
Policy Gradient Methods with Function Approximation

Reinforcement Learning

Christian Igel

Institut für Neuroinformatik
Ruhr-Universität Bochum, Germany

http://www.neuroinformatik.rub.de

Christian Igel: Policy Gradient Methods with Function Approximation 1 / 25

Bahareh	Harandizadeh	
email:	bharandi@uci.edu	

This	presenta8on	is	provided	using	the	reference	paper	slides,	also	David	Silver	lecture	slides

Richard	S.	SuAon,	David	McAllester,	Sa8nder	Singh,	Yishay	Mansour		
Proceeding	NIPS'99	Proceedings	of	the	12th	Interna3onal		
Conference	on	Neural	Informa3on	Processing	Systems	



Introduction: Value function approaches to RL

• “standard approach” to reinforcement learning (RL) is to

• estimate a value function (V - or Q-function) and then

• define a “greedy” policy on top of it

• somehow “indirect”

• oriented towards deterministic policies

• problems:

• “strong causality” violated (small changes have drastic e↵ects)

• lacking desired convergence properties

• not really biologically plausible?
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		Generalized	Policy	Itera3on
Lecture 5: Model-Free Control

On-Policy Monte-Carlo Control

Generalised Policy Iteration

Generalised Policy Iteration (Refresher)

Policy evaluation Estimate v⇡

e.g. Iterative policy evaluation

Policy improvement Generate ⇡0 � ⇡
e.g. Greedy policy improvement

• Sarsa 
• Monto-Carlo

Lecture 5: Model-Free Control

On-Policy Temporal-Di↵erence Learning

Sarsa(�)

n-Step Sarsa

Consider the following n-step returns for n = 1, 2,1:

n = 1 (Sarsa) q
(1)

t = Rt+1 + �Q(St+1)

n = 2 q
(2)

t = Rt+1 + �Rt+2 + �2
Q(St+2)

...
...

n =1 (MC ) q
(1)

t = Rt+1 + �Rt+2 + ... + �T�1
RT

Define the n-step Q-return

q
(n)
t = Rt+1 + �Rt+2 + ... + �n�1

Rt+n + �n
Q(St+n)

n-step Sarsa updates Q(s, a) towards the n-step Q-return

Q(St ,At) Q(St ,At) + ↵
⇣
q
(n)
t � Q(St ,At)

⌘



Introduction: Policy gradient approaches to RL

• approximate a stochastic policy

• represent policy directly by an independent function approximator

(the “actor”) with own parameters ✓

• adapt policy according to

�✓ ⇡ ↵
@⇢(⇡)
@✓

where ⇢(⇡) is a performance measure of the policy ⇡ and ↵ a positive

step-size

• subsumes known methods such as actor-critic approaches and the

REINFORCE algorithms
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Lecture 7: Policy Gradient

Finite Di↵erence Policy Gradient

Policy Gradient

Let J(✓) be any policy objective function

Policy gradient algorithms search for a
local maximum in J(✓) by ascending the
gradient of the policy, w.r.t. parameters ✓

�✓ = ↵r✓J(✓)

Where r✓J(✓) is the policy gradient

r✓J(✓) =

0

BB@

@J(✓)
@✓1
...

@J(✓)
@✓n

1

CCA

and ↵ is a step-size parameter

!"#$%"&'(%")*+,#'-'!"#$%%" (%")*+,#'.+/0+,#
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Introduction: Policy gradient approaches to RL

• approximate a stochastic policy

• represent policy directly by an independent function approximator

(the “actor”) with own parameters ✓
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Notation

• discrete time t, states S, actions A

• P a
ss0 = Pr{st+1 = s0 | st = s, at = a}

• Ra
s = E{rt+1 | st = s, at = a} =

P
s0 P a

ss0Ra
ss0

• ⇡(s, a,✓) = ⇡(s, a) = Pr{at = a | st = s,✓}

• Pr{s k! x |⇡}: probability of going from state s to state x in k steps

under policy ⇡ (Pr{s 0! s |⇡} = 1)
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Average reward formulation I

expected reward per time step

⇢(⇡) = lim
t!1

1
t
E{r1 + · · · + rt |⇡} =

X

s

d⇡(s)
X

a

⇡(s, a)Ra
s

we assume that the stationary distribution d⇡
of states under ⇡ exists and

is independent of s0 (i.e., the process is ergodic)

d⇡(s) = lim
t!1

Pr{st = s | s0,⇡} = lim
t!1

Pr{st = s |⇡}
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ref: https://medium.com/@kim_hjun/markov-chain-stationary-
distribution-5198941234f6



Average reward formulation II

in general it holds

Pr{st+1 = s0 |⇡} =
X

s

Pr{st = s |⇡}Pr{st+1 = s0 | st = s,⇡}

the stationarity

d⇡(s0) = lim
t!1

Pr{st = s0 |⇡} = lim
t!1

Pr{st+1 = s0 |⇡}

implies for t!1

d⇡(s0) =
X

s

d⇡(s)| {z }
Pr{st=s |⇡}

X

a

⇡(s, a)P a
ss0

| {z }
Pr{st+1=s0 | st=s,⇡}
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Average reward formulation III

we define

Q⇡(s, a) =
1X

t=1

E{rt � ⇢(⇡) | s0 = s, a0 = a,⇡}

with

V ⇡(s) =
X

a

⇡(s, a)Q⇡(s, a)

we have

Q⇡(s, a) =
1X

t=1

E{rt�⇢(⇡) | s0 = s, a0 = a,⇡} = Ra
s�⇢(⇡)+

X

s0

P a
ss0V ⇡(s0)
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Start-state formulation

expected reward per time step

⇢(⇡) = E
( 1X

t=1

�t�1rt

���� s0,⇡

)

with � 2 [0, 1], � = 1 only for episodic tasks, we have

Q⇡(s, a) = E
( 1X

k=1

�k�1rt+k

���� st = s, at = a,⇡

)

we define (ignoring the normalization constant (1� �))

d⇡(s) =
1X

t=0

�t Pr{st = s | s0,⇡}

it holds

d⇡(s) =
1X

k=0

�k Pr{s0
k! s |⇡}
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Policy gradient theorem

Theorem

For any MDP, in either average-reward or start-state formulations,

@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a) .

• no @d⇡(s)/@✓ terms

• if s is sampled from distribution following ⇡, then

X

a

@⇡(s, a)
@✓

Q⇡(s, a)

is an unbiased estimate of @⇢(⇡)/@✓
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Proof policy gradient, average reward I

@V ⇡(s)
@✓

=
@

@✓

X

a

⇡(s, a)Q⇡(s, a)

=
X

a


@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

@

@✓
Q⇡(s, a)

�

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

@

@✓

"
Ra

s � ⇢(⇡) +
X

s0

P a
ss0V ⇡(s0)

##

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

"
�@⇢(⇡)

@✓
+

X

s0

P a
ss0

@V ⇡(s0)
@✓

##
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@
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X

a


@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

@

@✓
Q⇡(s, a)

�

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

@

@✓

"
Ra

s � ⇢(⇡) +
X

s0

P a
ss0V ⇡(s0)

##

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

"
�@⇢(⇡)

@✓
+

X

s0

P a
ss0

@V ⇡(s0)
@✓

##
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Proof policy gradient, average reward II

@V ⇡(s)
@✓

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

"
�@⇢(⇡)

@✓
+

X

s0

P a
ss0

@V ⇡(s0)
@✓

##
)

@⇢(⇡)
@✓

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

X

s0

P a
ss0

@V ⇡(s0)
@✓

#
� @V ⇡(s)

@✓
)

X

s

d⇡(s)
@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)

+
X

s

d⇡(s)
X

a

⇡(s, a)
X

s0

P a
ss0

@V ⇡(s0)
@✓

�
X

s

d⇡(s)
@V ⇡(s)

@✓
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Proof policy gradient, average reward II

@V ⇡(s)
@✓

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

"
�@⇢(⇡)

@✓
+

X

s0

P a
ss0

@V ⇡(s0)
@✓

##
)

@⇢(⇡)
@✓

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

X

s0

P a
ss0

@V ⇡(s0)
@✓

#
� @V ⇡(s)

@✓
)

X

s

d⇡(s)
@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)

+
X

s

d⇡(s)
X

a

⇡(s, a)
X

s0

P a
ss0

@V ⇡(s0)
@✓

�
X

s

d⇡(s)
@V ⇡(s)

@✓
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Proof policy gradient, average reward III

X

s

d⇡(s)
@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)

+
X

s

d⇡(s)
X

a

⇡(s, a)
X

s0

P a
ss0

| {z }
d⇡(s), see slide 6

@V ⇡(s0)
@✓

�
X

s

d⇡(s)
@V ⇡(s)

@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)+
X

s

d⇡(s)
@V ⇡(s)

@✓
�

X

s

d⇡(s)
@V ⇡(s)

@✓

@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)
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Proof policy gradient, average reward III

X

s

d⇡(s)
@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)

+
X

s

d⇡(s)
X

a

⇡(s, a)
X

s0

P a
ss0

| {z }
d⇡(s), see slide 6

@V ⇡(s0)
@✓

�
X

s

d⇡(s)
@V ⇡(s)

@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)+
X

s

d⇡(s)
@V ⇡(s)

@✓
�

X

s

d⇡(s)
@V ⇡(s)

@✓

@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)
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Proof policy gradient, start-state I

@V ⇡(s)
@✓

=
@

@✓

X

a

⇡(s, a)Q⇡(s, a)

=
X

a


@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

@

@✓
Q⇡(s, a)

�

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

@

@✓

"
Ra

s +
X

s0

�P a
ss0V ⇡(s0)

##

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

X

s0

�P a
ss0

@V ⇡(s0)
@✓

#
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Proof policy gradient, start-state I
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@
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X

a
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X

a


@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

@

@✓
Q⇡(s, a)

�

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

@

@✓

"
Ra

s +
X

s0

�P a
ss0V ⇡(s0)

##

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

X

s0

�P a
ss0

@V ⇡(s0)
@✓

#
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Proof policy gradient, start-state II

@V ⇡(s)
@✓

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

X

s0

�P a
ss0

@V ⇡(s0)
@✓

#

= �0 Pr{s 0! s |⇡}
X

a

@⇡(s, a)
@✓

Q⇡(s, a) +
X

s0

�1 Pr{s 1! s0 |⇡}@V ⇡(s0)
@✓

=
X

s0

"
�0 Pr{s 0! s0 |⇡}

X

a

@⇡(s0, a)
@✓

Q⇡(s0, a) + �1 Pr{s 1! s0 |⇡}@V ⇡(s0)
@✓

#

=
X

s0

1X

k=0

�k Pr{s k! s0 |⇡}
X

a

@⇡(s0, a)
@✓

Q⇡(s0, a)
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Proof policy gradient, start-state II

@V ⇡(s)
@✓

=
X

a

"
@⇡(s, a)

@✓
Q⇡(s, a) + ⇡(s, a)

X

s0

�P a
ss0

@V ⇡(s0)
@✓

#

= �0 Pr{s 0! s |⇡}
X

a

@⇡(s, a)
@✓

Q⇡(s, a) +
X

s0

�1 Pr{s 1! s0 |⇡}@V ⇡(s0)
@✓

=
X

s0

"
�0 Pr{s 0! s0 |⇡}

X

a

@⇡(s0, a)
@✓

Q⇡(s0, a) + �1 Pr{s 1! s0 |⇡}@V ⇡(s0)
@✓

#

=
X

s0

1X

k=0

�k Pr{s k! s0 |⇡}
X

a

@⇡(s0, a)
@✓

Q⇡(s0, a)
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Proof policy gradient, start-state III

@⇢(⇡)
@✓

=
@

@✓
E

( 1X

t=1

�t�1rt

���� s0,⇡

)
=

@V ⇡(s0)
@✓

@V ⇡(s0)
@✓

=
X

s

1X

k=0

�k Pr{s0
k! s |⇡}

| {z }
d⇡(s), see slide 8

X

a

@⇡(s, a)
@✓

Q⇡(s, a)

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)
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Lecture 7: Policy Gradient

Actor-Critic Policy Gradient

Compatible Function Approximation

Compatible Function Approximation

Theorem (Compatible Function Approximation Theorem)

If the following two conditions are satisfied:

1 Value function approximator is compatible to the policy

rwQw (s, a) = r✓ log ⇡✓(s, a)

2 Value function parameters w minimise the mean-squared error

" = E⇡✓

⇥
(Q⇡✓(s, a) � Qw (s, a))

2
⇤

Then the policy gradient is exact,

r✓J(✓) = E⇡✓ [r✓ log ⇡✓(s, a) Qw (s, a)]
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Function approximation I

• Q⇡
is approximated by a learned function approximator (e.g., neural

net)

fw : S ⇥A! R

with parameters w (the “critic”)

• natural choice of learning rule

�wt /
@

@w

h
Q̂⇡(st, at)� fw(st, at)

i2

/
h
Q̂⇡(st, at)� fw(st, at)

i @fw(st, at)
@w

where Q̂⇡(st, at) is some unbiased estimate of Q⇡(st, at) (e.g., Rt)
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Function approximation I

convergence to local optimum

0 = �wt /
h
Q̂⇡(st, at)� fw(st, at)

i @fw(st, at)
@w

in expectation given ⇡ implies “convergence condition”

X

s

d⇡(s)
X

a

⇡(s, a) [Q⇡(s, a)� fw(s, a)]
@fw(s, a)

@w
= 0
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Policy gradient with function approximation theorem

Theorem

If fw satisfies the “convergence condition” and is compatible with the
policy parameterization in the sense of

@fw(s, a)
@w

=
@⇡(s, a)

@✓

1
⇡(s, a)

(i.e., fw(s, a) is a linear function in @
@✓ ln⇡(s, a)) then

@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

fw(s, a) .
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Proof of policy gradient with function approximation I

“compatibility”

@fw(s, a)
@w

=
@⇡(s, a)

@✓

1
⇡(s, a)

and “convergence condition”

X

s

d⇡(s)
X

a

⇡(s, a)
h
Q̂⇡(s, a)� fw(s, a)

i @fw(s, a)
@w

= 0

imply
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

h
Q̂⇡(s, a)� fw(s, a)

i
= 0
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Proof of policy gradient with function approximation II

@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

Q⇡(s, a)

| {z }
policy gradient theorem

�
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

[Q⇡(s, a)� fw(s, a)]

| {z }
0, see previous slide

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

[Q⇡(s, a)�Q⇡(s, a) + fw(s, a)]

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

fw(s, a)
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Proof of policy gradient with function approximation II
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X
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X
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X
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Application

consider vector of features (! RBF networks, CMACs etc.)

�(s, a),8a 2 A, s 2 S; policy is a Gibbs distribution in a linear

combination of the features

⇡(s, a) =
e✓T�(s,a)

P
b e✓T�(s,b)

compatibility condition requires

@fw(s, a)
@w

=
@⇡(s, a)

@✓

1
⇡(s, a)

= �(s, a)�
X

b

⇡(s, b)�(s, b)

leading to the natural parameterization of fw

fw(s, a) = wT

"
�(s, a)�

X

b

⇡(s, b)�(s, b)

#
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Remarks

• fw(s, a) = wT [�(s, a)�
P

b ⇡(s, b)�(s, b)] implies 8s 2 S

X

a

⇡(s, a)fw(s, a) = 0

! fw approximates advantage function A⇡(s, a) = Q⇡(s, a)� V ⇡(s)
rather than Q⇡(s, a)

• policy gradient with function approximation theorem can be

generalized to

@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

[fw(s, a) + v(s)]

with arbitrary function v(s) : S ! R, cf. baseline in REINFORCE

algorithms
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Lecture 7: Policy Gradient

Actor-Critic Policy Gradient

Action-Value Actor-Critic

Simple actor-critic algorithm based on action-value critic

Using linear value fn approx. Qw (s, a) = �(s, a)>w
Critic Updates w by linear TD(0)
Actor Updates ✓ by policy gradient

function QAC
Initialise s, ✓
Sample a ⇠ ⇡✓

for each step do

Sample reward r = Ra
s ; sample transition s 0 ⇠ Pa

s,·
Sample action a0 ⇠ ⇡✓(s 0, a0)
� = r + �Qw (s 0, a0)� Qw (s, a)
✓ = ✓ + ↵r✓ log ⇡✓(s, a)Qw (s, a)
w  w + ���(s, a)
a a0, s  s 0

end for

end function

Remarks
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P
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X

a

⇡(s, a)fw(s, a) = 0

! fw approximates advantage function A⇡(s, a) = Q⇡(s, a)� V ⇡(s)
rather than Q⇡(s, a)

• policy gradient with function approximation theorem can be

generalized to

@⇢(⇡)
@✓

=
X

s

d⇡(s)
X

a

@⇡(s, a)
@✓

[fw(s, a) + v(s)]

with arbitrary function v(s) : S ! R, cf. baseline in REINFORCE

algorithms

Christian Igel: Policy Gradient Methods with Function Approximation 23 / 25



Demo Time 
https://colab.research.google.com/drive/1YGhWx20p-sIbKvRpBXCpUzWVWAkpzjj3 

https://gym.openai.com/envs/CartPole-v0/



question?



Please answer the following question 
based on this paper and David Silver 
lecture on Policy Gradient(lecture 7)

Lecture 7: Policy Gradient

Introduction

Value-Based and Policy-Based RL

Value Based
Learnt Value Function
Implicit policy
(e.g. ✏-greedy)

Policy Based
No Value Function
Learnt Policy

Actor-Critic
Learnt Value Function
Learnt Policy

Value Function Policy

Actor
Critic

Value-Based Policy-Based

What is the Value_based, Policy based and Actor  
critic and what are the advantages and disadvantages of each of them?


