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~ Causal Graphs (CGs) (Pear, 2009)

Representation of our knowledge of data generating processes.
(Pearl, 2009)

CGs imply conditional independence (CI) relations (gci.racon. 2003) - @ @
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Directed acyclic graphs (possibly) with bidirected edges. G = ([D], &, B)

Used for causal models with latent variables
(semi-Markov models; cf. Latent projection (Tian et al. 2002))

~ Acyclic Directed Mixed Graphs (ADMGs) (Richardson, 2003) (Richardson et al., 2017)

bidirected

\

il TOpOIOglcal ADMG FaCtorlzat|On (Tian et al., 2002) (Bhattacharya et al., 2020)

D
Given a semi-Markov model, p(Z) = ]_[pﬂnw(ﬁ(ZjIZm"(ﬁ) holds.
J=1

mp(f): “Markov pillow” of variable 7 (Generalization of “parents” in ADMGs.)




Augmentation with a CG
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Problem Definition

Zz = (Z',...,ZD) ~ p :joint data of X and Y.
(each Z/ may be continuous or discrete)
Main Assumption
* p(Z) satisfies the topological ADMG factorization w.r.t. G

(Bhattacharya et al., 2020)

We are given: —
* Labeled data D = {Z;}_, e p.

* Estimator G of the underlying ADMG G.

Goal
Find a predictor f: X — Y with small R(f) = E[£(f, Z)].

D
R(f) = f f(f,Z)l—[ N ALY ALYV A
Z r o [/

J=1

(¥)



Proposed Method for ADMG

D
Recall topological ADMG factorization: p(Z) = ]_[pﬂn.m(j)(Zf|Z"‘*‘(-")).
=1

Approximat(e,)each conditional by kernel-based estimator.
—mp(J

Let K/: Z 7 — R, and
¥7 .6 _,-(Z-i) Ki(ZM™0) — Z;“*’(J'))

D
pL)= l_[p./'l"w(j)(zj 2D 2=

i ZZ:l Kj(Zmp( 7 Zz‘lp(.i))

Empirical conditional density

Plug-in risk estimator

D
kaug(f) = L f(fa Z) l_[ ﬁjlmv(j)(Zj|Zmp(j))dZ = Z‘ Wz . f(f, Zz)

J=1 i€[n]P
Augmented data + instance weights




* Considering all the possible resampling candidates
 Instance-weighted data augmentation procedure:

Rug(f) = ) Wi &f,Zs),

1€[n]P

D Kj(Zt_np(j) - Zl_nv(j))
. = ‘ ‘ 21:j-1 '
z — el . .
n . g MP()) mp(j)
J=1 Zk:l KJ(Z":I:AI'—I B Zk )
7] D _ 7] j—1
Z; = Zys-- 20y Ly, = ZysenZ ),

f € arg r;in{(l — DRemp(f) + ARue(f) + Q)
fe
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In Practice: Compute the weights

« Construct the probability tree

A

A A A . . _1
Wi = 1, Wi = Wijlirja - Wi (J € [D]azlzj—l € [n]'7),

i g mp(j) mp(j)
KI(Z) — 7y

A . 21:j-1

Wijliyjq = Z?ZI Kj(Zr]w(j) _ Z;‘np(j))’

21:j-1




Kernel Function:

v j’_ jl
K/(x—-y) = l_[J ‘emp(j) B K] (mhj:y )

Continuous: K/,(x-y) := 2m)™"/ exp( (x- \))

Discrete: K%, (x—y) := 1[x = y]



Algorithm

Algorithm 1 Proposed method: ADMG data augmentation

Input: Training data D, ADMG é coefﬁcient A € [0, 1], regularization functional €, pruning threshold 6 € [0, 1),
hypothesis class 7, kernel functions {K«’}j.)=1 , loss function £.

1: function FiLLPrOBTREE(D, G, 0, { K/ }?:1) > see Fig. 2
2 for j € [D] > for each variable j
3: for 2,.;_y € [n)/™! > current node (depth j)
4: for i; € [n] > next node (depth j + 1)
5 Wi € Wiy, ]1[%:]._1 > 6’] > pruning
6 W,,;l:j & W,ij,;l:j_l - wil:]—l

- return Wy := {W;}icpnp

8: Let Waye = FILLPROBTREE(D, G,0,{K’ }?zl).
9: Let Raug(f) := Dicpup Wi - €(f> Zs).

10: Let Ry(f) := (1 = DRemp(f) + ARang () + Q).

Output: f € arg min R ,(f): the predictor.
feF




Algorithm




Real World Data Experiment

* Goal: Confirm that the proposed method contributes to the
performance of the trained predictor, especially in the small-data

regime. f € arg min{Remp(f) + Q(f)}
- Compared: feF
£ € arg min{(1 = D)Remp(f) + ARuse(f) + Q(f))
fer
NAME #VAR #OBS GRAPH
Sachs 11 853 Consensus
GSS 6 1380 Domain
Boston Housing 14 506 LiNGAM
Auto MPG 7 302 LiNGAM
White Wine 12 4898 LiNGAM

Red Wine 12 1599 LiNGAM



Real World Data Experiment

Sachs : Continuous, flow cytometry of proteins and phospholipids in
human immune system cells
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(a) Reference graph for Sachs data. (a) Sachs data.



Real World Data Experiment

GSS: Part of General Social Survey
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(b) Reference graph for GSS data.
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(b) GSS data.




Real World Data Experiment

0.35
0.30
W 0.25
=
0.20

0.15

0.525
0.500
0.475

0.450
-

S

Z 0.425
0.400
0.375

0.350

-®- Baseline
“‘f\ #- Proposed
A
‘\
\
5
\
\\\*
*\f
\
R /,C\
=

50 100 150 200 250 300 350
Train data size

(c) Boston Housing data.
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(e) Red Wine data.
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(f) White Wine data.




Conclusion

* Proposed a data augmentation method to use the causal graphical prior
knowledge 1n predictive modeling.

* Experimentally, the benefit may be worth the extra complexity and
bias in small-data regime when domain knowledge 1s available.



Question

. What is the difference between markov pillow and markov blanket?



Theorem (Excess Risk Bound: informal) / €@ min{Ka(f), f* € arg min{R(f))

il fef
f ) log(4D/é
Rif— R £ ERatE,+ Gy + Gl +C \/ g<2 /5)
> o E - ~ -~ J/ n
Kernel Bias Complexity terms = S -~
Uncertainty

w/ high probability.
The complexity terms have a better sample-size dependency than
the usual Rademacher complexity, implying mitigated overfitting.

(Intuition: Synthesized data = Reduced possibility of overfitting.)
But the bias due to the kernel approximation is introduced.



