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Motivation

- Can a causal distribution be uniquely computed from a combination of the 
observational distribution P(V) and the causal graph G. 

- In general what do we do? Parametric model of conditional probabilities, 
suffers on computationally high dimensional data. 

- Effective estimators developed for when back door holds (known as 
ignorability in statistics) and further. Ie g-formula 

?? P(y|do(x))
*in a way that we can 
estimate 



Identification -> Estimation Of Causal Effects 

- Problem: No systematic way of estimating arbitrary identifiable functionals 
that are both computationally and statistically attractive.

- Why is it hard to compute the RHS of the above equation given knowledge of 
a sample population? 

- How is this problem of estimation different than that of identifiability? 
- What are some ways of doing this currently? 

BD 
Identification 
Algorithm, 
fundamentals?



Estimation of Causal Effects: Towards Parametric Forms

- Ways to estimate? Why not just do it empirically? 
- In general estimating Q is NP-Hard in Bayesian Belief Networks, O(2^n) where n is the 

number of nodes. 
- Parametric approximation?
- Since P(Y|do(X)) = Rzx*Ryzx*x (single door criterion) the query can estimated by 

estimating regression coefficients. These coefficients can be estimated using RMSE. 
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Estimation of Causal Effects: Propensity Score method (Rosenbaum and Rubin, 
1983)

BD Example: it is often more advantageous to use the unfactored form:

In order to estimate the query, weigh individual samples by the inverse of P(x|z) and treat weighted samples as if they were 
drawn from the post intervention distribution. This method is known as inverse probability weighting and is an estimation 
technique in the learning of causal effects. 

How can we learn these causal effects in general?



Empirical Risk Minimization 

With two spaces of objects X and Y, we would like to learn a hypothesis h: X->Y 

From this we can define risk as: R(h) = E(L(h(x),y)) where L is some likelihood function.

The ultimate goal of risk minimization is to find: 

Since in general P(x) is unknown to the learning algorithm, we can compute an approximation by 
averaging the loss function on the training set:

Empirical risk minimization has been used to estimate functionals in domain adaptation, can these 
methods be extended to causal inference?



Weighted Empirical Risk Minimization

- Where have we seen something similar to this?
- Propensity scoring and other methods exist. OK, great that is it?
- Consider the following graph and query:

Is the causal effect 
identifiable?

Is the causal effect in the 
form of a WERM 
estimator?



Current Status of Causal Inference

Weakness:
- Estimation has mainly been done on the 

backdoor (ignorability) criterion.

- When Q=F(P) is given as a weighted 
distribution, empirical risk minimization 
based estimators have been established. 

Strengths:
- There exist sound and complete 

identification algorithms for determining 
identifiability of a causal query Q

- When Q=F(P) is given as a weighted 
distribution, empirical risk minimization 
based estimators have been established. 

Transformation from query to weighted distribution:



Paper Contribution



Preliminaries

- Structural Causal Model (SCM) M associated with graph G over a set of variables V which induces a 
distribution P(v).

- Weighted distribution: given P(v) and a weight function 0<W(v)<inf such that E[W(V)] = 1 and 
E[W^2(V)] < inf, a weighted distribution is given by W(v)P(v)

- Causal effects identification: P(y|do(x)) is identifiable if it is computable from the observed P(v) in any 
SCM that induces G. 

- In a causal graph H, two variables are said to be in the same confounded component (C-component) 
iff they are connected by a bi-directed path. 

- For any C (as a subset of) V, the quantity Q[C] or the C-factor is defined as the post-intervention 
distribution of C under an intervention on V\C: P(c|do(v\c))

- The joint distribution P(v) can be factorized by C factors where Si are the set of C components of G. 



Confounding Components

What are the c-components of the following graph? What would the c-factors be defined as?



Weighted Distribution Identification

- C-Factors can be recursively computed in terms of weighted 
distributions. 

- WERM requires c factorization of the causal query, standard forms 
usually don’t work.



- An(Y) is union with 
ancestors

- Recursive
- How can we move from 

this to estimation?



WERM Identification Procedure



Learning Causal Effects via WERM: Generalization Bound

In the WERM setting we are trying to learn a function h(r) that approximates E[Y|r]. We seek here to minimize the 
expected loss on the weighted probability distribution function: the weighted risk, using finite samples D

If the optimization suffers due to high variance and low sample size (which could lead to data overfitting) we can introduce a 
new weight function intended to have lower variance. The difference in these functions is given for a delta in (0,1):

b is the second moment of variance and c is the pseudo-dimension,



Side note: Pseudo-dimension

Pollard’s pseudo-dimension is a generalization of the VC dimension to 
real-values functions. 



Learning Causal Effects via WERM: Learning Objective

The following learning objective is proposed to simultaneously learn a hypothesis 
h that minimizes risk and a low-variance weight-function W*



Learning Causal Effects via WERM: Learning Guarantee

With this knowledge we can piece together an algorithm to learn causal effects on limited data. 



Learning Causal Effects via WERM: Algorithm
- This algorithm is a combination of those previously 

discussed

- Time complexity is dependant on sub-algorithms.

- This paper provides a heuristic procedure that works well 
in practice to learn W and h through minimizing an 
objective function. 



Experimental Setup

In order to evaluate the performance of WERM for learning causal effects, different SCMs are evaluated with 
different queries.

Example 1: X is CD4 cell counts, Y is progression of HIV, R denotes a treatment that affects CD4 counts. 

The method is compared to plug-in estimator (parametric estimation of conditionals). 

Our estimator is denoted WERM-ID-R and a simpler variant WERM-ID is also used in the study, which directly 
minimizes WER R after evaluating W* from D



Experimental Setup: Accuracy Measure

Ground truths are estimated by generating 10^7 samples Dint from the model induced by the intervention 
P(Y|do(x)) and computing the mean of Y in Dint.





Discussion
The results show that the accuracy of WERM-based estimators are never worse, and 
mostly superior (both computationally and accuracy-wise) to plug-in based methods.

In example 2 WERM methods are on par with plug-in methods. In example 3 WERM 
methods greatly outperform plug-in methods. Propose a reason for this discrepancy ie. 
graph-based data-based.



Discussion

- In this paper, the gap is filled from causal identification to causal estimation 
using a powerful learning framework that draws from causal identification 
theory and empirical risk minimization methods. 

- This paper provides a learning objective based on the WERM theory and a 
practical learning algorithm that can estimate causal effects from finite 
samples. 

- The effectiveness of the proposed methods were corroborated with 
experimental studies. 

- Learning guarantees and generalization bounds are provided by this method. 



Conclusion

This work brings together two prominent fields in machine learning: ERM and 
causal inference, where the former is suitable to estimate high-dimensional 
functionals, and the latter is useful to determine which functional should be 
estimated that attains causal semantics. 



Homework: Weighted Distribution Identification Example

- Will be of the form W*P(V)
- C components?
- S1 = {W,X,Y}, S2 = {R}
- Derive Q[S1] = W*P(s1|r), what is W?
- W = P(r)/P(r|w)
- Derive Q[S2]
- …

Given the graph G find a query form that can be optimized using the WERM 
algorithm. 


