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Exact Inference Algorithms  
Bucket-elimination 
 

COMPSCI 276, Fall 2014 
Class  5: Rina Dechter 

(Reading: Dechter chapters 4 , Darwiche chapter 6, Dechter Section 3.4) 
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 Belief Updating   

lung Cancer 

Smoking 

X-ray 

Bronchitis 

Dyspnoea 

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ? 





Queries 
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Belief updating is NP-hard 


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A simple network 

 
 

 How can we compute P(D)?,  P(D|A=0)? P(A|D=0)? 
 Brute force O(k^4) 
 Maybe O(4k^2) 

A D B C Given:  
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  Belief Updating: P(X|evidence)=? 

“Moral” graph 

A 

D E 

C B 

P(a|e=0) P(a,e=0)= 

P(a)P(b|a)P(c|a)P(d|b,a)P(e|b,c)= 

P(a) P(b|a)P(d|b,a)P(e|b,c) 

B C 

E D 

Variable Elimination 

P(c|a) 
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 Bucket Elimination  
 Algorithm BE-bel (Dechter 1996) 

Elimination operator 

P(a|e=0) 

        W*=4 
”induced width”  
(max clique size) 

bucket  B:  

 P(a) 

  P(c|a) 

P(b|a)   P(d|b,a)   P(e|b,c) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

 e=0 

B 

C 

D 

E 

A 

A 

D E 

C B 



A Bayesian Network 
Ordering: A,C,B,E,D,G 
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A Bayesian Network 
ordering: A,C,B,F,D,G 
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A Different Ordering 

15 



A Different Ordering 
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A Bayesian Network 
 Processed Along 2 Orderings 

17 
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Intelligence Difficulty 

Grade 

Letter 

SAT 

Job 

Apply 

Student Network example 

 P(J)? 
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E 
D 
C 
B 
A 

B 
C 
D 
E 
A 
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The Induced-Width 

 width: is the max number of parents in the ordered graph 
 Induced-width: width of induced graph: recursively connecting parents going from 

last node to first. 
 Induced-width w*(d) = the max induced-width over all nodes 
 Induced-width of a graph: max w*(d) over all d 
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Complexity of elimination 

The effect of the ordering: 

4)( 1
* =dw 2)( 2

* =dw“Moral” graph 

A 

D E 

C B 

B 

C 

D 

E 

A 

E 

D 

C 

B 

A 



Complexity of BE-bel 
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More accurately: O(r exp(w*(d)) where r is the number of cpts. 
For Bayesian networks r=n. For Markov networks? 



31 



32 

The impact of observations 

Induced graph 
Ordered graph Ordered conditioned graph 
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The impact of observations 

Induced graph Ordered graph Ordered conditioned graph 
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Use the ancestral graph only 

BE-BEL 

“Moral” 
graph 

A 

D E 

C B 
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A Mini-school in Lifted Algorithms for Probabilistic Programming at 
UCI  
 
 
 
In the week of November 3^rd we will have a mini-school in lifted algorithms for 
probabilistic programming.  
 
Location 4011/3-11 DBH. Afternoon discussions TBD.  
 
Two Expert in this area will visit us:  
 
 Rodrigo de Salvo Braz:  http://www.ai.sri.com/~braz/  
 
Vibhav Gogate:  http://www.hlt.utdallas.edu/~vgogate/  
 
Schedule:  
 
November  3: Rodrigo gives a talk 1-2  in AI/ML seminar.  Afternoon: discussion  
November 4: Rodrigo: 10-1, 3011: tutorial, afternoon: discussion  
November 5: Vibhav: 10-12, 4011: tutorial, afternoon: discussion  
November 6: Vibhav, 10-12, 4011: Tutorial, afternoon: discussion.  
 

http://www.ai.sri.com/~braz/�
http://www.hlt.utdallas.edu/~vgogate/�
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Probabilistic Inference Tasks 

 Belief updating: 
 
 
 Finding most probable explanation (MPE)  
 
 
 Finding maximum a-posteriory hypothesis 
 
 
 

 variableshypothesis
: XA ⊆
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 Finding 
 Algorithm BE-mpe 

),|(),|()|()|()(max
by  replaced is              

,,,,
cbePbadPabPacPaPMPE

:

bcdea
=
∑ max 

A 

D E 

C B 
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Elimination operator 

MPE 

        W*=4 
”induced width”  
(max clique size) 

bucket  B:  

 P(a) 

  P(c|a) 

P(b|a)   P(d|b,a)   P(e|b,c) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

 e=0 

B 

C 

D 

E 

A 

 Finding 
 Algorithm elim-mpe  (Dechter 1996) 

),|(),|()|()|()(max
by  replaced is              

,,,,
cbePbadPabPacPaPMPE

:

bcdea
=
∑ max 

A 

D E 

C B 
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Elimination operator 

MPE 

        W*=4 
”induced width”  
(max clique size) 

bucket  B:  

 P(a) 

  P(c|a) 

P(b|a)   P(d|b,a)   P(e|b,c) 

bucket  C:  

bucket  D:  

bucket  E:  

bucket  A:  

 e=0 

B 

C 

D 

E 

A 

 Finding 
 Algorithm elim-mpe  (Dechter 1996) 

),|(),|()|()|()(max
by  replaced is              

,,,,
cbePbadPabPacPaPMPE

:

bcdea
=
∑ max 

A 

D E 

C B 



Generating the MPE-tuple 

 C:  

 E:  

P(b|a)   P(d|b,a)   P(e|b,c) B:  

 D:  

A:   P(a) 

  P(c|a) 

 e=0 e)(a,hD

(a)hE

e)c,d,(a,hB

e)d,(a,hC

(a)hP(a)max arga'  1. E

a
⋅=

0e'  2. =

)e'd,,(a'hmax argd'   3. C

d
=

)e'c,,d',(a'h
)a'|P(cmax argc'   4.

B
c

×
×=

       

)c'b,|P(e')a'b,|P(d'
)a'|P(bmax argb'  5.

b
××

×=
     

)e',d',c',b',(a'   Return
Ijcai 2011 45 
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Try to compute MPE when E=0 
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 Finding MAP 
 Algorithm BE-map 

),|(),|()|()|()(max

              

,
cbePbadPabPacPaPMPE

bd,e,ca ∑
∑

=

:max and 

A 

D E 

C B 
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Algorithm  BE-map 
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Variable ordering: 
Restricted: Max buckets should 
Be processed after sum buckets 



BE for Markov networks queries 
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More accurately: O(r exp(w*(d)) where r is the number of cpts. 
For Bayesian networks r=n. For Markov networks? 

O(nexp(w*+1)) and O(n exp(w*)), respectively 
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Finding Small Induced-Width 
(Dechter 3.4-3.5) 

 NP-complete 
 A tree has induced-width of ? 
 Greedy algorithms: 

 Min width 
 Min induced-width 
 Max-cardinality and chordal graphs 
 Fill-in (thought as the best) 
 See anytime min-width (Gogate and Dechter) 



Type of graphs 
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The induced width 

59 



60 

Different Induced-graphs 
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Min-Width Ordering 

Proposition: (Freuder 1982) algorithm min-width finds a min-width 
ordering of a graph. Complexity O(|E|) 
 



Greedy Orderings Heuristics 
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Theorem: A graph is a 
tree iff it has both width 
and induced-width of 1. 

Complexity? 

O(n^3) 
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Different Induced-Graphs 
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Induced-width for chordal graphs 

 Definition: A graph is chordal if every cycle of length at least 4 
has a chord 

 Finding w* over chordal graph is easy using the max-
cardinality ordering: order vertices from 1 to n, always 
assigning the next number to the node connected to a largest 
set of previously numbered nodes. Lets d be such an ordering 

 A graph along max-cardinality order has no fill-in edges iff it is 
chordal.  

 On chordal graphs width=induced-width. 
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Max-cardinality ordering 

What is the complexity of min-fill? Min-induced-width? 



K-trees 

66 
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Which greedy algorithm is best? 





Recent work in my group 
 Vibhav Gogate and Rina Dechter. "A Complete Anytime 

Algorithm for Treewidth". In UAI 2004. 
 Andrew E. Gelfand, Kalev Kask, and Rina Dechter. 

"Stopping Rules for Randomized Greedy Triangulation Schemes" 
in Proceedings of AAAI 2011.  

 Potential project 
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http://www.ics.uci.edu/~csp/r112.pdf�
http://www.ics.uci.edu/~csp/r180.pdf�


Mixed Networks 
 
 Augmenting Probabilistic networks with 

constraints because: 
 Some information in the world is 

deterministic and undirected (X not-eq Y) 
 Some queries are complex or evidence are 

complex (cnfs) 

 Queries are probabilistic queries 
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Mixed Beliefs and Constraints 

 
 Assume the CN is a cnf formula  
 Queries over hybrid network: 
 Complex evidence structure 

 
 

 All  reduce to CNF queries over a Belief network: 

 CPE (CNF probability evaluation): Given a belief 
network, and a cnf, find its probability.  
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Party example again 

P(C|W) P(B|W) 

P(W) 

P(A|W) 

W 

B A C 

Query: 
Is it likely that Chris goes to the 
party if Becky does not but the 
weather is bad? 

PN CN 

Semantics? 
 
Algorithms? 

),,|,( ACBAbadwBCP →→=¬

A→B C→A 
B A C P(C|W) P(B|W) 

P(W) 

P(A|W) 

W 

B A C 

A→B C→A 
B A C 



Bucket Elimination for Mixed networks 

73 

The CPE query 

P((C  B) and P(A  C)) 
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Processing  Mixed Buckets 

76 
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A Hybrid Belief Network 

D 

G 

A 

B C 

F 

101 === )|aP(c

FDG ∨=

Belief network P(g,f,d,c,b,a) 
=P(g|f,d)P(f|c,b)P(d|b,a)P(b|a)P(c|a)P(a) 

Bucket G:    P(G|F,D)  
 

Bucket F:    P(F|B,C)  
 

Bucket D:   P(D|A,B) 
 

Bucket C:   P(C|A) 
 

Bucket B:   P(B|A)  
 

Bucket A:   P(A) 

),,( CBADλ

)(ACλ

),,( DCBFλ

),( BABλ

),|0( DFGP =

G¬

)|( GAP ¬
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),,( BADλ

Dλ

Bucket G:    P(G|F,D)  
 

Bucket F:    P(F|B,C)  
 

Bucket D:   P(D|A,B) 
 

Bucket C:   P(C|A) 
 

Bucket B:   P(B|A)  
 

Bucket A:   P(A) 

GGDFGFGD ¬¬∨∨∨¬∨¬ ),)()((

(a) regular Elim-CPE 

Bucket G:    P(G|F,D)  
 

Bucket F:    P(F|B,C)  
 

Bucket D:   P(D|A,B) 
 

Bucket C:   P(C|A) 
 

Bucket B:   P(B|A)  
 

Bucket A:   P(A) 

),,( CBADλ

)(ACλ

),,( DCBFλ

),( BABλ

),|0( DFGP =

G¬

)|( GAP ¬

(b) Elim-CPE-D with clause extraction 

Variable elimination for a  
mixed network: 

)(        ),|0( FDFGP ¬=

)( D¬

)(ABλ

)|( GAP ¬

C)(A∨ C)(B,Fλ

)(DFλ

),( BACλ
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Bucket G:     P(G|F,D) 

 

Bucket D:    P(D|A,B) 

 

Bucket B:    P(B|A)  P(F|B,C) 

 

Bucket C:    P(C|A) 

 

Bucket F: 

 

Bucket A: 

),( BADλ B¬

)(FDλ

  ), ( BD ¬∨¬

Trace of Elim-CPE 

D 

G 

A 

B C 

F 

Belief network P(g,f,d,c,b,a) 
=P(g|f,d)P(f|c,b)P(d|b,a)P(b|a)P(c|a)P(a) 

G   )( ¬∨ DG

)( CB∨

),( CFBλ C

)(1 ABλ )(2 ABλ

)(FCλ

)(ACλ Fλ

)(ϕP

D        ),( DFGλ



Bucket-elimination example 
for a mixed network 
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Markov Networks 

Dechter, chapter 2 



Complexity 

82 



The running intersection property 
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