD provides much more information.

Table VI shows the information for the SNP pairs
with permutated P-values less than 0.0001. Among the 103

TABLE IV. Estimated power under the heterogeneity
model with six tightly linked SNPs

Phase known Phase unknown

l dr dD max(TDT) dr dD max(TDT)

1.2 0.065 0.059 0.058 0.059 0.058 0.060
1.5 0.169 0.170 0.064 0.168 0.167 0.068
1.8 0.464 0.434 0.089 0.455 0.433 0.090
2.0 0.753 0.720 0.084 0.756 0.720 0.087
2.5 0.999 0.994 0.139 0.999 0.996 0.139
3.0 1.000 1.000 0.260 1.000 1.000 0.256

TABLE V. Estimated power under the recessive haplotype
model with six tightly linked SNPs

Phase known Phase unknown

l dr dD max(TDT) dr dD max(TDT)

1.2 0.066 0.076 0.067 0.065 0.068 0.068
1.5 0.099 0.106 0.067 0.102 0.102 0.068
1.8 0.196 0.216 0.095 0.182 0.198 0.094
2.0 0.345 0.358 0.145 0.322 0.335 0.147
2.5 0.742 0.792 0.335 0.730 0.773 0.340
3.0 0.978 0.987 0.623 0.974 0.981 0.624
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SNPs, the 26th, 27th, and 28th SNPs have the smallest
individual P-values based on the TDT test. Small pairwise
LD contrast P-values of these three SNPs and other SNPs

were identified. More interestingly, there are several pairs
of SNPs that have small pairwise P-values but in the mean
time they have large individual P-values. For example,
for the 70th and 90th SNPs, contrasting the composite LD
correlations led to a P-value of less than 0.0001; the
individual P-values of the two SNPs, however, are 0.106
and 0.037, respectively. As another example, the 47th SNP
is not significant by itself (TDT P-value 0.239); however, as
shown in the last column of Table VI, using the proposed
LD contrast method, it has small P-values when paired
with the 26th, 27th, 28th, 88th, or 91st SNP. We also
assessed the significance of sets of multiple SNPs from the
list of SNPs reported in Table VI and found that most sets
show significance. As an illustration, we report the set
with SNP 47 and other SNPs that show high significance
(P-value o0.0001) with it pairwisely. Since SNPs 26, 27,
and 28 are highly correlated, we considered the set of
SNPs (47, 27, 88, 91). Based on 1,000,000 permutations,
comparing LD matrices of the four SNPs between the
affected offspring and their pseudocontrols resulted in a
P-value of 2e-06. Because SNP 27 shows higher signi-
ficance of association by itself, we then considered the
triple (47, 88, 91) for contrasting LD matrices. This gave
us a P-value of 5e-06. These results demonstrate that
contrasting LD of multiple loci may reveal higher order
interaction patterns that are difficult to detect by conven-
tional methods.

The results presented here indicate that contrasting
LD patterns between affected offspring and their pseudo-
controls may be used as an effective association mapping
tool. In particular, the LD contrast method is likely to
improve the performance of individual SNP tests under
many situations. However, it is worthy of noting that,
because of the potential bias of multiple testing, it is
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Fig. 3. Heat maps of the composite LD correlation matrices and the squared matrices computed from affected offspring (transmitted

genotypes) and pseudocontrols (nontransmitted genotypes) of the Crohn data.

TABLE VI. Results of Crohn’s disease data

1st snp 2nd snp r̂Y r̂N p1 p2 Dr

15 91 0.66 0.19 0.023 6.70e�04 5e�05
24 91 0.62 0.10 0.049 6.70e�04 3e�05
26 47 0.37 �0.07 1.63e�05 0.239 4e�05
27 47 0.37 �0.08 5.74e�06 0.239 0e100a

27 74 �0.97 �0.79 5.74e�06 3.77e�05 7e�05
28 47 0.38 �0.07 5.99e�06 0.239 0e100a

28 48 0.39 �0.08 5.99e�06 0.068 7e�05
29 48 0.02 �0.40 0.094 0.068 2e�05
30 48 0.06 �0.37 0.025 0.068 2e�05
31 48 0.08 �0.33 8.83e�03 0.068 9e�05
34 74 0.97 0.79 1.93e�05 3.77e�05 5e�05
47 88 0.43 �0.14 0.239 7.59e�03 2e�05
47 91 0.42 �0.10 0.239 6.70e�04 4e�05
70 90 0.05 �0.45 0.106 0.037 1e�05
74 91 �0.92 �0.69 3.77e�05 6.70e�04 4e�05
92 98 0.59 0.02 2.38e�03 0.895 5e�05
93 98 0.56 0.08 2.31e�04 0.895 3e�05

aThe values are truncated at zero because we used a finite number of
permutations (100,000). The results for each pair are represented by the
values in a row. The first two columns give the indices of paired SNPs.
The third and fourth columns are the estimated composite LD
correlations of the SNP pair of the affected offspring and their pseudo
controls, respectively. The fifth and sixth columns are the individual
TDT P-values of the first and second SNPs in a SNP pair, respectively.
The last column gives the P-values based on contrasting LD pairwisely.
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difficult to evaluate the relative efficiency of the LD
contrast method and max(TDT) from this data set alone.
Another issue is how to interpret interaction findings.
Although statistical interactions might reflect true bio-
logical interactions, recent simulation studies show that
rare causal mutations might also be responsible for the
occurrence of gene-gene interaction findings [Dickson
et al., 2010; Wang et al., 2010].

DISCUSSION

In this paper, we proposed a new family-based multi-
locus association analysis framework. The application of
the proposed methods to simulated data and a real data
set demonstrates that contrasting LD patterns between
transmitted and nontransmitted genotypes is a comple-
mentary approach to the existing multilocus methods and
the traditional one-SNP-at-a-time method. In particular,
the application to Crohn’s disease data shows that
contrasting LD might provide information for high-order
gene-gene interactions or untyped rare causal variants.
Our methods are developed based on pairwise LD
measurements. Therefore, the effect of missing data on
our methods is less severe than on other multilocus
methods. Moreover, in our methods, the haplotype phase
is not required to compute the composite LD measures.
This not only saves computation time but also avoids the
complications resulted from estimating haplotypes.

In a region with a disease susceptibility gene, we expect
that the haplotypes in cases are more similar to each other
than those in controls, which is the rationale of both
haplotype sharing methods and LD contrast methods.
Another characteristic shared by them is that both
haplotype sharing statistics and the LD coefficients can
be written as quadratic forms of haplotype frequencies.
Tzeng et al. [Tzeng et al., 2003] showed that three
commonly used haplotype sharing measures can be
written as quadratic forms of haplotype frequencies. Of
particular interest is the counting measure, which is
defined by the number of loci identical by state. For three
SNPs, the quadratic form for the haplotype sharing
statistic with the counting measure and the quadratic
form for the LD coefficients are given in Appendix C. The
same strategy can be applied to find quadratic forms for
an arbitrary number of SNPs. The results in Appendix C
demonstrate that haplotype sharing and the LD coeffi-
cients are summaries of observed data from different
perspectives. While both types of statistics are quadratic
forms, the matrix for haplotype sharing has zero values at
the minor diagonal, while that of the LD coefficients have
nonzero values at the minor diagonal. This difference
makes the LD contrast methods be able to detect the
association that might be missed by haplotype sharing
methods. As an example, here we show a synthetic
situation where haplotype sharing cannot detect the
association while LD contrast methods can. Consider two
SNPs and their resulted haplotypes (ab, aB, Ab, AB).
Suppose that the haplotype frequencies in cases and
controls (or pseudocontrols) are (0.5, 0, 0, 0.5) and (0, 0.5,
0.5, 0), respectively. It can be computed that the haplotype
sharing value is 1 for both cases and controls (or
pseudocontrols), but the LD coefficient in cases is 0.25
while the LD coefficient in controls (or pseudocontrols)

is �0.25. In this situation, haplotype sharing methods
would not be able to detect the genetic association.

The LD contrast tests we proposed are for the case-
parents design. The permutation procedures can be
extended to incorporate multiple siblings from each
family. It is known that when analyzing nuclear family
data with multiple affected siblings in a family, failing to
account for the dependence of affected siblings in a family
may lead to inflated Type I error rates [Martin et al., 1997].
As suggested by Martin et al. [1997], to justify the
dependence of siblings in the same family, we need to
permute all siblings, instead of individual siblings, in a
family simultaneously. In other words, we consider each
nuclear family, instead of each offspring, as an indepen-
dent randomization unit. Knapp and Becker [2003] also
used this randomization strategy in their haplotype-based
association mapping for nuclear family data. Another
issue is how to handle unaffected siblings. One strategy is
to label the genotype of an unaffected offspring as
‘‘nontransmitted’’ and the nontransmitted genotype as
‘‘transmitted’’ [Guo et al., 2007]. While this approach
seems appealing in maximizing the information from the
data, it is controversial regarding whether analyzing
unaffected siblings improves power or not [Clayton,
1999; Lunetta et al., 2000; Schaid, 2004].

Although permutation-based approaches are more
computationally intensive than asymptotic tests, several
strategies can be used to expedite the permutation
process and make the permutation methods applicable
to genome-wide data. Boehnke and Langefeld [1998]
discussed ways to determine the needed number of
permutations. One particularly interesting strategy they
described is the sequential permutation method to achieve
a prefixed accuracy for the estimation of P-values [Besag
and Clifford, 1991]. For genome-wide data, it is neither
feasible nor meaningful to contrast LD patterns across the
whole genome. Instead, as an example, we can use a
sliding window method and take a two-stage approach: in
stage one, we use a smaller number of permutations (such
as 1000) for all sliding windows; in stage two, we apply
a larger number of permutations (such as 100,000) on
the sliding windows with empirical P-values below 0.05
(estimated from the stage one). Other strategies for
reducing computational cost and terminating the permu-
tation procedure earlier might also be applied.
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APPENDIX A

Let phi=hj denote the frequency of subjects with haplotype
pair (hi,hj). According to Weir [1996, p 122],

pAB ¼pAB;AB11=2ðpAB;Ab1pAB;aB1pAB;abÞ;

pA=B ¼pAB;AB11=2ðpAB;Ab1pAB;aB1pAb;aBÞ:
:

Therefore, the composite LD coefficient in cases can be
rewritten to

DD
¼ 2pD

AB=AB1pD
AB=Ab1pD

AB=aB11=2pD
AB=ab11=2pD

Ab=aB

� 2ðpD
AB1pD

AbÞðp
D
AB1pD

aBÞ:

ðA1Þ

Let pD denote the prevalence of a disease. Using the
haplotype penetrance parameters defined in the main text,
we have

pD ¼ pABhAB1pAbhAb1paBhaB1pabhab:

With the assumptions that the target population is a
random mating population, two SNPs are in LE in the
population, and no differential fertility among the
phenotypes of interests, we have

pD ¼pApBhAB1pApbhAb1papBhaB1papbhab

pD
AB=AB ¼

p2
Ap2

Bf22

pD
; pD

AB=Ab ¼
2p2

ApBpbf21

pD
; pD

AB=aB ¼
2pApap2

Bf12

pD
;

pD
AB=ab ¼pD

Ab=aB ¼
2pApapBpbf11

pD
; pD

AB ¼
pApBhAB

pD
;

pD
Ab ¼

pApbhAb

pD
; pD

aB ¼
papBhaB

pD
; pD

ab ¼
papbhab

pD
:

Plugging the above equations into (A.1) leads to

DD
¼

2pApB

pD
ðpApBf221pApbf211papBf121papbf11Þ

�
2

ðpDÞ
2
ðpApBhAB1pApbhAbÞðpApBhAB1papBhaBÞ

¼
2pApB

pD
hAB�

2

ðpDÞ
2
ðpApBhABþpApbhAbÞðpApBhABþpapBhaBÞ

¼
2

ðpDÞ
2
½pApBhABðpApBhAB1papBhaB1pApbhAb1papbhabÞ

�ðpApBhAB1pApbhAbÞðpApBhAB1papBhaBÞ�

¼
2pApapBpb

ðpDÞ
2
½habhAB�haBhAb�:

Thus DD 5 0 is equivalent to habhAB¼ haBhAb.

APPENDIX B

By the definition of haplotype penetrance parameters
defined in the main text, we have

habhAB ¼ðpapbf001papBf011pApbf101pApBf11Þ

� ðpapbf111papBf121pApbf211pApBf22Þ

¼f00f11papapbpb1f01f12papapBpB1f10f21pApApbpb

1f11f22pApApBpB1ðf00f121f01f11ÞpapapbpB

1ðf00f211f10f11ÞpapApbpb

1ðf00f221f11f111f01f211f10f12ÞpapApbpB

1ðf01f221f11f12ÞpapApBpB1ðf10f221f11f21ÞpApApbpB

haBhAb ¼ðpapbf011papBf021pApbf111pApBf12Þ

� ðpapbf101papBf111pApbf201pApBf21Þ

¼f01f10papapbpb1f02f11papapBpB1f11f20pApApbpb

1f12f21pApApBpB1ðf01f111f02f10ÞpapapbpB

1ðf01f201f11f10ÞpapApbpb

1ðf01f211f12f101f02f201f11f11ÞpapApbpB

1ðf02f211f12f11ÞpapApBpB1ðf11f211f12f20ÞpApApbpB

:

Thus, habhAB ¼ haBhAb holds for any value of allele frequen-
cies if and only if

f00f11 ¼f01f10; f01f12 ¼ f02f11; f01f12 ¼ f02f11; f11f22 ¼ f12f21;

f00f121f01f11 ¼ f01f111f02f10; f00f211f10f11 ¼ f01f201f11f10;

f00f221f11f111f01f211f10f12 ¼ f01f211f12f101f02f201f11f11;

f01f221f11f12 ¼ f02f211f12f11; f10f221f11f21 ¼ f11f211f12f20:

Let f0,a1,a2,b1,b2 satisfy f00 ¼ f0, f10 ¼ f0a1, f20 ¼ f0a2,
f01 ¼ f0b1, f02 ¼ f0b2. It is not difficult to see the above
equations imply that f11 ¼ f0a1b1, f12 ¼ f0a1b2, f21 ¼ f0a2b1,
f22 ¼ f0a2b2, i.e., multiplicity.

APPENDIX C

We code the two alternative alleles of a SNP as 0 or 1. To
better illustrate the relationship between the haplotype
sharing statistic with the counting measure and the LD
coefficients in a genomic region with three SNPs, we first
introduce the following haplotype ranking system. There
are eight possible unique haplotypes from three SNPs.
Treating each haplotype as a binary number, we order the
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eight haplotypes according to their binary values in an
ascending order:

Haplotype 000 001 010 011 100 101 110 111

Let P5 (p000, p001,y,p111)T denote the frequencies of the
haplotypes ordered in the above table. Haplotype sharing
of a sample describes the amount of sharing among
haplotypes in a sample. Tzeng et al. [2003] showed that
commonly used haplotype sharing statistics can be written
as quadratic forms PTAP, where A is a symmetric matrix.
When the counting measure is used to define haplotype
sharing, it is not difficult to see that the symmetric matrix
A in the quadratic form is

A ¼

3 2 2 1 2 1 1 0
2 3 1 2 1 2 0 1
2 1 3 2 1 0 2 1
1 2 2 3 0 1 1 2
2 1 1 0 3 2 2 1
1 2 0 1 2 3 1 2
1 0 2 1 2 1 3 2
0 1 1 2 1 2 2 3

0
BBBBBBBBBB@

1
CCCCCCCCCCA
:

Let pij� denote the frequency of the haplotype with allele i
at SNP 1 and allele j at SNP 2, i.e., pij� ¼ pij01pij1. Similarly,
we can define pi�k and p�jk. Consider the LD coefficient
between SNPs 1 and 2, we have

D12 ¼ p00�p11� � p01�p10�

¼
1

2
ðp00�; p01�; p10�; p11�Þ

0 0 0 1

0 0 �1 0

0 �1 0 0

1 0 0 0

0
BBB@

1
CCCA

p00�

p01�

p10�

p11�

0
BBB@

1
CCCA:

Note that

ðp00�; p01�; p10�; p11�Þ ¼

1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1

0
BB@

1
CCA�;

which leads to

D12 ¼ �
TA12�;

with

A12 ¼
1

2

0 0 0 0 0 0 1 1
0 0 0 0 0 0 1 1
0 0 0 0 �1 �1 0 0
0 0 0 0 �1 �1 0 0
0 0 �1 �1 0 0 0 0
0 0 �1 �1 0 0 0 0
1 1 0 0 0 0 0 0
1 1 0 0 0 0 0 0

0
BBBBBBBBBB@

1
CCCCCCCCCCA
:

Similarly, we have D13¼p0�0p1�1 � p0�1p1�0¼�TA13�,
D23¼p�00p�11 � p�01p�10¼�TA23�, where

A13 ¼
1

2

0 0 0 0 0 1 0 1

0 0 0 0 �1 0 �1 0

0 0 0 0 0 1 0 1

0 0 0 0 �1 0 �1 0

0 �1 0 �1 0 0 0 0

1 0 1 0 0 0 0 0

0 �1 0 �1 0 0 0 0

1 0 1 0 0 0 0 0

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

;

A23 ¼
1

2

0 0 0 1 0 0 0 1

0 0 �1 0 0 0 �1 0

0 �1 0 0 0 �1 0 0

1 0 0 0 1 0 0 0

0 0 0 1 0 0 0 1

0 0 �1 0 0 0 �1 0

0 �1 0 0 0 �1 0 0

1 0 0 0 1 0 0 0

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

:
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