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i Rules of Do-Calculus

Theorem 3.4.1. The following transformations are valid
for any do-distribution induced by a causal model M:

Rule 1: Adding/removing Observations
P(y|do(x),=,w)=P(y|do(x),w) T ZLY| W)

Rule 2: Action/observation exchange
P@yldo(x), w)=P(y|do(x),-,w) if (ZL1LY|X W/)G)_Z

Rule 3: Adding/removing Actions
P(y\do(x),do (=), w)=POIdo()w) it (74 v|x W),
XZ(W)
where Z(W) is the set of Z-nodes that are not ancestors of any W-node in Gy~ 23



iroperties of Do-Calculus

Theorem (soundness and completeness of do-
calculus for causal identifiability from P(v)).

The causal quantity Q = P(y|do(x)) is identifiable
from P(v) and G if and only if there exists a
sequence of application of the rules of
do-calculus and the probability axioms that
reduces Q into a do-free expression.



Genotype (Unobserved)

PRl N
ivation in Do-Calculus ™,
Smoking  Tar  Cancer
@ 3" Ple]do(s). DP(t] o) Probability Axioms
= ZP(C|d0(s),d0(t))P(t|d0(s)) Rule2 (T1LC| S)G_T ._,.~.
= iP(cldo(t))P(tldo(s)) Rule3 (SLC| D, . i
= Z P(c|do(t)P(t] ) Rule2 (S1 T)G§ ¥

— Z ZP(cldO(t) s")P(s'| do(t))P(t|s) Probability Axioms

FPLE TN

= Z ZP(CII s")P(s'| do(t))P(t| ) Rule2 (TLC|S), AR

FPEE TION

@(c |2, s")P(s )P(tls) Rule3 (T 1 S)GT Fy




yn-identifiability Machinery

Lemma (Graph-subgraph ID (Tian and Pearl, 2002))

e [fO = P(y| do(x)) is not identifiable in G, then
O is not identifiable in the graph resulting from
adding a directed or bidirected edge to G.

e Converse. If O = P(y|do(x)) is identifiable in G,
Q is still identifiable in the graph resulting from
removing a directed or bidirected edge from G.



yn-identifiability Machinery

e Proof idea. Suppose M;, M p
induce the same P(v) but differ \
in P(y|do(x)). Construct two new b
models M;,M> with any P(z)
and let
Pi(x|z,ux)=Pi(x|ux,), i=1,2.

" Question: Do all
, , _ - non-ID models look
This construction entails ' like the bow graph?

P (yldo(x))#P2 (y|do(x)). M“'#\
(z o)

=
~—



,_H}lon-identiﬁability Puzzle

.. G
e |s P(y|do(x)) identifiable from G? x _.--= "~
e /s G of bow-shape? \/’"\‘z
VA
e /s P(y|do(x), z2) identifiable from G? y'

e |s P(y|do(x, z2)) identifiable from G?

P(Y|do(x) is not identifiable

But when conditioning on Z_1, or Z_2 they are.

So, computing the effect of a joint intervention can be easier than
Their individual interventions. [



gon-Identifia_bi_li;% Criterion

non-identifiability of joint
interventional distributions
(Tian, 2002)).

-If there is a bidirected path
connecting X to any of its
children in G, then P©|do(x)) is
not identifiable from Pxv)and G.



*Some Identifiable Graphs

Z
X

Z
X X X :
\ v Z /I
Y Vil ’ Y
(a) (b) ©)

(d)




ﬁme Non-Identifiable Graphs
/’\\Z\
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i Summary

® The do-calculus provides a syntactical characterization to
the problem of policy evaluation for atomic interventions.

® The problem of confounding and identification is
essentially solved, non-parametrically.

e Simpson’s Paradox is mathematized and dissolved.

® Applications are pervasive in the social and health
sciences as well as in statistics, machine learning, and
artificial intelligence.
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Overcome the problem of exponential size by exploiting conditional independence

m [he chain rule of probabilities:

P(X1,X3) = P(X1)P(X2|X1)
P(X1, X2, X3) = P(X1)P(Xa|X1)P( X5 X1, X2)

P(X1,X2.....Xn) = PX)P(X2|X1) ... P(Xal X1, ... Xn=1)

= JIPCIXe, ... Xizw).
=1

m No gains yet. The number of parameters required by the factors is:
2n—l 4ol  4+1=2"-1.



m About P(X;|X1,....Xi_1):

m Domain knowledge usually allows one to identify a subset
pa(X;) € {Xi....,Xi_1} such that

m Given pa(X;), X; is independent of all variables in
{X1..... Xi—1} \ pa(Xi), i.e.

P(Xi|X1, ..., Xi-1) = P(Xi|pa(X:))
m Then

P(Xl,XQ, Ce ,Xn) = ﬁ P(X,|pa(X,))

i=1
m Joint distribution factorized.

m The number of parameters might have been substantially reduced.



Bayesian Networks

_ From Factorizations to Bayesian Networks

Graphically represent the conditional independency relationships:

m construct a directed graph by drawing an arc from X; to X; iff X; € pa(X;)

pa(B) = {}. pa(E) = {}, pa(A) = {B.E}, pa(J) = {A}, pa(M) = {A}.
B P (B) -] P(E)

x O P(A|B, E)

£ AN

3 D rw|n C_ %D p(M|a)

m Also attach the conditional probability (table) P(X;|pa(X;)) to node X;.

m What results in is a Bayesian network.Also known as belief network,
probabilistic network.

Nevin L. Zhang (HKUST) Bayesian Networks k&ng 2007 15 / 54



Giaphs Convey Independence Statements

= Directed graphs by graph’s d-separation
= Undirected graphs by graph separation

= Goal: capture probabilistic conditional
independence by graphs.

= We focus on directed graphs here.



Capturing Independence Graphically

These examples of independence are all implied by a formal
interpretation of each DAG as a set of conditional independence
statements.

Given a variable V in a DAG G:

Parents(V') are the parents of V in DAG G, that is, the set of
variables N with an edge from N to V.

Descendants( V') are the descendants of V' in DAG G, that is, the
set of variables N with a directed path from V to N
(we also say that V is an ancestor of N in this case).

Non_Descendants( V') are all variables in DAG G other than V/,
Parents(V') and Descendants(V'). We will call these
variables the non-descendants of V in DAG G.

20




Capturing Independence Graphically

We will formally interpret each DAG G as a compact
representation of the following independence statements
(Markovian assumptions):

[(V,Parents(V), Non_Descendants(V)),

for all variables V' in DAG G.

@ If we view the DAG as a causal structure, then Parents( V)
denotes the direct causes of V' and Descendants( V') denotes
the effects of V.

@ Given the direct causes of a variable, our beliefs in that
variable will no longer be influenced by any other variable
except possibly by its effects.

21



Capturing Independence Graphically

What are the Markov assumptions here?

Call?
()

Note that variables B and E have no parents, hence, they are
marginally independent of their non-descendants.

CS295, Winter 2023 22



Earthquake?
(E)

Capturing Independence Graphically

What are the Markov assumptions here?

Burglary?
@)

I(C,A.{B.E.R})
I(R.E.{A,B, C})
(A {B.E},R)
I(B,0.{E.R})
I(E. 0. B)

Note that variables B and E have no parents, hence, they are
marginally independent of their non-descendants.

23



Capturing Independence Graphically

The formal interpretation of a DAG as a set of conditional
independence statements makes no reference to the notion of
causality, even though we have used causality to motivate this
Interpretation.

If one constructs the DAG based on causal perceptions, then one
would tend to agree with the independencies declared by the DAG.

It is perfectly possible to have a DAG that does not match our
causal perceptions, yet we agree with the independencies declared

by the DAG.

24



iInference for probabilistic networks

= Bucket elimination (Dechter chapter 4)
- Belief-updating, P(e), partition function
- Marginals, probability of evidence
- The impact of evidence
- for MPE (= MAP)
- for MAP (= Marginal Map)

= Induced-Width (Dechter, Chapter 3.4)



ilnference for probabilistic networks

- Bucket elimination
- Belief-updating, P(e), partition function
- Marginals, probability of evidence



Bayesian Networks: Example
(Pearl, 1988)

P(S)

P(C|S) P(B|S)

P(X]C,S) P(DIC,B) ~,

P(S, C, B, X, D) = P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)

Belief Updating:
P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?

CS295, Winter 2023 27



A Bayesian Network

l./ Winter? \\.’

» A | ©4
)--.._,_(A )/ true .6
o false 4
— t_, //-":‘ “'--\\
'.A"/Sprinkler?\.' ( Rain? ':
o B) J \_\. (©) 4 A B ezBlA
~— o true true .
\\'\\_‘ /// true false 8
SN \ false  true .75
{./ Wet Grass‘?\\,' o N - false false .25
\_ (D) / /Slippery Road?™
e \ (E) 4 '

B C D GD| BC
true true true .05

A C ©c |A true true false .05 C E eE| c

true true .8 true false true .9 true true T

true false 2 true false false .1 true false .3

false true 1 false true true .8 false true 0

false false .9 false true false 2 false false 1
false false true 0
false false false 1

28



NP-hard: exponentially many terms

We will focus on exact and then on approximation algorithms

= Anytime: very fast & very approximate ! Slower & more accurate

CS295, Winter 2023



iBeIief Updating is NP-hard

= Each SAT formula can be mapped into a belief
updating query in a Bayesian network

- Example



*A Simple Network

Given:

“AS CBD <C <D

- How can we compute P(D)?, P(D|A=0)? P(A|D=0)?
- Brute force O(k*)
- Maybe O(4k?)

CS295, Winter 2023



Elimination as a Basis for Inference

/\ <C

A B SE: B C Oc|
A ©4 true true | .9 true true .3
true .6 true false | .1 true false .7
false .4 false true | .2 false true .5

false false | .8 false false .5

To compute the prior marginal on variable C, Pr(C)

we first eliminate variable A and then variable B

W
N9



Elimination as a Basis for Inference

@ There are two factors that mention variable A, ©4 and ©pg|4

@ We multiply these factors first and then sum out variable A
from the resulting factor.

o Multiplying ©4 and Opg4:

A B SYICEM
true  true 54
true false | .06
false true | .08
false false | .32

@ Summing out variable A:
B 3,040
true .62 = .54 + .08
false .38 = .06 + .32

33



Elimination as a Basis for Inference

e We now have two factors, } , ©a0p|a and O¢|p, and we
want to eliminate variable B

@ Since B appears in both factors, we must multiply them first
and then sum out B from the result.

e Multiplying:

B C ©c18D 2 ©aOB|a
true  true .186
true false .434
false true .190
false false .190

@ Summing out:

C > 589c|8D 4 ©aPpBa
true 376
false | .624

34



| Belief Updating

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?

CS295, Winter 2023 35



iBelief updating: P(X|evidence)=?

P(ale=0) P(a,e=0)=

P(a)P(bla)P(c|a)P(d|b,a)P(e|b,c)=
— - ~ /

YRS Pa)  P(cla  P(bla)P(d|b,a)P(e|b,c)
u _/

Variable Elimination

36



Bucket elimination @

| Algorithm BE-bel (Dechter 1996)

~—— Elimination operator
.

bucket B: ?(bwb,a) Plelb,c)
/

bucket C.  P(cla)
\ / A\ v J

) e
W*=4
\ - “induced width”

bucket A: P(a)

M (max clique size)

=0) _P(a e =()
y€=U)

P(a,e=0) Feles0)= P(e20)

bucket D:

bucket E:




A Bayesian Network  ...s/ »-
Ordering: A,C,B,E,D,G oo ® 3

|
@ Slippery
(a) Directed acyclic graph (b) Moral graph
Pla,g=1)= > Plabecde,qg)= P(g|f)P(f|b,c)P(d|a,b) P(c|a) P(bla) P(a).

Csbse~dyg:1 c, b f d = 1

P(a,g=1) = P(a) Y _ P(cla) ) P(bla) Y P(fb,c)>_ P(dlb,a))_ P(glf). (4.1)
c b f d g=1

P(a,g=1) = P(a) ) _ P(cla)_ P(bla) Z P(f|b.c)Aa(f) Z P(d|b, a). (4.2)
c b

Pla,g=1) = P(a) ) | P(cla) )  P(bla)Ap(a.}) Z P(flb.c)ra(f)  (43)
c b

P(a,g=1) = P(a))_ P(cla) Y P(bla)Ap(a,b)As(b, ) (4.4)
c b

P(a,g=1) = P(a))_ P(cla)Ag(a,c) (4.5)

CS295, Winter 2023 38



@ Season Q

A Bayesian Network ../ »e o/

Ordering: A,C,B,E,D,G tf @Wm [
@ Slippery ©
(a) Directed acyclic graph (b) Moral graph
Plag=1)= Y Plabedeg)= P(g|f)P(f]b, &) P(dla, b) P(cla) P(b|a) P(a).

Cabse~deg:1 c, b f d = 1

Pla,g=1) = P(a) 3 P(cla) Y P(bla) 3 P(f16,) 3 P(dlb.af 3 Pllf))  (4.1)
c b f d g=1

P(a,g=1) = P(a)3_ P(cla) ¥ P(bla) Z P(f|b,c /\G(f) (4.2)
c b

Pla.gq = P(a) ) _ P(cla))_ P(bla)Ap(a,b) ) (4.3)
c b

P(a,g=1) = P(a))_ P(cla) )~ P(bla)Ap(a,b)Ap(b, ) (4.4)
c b
P(a,g=1) = P(a))_ P(cla)Ag(a,c) L (4.5)

CS295, Winter 2023 39



A Bayesian Network
Ordering: A,C,B,FD,G

Z H @Season Q
Bucket G: P(GIF) G=1 sprnkier b i ol %
Bucket D: P(DIB,A Watering @ @ Weiness © ©®

@ slippery O
Bucket F: P(FIB,C) ;t(,‘(F)\A (a) Directed acyclic graph (b) Moral graph
Bucket B: P(BIA)  Ay(B,A) Ad{B.C)
Bucket C: P(CIA) Ag(A,C)
Bucket A: P(A)  AAA)
P(G=1) 40

CS295, Winter 2023



o5
I

(®

A Different Ordering

©

(a) Directed acyclic graph (b) Moral graph

Ordering: A,FD,C,B,G

P(a g=1)=Pla)X_;> 42 Plcla) X2, P(bla) P(d|a,b)P(f|b,c)> .1 P(glf)
P(a) X" Aa(f) 2oa2-c Plcla) 3=, P(bla) P(dla,b)P(f|b,c)

P(a)Z; Ac(f) a2 Plela)Ap(a,d,c, f)

P(a) Zf Ag(f) Zd Ac(a,d, f)

P(

P(

a) Y Ac(f)Apla, f) /_%L
a) /\F (a) Bucket G: P(GIF) G=1

Bucket B: P(FIB,C) P(DIB.A) P(BIA)

Bucket C: P(CIA) AP(A,D,C.F)

Bucket D: AS(ADF)

Bucket F: AP(AF) A5(F)

Bucket A: P(A) AF(A)

P(G=1)
(a)

Figure 4.3: The bucket’s output when processing along dy = A, F,. D, C, B, G



A Bayesian Network
Processed Along 2 orderings

@Season

_—y }@ -

211

Bucket G: P(GIF) G=I

Bucket D: P(DIB A

Bucket F: P(FIB,C)\_A(F)

Bucket B: P(BIA)  ip(B,A) AidB.C)
Bucket C: P(CIA)  Ag(A.C)

BucketA: P(A)  AdA)

e

P(G=1)

d1=A,C,B,F,D,G

Watering d)j G? Weiness
@ Slippery

(a) Directed acyclic graph

211
—

Bucket G: P(GIF) G=1 —— N

{ )
Bucket B: P(FIB,C) P(DIB,A) P(BIA) | / -

e b\,
"’i I||,' I,\ /-
Bucket C: P(CIA) iy (A,D,C.F) / o
/ { C\'\ 1".
\ / |/\.r/ "' | ||“|
e . n I| N l."' l|
Bucket D: AAADF) . | /D\ /I .‘| I‘
"l \ 'I . /‘ 1’/‘ |'
Bucket F: Ap(AF) Ai(F) ’|| \ /—1\' J ‘,'
l — \ \FS
- i > / /
Bucket A: P(A) 7 (A)r o1/
H & (xY
i / N~
P(G=1)
(a) (b)

Figure 4.4: The bucket’s output when processing along d> = A, F. D.C. B, G.
CS295, Winter 2023 42



iThe Operation In a Bucket

= Multiplying functions
= Marginalizing (summing-out) functions



iCOmbination of Cost Functions

A | B | f(A,B) B| C | f(BC)
b|b 0.4 b| b 0.2
b | g 0.1 . b| g 0
gl| b 0 g| b 0
g | g 0.5 A| B | C f(A,B,C) 0| e 0.8

b | b | b 0.1

b | b | g 0

b | g b 0

b | g | g 0.08 =0.1 x0.8

g b b 0

g|blg 0

glg b 0

g g g 0.4




Factors: Sum-Out Operation

The result of variable X from factor f(X)
is another factor over variables Y = X \ {X}:

(Z f) () € D flxy)
X X

B C D fi

true true  true .05 B C ZD fi
true true false | .05 t
rue true 1 Z Z Z f
true false true 9 true false 1 . BZ2.c2.p
true false false | .1 false  true 1
false true true .8 false false 1
false true false 2
false false true | O
false false false | 1

45

Thanks to Darwiche



Bucket Elimination and
Induced vwwidth

Ordering: a, e, d, c, b
bucket(B) — P(elb, ). P(d|la.b). P(bla)

bucket(C) = P(cla) || Ap(a,c.d.e)

bucket(D) — || Ae(a, d. e)

bucket( F) = e = 0 || Apb(a, )

bucket(A) — P(a) || As=(a) W*=4

46



Bucket Elimination and
Induced vwwidth

W*=2
Ordering: a, b, c, d, e
bucket( F) — P(elb.ec). e = O
bucket (1)) — P(d|la. b)
bucket () — P(cla) || P(e = 0O|b, )
bucket( B) — P(bla) || Ap(a.b), Aac(b. o)
bucket(A) — P(a) || As(a)
Ordering: a, e, d, c, b
bucket( B) = P(elb, ). P(d|la.b)., P(bla)
bucket (') — P(cla) || Ap(a.c.d,e)
bucket( D) = || Ae(a, d.e)
bucket( F) — e = 0 || Ap(a. <)
bucket(A) — P(a) || As=(a) W*=4
47



AvrcoriTeMm BE-BEL

Input: A belief network B = (X.D. Pg.[]), an orderingd = ( X;..... X,) ; evidence e
output: The belief P(X|e) and probability of evidence P(e)
1.  Partition the input functions (CPTs) into bucket,, ..., bucket, as follows:
for i <~ n downto 1, put in bucker; all unplaced functions mentioning Xj;.
Put each observed variable in its bucket. Denote by ¥; the product of input
functions in bucket;.
2.  backward: for p < n downto 1 do

3. forall the functions ¥5,.As,..... As; in bucket, do

If (observed variable) X, = x, appears in bucket,,

assign X = X to each function in bucket, and then
put each resulting function in the bucket of the c/losest variable in its scope.
else,
4. Ap <= Xx,Vp- n{=1 As;
place Ap in bucket of the latest variable in scope(4p),
6. return (as a result of processing bucket,):
Pe) = a =Yy, V1 [licoucken *
P(X1le) = V1 - [hchucken *

Figure 4.5: BE-bel: a sum-product bucket-elimination algorithm.

CS295, Winter 2023 48



Belief Updating 25@

Algorithm BE-bel [Dechter 1996]

p(AIE=0)=a S p(4)p(b|A) p(c|A) p(d|A, b) p(elb, ¢) L[e = 0]
e,d,c,b

Z H «—— Elimination & combination
b_A operators
7z N
bucket B: p(b’A) p(d‘ba A) p(6’67 C) @

A

bucket C: p(clA)  Apoco(A,d,c e)

bucket D: Moop(A,d, '
A \
bucket E: 1[E =0] A\p_g(4,e)
\/ ) W*=4 @

; 2/ |
bucket A: induced width
P4 Amaal) (max clique size) ()

P(AIE =0) =p(A,E=0)/p(E=0) 49



Bucket Elimination @

hm BE-bel
p(AlE = 0) = a ) p(A)p(blA) p(c|A) p(d|A,b) p(e|b, ¢) L[e = 0]
e,d,c,b
Z H « Elimination & combination
b_A— operators

-

\

‘3 Time and space exponential in the
induced-width / treewidth

- /

DUcCKel A: plAa) AE—A(A) \@y

P

P(AIE =0) =p(A,E=0)/p(E=0) >0




ﬁOutIine

= The do calculus (review)
» Bayesian networks, representation and inference
= Class project
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Sraigee)* PO




*Induced Width (continued)

The effect of the ordering:

2 ®
©
(D)
// ©
ORG o
Primal (moraa )
graph



ﬁlnference for probabilistic networks

= Bucket elimination
- Belief-updating, P(e), partition function
= Marginals, probability of evidence
- The impact of evidence
» for MPE (= MAP)
- for MAP (= Marginal Map)

» Induced-Width

CS295, Winter 2023



The impact of evidence? @
~—— Elimination operator

| Algorithm BE-bel

bucket B:  P(bla) P(d|b,a) P(elb,c) gy
/
bucket C.  P(cla)

e
e

e=0
S e
bucket A: P(a) “induced width”

M (max clique size)
=0)

P(ale=0) >

bucket D:

bucket E:




The impact of evidence? @

| Algorithm BE-bel

P(A|E=0,B=1)?

~—— Elimination operator
bucket B:  P(bla) P(d|ba) P(e|b,c)  B=1
/
bucket C:  P(c|la) P(e|b=1,c)

bucket D: P(d|b=1,a)

bucket E: e=(

bucket A: P(a)\A P(b=1|a) J
P(e=6 —0 _P(a,e=0)
P(ale=0) cs0s, 1 (41€50) B



Bgome

Sprinkler ‘:\ \© Rain vao

The impact of observations = &= ¢

(a) (b) (c)

Figure 4.9: Adjusted induced graph relative to observing B.

Ordered graph  Induced-graph;.... @rdered conditioned graph



Pruning Nodes: Example

Example of pruning irrelevant subnetworks

network structure joint on B, E joint on B

CS295, Winter 2023 >8



Given a Bayesian network N and query (Q, e)

one can remove any leaf node (with its CPT) from the network as
long as it does not belong to variables Q U E, yet not affect the
ability of the network to answer the query correctly.

If N' = pruneNodes(N, Q U E)

then Pr(Q, e) = Pr'(Q.e), where Pr and Pr’ are the probability
distributions induced by networks N and N, respectively.

59



Pruning Nodes: Example

Example of pruning irrelevant subnetworks

o ) o
/N / S /S
CNS N /
B /_’:’ I:“> C.f\':' "‘\_ B _/-": :‘\ C ‘ ' B :
N N N\ -
D) (E) E
network structure joint on B, E joint on B

60



Pruning Edges: Example

Example of pruning edges due to evidence or conditioning

A B Og|a A C Oc|a
true true .2 true  true .8
true false .8 N true false .2
false true .75 L@ ) false true .1
false false .25 e false false .9
§Prinkler?-"\-. ( Rain?
.iwet—cmsf -

Dy ,/'"glippery Road?™,
et \ (E) /

B D YO58

A | ©a true true .9 E Db GET?'*
true .6 true false .1 true | 0
false | .4 false true O false | 1

false false 1

Evidence e : C =false
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ﬁlnference for probabilistic networks

= Bucket elimination
- Belief-updating, P(e), partition function
= Marginals, probability of evidence
- The impact of evidence
- for MPE (= MAP)
- for MAP (= Marginal Map)

» Induced-Width
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Elimination operator

bucket B: F(bwm) Pleb.0)

bucket C:  P(cla) ‘\/ )
\ Y
bucket D: 4
e
bucket E:

e=(
~.. Wi=q

bucket - P(q) “induced width”
hﬁ/ (max clique sizeg4



*Generating the MPE-tuple

B: P(bla) P(d|b,a) P(e|b,c)

C: P(cla)

D:

E: e=0

A: P(a)



ilnduced Width

Width is the max number of parents in the ordered graph

Induced-width is the width of the induced ordered graph: recursively connecting
parents going from last node to first.

Induced-width w*(d) is the max induced-width over all nodes in ordering d
Induced-widtf a graph, w* is the min w*(d) over all orderia%s d
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Complexity of Bucket Elimination

Bucket-Elimination is time and space
O(rexp(wfi))

wy . the induced width of the primal graph along ordering d

r = number of functions The effect of the ordering:
(A ©
@ © ® ®
primal w”(d1) = 4 w'(dz) =2
graph

Finding smallest induced-width is hard!



A Bayesian Network

Example with mpe?

l./ Winter? \\.’

» A | ©4
)--.._,_(A )/ true .6
o false 4
— t_, //-":‘ “'--\\
'.A"/Sprinkler?\.' ( Rain? ':
o B) J \_\. (©) 4 A B ezBlA
~— o true true .
\\'\\_‘ /// true false 8
SN \ false  true .75
{./ Wet Grass?, - N — false false .25
\_ (D) / /Slippery Road?™
e \ (E) 4 '

B C D GD| BC
true true true .05

A C ©c |A true true false .05 C E eE| c

true true .8 true false true .9 true true T

true false 2 true false false .1 true false .3

false true 1 false true true .8 false true 0

false false .9 false true false 2 false false 1
false false true 0
false false false 1
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Try to compute MPE when E=0

ntar?
Winter’ A | O,
(A) true 6
- false 4
Sprinkler? R(aic'j)? , - o
( B) B|A
‘/ true true 2
true false .8
false true .75
Wet Grass? false false .25
(D) Slippery Road?
(E)
B C D GD| BC
true true true .05
A ¢ Oc |A true true false .05 C E O |C
true true .8 true false true .9 true true 7
true false 2 true false false .1 true false .3
false true .1 false true true .8 false true 0
false false .9 false true false 2 false false 1
false false true 0
false false false 1
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Cost Networks

P(a,b,c,d, f,g) = P(a)P(bla)P(c|a)P(f|b,c)P(d|a,b)P(g|f)

becomes

C(a,b,¢,d,e) = —logP = C(a) + C(b,a) + C(c,a) + C(f,b,¢) + C(d, a,b) + C(g, )

nmin E
B

bucket B ' C(a.b.d). C(b.f) C(b.c)

I B
bucket ¢ Cf(a.c) C(c.) I (a.d.c.f) C
s
bucket D If (a.d.e) - ¢ D
bucket C(f.g) H(a, ® . F
bucket A }IE (a. g) é’( A
bucket G hig) - ® G
. Width w=4
OPT Induced width w'= 4

Figure 5.12: Schematic execution of BE-Opt
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ﬁlnference for probabilistic networks

= Bucket elimination
- Belief-updating, P(e), partition function
= Marginals, probability of evidence
- The impact of evidence
» for MPE (= MAP)
- for MAP (= Marginal Map)

» Induced-Width

CS295, Winter 2023



*Marginal Map

» Max-Inference f(x") = max H fo(Xa)

" Sun-Inference 7 — Z H fa(Xa)

» Mixed-Inference | f(x}3,) = maXZ H fa(xa)

- NP-hard: exponentially many terms

CS295, Winter 2023



* Example for MMAP Aplicagjegeggm
i

n  Crossover  »#

- Haplotype in Family pedigrees

= Coding networks

o

S#
50

@
® @
@ ®

= Probabilistic planning
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- &0
L e

gg
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e i | o
T =
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1
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= Diagnosis
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| Marginal MAP is Not Easy on Tre€S

= Pure MAP or summation tasks

- Dynamic programming
- Ex: efficient on trees »
=

—/

= Marginal MAP -
| Max variables
- Operations do not commute: —\

- Sum must be done first!

Z max # maXZ



Bucket Elimination for MMAP

Bucket Elimination

(A)
1
o) (&

Xy ={A,D,FE}
:{BJC}

constrained elimination order

SUM

MAX

A ..

B:

(A B) f(B.C) f(B.

D)f(B,E)

I S
)‘B(A7 CaD7E>f(A7 C) f(Ca E)l

2o
g%&amﬂAB)

I

mazxp
AP(A,E)

maxg
AF(4)

L
MAP* is the marginal MAP value

x\/\/ACDE)

75



%/hy is MMAP harder?

exact upper

SUM
) —(®)

o e

MAX
(m)

constrained elimination order
1
1
unconstrained elimination order
N
&)

Xy ={A,D,FE}

Xs =1{B,C} @ A(/él,C,D,E) " @

w* — w* —
In practice, constrained induced is much
(Park & Darwiche, 2003) larger!

(Yuan & Hansen, 2009) m)?xz¢ < Zm)?xqﬁ
Y Y



iCompIexity of Bucket-Elimination

* Theorem:

BE is O(n exp(w*+1)) time and O(n exp(w*))
space, when w* is the induced-width of the
moral graph along d when evidence nodes are
processed (edges from evidence nodes to earlier
variables are removed.)

More accurately: O(r exp(w*(d)) where r is the number of CPTs.
For Bayesian networks r=n. For Markov networks?



* Inference with Markov Networks

Undirected graphs with potentials on cliques

Query: find partition function. Same as probability of the evidence in a Bayesian network.
The joint probability distribution of a Markov network is defined by:

P(z) = Z HeceVe(ze) BE is equally
Z applicable
Z - EIHCEC\I’C(;I‘C) (22]

For example. A markov network over the moral graph in Figure 2.4(b) is defined by:

U(a,b,e)-U(be f)-U(ab,d)-V(f g
Pla.b.c.d f.q) = (@, 0,¢)-W(b,c f,)Z (a,0,d)-W(f,q) (2.3)

where,

Z= Y Wabo) Wb f)- Uabd)- ¥(f0) (24)

abede,fg



ﬁlnference for probabilistic networks

= Bucket elimination
- Belief-updating, P(e), partition function
= Marginals, probability of evidence
- The impact of evidence
- for MPE (=MAP)
- for MAP (= Marginal Map)

» Induced-Width (Dechter 3.4,3.5)
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iFmdmg a Small Induced-Width

NP-complete
- A tree has induced-width of ?

= Greedy algorithms:
- Min width
- Min induced-width
- Max-cardinality and chordal graphs
- Fill-in (thought as the best)

- Anytime algorithms
- Search-based
- Stochastic (CVO)



*Min-width Ordering

MIN-WIDTH (MW)

input: a graph G= (V. E), V ={v,...,v,}

output: A min-width ordering of the nodes d = (vy, ..., v,).
1. for j=nto1by-1do

2. r < a node in G with smallest degree.
9. put r in position j and G «— G —r.

(Delete from V node r and from E all its adjacent edges)
4. endfor

Proposition: algorithm min-width finds a min-width ordering of a graph
What is the Complexity of MW?
O(e) CS295, Winter 2023



iGreedy Orderings Heuristics

= Min-induced-width

- From last to first, pick a nhode with smallest
width, then connect parent and remove

= Min-Fill
- From last to first, pick a node with smallest
fill-edges

Complexity?  O(»n?)



i Min-Fill Heuristic
- Select the variable that creates the fewest “fill-in”

edges l
Eliminate B next? (B) (C)
- Y Eliminate E next?
Connect neighbors '
“Eill-in” = 3|:g ! ,' Neighbors already connected
(AD), (CE), (D) OlRG Al =0

A G Q




(€=
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iDifferent Induced-Graphs

F E

E A )

D B .
1

C C

B D (

A F O

() (d)

A Miw ordering
A Min-fill ordering



Chordal Graphs

graph is chordal if gvery cyclegf length atpleast 4 has a
chord.' ——eo ¢« | 0 %
¢ ® w w
-

Deciding chordality by max-cardinality ordering:
- from 1 to n, always assigning a next node connected to a largest set of
previously selected nodes.

- A graph along max-cardinality order has no fill-in edges iff it
is chordal.

- The maximal cliques of chordal graphs form a tree

[Tarjan & Yanakakis 1980]



freedy Orderings Heuristics

= Min-Induced-width
- From last to first, pick a node with smallest width

= Min-Fill
- From last to first, pick a node with smallest fill-
edges
Complexity?  O(n?)

Max-Cardinality search [Tarjan & Yanakakis 1980]

From first to last, pick a node with largest neighbors
already ordered.  Complexity? ~ O(n +m)



* Max-cardinality ordering

MAX-CARDINALITY (MC)

input: a graph G= (V. E), V ={vy,...,v,}
output: An ordering of the nodes d = (vy, ..., v,).
1. Place an arbitrary node in position 0.

2. for j=1ton do

3. r « a node in G that is connected to a largest subset of nodes
in positions 1 to 7 — 1, breaking ties arbitrarily.
4. endfor

Proposition 5.3.3 [56] Given a graph G = (V,E) the complexity of maz-cardinality
search is O(n +m) when |V| =n and |E| = m.



iExampIe

We see again that G in the Figure (a) is not chordal
since the parents of A are not connected in the max-
cardinality ordering in Figure (d). If we connect B and C,
the resulting induced graph is chordal.

R

> % 0 U N

) @



iWhlch Greedy Algorithm is Best?

Min-Fill, prefers a node who add the least
number of fill-in arcs.

= Empirically, fill-in is the best among the
greedy algorithms (MW,MIW,MF,MC)

= Complexity of greedy orderings?
- MW is O(e), MIW: O(n?) MF O(n?) MC is
O(e+n)



ﬁ K-trees

Definition 5.3.4 (k-trees) A subclass of chordal graphs are k-trees. A k-tree is a chordal
graph whose maximal cliques are of size k+1, and it can be defined recursively as follows:
(1) A complete graph with k vertices is a k-tree. (2) A k-tree with r vertices can be
extended to r + 1 vertices by connecting the new vertex to all the vertices in any clique of
size k. A partial k-tree 1s a k-tree having some of its arcs removed. Namely it will clique

of size smaller than k.
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iFlndmg a Small Induced-Width

NP-complete
- A tree has induced-width of ?

= Greedy algorithms:
- Min width (MW)
- Min induced-width (MIW)
- Max-cardinality and chordal graphs (MC)
- Min-Fill (thought as the best) (MIN-FILL)

= Anytime algorithms
- Search-based
- Stochastic (CVO)



