Exact Inference Algorithms

| Bucket-elimination

COMPSCI 276, Spring 2018
Class 4: Rina Dechter

(Reading: Dechter chapters 4, Darwiche chapter 6, Dechter Section 3.4)



i Inference for probabilistic networks

= Bucket elimination
= Belief-updating, P(e), partition function
= Marginals, probability of evidence
= The impact of evidence
« for MPE (=MAP)
« for MAP (= Marginal Map)
= Mixed netwroks

= [ree-decomposition schemes
= Bucket tree elimination
= Cluster tree elimination



i Inference for probabilistic networks

= Bucket elimination
= Belief-updating, P(e), partition function



(Pearl, 1988)

| Bayesian Networks: Representation

P(CIS)

P(X|C,S)

P(S, C, B, X,D) =P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)

Belief Updating:
P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
dechter, class4 276-18



A Bayesian Network
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Graphical Models

Conditional Probability

0.65
0.72

Table (CPT)
A hical model consists of: A FIPEAD) Relation
. - A C F
X — {Xla e aXn} - Vaf/ab/es 8 (1) é 8:23 gﬁjc; g:ggn t;leuc?
D={Dy,...,D,} -- domains 3 é é 5% blue_blue _green
1 1 0
1 1 1

F={fa,,...,fa, } == functions or "factors”

0.68

0 ﬂ = (F=A+C)
perators:

\

combination operator 7///////
(sum, proauct, join, ...) “ (AVCVF)
‘G Primal graph
(interaction graph)

elimination operator
(projection, sum, max, min, ..

Types of queries:
Marginal: 203 | FACH
x o * All these tasks are NP-hard
. F(x") =max || fa(xa) )
MPE/_MAP' * _H * exploit problem structure
Marginal MAP: 00 =2 1176 * identify special cases

* approximate



» Max-Inference f(x*) = max | [ fa(xa)

» Sum-Inference Z=> 1] faxa)

» Mixed-Inference | f(x};) =max > |] fa(xa)

Xs 87

= NP-hard: exponentially many terms

= We will focus on approximation algorithms
= Anytime: very fast & very approximate ! Slower & more accurate



i Belief Updating is NP-hard

= Each SAT formula can be mapped into a
belief updating query in a Bayesian network

= Example
(<UV =WV Y)AUV-=VVW



“Moral” Graph

P(X,,...X,)= f[\P(Xi | parents(Xi)L

P(a) Moralize ("marry parents")
@ Conditional
. !‘ Probability
a y P(cla) Distribution
(©) (B) ) opp)
9 P(elb,c) @ 9 moral graph (“family”)

P(dlh.a)



* Belief Updating

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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iBEIiEf updating: P(X|evidence)=?

P(ale=0) oc P(a,e=0)=

> P(a)P(bla)P(cla)P(d]b, a)P(e|b c)=
e=0,d,c,b —
“Moral” h \ l

oI P(a)Z ZZP(qa ZP(b|a)P(d|b a)P(e[b,c)
'\X\/\ ~ M/

Variable Elimination h®(a,d,c,e)




Bucket elimination
iAlgorithm BE-bel/ (Dechter 1996)

P(AI[E=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

ZH<— Elimination operator
D __A

bucket B: E(bQP(d b,a) P(e|b,c)
/

bucket C: P(c|a) AB(a,d,C,e)
\/ \ Y
bucket D: A (a,d,e)

bucket E: e=0 A°(a,e)

\ / W*=4

bucket A: P(a) JE (a) “induced width”

//M (max clique size)
— ) _
P(ale=0)=(%=0

P(e=0)

P(a,e=0)



- Bucket Elimination @

p(AlE =0) = a »  p(A)p(b|A) p(c|A) p(d|A, b) p(e|b, ¢) 1[e = 0]
e,d,c,b

Z H «— Elimination & combination

b A —_____Operators

Time and space exponential in the
iInduced-width / treewidth

-

/

DUCKET A: PA] AgoalA4) \@y

e

P(AIE =0) =p(A,E=0)/p(E=0)




i The Operation In a Bucket

= Multiplying functions
= Marginalizing (summing-out) functions



i Combination of Cost Functions

A | B | f(AB) B| C | f(B,C)
b|b 0.4 b| b 0.2
blg 0.1 ‘ bl g 0
g|b 0 g| b 0
g | g 0.5 A | B | C f(A,B,C) a | e 0.8

b | b | b 0.1

b b g 0

b | g b 0

b | g | g 0.08 =0.1 x0.8

g b b 0

g b g 0

gl g b 0

g|l9]|9 0.4




Factors: Sum-Out Operation

The result of variable X from factor f(X)
is another factor over variables Y = X\ { X}

(Z f) v) = Y flxy)
X X

B C D fi

true  true  true .95 B C
true  true false | .05
true false true 9
true false false 1
false true true | .8
false true false | .2
false false true | O

1

true true
true false
false true
false false

2.p2.c2ph
T 4

I—ll-—ll—ll-—lM

false false false

Thanks to Darwiche



Bucket Elimination and
Induced wvwWwidth

Ordering: a, e, d, c, b

bucket ( B3) Plelb, o). P(d|la, b)), P(&|la)

bucket () = Plcla) || Ap(a,c.d,e)
bucket (D) — Il e, d, )
bucket ( ) — e =0 || An(a,c)
bucket(A) = Pla) || AeEla)

dechter, class4 276-18



BEBucket Elrmination and
Induced wvwwidth

W*=2
Ordering: a, b, ¢, d, e
bucket( ) — Ple|lb, ), e = O
bucket ( 12) = FPd|la, B)
bucket (') = Plc|la) || P(e = 0O|b, c)
bucket( B) — P(i|la) || Ap(a,b), Aa(b, o)
bucket(A) — FPla) || As(a)
Ordering: a, e, d, ¢, b
bucket({ B) — Plelb, o). P(d|la, b)Y, P(bla)
bucket (') — Plcla)y || Ap(a,c,d,e)
bucket ( 12) = [] e, e, =)
bucket( F) — e —= 0 || Ap(a, <)
bucket(A) = Pla) || Asla) W*=4



AvrcoriTuM BE-BeEL

Input: A belief network B = (X, D, Pg. ||}, an orderingd = ( X,..... X, ) ; evidence ¢
output: The beliet P(X;|e) and probability of evidence F(e)
1. Partition the input functions (CPTs) into bucket,, ..., bucket, as follows:
tor i < n downte 1, put in bucket; all unplaced functions mentioning X;.
Put each observed variable in its bucket. Denote by ¥; the product of input
functions in bucket;.

2.  backward: for p < n downto 1 do
3. forall the functions Y5, . Ag,. ..., As; inbucket, do

It (observed variable) X, = x, appears in bucketp,
assign Xp = xp to each function in bucket, and then
put each resulting function in the bucket of the closest variable in its scope.
else,
Ap = L, VoIl s,
place Ap in bucket of the latest variable in scope(dp),
6.  return (as a result of processing bucket; ):
Ple)=a =3y, V1| Lichucken 4
P(Xile) = gVt~ [rchucken *

Figure 4.5: BE-bel: a sum-product bucket-elimination algorithm.
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i Student Network Example

Coiffcay ) CEligence) * PO)?

Grade @

Job




i Induced Width (continued)

w’ (d) —the induced width of the primal graph along ordering d
The effect of the ordering.

Primal (moraal)
graph

W*(dl):4 W*(dz):2



The impact of evidence



The impact of evidence? @

| Algorithm BE-be/

P(AI[E=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

E=0,D,C,B

ZH<— Elimination operator
D __A

bucket B: E(bQP(d b,a) Pelb.c) s
/

bucket C: P(c|a) AB(a,d,C,e)
\/ \ Y
bucket D: A (a,d,e)

bucket E: e=0 A°(a,e)

\ / W*=4

bucket A: P(a) JE (a) “induced width”

//M (max clique size)
=0)

P(ale=0)




The impact of evidence?

7

| Algorithm BE-bel

P(AI[E=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

bucket B:
bucket C:

bucket D:

bucket E:

bucket A:

P(ale=0)

E=0,D,C,B

ZH<— Elimination operator
b A

P(bla) P(db,a) P(elbc)  B=
v
Ple/b=1,c)

P(c|a)

P(d/b=1,a)

e=0 .\
P(a) P(b=1/a) J
P(E26)

P(e= P(a,e=0)
dechter, cé:(ﬂzlﬁﬁo) - P(8=0)




The Impact of @

Evidence o\ bm
Watering (D C)' ’:) Wetness
@ Slippery

(a) Directed acyclic graph (b) Moral graph

@

I

¢
C%}/

fal L fel e}

Figure 5.8: Adjusted mduced graph relative to observing B
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+

Bucket-elimination for MPE (MAP)



i MPE = max P(X) @

D" isreplaced by max :
MPE = max P(a)P(c|a)P(b|a)P(d |a,b)P(e|b,c)



MPE = max P(X)
4 %

D" isreplaced by max :
MPE = max P(a)P(c|a)P(b|a)P(d |a,b)P(e|b,c)

MaX m Elimination operator

b A
bucket B:  P(bja) P(d|b,a) P(e|b,c)
Qe e
bucket C: P(cla) h®(a,d,c,e) C
\/ Y
bucket D: hS(a.d,e)
. ©

bucket E: e=0 hP°(a,e) E>
~_ . s
bucket A: P@ ht(a)

~~ “induced width” @
MPE (max clique size)



‘L Generating the MPE-tuple

5. b'=arg max P(b|a' )x
xP(d'|b,a" )xP(e'|b,c")

4. c¢'=argmax P(c|a')x
xh®(@' ,d",c,e")

3. d'=arg max h(a' ,d,e')

2.e' =0

1. a' =arg max P(a)-h(a)

B: P(bla) P(d|b,a) P(elb,c)

C: P(cla) h°(ad,c,e)
D: h®(a,d,e)
E: e=0 bh’(ae)

A: P@) he@

Return (a',b',c' ,d',e')



i Induced Width

Width is the max number of parents in the ordered graph

= Induced-width is the width of the induced ordered graph: recursively connecting
parents going from last node to first.

Induced-width w*(d) is the max induced-width over all nodes in ordering d

Induced-width.of a graph, w* is the min w*(d) over all orderings d
e \
(© ®
® - ©
® ®
(® (®
primal w*(dy) =4 w* (dg) = 2



Complexity of Bucket Elimination

Bucket-Elimination is time and space
O(rexp(wy))

wy - the induced width of the primal graph along ordering d

r = number of functions The effect of the ordering:
(A ON @
© ©,
©) - ©
VAR
@ © (R ®
primal w*(dy) =4 w* (dg) = 2

graph Finding smallest induced-width is hard!



A Bayesian Network

Example with mpe?

If Winter?

o
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Try to compute MPE when E=0

Winter?
(A)

false .

Sprinkler?
(B)

A B ©g 1A
true true .2
true false .8
false true .75
false false .25

Wet Grass?
(D)

Slippery Road?
(E)

E C D Bp |BC

true true true LY
A ¢ ©c |A true true false .05 ¢ E 73 | C
true true .8 true false true .9 true true T
true false 2 true false false .1 true false 3
false true 1 false true true .8 false true ]
false false .9 false true false 2 false false 1

false false true 0

false false false 1
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al

Cost networks

P(a,b,c,d, f,g) = P(a)P(bla)P(c|a) P(f|b,c)P(d|a,b)P(g|f)

becomes
Cla,b,c,d,e) = —logP = C(a) + C(b,a) + C(c,a) + C(f,b,c) + C(d,a,b) + C(g, f)

n%n Z

|
bucket B C(a.b.d). C(b.f) C(b.c) I B
bucket ¢ Cla.c) Cle.) I (a.d.c.f) ' C
: s

bucket I I (a.d.e) | Q D

bucket F C(f.g) Hia, ®  F

bucket A H (a, ) ,',, A

bucket G hig) - o o
Width w =4

OPT Induced width w*= 4

Figure 5.12: Schematic execution of BE-Opt



‘L Marginal Map

» Max-Inference f(x*) = max | [ fa(xa)
» Sum-Inference Z=> 1] fa(xa)

» Mixed-Inference | f(xh) = IE?AXZ 1 fa(xa)

= NP-hard: exponentially many terms

dechter, class4 276-18
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Figure 5.24: A Bayesian network for a turbo code.
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%arginal MAP is not Easy on Trees

= Pure MAP or summation tasks
=« Dynamic programming
= EX: efficient on trees
— /

= Marginal MAP
= Operations do not commute:

Max variables

—\

= Sum must be done first!

Z max # max Z



Bucket Elimination for MMAP

Bucket Elimination

N

DO
g

Xy ={A,D,FE}

Xs={B,C}

constrained elimination order

SUM

MAX

B:

(A, B) }(B,0) (B,

D)f(B, E)

| S,
\P(4,C. D, E)f(4,C) f(C, E)

MAP* is the marginal MAP value

/4
/@

P :. '

A/ACDE



%/hy is MMAP harder?

o

XM — {AaDaE}
Xg = {B,C}

(Park & Darwiche, 2003)
(Yuan & Hansen, 2009)

constrained elimination order

SUM

MAX

exact

w* =4
In practice, constrained induced is much

larger!

unconstrained elimination order

m)?,X}Zgb < Zy:m)?xcb



i Complexity of Bucket-Elimination

= Theorem:

BE is O(n exp(w*+1)) time and O(n exp(w*))
space, when w* is the induced-width of the
moral graph along d when evidence nodes are
processed (edges from evidence nodes to
earlier variables are removed.)

More accurately: O(r exp(w*(d)) where r is the number of CPTs.
For Bayesian networks r=n. For Markov networks?



Inference with Markov Networks

= Undirected graphs with potentials on cliques

= Query: find partition function. Same as probability of the evidence in a Bayesian network.
=  The joint probability distribution of a Markov network is defined by:

1 . BE is equally
Plz) == % Heeelel(zre) .
4 ; applicable
7 =Y MeceVele) (22)

For example. A markov network over the moral graph in Figure 2.4(h) is defined by:

U(a,be)-Uibe, f)-Ula,bd)- V([ q)

Pla.be.d f.q) = 7

(2.3)

where,

Z= Y Uabc) Ube ) Uab.d) U(f.g (2.4)

abedefa



* Inference for probabilistic networks

s Bucket elimination

s Belief-updating, P(e), partition function
» Marginals, probability of evidence

= The impact of evidence

» for MPE (= MAP)

« for MAP (- Marginal Map)

= Mixed networks

= [ree-decomposition schemes
= Bucket tree elimination
s Cluster tree elimination

dechter, class4 276-18



P(B/W) P(C/W)

Semantics?

Algorithms?

A—B C-A

Query:
Is it likely that Chris goes to the

party if Becky does not but the
weather is bad?

P(C,—-B|w=bad,A—B,C—> A



i Bucket Elimination for Mixed Networks

The CPE query

Pe)= >  P(xy)

Xg=EMod(yp)

Using the belief network product form we get:

Psp)= )  |]PGilxpa):

IX|XgeMod(g))i=1

P((C 2 B) and P(A > (C))



Processing Mixed Buckets

Example 4.18

Consider the belief network in Figure 4.14, which is similar to the one in Fig-

ure 2.5, and the query ¢ = (B v C) A (G v D) A (=D v —B). The initial partitioning into buckets
along the orderingd = A, C, B, D, F, (-, as well as the output buckets are given in Figure 4.15. We

compute:

In Bucket &
In Bucketp:
In Bucketp:

In Bucketg:
In Bucket:
In Bucket 4:
P(g) = Aa.

}"G"::f'. d] = Z |gvd=true} P[g .iF::'
Ar(b,e.d) = S P(f .G f. d)

Apla,b,c) = E{dhd'-.-‘—nb:r,r-ue}- P(d|a,b)Ar(b, c.d)

) = Tty P01 D (0
Z: (cla) J'Lg (a,c)
“}"-4 - Zﬂ

dechter, class4 276-18



Bucket-Elimination example
for a Mixed Network |

¢ = (BVC), (GVD), (~DV~B) ./ o

Bucket G: PGIFD) (Gw D)
"
™~

A v
Bucket F: P(FIB.C) I{'_,I.(F Dy

T
Bucket D: P(DIA.B) (=Dwv—B) ™AJdB,C.D)
— n, E

Bucket B: P(BIA) (BvC) “A,(A.B.C)

I\.\"\'\..\. .l'-'
- ¥ F

Bucket C: PiClA) Ag(AC)

Y

Bucket A: P(A) A (A)

\\*'
G
BucketG: PGIF.D) (Gv D) =G
o
Bucket D: P(DIAB) (—Dv—=B), A (F,D) D
----"'-.__ -.---"':-.___. _'_r'f :. I'ul
-------."l- N} -.---.:-'."*
Bucket B: P(BIA)PIFIBC), (BvC) A (AB)| B

Bucket C: | P(CIA)

e

Bucket F: A EF} -

'\.l.i -.----__ e '-‘..\..
BucketA: 44 AN “A(4) %,
. -

“x\‘ ) . \‘1 .
P(p) Different orderings P(p)

Figure 4.15: Execution of BE-CPE.

Figure 4.16: Execution of BE-CPE (evi-
dence =G).
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i Trace of Elim-CPE

Bucket G:

Bucket D:

B
Bucket B:

Bucket C:

©
\ @ Bucket F:

Bucket A:

Belief network P(g,fd,c,b,a)
=P(g/td)P(flc b)P(d[b,a)P(bla)P(c/a)P(a)

P(G|FD)

\‘K

P(DIAB) (=Dv-B), °(F,D) " D

P(B|A) P(FIB,C) | (BvC)| |A°(AB) | —B

P(C|A) >(F,ci C

A (F)] A (F)

AN BB W x
P((p)A/




i Bucket-Elimination for CPE

Bucket G: P(G|FED) _g Bucket G:  P(G|FD) [(—DvG)(—FvG)(FvDv—G),—G

Bucket F: P(F|B}‘pl(c;:o|p,m Bucket F: - P(F|B,C) [pG=0|F,D) \ [(-F)

/ L/
Bucket D: P(D|AB) ™ (B.C,D) Bucket D: P(D|A,B). |7 (D) (—D)

/

Bucket C: P(C|A) (A B,C) Bucket C: P(C|A)

F’(BIA)\‘ l

A7 (B,C)

(AvC)

Bucket B: JB(A B) Bucket B: P(BlA) A° (A, B), t"tC (A B)
Bucket A: P(A)\A }c (A) Bucket A: P(A)\“ B A)/ s
N,/ }
P(A|—G) \‘ P(A|-G)

(a) regular Elim-CPE (b) Elim-CPE-D with clause extraction



Belief Updatmg Example

SUM-PROD operators
POLY-TREE structure

HFMP(MI|HF) HFM
0|00 .9 0/0]0
oltfol i MMM b [GrT

: 0| .05 0| 9
0j1]1 .9 * 8 * 1 = (0]1(1) .
1]10]0 .8 ) ) 1/0/0[ .008
1]10]1 2 1|01 .00&
1]11]0 .01 1/1)0( .00BD5
1]1]1 .99 1{1(1] .07

P(h,trm,b) = P(h) A(f) P(m[h,f) P(r/f) P(b/m)

P(F|B=1) = ? P(B=1) = .19643

Probability of evidernce

P(B|M)

) D

~
[

= ol

B
1 .05
1

.8

F P(F) F hy(F) F h,(F) F P(F,B=1)

0] .99 * 0] .1245 0 1 0].123255

1 / 1] .01 1|.73175 1 1 - 1].073175
Z i

F R P(R|F)
010 R:]
01 2
1|0 3
01 7

B: P(B|M)

H: P(M|H,F),P(H)
M:

R:P(R|F)

F:P(F)

P(F=1/B=1) = .3725
Updated belief



Outline

= From bucket-elimination (BE) to bucket-tree elimination (BTE)
s From BTE to CTE, Acyclic networks, the join-tree algorithm

s Generating join-trees, the treewidth

s Examples of CTE for Bayesian network

» Belief-propagation on acyclic probabilistic networks (poly-trees)
and Loopy networks

dechter, class4 276-18



From BE to Bucket-Tree Elimination(BTE)

First, observe the BE operates on a tree. /@
Second, What if we want the marginal on D? o
©,
Bucket G: P(G|F) G

Bucket F: P(’F|B,}))\G%F(F) Aoor(F
F

Bucket D: P(D|4,B) @ D
Wr-c(B.C) | PrD A,B)
Bucket C: P(C|4) Aroe(B,C)

T Ap-n(A,B)
B

Bucket B: P(B|4) ,\\DY (4, B) A\, 5(A, B) AT
A / | P(B|4)
BucketA: P(4) \g., A(A) {,.1}

Tagla) = P(A),
T pla,b) = p(bla) - ma_,gla) - Ac_, 5(b)

bel(d) = f.rZ P(d|a,b) - mg_.,p(a,b).
a,b



BTE: Allows Messages Both Ways

G
A H'
L\ L P(GIF) |
T )
» \ T He(F) /©
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BTE: Allows Messages Both Ways

Each bucket can

Bucket G: P(GJF) 78 (F) /©
/ F

Bucket F: P(F/B,bx AL (F) 7 (B,C) ;@é\

Bucket D: P(D/A,E}\ / g (A, B) ©

ﬂg(A, B)

Bucket C: P(t C/A)\ A2 (B, %

Compute its RN
marginal probability Bucket B: P(BIA) 22 (A,B) A2(A,B) 7z2(A)
Bucket A: P(A) 22 (A)“
45 (F) <
. ‘(PG| l
PFBC) 7 () = Plo
C B B
(B0 5(c,a) = P(bla)\j(a,b)7s (a)
Ieo (Aiff A2 B(a,b) = P(bla)AE(a, b)5 (a,b)
P(CIA) }— B A meam) mé(e,b) =3, P(cla)w(a, b)
A =P naB(PBIA) 75 (f) = 2p . P(fIbc)me(e,b)

P(A)

—
I3 (A)

=
A5 (A)



‘L Idea of BTE

This example can be generalized. We can compute the belief for every variable by a
second message passing from the root to the leaves along the original bucket-tree, such
that at termination the belief for each variable can be computed locally consulting only

the functions in its own bucket. In the following we will describe the 1dea of message

e

in Bayesian networks. Given an ordering of the variables d the first step generates the
bucket-tree by partitioning the functions into buckets and connecting the buckets into
a tree. The subsequent top-down phase is identical to general bucket-elimination. The
bottom-up messages are defined as follows. The messages sent from the root up to the
leaves will be denoted by 7. The message from B, to a child B; is generated by combining
(e.g., multiplying) all the functions currently in B; including the m messages from its
parent bucket and all the A messages from its other child buckets and marginalizing (e.g.,
summing) over the eliminator from B; to B;. By construction, downward messages are
generated by eliminating a single variable. Upward messages, on the other hand, may be

generated by eliminating zero, one or rievesaciaises,



‘L BTE

Theorem: When BTE terminates The ALGORITHM BUCKET-TREE ELIMINATION (BTE)
product of functions in each bucket is the Input: A problem M = (X, D.F,[[.>). ordering d.
beliefs of the variables joint with the X={X),..Xp}tand F = {f1, ..., fr}

evidence. Evidence E = e.

Output: Augmented buckets { B'; }. containing the original functions and all the
« and A functions received from neighbors in the bucket tree.
1. Pre-processing: Partition functions to the ordered buckets as usual
and generate the bucket tree.
2. Top-down phase: A messages (BE) do
E//m(// J) = B_ / —_ B_J for i = nto 1, in reverse order of d process bucket B;:
The message A;_,; from B; to its parent B, is:
J‘f—u" = Eeiim[f,j} Wi - HkEchiid{-z”l Ak

endfor

3. bottom-up phase: = messages
for 7 = 1 10 n, process bucket B; do:
B; 1akes mp_, ; received from its parent By, and computes a message m;_,;
tor each child bucket B; by
Mj—si <= E&Hm[j.f] The—j * i';!_f ‘ l_[r;é-z' }'F'—U'
endfor
4. Output: avgmented buckets By, ..., B',,, where each B’; contains the

original bucket functions and the A and = messages it received.

Figure 5.3: Algorithm bucket-tree elimination.

dechter, class4 276-18



i Bucket-Tree Construction From the Graph

1.

2.

3.

Pick a (good) variable ordering, d.
Generate the induced ordered graph

From top to bottom, each bucket of X is mapped to
(variables,functions) pairs

The variables are the clique of X, the functions are
those placed in the bucket

Connect the bucket of X to earlier bucket of Y if Y is
the closest node connected to X



Asynchronous BTE:
Bucket-tree Propagation (BTP)

Bucker-TrEE ProrPacaTiON (BTP)

Input: A problem M = (X.D.F,[].>)), ordering d. X = {X;,.... X,,} and
F={fi,... fr}, E=e. Anordering d and a corresponding bucket-tree structure,
in which for each node Xj, its bucket B; and its neighboring buckets are well defined.

Output: Explicit buckets. Assume functions assigned with the evidence.

1. for bucket B; do:
2. for each neighbor bucket B; do,

once all messages from all other neighbors were received, do

compute and send to B; the message
[ Aisj < 2 etim.jy Vi - (g Asi) ]

3. Output: augmented buckets B’} .... B, where each B’; contains the

original bucket functions and the A messages it received.




‘L Query Answering

(COMPUTING MARGINAL BELIEFS

Input: a bucket tree processed by BTE with augmented buckets: Bry, ..., By,

output: beliefs of each variable, bucket, and probability of evidence.

bel(B:) <= - Tlyer, f
bel(X;) = a-Yp._xy Hien, f
P(evidence) <= ¥ g [iep. f

Figure 5.4: Query answering.



‘L Explicit functions

Definition 5.4 Explicit function and explicit sub-model. Given a graphical model M =
(X,D.F,[]), and reasoning tasks defined by marginalization ) and given a subset of variables
Y, Y € X, we define My, the explicit function of M over ¥:

My=) ]~ (5.4)

We denote by Fy any set of functions whose scopes are subsumed in ¥ over the same domains
and ranges as the functions in F. We say that (Y, Fy) is an explicit submodel of M iff

[17=My 5.5)

feFy



‘L Complexity of BTE/BTP on Trees

Theorem 5.6 Complexity of BTE. Ler w*(d) be the induced width of (G*.d) where G is the
primal graph of M = (X.D.F.[[..), r e the number of functions in ¥ and k be the maximum
domain size. The time complexity of BTE is O(r - deg - kW DY) phere deg is the maximum degree
of a node in the bucket tree. The space complexity of BTE is O(n - fw @)y,

Proposition 5.8 BTE on trees For free graphical models, algorithms BI'E and BTP are time and
space O(nk?) and O(nk), respectively, when k bound the domain size and n bounds the number of
variables.

This will be extended to acyclic graphical models shortly



Outline

s From bucket-elimination (BE) to bucket-tree elimination (BTE)
= From BTE to CTE, Acyclic networks, the join-tree algorithm
s Examples of CTE for Bayesian network

» Belief-propagation on acyclic probabilistic networks (poly-trees)
and Loopy networks
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i From Buckets to Clusters

Merge non-maximal buckets into maximal clusters.

s  Connect clusters into a tree: each cluster to one with which it shares a
largest subset of variables.

= Separators are variable- intersection on adjacent clusters.

(A) ° (B) Time exp(3) /C//anoer;pe(ga )
[G_F] % 7 @ Memory exp(2) ( C)
e F
(FBC) D,B,A - (oF)
B,C AB F




Sometime the dual graph seems to not be a tree, but it is in fact, a tree. This is because some
of its arcs are redundant and can be removed while not violating the original independency rela-

ghips that is captured by the graph.

ABC AEF CDE ACE

(e)

(c) (d)

Figure 5.1: (a)Hyper, (b)Primal, (¢)Dual and (d)Join-tree of a graphical model having

scopes ABC, AEF, CDE and ACE. (e) the factor graph
dechter, class4 276-18



Connectedness and Ascyclic dual Graphs
(The Running Intersection Property)

Definition 5.11 Connectedness, join-trees.

Given a dual graph of a graphical model M, an
arc subgraph of the dual graph satisfies the connectedness property iff for each two nodes that share

a variable, there is at least one path of labeled arcs of the dual graph such that each contains the

shared variables. An arc subgraph of the dual graph that satisfies the connectedness property is
called a join-graph and if it is a tree, it is called a join-free.

Definition. A graphical model whose dual graph has a join-tree is acyclic

Theorem. BTE is time and space linear on acyclic graphical models

Tree-decomposition: If we transform a general model into an acyclic one
it can then be solved by a BTE/BTP scheme. Alsp known as tree-clustering



i Tree-Decompositions

A tree decomposition for a belief network BN =< X,D,G,P >isa
triple<T, y,w >, whereT =(V,E) isa treeand y and y are labeling
functions, associating with each vertex v eV two sets, y(v) < X and
w(v) < P satisfying :
1. For each function p, € P there is exactly one vertex such that
p, € w(v) and scope(p;) < x(v)
2. For each variable X, € X the set{v eV|X, € y(v)}forms a
connected subtree (running intersection property)

Treewidth.: maximum number of nodes in a node of Tree-decomposition — 1
Seperator-width.: maximum intersection between adjacent nodes
Eliminator: elim(u,v) = x(u) - X(v)



‘L Generating Tree-Decompositions

Proposition 6.2.12 IfT is a tree-decomposition, then any tree obtained by merging ad-

jgacent clusters is also a tree-decomposition.

A bucket-tree of a graphical model is a tree-decomposition of the mode/



i From Buckets to Clusters

Merge non-maximal buckets into maximal clusters.

s  Connect clusters into a tree: each cluster to one with which it shares a
largest subset of variables.

= Separators are variable- intersection on adjacent clusters.

(A) ° (B) Time exp(3) /C//anoer;pgfﬁ(z )
[G_F] % 7 @ Memory exp(2) ( C)
e F
(FBC) D,B,A - (oF)
B,C AB F




‘_h Cluster-Tree Elimination

cLUSTER-TREE ELIMINATION (CTE)

Input: A tree decomposition < T, y, ¥ > fora problem M =< X, D, F,[[.2_} >,
X ={X,....X,}, F={fi..... [,}. Evidence E = e, ¥, = eryﬁr{u} f
Output: An augmented tree decomposition whose clusters are all model explicit.
Namely, a decomposition < T, y, ¥ > where u € T, ¥ (u) is model explicit relative to y(u).
1. Initialize. (denote by m,_., the message sent from vertex u to vertex v.)
2. Compute messages:
For every node u in T, once u received messages from all neighbors but v,
Process observed variables:
For each node u € T assign relevant evidence to ¥ (u)
Compute the message:
My—v <— Z){I{u}—.wpl[n.i.lj wh‘ ! Hreneighbor(uj.r?év Mr—u
endfor
Note: functions whose scopes do not contain any separator variable
do not need to be combined and can be directly passed on to the receiving vertex.
3. Return: The explicit tree < T, y, ¥ >, where

‘f’(v) — w(U) UuEm?ighImr{v} {mn—w}
return the explicit function: for each v, My () = [rcj) [




Properties of CTE

= Correctness and completeness: Algorithm CTE is correct,
l.e. it computes the exact joint probability of a single
variable and the evidence.

= Time complexity:
« O(deg x (n+N) x dw+1)

= Space complexity: O (N x d =)
where deg = the maximum degree of a node
n = number of variables (= number of CPTs)
N = number of nodes in the tree decomposition
d = the maximum domain size of a variable
w* = the induced width, treewidth
sep = the separator size



+

Generating Join-trees
(Junction-trees); a special type of
tree-decompositions



ASSEMBLING A JOIN TREE

. Use the fill-in algorithm to generate a chordal graph G’ (if G is
chordal, G =G").

2.  Identify all cliques in G’. Since any vertex and its parent set
(lower ranked nodes connected to it) form a clique in G’, the
maximum number of cliques is | V1.

3. Order the cliques C,, Cs,..., C, by rank of the highest vertex in each
clique.

4. Form the join tree by connecting each C; to a predecessor C ;<0
sharing the highest number of vertices with C;.



() (b (ch

EXAMPLE: Consider the graph in Figure 3.92. One maximum
cardinality ordering is (A, B, C, D, E).

. Every vertex in this ordering has its preceding neighbors already
connected, hence the graph is chordal and no edges need be added.
e The cliques are ranked €, C;, and Cy as shown in Figure 3.95.

¢ C;=(C, E) shares only vertex C with its predecessors C, and C,
so either one can be chosen as the parent of €5,

e  These two choices yield the join trees of Figures 3.95 and 3.9¢.

*  Now suppose we wish to assemble a join tree for the same graph
with the edge (8, C) missing.

. The ordering (A, B,C,D,FE) is still a maximum cardinality
ordering, but now when we discover that the preceeding neighbors
of node D (i.e., 8 and C) are nonadjacent, we should fill in edge
(&, C).

. This renders the graph chordal, and the rest of the procedure yields
the same join trees as in Figures 3.9b and 3.9¢.



i Examples of (Join)-Trees Construction
(A @ ®

)/




Tree-clustering and message-passing

KA\
. G.F)
WSg-Sac-Sop}
WiSor-Jcrt B C
WiSap-Suct QB.C AL
o - [D ) (D) (F)
W{fFG} W{Ser-Src-San}
W{fep-Sup} KG-\I
Two join-trees
(a) (b) J

‘(;11 w2 (F) =2 plfar) .
7 g (F) = S p (e - for -mass) Message-passing by CTE on

The tree in (b)

ma3(B,C) = > pgeolfor - for -misz)
w2 (B,C) = > peolfan - fac mass)

‘/ 1 ”} E fA J'r1. >3}

ma3(A, B) =3 4g(fep - fap)



Outline

s From bucket-elimination (BE) to bucket-tree elimination (BTE)
s From BTE to CTE, Acyclic networks, the join-tree algorithm
= Examples of CTE for Bayesian network

» Belief-propagation on acyclic probabilistic networks (poly-trees)
and Loopy networks
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Tree Decompositions

A Tree decomposition for a graphical model < X,D,P >isa [ ABC ]
triple<T, 7, >, whereT = (V,E)isa treeand y and y are labeling (&) P(Pla), p(cfa,b)
functions, associating with each vertex v eV two sets, y(v) < X and BC
w(v) < P satisfying : SCoF

1. For each function p, € P there is exactly one vertex such that [ o(d[b), p(fic.d) ]

P € y(v)and scope(p; ) = x(v)
[ 2. For each variable X, e X theset{veV|X. € y(v)}formsa J BF

connected subtree (running intersection property)

e

Connectedness, or
Running intersection property

p(e[o,f)

EF
[ EFG ]
p(gle.f)

Tree decomposition

BEF ]




‘_L Example of a Tree Decomposition

ABC
p@) (A ( P(@), pbla), p(clab) ]
B) Pble) >
- [ BCDF
| p(db), pic.d) ]
E \ nln I b -F \
n(c|a, b)@ ....... -.. ...... m [(d]b) m o
o : V / [ BEF
\ / | b ]
p(ilc.d) (F e

- [ EFG
b4 p(gle.f)
— 3




%essage passing on a tree decomposition

cluster(u) = w(u) u{h(x;,u),h(x,,u),....,h(x ,u),h(v,u)}

For max-proauct
Just replace ). Compute the message :

With max.
h(U,V) = Zelim(u,v)ercluster(u)—{h(V,U)} f

Elim(u,v) = cluster(u)-sep(u,v)



Cluster-Tree Elimination (CTE), or
Join-Tree Message-passing

1| ABC
| hey00)=3 p(a)-pbla)-p(cla,b)
BC
h(2,1) (b,c) :Z p(d|b)- p(f |C’d)'h(3,2) (b, )
2| BCDF
h(2,3) (b, f)= Z p(d|b)- p(f|c,d)- h(1,2) (b,c)
BF )
h(3,2) (b, )= Z p(e|b, f)'h(4,3) (e, f)
3| BEF
hisa (e ) :Z p(e|b, f)-h,4 (b, )
EF ;
CTE is exact

T hus(e f)=p(G=g.le f)
4| EFG

For each-clusterP(Xie) is computed, also P(e)

/)
7

Time: O (exp(w+1))
Space: O (exp(sep) )



Outline

= Belief-propagation on acyclic probabilistic networks (poly-trees)
and Loopy networks



i Polytrees and Acyclic Networks

= Polytree: a BN whose undirected skeleton is a tree

= Acyclic network: A network is acyclic if it has a tree-
decomposition where each node has a single original CPT.

= A polytree is an acyclic model.

(a) )]

Figure 4.18. (a) A fragment of a polytree and (b) the parents and chil-
dren of a typical node X.



‘L Pearl’s Belief Propagation




oM £EXdCt O APProxiimate.
‘L Iterative Belief Propagation

= Belief propagation is exact for poly-trees
= IBP - applying BP iteratively to cyclic networks

One step :
update

BEL(U,)
PITON

= No guarantees for convergence
= Works well for many coding networks



i Propagation in both directions

= Messages can propagate both ways and we
get beliefs for each variable




The end
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