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The New Oracle:
Structural Causal Models

Definition: A structural causal model (SCM) M is a 4-
tuple <V, U, &, P(u)>,where

o V=/V,..V,) arelendogenous Variables;
o U={U,.., Uy} are exogenous variables;

e ¥ = {f1..., fx} are functions determining ¥,
'kvl:f(pa,, ui), \Pa;,C V,U;C U,

e P(u)is a distribution over U

eg.y=o+pX+ Uy

Axiomatic Characterization:

(Galles-Pearl, 1998; Halpern, 1998).
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2. SCM — Causal Diagram

e Every SCM M induces a causal

. Vi—fi (A,B,U)
diagram Vo 1 CU)
e Represented as a DAG where:
e Each V;& Vis anode,
A B

e Thereis W — V;if for W& Pa; |,

®* Thereis V; +--* V;whenever
UinU# .

/
\
/
)
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2. SCM — Causal Diagram

Recall our medical example:

e Endogenous (observed) variables V: (R + U,
e R (R=Ifor rich, =0 for poor) F < DR
e D (D=Ifor taking the drug, D=0 o/w) = | 4< RV(U;A7D)

e A (A=1if person ends up alive, =0 o/w)

* Exogenous (unobserved) Variables U:
o U, (Wealthiness factors) o

U,

e U, (=1 has the genetic factor, =0 o/w) y

\
~J
e Distribution over U: P(U,)=1/2, P(Uy)=1/2 D/ \A



2. SCM — Causal Diagram

Another example:

 V ={Smoking, Cancer } Ve
® U={US; UC;Ug} US // \\\ UC
_ unobserved ,/ \
° 7
genotype Smoking > Cancer

Smoking <— fsmoking(Us, Ug) Cancer
<« fCancer(SmOking, Uc, Ug)

Remark 1. The mapping is just 1-way (i.e., from a SCM to a causal graph) since
the graph itself is compatible with infinitely many SCMs with the same scope
(the same functions signatures and compatible exogenous distributions).

Remark 2. This observation will be central to causal inference since, in most
practical settings, researchers may know the scope of the functions, for
example, but not the details about the underlying mechanisms.



SCM inspires structure on P(V,U)

Does the causal diagram give us (7
any clues about the (in)dependence )

relations in the obs. distribution P(V)?
\/M= < ‘W«-fVVV(Z,-xs l/lw)
Fa) £, u,)

¢ |[s Tindependent of W?

Prop. 1
e Is ¥ independent of T? T < frlw,
e Is Zindependent of 77 7 lProp. 2
* |s Zindependent of X7 n ’ ; U,
¢ |[s Yindependent of W? Z\ W/X\ v

w
¢ |[s Yindependent of W if we know U, l
the value of X7? T



3. SCM = Pearl’s Causal Hierarchy

Level (Symbol) ;i';'vc:;
1 _ Seeing
0 Association ML - (Un)Supervised
R Py |x) Learning

SCM M
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Outline

e Product form of Markov SCM



The Emergence of the First Layer

In our example, Ur
Ug

i
N

The joint distribution over the observables P(v) is equal to:

PR=rD=dA=a)=) PR=r.D=dA=aU =u,U,=g)

Uyl

For short,

P(r,d,a) = z P(r,d,a,u, ug)

Uyl
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The Emergence of the First Layer

In the second example,
Genotype (Ug)
US / - - oy, \ UC

Smoking (S) » Cancer (C)

The joint probability distribution over the observed variables (V),
Smoking and Cancer, is given by

P(s,c) = Z P(SCM ug,u)

l/tI/tI/t

Recall, this distribution is called
Sometimes, it's also called passive or non-experimental dlstrlbutlon.



What the Diagram Encodes

e Since G is a directed acyclic graph, there exists a
topological order over V' such that every variable goes
after its parents, i.e., Pa;<V;

Ur
v Ur
/R\l R<D<A
D > A
Genotype (Uyg)
Us -~ U.
g RN S<C
¥ \

Smoking (S) » Cancer (C)




What the Diagram Encodes

e Minduces P(V):
P(vV)= ) P(v,u),

* Using the chain rule and following a topological order,

PM—meHP Vil ViV ),

V.ev
e An observed variable is fuIIy determined by its observed and

unobserved parents; also {pa,ui} C {vi,...,vi,u} , then

-
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What the Diagram Encodes

e The distribution P(V) decomposes as:

P(v) = ZP(u)HPvlvl LV_p,)

V.ev
= ZP(u)HP v; | pa;, ul
V.ev
U
R v
/ \1 P(r,d,a) = 3 P(u,, u)P(r | u,)P(d| r)P(a| r,d,
D > A tg) -
U - = UL
/7 ” b N P(s,c) = Pug, g, u )P(s | ug, u)P(c| s, ug,
¥ N B

Smoking (S) » Cancer (C) )
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Conditional Independences

e |f knowing that variable X= x doesn’t change the beliefin Y =
y, then Xand Y are said to be probabilistically independent.
This is written as X 1L Y. P(Y=yX=x) =

e XuY=P(Y=y|X=x)=P(Y=y) P(Y=y) P(X= x)

e More generally, once we know the value of a third variable Z
= z, if knowing that X= x doesn’t affect the belief of Y =y,
Xand Y are conditionally independent given Z, i.e., X1 Y| Z.

o XuY|Z=PX=x|Z=2z Y=y)=PX=x|Z=2z).

Lack of functional dependence — probabilisticindependence.

Winter 2023 47



Markovian Factorization

e Suppose no variable in U is a parent of two
variables in V (observables) (i.e., Vi; Ui N U; = &),
then the model is called Markovian. We have:

In Markovian models

P(v) = 2 P (u) H P (v; | pa;, ul SCM yields a Bayesian network
vev Over the visible variables

= 2 [170i1pau) P () Local
u VeV .
T pa) Markovian

= al ul u pa g
. VeV Condition

=TI X P Cewtra) S TTP v ipa) | (77 L Nai \ Par| Py
Vev v.ev . ,

Bayesian Factorization 5
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Outline

« d-separation: reading independencies from the DAG



Causal Chains

 Are X and Y independent given Z?

N e (favorable
(motivation) §d|fﬁculty factors) . Yes,
Uy U. U,
e e.g., knowing Z=1 (high SAT scores), the probability of being
X —mi) ey | i ,
| admitted (Y=1/) does not change if we know the student h:
(good (high (college _
study habits) SATs)  admission) good study habits (X=/) or not(X=0).

Plr,y|z) = P2
?) b Bayes Factorization
@ anan ! P(z)
M: X — U, - P 2)
Z—Xv U Graphically, observing Z

“blocks” the influence from Xto Y.
Y(_ Z A Uy Winter 2023
P(U. U, Uy)



Common Cause

e Are X and Y independent?

(meteorological
conditions)

. U (having * No,
(road design) umbreIIaV;t hand)
Us 7 Uy ¢ e.g., seeing someone coming in with an umbrellain hand
XA/“G“”N y (Y=1) rises the probability of rain (Z=1), which increases
(tra)f-ﬁc unfgf:”a) the likelihood of bad traffic (X=1).
3, P(X=x, Y=y) 2 P(X=x)P(Y =y) try it out!
Graphically, information “flows" from Y going
M- 7 —U. through the common cause Z and down to X.
X—/7® _'Ux
Y(_ Z \ Uy

Winter 2023 54
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Common Cause

(meteorological

conditions)
. U, (having
(road design) umbrella at hand)
Us Uy

M: Z— U
X—Z@® U
Y—Zv U,
P(U., U, U,)

(use
umbrella)

Are X and Y independent given Z?

Yes,

e.g., if we know it is raining (Z=1), observing
people with umbrellas (Y=1) tell us nothing
about the traffic (X).

Bayes Factorization

—

P(x,y| 2) _ Plx.z,y) =P(z)P(X| Z)P(yl z) ;P(XA] Z)P(yI
z) P(z) P(2)

RiRRNGE WoRPSEy1po Z “blocks” the

Winter 2023
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Common Effect

 Are X and Y independent? ,

(environment) (time of the year)
Us o U, e e.g., having acold X=1/ isindependent of
(motivation) - .
v U v being on holiday Y=1.
P L
(going to
class) P(x,y) = 5 P(x)P(y)P(z | x,
y)
=P)PO)y Plz]x,y)
=P (x)P(v)
Graphically, influence from X reaches Z but
does not “go up” to Y.
M.' X «— U,
Y(_ Uy

Z—~Yr(-X ®U
P(U,U,U,)
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Common Effect

(environment) (time of the year)

Ux . . Uy
(motlvatlon)

hi\é'lr&?a\k Allday
(going to
class)
M.' X «— Uy
Y(_ Uy

Z—~Yr(-X ®U
P(U,U,U,)

Are X and Y independent given Z?

e.g., if we observe that a student didn’t go to

class (Z=0) and today is not a holiday (Y=0), it
is more likely that she may have a cold (X=I).

PX=x,Y=y|Z=2)2PX=x|Z=2)P(Y=y|Z=z
try it out!

xyz

Graphically, influence from X reaching Z
(when Z is observed) bumps “back up” to Y.
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Common Effect

 Are X and Y independent given I/? )

(environment) (time of the year)

U. U, o e.g., 0bserving that the student didn’t sign the
(motivation) ] . . .
assistance sheet (W=0) increases the likelihood of the

havmm Ahday student being absent (Z=0), that as we said, make X
°0ld) and Y dependent.

(going to
class)
Uw
I’V Graphically, influence from X reaching W
(signing (when Wis observed) “bumps back up” to Z
attendance and then Y.

sheet)

Winter 2023



Normal

Abnormal

Summary

Active Triplets Inactive Triplets
X Z Y X—7 —sY
Yl (Xpy Xe—1Zle—v (XLY|Z)
ez 7 X i [ ey Y
Y7 % X Z Y
X yY|Z) X Z y (XL1Y)

X 7 Y —_— —

y \

14 w

Wmter 202

What about Iarger grag)hicél strubtures? |




Graph Separation (d-Separation)

e Consider the question of whether X and Y are
independent given Z.

1. Look at every path from Xto Y in the graph.

2. A path is active if every triplet in it is active
(given 2).

3. If path is active, Xand Y are
Independent.



Graph Separation (d-Separation)

season

Cli: (Wet 1L Sprinkler) / \
Cla: (Wet 1L Season | Sprinkler) sprinkler rain
Cls: (Rain 1 Slippery | Wet) \Wet/
Cla: (Season 1L Wet | Sprinkler, Rain) l

Cls: (Sprinkler 1L Rain | Season, Wet) e



Graph Separation (d-Separation)

season

V' Cli: (Wet 1L Sprinkler) / \
V' Cla: (Wet 1L Season | Sprinkler) sprinkler rain
v/ Cl3: (Rain 1L Slippery | Wet) \wet/

}
v Cla: (Season 1 Wet | Sprinkler, Rain) slippery

V' Cls: (Sprinkler 1L Rain | Season, Wet)
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d-Separation (food for thought)

e s Aindependent of D? _ ¢
7’7 - = \ ‘
* [s Aindependent of C? 4 \ |
A B !
e s Aindependent of C given D? ,’
/
e |s D independent of C given B? J e
V'4
D

We want to be able to answer all these questions just from the DAG



Outline

« Bayesian networks



Causality, Pearl chl

DECOMPOSITION BY
BAYESIAN NETWORKS

Given a distribution P, on n discrete variables,
X1,X0,..., Xy,. Decompose P by the chain rule:

P(x1,...,zn) = HP(ZEj|£ZI1, oyzj—1). (1.30)
J

Suppose X; is independent of all other predeces-
sors, once we know the value of a select group
of predecessors called PA;. Simplification:

P($j|331,...,33j__1) —_ P(a:j|paj) (1.31)

PAj . Markovian parents of X, relative to a

given ordering.



B S eeis
Formal Definition

A Bayesian network is:
m An directed acyclic graph (DAG), where

m Each node represents a random variable

m And is associated with the conditional probability of the node given its
parents.

Spring 2007 16 / 54



Bayesian Networks: Representation

P(S)

P(CI|S) P(B|S)

P(X]C,S)

P(S, G, B, X, D) = P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)

Conditional Independencies ™= Efficient Representation

Winter 2023



Definition 1.2.1 (Markovian Parents)

Let V = {X1,...,Xn} be an ordered set of vari-
ables, and let P(v) be the joint probability distri-
bution on these variables. A set of variables PA;
is said to be Markovian parents of X, if PA; is
a minimal set of predecessors of X, that renders
X independent of all its other predecessors. In
other words, PA; is any subset of {X1,...,X;_1}

satisfying

P(xj|pa;) = P(xjlry,...,2j-1) (1.32)

and such that no proper subset of PA; satisfies
(1.32).

Interpretation:
Knowing the values of other preceding variables
is redundant once we know the values pa; of the
parent set PA;.

Winter 2023



CONSTRUCTING A BAYESIAN
NETWORK

Given: P, and an ordering of the variables.

At the jth stage, select any minimal set of Xj's
predecessors that screens off Xj from its other
predecessors.

Call this set PAj, and draw an arrow from each
member in PAj to Xj.

The result is a directed acyclic graph, called a
Bayesian network, in which an arrow from X;
to X, assigns X; as a Markovian parent of X},
consistent with Definition 1.2.1

The resulting network is unique given the order-
ing of the variables, whenever the distribution
P(v) is strictly positive.



Bayesian Networks: Representation

P(S’ C’ B)‘X,D)

Is X independent of B given S?
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MARKOV COMPATIBILITY

Definition 1.2.2 (Markov Compatibility)

If a probability function P admits the factoriza-
tion of (1.33) relative to DAG G, we say that G
represents P, that G and P are compatible, or
that P is Markov relative to G.

Compatibility implies that G can “explain” the
generation of the data represented by P.

Winter 2023



THE d-SEPARATION CRITERION

Definition 1.2.3 (d-Separation)
A path p is said to be d-separated (or blocked)
by a set of nodes Z if and only if

1. p contains a chaint—m —j oraforki«—m —j
such that the middle node m is in Z, or

2. p contains an inverted fork (or collider) i —m «— j
such that the middle node m is not in Z and
such that no descendant of m is in Z.

A set Z is said to d-separate X from Y if and
only if Z blocks every path from a node in X to
a hode inyY.

Winter 2023



Theorem 1.2.4

(Probabilistic Implications of d-Separation)

If sets X and Y are d-separated by Z in a DAG
G, then X is independent of Y conditional on
Z in every distribution compatible with G. Con-
versely, if X andY are not d-separated by Z in a
DAG GG, then X andY are dependent conditional
on Z in at least one distribution compatible with
G.

Theorem 1.2.5

For any three disjoint subsets of nodes (X,Y, Z)
in a DAG G and for all probability functions P,
we have:

(i) (X1Y|Z2)g == (X1Y|Z)p whenever G and
P are compatible, and

(ii) if (X1Y|Z)p holds in all distributions com-
patible with G, it follows that (X 1LY |Z).

G is an Independency map
(IMAP) of any compatible P
relative to d-separation.



Theorem 1.27

(Parental Markov Condition)

A necessary and sufficient condition for a proba-
bility distribution P to be Markov relative a DAG
G is that every variable be independent of all its
nondescendants (in G), conditional on its par-
ents.

Theorem 1.28

(Observational Equivalence)

Two DAGs are observationally equivalent if and
only if they have the same skeletons and the
same sets of v-structures, that is, two converging
arrows whose tails are not connected by an arrow
(Verma and Pearl 1990).

Winter 2023
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Outline

e More of d-seperation
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Triplets - Summary

Active Triplets

Xy [ ey ¥
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Triplets - Summary

Active Triplets

Xy [ ey ¥

X ey [ | e ¥
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Triplets - Summary

Active Triplets

X ey [ ey ¥
Xe——/ —Y

X ey [ G }

4
w
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Triplets - Summary

Active Triplets

X ey [ ey ¥
Xe——/ —Y

X ey [ G }

4
w

(X1Y|Z)
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Triplets - Summary

Active Triplets

X ey [ ey ¥
Xe——/ —Y

X ey [ G }

4
w

(X1Y|Z)
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Triplets - Summary

Active Triplets

X ey [ ey ¥
Xe——/ —Y

X ey [ G }

4
w

(X1Y|Z)
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Inactive Triplets

X ey [ ey Y



Triplets -

Active Triplets

X ey [ ey ¥
Xe——/ —Y

X ey [ G }

4
W

(X1Y|Z)

Summary

Inactive Triplets

X ey [ iy Y
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Triplets -

Active Triplets

X ey [ ey ¥
Xe——/ —Y

X ey [ G }

4
W

(X1Y|Z)

Summary

Inactive Triplets

Xy [ ey ¥

Xy Y
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Triplets -

Active Triplets

X ey [ ey ¥
Xe——/ —Y

X ey [ G }

4
W

(X1Y|Z)

Summary

Inactive Triplets

Xy [ ey ¥

Xy Y

(XL1Y|Z)
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Triplets -

Active Triplets

X ey [ ey ¥
Xe——/ —Y

X ey [ G }

4
W

(X1Y|Z)

Summary

Inactive Triplets

Xy [ ey ¥

P, CEEENGY/APEE

(XL1Y|Z)

What éboutwlarg%tg;gphical structures?




Graph Separation (d-Separation)

e Consider the question of whether X and Y are
independent given Z.

1. Look at every path from X to Yin the graph.

2. A path is active if every triplet in it is active
(given Z).

3. If path is active X and Y are d-
separated.



Graph Separation (d-Separation)

(Wet 1L Sprinkler)?

/N
\ /
|

Sl



Graph Separation (d-Separation)

(Wet 1L Sprinkler)?

/ \
Path 1: ) — \ /R"
|

Sl



Graph Separation (d-Separation)

(Wet 1L Sprinkler)?

/ \
Path 1: ) — \ /R"
|

Sl



Graph Separation (d-Separation)

(Wet 1L Sprinkler)?

/\

Path 1: — always active \ /

|

Sl



Graph Separation (d-Separation)

(Wet 1L Sprinkler)?

Path 1: — always active

Path 2: — Se— Ra —>
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Graph Separation (d-Separation)

(Wet 1L Sprinkler)?

Path 1: Sp —— JJ  always active \ /
we O

Path 2: 5 «— Se— Ra —> Iic '
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Graph Separation (d-Separation)

(Wet 1L Sprinkler)?

Path 1: Sp —— JJ  always active \ /
we O

Path 2: 5 «— Se— Ra —> Iic '
I |
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Graph Separation (d-Separation)

(Wet 1L Sprinkler)?

Path 1: — always active

Path 2:l — Se— Ral—>
[ |

There exists a path (actually two)
that is active, hence and
are not d-separated.
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Graph Separation (d-Separation)

(Wet 1L Season | Sprinkler)’?

AN
-~/
|

Sl



Graph Separation (d-Separation)

(Wet 1L Season | Sprinkler)’? / \

Path 1: 50 — Sp—
’ \/

|

Sl



Graph Separation (d-Separation)

(Wet 1L Season | Sprinkler)’? / \

Path 1: 50 — Sp—
F \/

|

Sl



Graph Separation (d-Separation)

(Wet 1L Season | Sprinkler)’? / \

Path 1: 50 —| $p—
2 \ /"

|

Sl



Graph Separation (d-Separation)

(Wet 1L Season | Sprinkler)’? C\
,> /N

Path 1: Se — | Sp— Jie K2 )
¥ \ /

Path 2: S¢e — Ra — e Sl
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Graph Separation (d-Separation)

(Wet 1L Season | Sprinkler)’? C\
f /N

Path 1: Se — | Sp— Jie K2 )
¥ \ /

Path 2:|Se —> Ra — WeI Sl
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Graph Separation (d-Separation)

(Wet 1L Season | Sprinkler)’?

Path 1: Se —| $p|—

Path 2:l —> Ra —> |

There exists a path that is active,
hence and are not d-
separated given Sprinkler.

Winter 2023
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Graph Separation (d-Separation)

(Rain 1L Slippery | Wet)? S



Graph Separation (d-Separation)

(Rain 1L Slippery | Wet)? Se



Graph Separation (d-Separation)

(Rain 1L Slippery | Wet)? Se



Graph Separation (d-Separation)

(Rain 1L Slippery | Wet)? Se



Graph Separation (d-Separation)

(Rain 1L Slippery | Wet)?
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Graph Separation (d-Separation)

(Rain 1L Slippery | Wet)?
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Graph Separation (d-Separation)
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Graph Separation (d-Separation)
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Graph Separation (d-Separation)
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Graph Separation (d-Separation)

Path 2: |
Ra< Sje >Sp—>,'l/[l7e|—>8’] | |

There exists no path that is active
between Rain and Slippery given
Wet, hence they are d-separated.

Winter 2023



Graph Separation (d-Separation)
(Sprinkler 1L Rain | Season, Wet)"?
/ \
\ /

l

Sl



Graph Separation (d-Separation)

(Sprinkler 1L Rain | Season, Wet)"?
Path 1: — Se—>

/\
N/

l

Sl



Graph Separation (d-Separation)

(Sprinkler 1L Rain | Season, Wet)"?
Path 1: — Se—>

/\
N/

l

Sl



Graph Separation (d-Separation)

(Sprinkler 1L Rain | Season, Wet)"?
Path 1: — | So—>

/\
N/

l

Sl



Graph Separation (d-Separation)

‘A

P h1: / \
at Sp —|

: N
P8th2:Sp—> We «— |

Y,
Ra

(Sprinkler 1L Rain | Season, Wet)"?
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Graph Separation (d-Separation)

‘A

P th 1: S / \
a Y7 <—ﬁ%l—>

o\a//)
Path 2:|Sp — We «— |

Ra S1

(Sprinkler 1L Rain | Season, Wet)"?
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Graph Separation (d-Separation)

(A

(Sprinkler 1L Rain | Season, Wet)"?

Path 1: 5 | : / \

d L Op —

. N
Path 2: Sp —= | Wel<— o active Y

Ra 51

Winter 2023



Graph Separation (d-Separation)

Se

RN
oN, /

e
. | becomes active
Path 2: 5p — | g<— i

(Sprinkler 1L Rain | Season, Wet)"?

Path 1: — | Sel—

SI

There exists a path that is active
between and given
Season and Wet, hence they are not
d-separated.
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Graph Separation (d-Separation)

Is there a set 4 such that the T R
separation statement / \ l
(WlLZ|A) holds? ey X ey /| ey |

S
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Graph Separation (d-Separation)

Is there a set 4 such that the T R
separation statement / \ l
(WlLZ|A) holds? —»Xr —;Y

Path 1: «— [— S
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Graph Separation (d-Separation)

Is there a set 4 such that the
separation statement
(W 1L Z|A) holds?

Path 1: «— [—

Path 2: > X
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Graph Separation (d-Separation)

Is there a set 4 such that the T R
separation statement / \ l
(WlLZ|A) holds? —»Xr —;Y
Path 1: — T — S
Path 2: > X

Path 3:

A 4 A &
d N\ 7 N\




Graph Separation (d-Separation)

Is there a set 4 such that the T R
separation statement / \ l
(WlLZ|A) holds? —»Xr —;Y
Path 1: — I'— S

Path 2: IV —| K—

Path 3:
> X —— Y«




Graph Separation (d-Separation)

Is there a set 4 such that the T R
separation statement / \ l
(WlLZ|A) holds? —»Xr —;Y
Path 1: — I'— S

Path 2: IV —| K—

Path 3:
> X — Y < —s X Ye—o




Graph Separation (d-Separation)

Is there a set 4 such that the T R
separation statement / \ l
(WlLZ|A) holds? —»Xr —;Y
Path 1: — I'— S

Path 2: IV —| K—

Path 3:
> X — Y < —s X Y —o




Graph Separation (d-Separation)

Is there a set 4 such that the T R
separation statement / \ l
(WlLZ|A) holds? —»Xr —;Y

Path 1. IV «— I'l— 5

Path 1 and 2 need to be
blocked, Path 3 is naturally

Path 2: I/ — K|— blocked: |
A={T X} suffices.

Path 3: =
> X Y< —s X Y —




Graph Separation (d-Separation)

Is there a set 4 such that the T
separation statement / \ l
(R, AN | A) holds? W—»XY—> —_— Y

Winter 2023
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d-SEPARATION (EXAMPLE)

/ g h N
X .*>J+ - \* [ I X &——o Y
ZA
b)

Z, Z,
(a) (b)

Figure 1.3: Graphs illustrating d-separation. In
(a), X and Y are d-separated given Z», and d-
connected given Z7. In (b), X and Y cannot be
d-separated by any set of nodes.
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